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Preface

This book arose out of a desire to investigate the relationship between

certain algebraic properties of the curvature tensor and the underlying ge-

ometry of a pseudo-Riemannian manifold.

In Chapter 1, we discuss the geometry of the Riemannian curvature

tensor. Basic geometrical notions are presented in Section 1.2. In Section

1.3, a passage to the algebraic context is given by introducing algebraic

curvature tensors which are algebraic objects with the same symmetries as

that of the Riemann curvature tensor. One says that a pseudo-Riemannian

manifold is curvature homogeneous if the curvature tensor “looks the same

at each point”. This notion is made precise in Section 1.4. Section 1.5

presents some results from linear algebra and Section 1.6 provides concepts

from differential geometry that will be needed subsequently. In Section 1.7,

the geometry of the Jacobi operator is discussed and in Section 1.8, corre-

sponding results for the curvature operator are given. Chapter 1 concludes

in Section 1.9 with some general facts concerning the spectral geometry of

the curvature tensor.

Chapter 2 deals with curvature homogeneous generalized plane wave

manifolds. This is a class of manifolds that are geodesically complete,

whose exponential map is surjective, and which have a number of other

properties. In Section 2.2, we present the main geometrical results con-

cerning this class of manifolds. The remainder of Chapter 2 deals with

specific examples. Sections 2.3, 2.4 and 2.5 deal with manifolds of signa-

ture (2, 2), (2, 4), and (p, p), respectively. Section 2.6 treats generalized

plane wave manifolds with flat factors, Section 2.7 discusses Nikčević man-

ifolds, and Section 2.8 presents Dunn manifolds. Sections 2.9 and 2.10 deal

with k-curvature homogeneous manifolds.

Chapter 3 discusses examples which are not generalized plane wave man-

v
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ifolds. Section 3.2 discusses Lorentz manifolds, Section 3.3 treats Walker

manifolds of signature (2, 2), Section 3.4 deals with questions of geodesic

completeness and Ricci blowup, and Section 3.5 presents Fiedler manifolds.

Chapter 4 is more algebraic in nature. In Section 4.2, we present various

topological results. In Section 4.3, we use the Nash embedding theorem to

provide generators for the space of algebraic curvature tensors and algebraic

covariant derivative tensors. Sections 4.4 and 4.5 treat Jordan Osserman

algebraic curvature tensors and Szabó covariant derivative algebraic curva-

ture tensors, respectively. In Section 4.6, we study questions in conformal

geometry. Section 4.7 deals with Stanilov models. Section 4.8 treats com-

plex geometry.

Chapter 5 contains a discussion of complex models which are both Os-

serman and complex Osserman; the classification is complete except in a

few exceptional dimensions and ranks. Chapter 6 contains an introduc-

tion to Stanilov–Tsankov theory; this is a discussion of Jacobi Tsankov

manifolds, skew Tsankov manifolds, Stanilov–Videv manifolds, and Jacobi

Videv manifolds. Chapters 5 and 6 are joint work with M. Brozos-Vázquez.

Each chapter is divided into sections; the first section of a chapter pro-

vides an outline to the subsequent material in the chapter. Many sections

are further divided into subsections. Theorems, lemmas, corollaries, and

so forth are labeled by section. Equations which are cited are labeled by

section; equations which are not cited are not labeled.

Much of this book reports on previous joint work with various authors.

It is an honor and a privilege to acknowledge the contribution made by

these colleagues: N. Blažić, N. Bokan, M. Brozos-Vázquez, J. Dı́az-Ramos,

C. Dunn, B. Fiedler, E. Garćıa-Rı́o, R. Ivanova, J. V. Leahy, Z. Rakić, H.

Sadofsky, U. Semmelman, U. Simon, G. Stanilov, I. Stavrov, A. Swann, L.

Vanhecke, V. Videv, and T. Zhang. In addition to pleasant professional

collaborations they have also enriched the personal life of the author.

The author expresses his appreciation to the Max Planck Institute in the

Mathematical Sciences (Leipzig, Germany) where most of the writing and

research took place. The author acknowledges with pleasure the support

and encouragement of Lorraine Davis, Susana López-Ornat, Gwen Steigel-

man, and Arnie Zweig; without these individuals, the book would not have

been written. The book is dedicated to my father and mother.

P. B. Gilkey
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Chapter 1

The Geometry of the Riemann

Curvature Tensor

1.1 Introduction

In Chapter 1, we present some basic results that we will be using subse-

quently; we also summarize some of the literature in the field. Throughout,

we define a number of tensors. In the interests of brevity, we shall only give

the non-zero entries up to the obvious symmetries. Here is a brief outline

to Chapter 1.

In Section 1.2, we define the curvature of a connection on a vector

bundle. We introduce affine manifolds and pseudo-Riemannian manifolds.

We discuss scalar Weyl invariants, holonomy, and geodesics.

In Section 1.3, we pass to the algebraic context and discuss algebraic cur-

vature tensors and algebraic covariant derivative curvature tensors. We in-

troduce the Weyl tensor and we discuss k-curvature models and k-curvature

homogeneity in both the affine and in the pseudo-Riemannian settings.

There are certain canonical curvature tensors which will play a crucial role

in our development. These are introduced in Section 1.3.2.

In Section 1.4, we give a brief survey of the literature concerning cur-

vature homogeneity. In Theorem 1.4.1, we recall results of Prüfer, Tricerri,

and Vanhecke (1996) relating the local scalar Weyl invariants to questions

of homogeneity in the Riemannian setting. In Theorem 1.4.2, we recall

a result of Singer (1960) and of Podesta and Spiro (1996) concerning k-

curvature homogeneity; the appropriate generalization to the affine setting

is given in in Theorem 1.4.3 which is due to Opozda (1996). Theorem 1.4.4

is due to Tricerri and Vanhecke (1986) in the Riemannian setting and to

Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the Lorentzian set-

ting and deals with manifolds which are 0-curvature modeled on irreducible

symmetric spaces. We conclude Section 1.4 with a survey of the literature.

1
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2 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

The subject is a vast one and we can provide only a very brief introduction

to the field. For further details, the reader is urged to consult Boeckx,

Kowalski, and Vanhecke (1996).

In Section 1.5, we summarize some needed results from linear algebra.

We review the notion of Jordan normal form and discuss the spectrum of a

linear operator. We show that given an arbitrary linear map T of a vector

space V of dimension m, that there exists a non-degenerate inner product

〈·, ·〉 on V with respect to which T is symmetric. We present some technical

results concerning ordinary differential equations.

In Section 1.6, we summarize some elementary results from differential

geometry. Let M1 = (V, 〈·, ·〉, A0, A1) be a 1-model. Here 〈·, ·〉 is a non-

degenerate inner product on a vector space V of dimension m, A0 is an

algebraic curvature tensor on V , and A1 is an algebraic covariant derivative

curvature tensor on V . In Lemma 1.6.2, we show that M1 is geometrically

realizable; this fact plays an important role in the discussion of Section 4.3.

We also introduce some technical facts concerning principal bundles.

Using symmetric and anti-symmetric bilinear forms, respectively, we de-

fine two families of algebraic curvature tensors that will play an important

role in our investigations. In Theorem 1.6.1, we establish a result of Fiedler

showing these algebraic curvature tensors span the vector space of all al-

gebraic curvature tensors. In Section 1.6.4, we turn to complex geometry

and give several equivalent conditions for the compatibility of an algebraic

curvature tensor with a pseudo-Hermitian almost complex structure; this

defines the notion of a compatible complex model. In Section 1.6.5, we in-

troduce the pseudo-spheres and pseudo-complex projective spaces; any real

or complex space form is locally isometric to one of these examples. Section

1.6.6 deals with conformal complex space forms. We conclude Section 1.6

in Section 1.6.7 with a quick review of Kähler geometry.

In Sections 1.7 and 1.8, we discuss natural operators related to the

curvature tensor and to the covariant derivative of the curvature tensor.

It is an interesting geometrical question to study when such an operator

has constant eigenvalues or, more generally, constant Jordan normal form

on the appropriate domain of definition. One often studies such questions

first in the algebraic setting and then subsequently passes to the geometric

setting; the second Bianchi identity then plays a crucial role in the analysis.

Here is a brief guide to some of the terminology that will be employed

subsequently. We use the word “Osserman” when the underlying opera-

tor is related to the Jacobi operator and the word “Ivanov–Petrova” when

the underlying operator is related to the skew-symmetric curvature opera-
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tor. We shall use the words “spacelike”, “timelike”, “mixed”, and “of type

(r, s)” as modifiers reflecting the underlying domain of the operator. Thus,

for example, the words “spacelike Osserman” will refer to the Jacobi op-

erator on spacelike unit vectors and the words “timelike Ivanov–Petrova”

will refer to the skew-symmetric curvature operator on timelike 2-planes.

We will add the modifier “Jordan” when instead of studying the eigenval-

ues we are studying the Jordan normal form of the operator. The words

“Tsankov” and “Videv” refer to various commutativity properties that will

be discussed subsequently in Chapter 6.

We will usually work first in the algebraic context by defining the notions

on a k-model. If M is a pseudo-Riemannian manifold, we add the modifier

“pointwise” if the structures in question have a given property on TP (M) for

each P ∈ M but if the eigenvalues (or Jordan normal form) are permitted

to vary with the point in question; the modifier “global” is added if in

fact the eigenvalues (or Jordan normal form) do not vary with the point in

question.

In Section 1.7, we discuss the Jacobi operator, the higher order Jacobi

operator, and the Weyl conformal Jacobi operator. In Section 1.8, we

treat the complex Jacobi operator, the skew-symmetric curvature operator,

the Stanilov operator (higher order skew-symmetric curvature operator),

the conformal skew-symmetric curvature operator, and the complex skew-

symmetric curvature operator. We conclude our discussion by dealing with

the Szabó operator.

In Section 1.9, we present various results concerning natural operators in

Riemannian Geometry and survey the literature. If Θ is a natural operator

of Riemannian geometry and if the natural domain D of Θ decomposes

into disjoint sets D1,... reflecting the various possible signatures, then one

can complexify and use analytic continuation to see that the eigenvalues

of Θ are constant on D1 if and only if they are constant on the remaining

Di. Thus, for example, spacelike Osserman and timelike Osserman are

equivalent conditions. We refer Theorem 1.9.1 for further details. In Section

1.9.2, we show k-Osserman manifolds are m − k Osserman and Einstein;

this is a useful duality result. In Section 1.9.3, we present work of Blažić

concerning natural operators with bounded spectrum. Let M0 be a 0-model

of signature (p, q) where p > 0 and q > 0. We show that if the Jacobi

operator of M0 has bounded spectrum on the pseudospheres of timelike or

spacelike unit vectors, then M0 is Osserman; similar results hold for the

other natural operators of Riemannian geometry.

We then survey the literature on the spectral geometry of the curvature
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tensor. The Osserman conjecture is discussed in Section 1.9.4, the higher

order Jacobi operator is discussed in Section 1.9.5, the conformal Jacobi

operator is discussed in Section 1.9.6, the Stanilov and Szabó operators are

discussed in Section 1.9.7, the skew-symmetric curvature operator is dis-

cussed in Section 1.9.8, the conformal skew-symmetric curvature operator

and the complex skew-symmetric curvature operator are discussed in Sec-

tion 1.9.9. As was true for curvature homogeneity, the subject is a vast one

and this section is only a very brief introduction; further information on

these questions may be found in Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo

(2002) and in Gilkey (2002).

1.2 Basic Geometrical Notions

In this section, we shall define the basic concepts and notions we will be

working with. Section 1.2.1 provides a brief introduction to linear algebra in

the indefinite context. Section 1.2.2 deals with vector bundles, connections,

and curvature. Section 1.2.3 introduces holonomy and parallel translation.

Affine manifolds, geodesics, and completeness are discussed in Section 1.2.4.

Section 1.2.5 is concerned with pseudo-Riemannian geometry, the Levi-

Civita connection, and the Riemann curvature tensor. In Section 1.2.6,

we use the metric to contract indices in pairs and construct scalar Weyl

invariants.

1.2.1 Vector spaces with symmetric inner products

Let V be a real vector space of dimension m. Let V ∗ be the dual vector

space and let End(V ) be the vector space of all linear maps from V to V ;

setting η∗ ⊗ ξ : v → η∗(v)ξ identifies

End(V ) = V ∗ ⊗ V .

Let Gl(V ) ⊂ End(V ) be the general linear group on V ; Gl(V ) is the Lie-

group of all invertible elements of End(V ); the Lie algebra gl(V ) of Gl(V )

is given by

gl(V ) = End(V ) .

Let Al(V ) be the group of invertible affine linear maps of V ; A ∈ Al(V ) if

and only if Ax = ax + b for some a ∈ Gl(V ) and some b ∈ V . We define

Gl(n) and Al(n) by taking V = Rn.
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Let 〈·, ·〉 ∈ S2(V ∗) equip V with a symmetric bilinear inner product. We

say that 〈·, ·〉 is non-degenerate if 〈φ1, φ2〉 = 0 for all φ2 ∈ V implies φ1 = 0.

We define a linear map from V to V ∗ by setting φ∗1(φ2) = 〈φ1, φ2〉. The

inner product is non-degenerate if and only if this map is an isomorphism

from V to V ∗.
Let 〈·, ·〉 be non-degenerate. Let End±(V, 〈·, ·〉) denote the subspaces of

symmetric (+) and anti-symmetric (−) linear maps;

End±(V, 〈·, ·〉) := {φ ∈ End(V ) : 〈φξ1, ξ2〉 = ±〈ξ1, φξ2〉 ∀ ξi ∈ V } .

Let O(V, 〈·, ·〉) be the associated orthogonal group;

O(V, 〈·, ·〉) = {T ∈ Gl(V ) : T ∗〈·, ·〉 = 〈·, ·〉} .

We let o(V ) denote the associated Lie algebra;

o(V ) = End−(V, 〈·, ·〉) .

We say that v ∈ V is spacelike, timelike, or null if (v, v) > 0, if (v, v) < 0,

or if (v, v) = 0, respectively. Let S±(V, 〈·, ·〉) be the pseudo-spheres of unit

spacelike (+) and timelike (−) vectors:

S±(V, 〈·, ·〉) := {v ∈ V : 〈v, v〉 = ±1} .

Similarly let N(V, 〈·, ·〉) be the null cone:

N(V, 〈·, ·〉) := {v ∈ V : 〈v, v〉 = 0} .

Let δ be the Kronecker symbol;

δab = δba :=

{
1 if a = b,

0 if a 6= b .

We can always find a basis B := {e−1 , ..., e−p , e+1 , ..., e+q } for V so that

〈e−i , e−j 〉 = −δij , 〈e−i , e+a 〉 = 0, and 〈e+a , e+b 〉 = δab .

Such a basis B is said to be an orthonormal basis for V . The pair (p, q) is

called the signature of V and is independent of the particular orthonormal

basis chosen. Note that p+ q = m. We say that 〈·, ·〉 has neutral signature

if p = q.

We can define an inner product of signature (p, q) on Rp+q by setting

〈~x, ~y〉 := −x1y1 − ...− xqyq + xq+1yq+1 + ...+ xp+qyp+q . (1.2.a)
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Let R(p,q) denote Rp+q with this particular inner product and let O(p, q)

be the associated orthogonal group. Choosing an orthonormal basis B for

V defines an isometry from V to R(p,q) that identifies the two Lie groups

O(V, 〈·, ·〉) = O(p, q) .

We say that π ⊂ V is a non-degenerate subspace of signature (r, s) if

the restriction of the inner product to the subspace π is non-degenerate

and has signature (r, s). Let Grr,s(V ) denote the Grassmannian of all

such subspaces and let Gr+r,s(V ) be the Grassmannian of all oriented such

subspaces; these Grassmannians are connected and non-trivial if

1 ≤ r + s ≤ m− 1, 0 ≤ r ≤ p, and 0 ≤ s ≤ q .

Such values of (r, s) will be said to be an admissible pair. Forgetting the

orientation defines a double cover

Z2 → Gr+r,s(V ) → Grr,s(V ) .

More generally, if we permit φ ∈ S2(V ∗) to be degenerate, we can

let kerφ := {ξ : φ(ξ, η) = 0 ∀ η}. We pass to the quotient V/ kerφ, to

see that we can construct a basis for V so that φ(ei, ej) = 0 for i 6= j

and so that φ(ei, ei) ∈ {0,±1}. If φ ∈ Λ2(V ∗), we can choose a basis

{e1, ..., er, f1, ..., fr, n1, ..., ns} so the non-zero entries in φ are φ(ei, fi) = 1.

1.2.2 Vector bundles, connections, and curvature

We shall work in the smooth context, unless otherwise noted. Thus the

words “M is a manifold” are to be understood to mean “M is a smooth

manifold”, the words “f is a function” are to be understood to mean “f is

a smooth function”, and so on. Occasionally, we shall have to restrict to

the real analytic context, but this will be clearly noted, as, for example, in

Theorem 2.2.2.

Let M be a connected manifold of dimension m. Let T (M) and T ∗(M)

be the tangent and cotangent bundles of M , respectively. If ξ ∈ C∞(T (M))

is a vector field on M and if ξ∗ ∈ C∞(T ∗(M)) is a 1-form on M , then the

natural pairing between cotangent and tangent vectors defines a function

ξ∗(ξ) ∈ C∞(M).

Let ρ : V →M be a vector bundle overM . Let VP be the fiber of V over

P ∈ M . Let V ∗ be the dual bundle of V and let S2(V ∗) be the bundle of
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symmetric 2-cotensors on V . Let End(V ) be the bundle of endomorphisms

of V . Let Λ(V ) be the exterior algebra bundle.

Let C∞(V ) be the space of sections to V . If φ ∈ C∞(V ), we shall

sometimes use the notation φP to denote the element φ(P ) ∈ VP . A section

g ∈ C∞(S2(V ∗)) defines a symmetric bilinear inner product on V . We say

g is non-degenerate if gP ∈ S2(V ∗
P ) is non-degenerate for every P ∈M .

Let ∇ be a connection on V . If ξ ∈ C∞(T (M)) is a tangent vector field

on M and if φ ∈ C∞(V ) is a section to V , then ∇ξφ is once again a section

to V . Let f ∈ C∞(M). Then ∇ is bilinear, function linear in the first

argument, and behaves like a derivation in the second argument:

∇{ξ1+ξ2}{φ1 + φ2} = ∇ξ1φ1 + ∇ξ1φ2 + ∇ξ2φ1 + ∇ξ2φ2,

∇fξφ = f∇ξφ, and ∇ξ{fφ} = f∇ξφ+ {ξ(f)}φ .

In particular, if ξ1(P ) = ξ2(P ), then

{∇ξ1φ}(P ) = {∇ξ2φ}P .

Covariant differentiation is a local operator. If O is an open subset of M ,

if ξ1|O = ξ2|O, and if φ1|O = φ2|O, then

∇ξ1φ1|O = ∇ξ2φ2|O .

We extend ∇ to act naturally on the associated tensor bundles.

For example, the induced connections on C∞(V ∗), on C∞(S2(V ∗)), on

C∞(End(V )), and on C∞(Λ(V )) are characterized, respectively, by the

identities:

{∇ξφ
∗}φ = ξ{φ∗(φ)} − φ∗(∇ξφ),

{∇ξg}(φ1, φ2) = ξ{g(φ1, φ2)} − g(∇ξφ1, φ2) − g(φ1,∇ξφ2),

{∇ξE}(φ) = ∇ξ{Eφ} −E{∇ξφ},
∇ξ{w1 ∧ w2} = {∇ξw1} ∧ w2 + w1 ∧ {∇ξw2} .

Let ρ2 : V2 → M2 be a vector bundle over M2. Let f : M1 → M2. The

pull-back bundle f∗V2 is the vector bundle over M1 defined by

f∗(V2) := {(P1, v2) ∈M1 × V2 : f(P1) = ρ2(v2)}

with the projection ρ1(P1, v2) := P1 from f∗(V2) to M1. If φ2 ∈ C∞(V2),

then the pull-back section is given by:

f∗(φ2)(P1) := (P1, φ2(f(P2))) .
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If g2 ∈ S2(V ∗
2 ) defines a non-degenerate fiber metric on V2, then the pull-

back f∗g2 is a non-degenerate fiber metric on V1 which is defined by:

f∗(g2)((P1, v2), (P1, w2)) = g2(v2, w2) .

If ∇ is a connection on V2, then the pull-back connection f∗∇ is character-

ized by the identity:

{(f∗∇)ξ1f
∗φ}(P1) = (P1, {∇f∗ξ1φ}(f(P1))) .

If ξ1, ξ2 ∈ C∞(T (M)), let [ξ1, ξ2] := ξ1ξ2 − ξ2ξ1 be the Lie bracket. Let

R be the curvature operator:

R(ξ1, ξ2) := ∇ξ1∇ξ2 −∇ξ2∇ξ1 −∇[ξ1,ξ2] .

The curvature is tensorial; {R(ξ1, ξ2)φ}(P ) depends only on ξ1(P ), on

ξ2(P ), and on φ(P ). If {ei} is a local frame for T (M) and if {φa} is a

local frame for V , then

R
(∑

i

uiei,
∑

j

viej

){∑

a

waφa

}
=
∑

i,j,a

uivjwaR(ei, ej)φa .

We may regard

R ∈ C∞(T ∗M ⊗ T ∗M ⊗ V ∗ ⊗ V ) .

Let V be trivial over an open subset O. Let {φ1, ..., φs} be a local frame

for V |O and let x = (x1, ..., xm) be local coordinates on O. Decompose

∇∂xi
φa =

∑

b

ωia
bφb . (1.2.b)

The connection 1-form ω completely describes the connection ∇ on O. Let

ξ =
∑
i ξ
i∂xi be a vector field on O and let φ =

∑
a α

aφa be a section to V

on O; here ξi, αa ∈ C∞(O). One has:

∇ξφ =
∑

i,a

ξi∂xi{αa}φa +
∑

i,a,b

ξiαaωia
bφb .

The curvature tensor may then be described by:

R(∂xi , ∂xj )φa =
∑

b

Rija
bφb

where

Rija
b := ∂xiωja

b − ∂xjωia
b +

∑

c

(ωic
bωja

c − ωjc
bωia

c) .
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If V = TM , one has Christoffel symbols for ∇:

∇∂xi
∂xj =

∑

k

Γij
k∂xk . (1.2.c)

Denote the ith covariant derivative of the curvature operator by

∇iR ∈ C∞(⊗i+2T ∗(M) ⊗ V ∗ ⊗ V ) .

We shall use the following notations for the evaluation:

(∇iR)(ξ1, ξ2; ξ3, ..., ξi+2)φ or ∇ξi+2 ...∇ξ3R(ξ1, ξ2)φ .

One has inductively that

(∇iR)(ξ1, ..., ξi+2)φ

= ∇ξi+2{(∇i−1R)(ξ1, ..., ξi+1)φ} − (∇i−1R)(ξ1, ..., ξi+1)∇ξi+2φ

−
i+1∑

j=1

(∇i−1R)(ξ1, ...,∇ξi+2ξj , ..., ξi+1)φ .

It is immediate from the definition that if i ≥ 2, then one has the following

commutation formula for covariant differentiation

(∇iR)(ξ1, ..., ξi+1, ξi+2) − (∇iR)(ξ1, ...., ξi+2, ξi+1)

= R(ξi+2, ξi+1){(∇i−2R)(ξ1, ξ2, ..., ξi)}
−∑1≤j≤i(∇i−2R)(ξ1, ...,R(ξi+2, ξi+1)ξj , ..., ξi)

−{(∇i−2R)(ξ1, ..., ξi)}R(ξi+2, ξi+1) .

(1.2.d)

Thus, for example, we have

(∇2R)(ξ1, ξ2; ξ3, ξ4) − (∇2R)(ξ1, ξ2; ξ4, ξ3)

= R(ξ4, ξ3)R(ξ1, ξ2) −R(ξ1, ξ2)R(ξ4, ξ3)

− R(R(ξ4, ξ3)ξ1, ξ2) −R(ξ1,R(ξ4, ξ3)ξ2) .

Fix a non-singular symmetric inner product g ∈ C∞(S2(V ∗)) on the

vector bundle V . We say that ∇ is Riemannian if ∇g = 0. In terms of

the connection 1-form defined in Eq. (1.2.b), this means equivalently that

relative to any orthonormal frame field {φ1, ..., φs} that

ωia
b + ωib

a = 0 .

If ∇ is Riemannian, then R is skew-symmetric:

0 = g(R(ξ1, ξ2)φ1, φ2) + g(φ1,R(ξ1, ξ2)φ2) .
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In the special case that V = T (M), we say that ∇ is torsion free if

∇ξ1ξ2 −∇ξ2ξ1 = [ξ1, ξ2] .

Equivalently in the notation of Eq. (1.2.c), this means that relative to a

coordinate frame {∂x1 , ..., ∂xm}, we have the symmetry property:

Γij
k = Γji

k .

We set

Γijk :=
∑

l

gklΓij
l = g(∇∂xi

∂xj , ∂xk) .

There is a unique torsion free Riemannian connection on T (M) which is

called the Levi-Civita connection; the Christoffel symbols of the Levi-Civita

connection are given in Eq. (1.2.f).

1.2.3 Holonomy and parallel translation

Let ∇ be a connection on a vector bundle V . Let γ be a curve in M . We

say that a section ξ(t) to V along γ is parallel if ∇γ̇(t)ξ(t) = 0. If {φa}
is a local frame field, we may expand ξ(t) =

∑
a ξ

a(t)φa(γ(t)). Expand

γ(t) = (γ1(t), ..., γm(t)) in a system of local coordinates. Then ξ is parallel

if and only if

0 = ξ̇a(t) +
∑

b,i

γ̇i(t)ξb(t)ωib
a(γ(t)) = 0 ∀a .

Consequently, given ξ ∈ Vγ(0)(M), there is a unique parallel section ξ(t)

along γ with ξ(0) = ξ0. The map Pγ : ξ0 → ξ(1) is called parallel transla-

tion; Pγ defines a linear isomorphism from Vγ(0) to Vγ(1). We say that γ is

a closed loop at P ∈M if γ(0) = γ(1) = P . Let

HP := {Pγ : γ(0) = γ(1) = P} ⊂ Gl(VP )

be the holonomy group at P . Since M is connected, the isomorphism class

of the Lie group HP is independent of the point P ∈M .

Let g ∈ C∞(S2(V ∗)) be a non-degenerate inner product on the vector

bundle V and let ∇ be a Riemannian connection. The holonomy group is

then a subgroup of the orthogonal groupO(VP , gP ) since parallel translation

preserves the inner product.
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The holonomy is said to be reducible if there exists a proper invariant

subspace; this means there exists V1 ⊂ VP so that

0 ( V1 ( VP and HPV1 = V1 .

Otherwise, the holonomy is said to be irreducible. The holonomy is said

to be decomposable if there is a non-trivial invariant decomposition of VP .

This means that we can find a decomposition VP = V1 ⊕ V2 with

0 ( Vi ( TPM and HPVi = Vi .

Otherwise the holonomy is said to be indecomposable. If the connection

is Riemannian with respect to a positive definite inner product, these two

notions coincide. These notions are distinct for indefinite metrics, see, for

example, the discussion in Section 3.2.

1.2.4 Affine manifolds, geodesics, and completeness

Let ∇ be a torsion free connection on T (M). The pair F := (M,∇) is

said to be an affine manifold. An affine manifold F is said to be reducible,

irreducible, decomposable, or indecomposable when the holonomy has this

property.

We say that a curve γ in M is a geodesic if γ̇ is a parallel vector field

along γ; this means that γ solves the geodesic equation ∇γ̇ γ̇ = 0. Let

γ = (γ1(t), ..., γm(t)) be a curve. Then γ is a geodesic if and only if

0 = γ̈k +
∑

ij

γ̇iγ̇jΓij
k for 1 ≤ k ≤ m. (1.2.e)

Thus the fundamental theorem of ordinary differential equations shows that

given P ∈M and given ξ0 ∈ TPM , there is a unique geodesic γP,ξ so that

γP,ξ(0) = P and γ̇P,ξ(0) = ξ0 .

Two torsion free connections ∇ and ∇̌ are said to be projectively equiva-

lent if their unparametrized geodesics coincide or equivalently by Eisenhart

(1964), if there exists a 1-form Θ̂ so that

∇̌vu−∇vu = Θ̂(u)v + Θ̂(v)u.

If γ is a curve and if s ∈ R+, we rescale γ to define the curve γs by

setting γs(t) = γ(st). If γ is a geodesic, then γs is once again a geodesic.

Since γs(0) = P and γ̇s(0) = sγ̇(0), γP,ξ(st) = γP,sξ(t). Consequently by

the fundamental theorem of ordinary differential equations, there exists an
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open neighborhood O of O ∈ TPM so that γP,ξ(t) exists for |t| ≤ 1 and for

all ξ ∈ O. We define the exponential map

expP : O → M by expP (ξ) := γP,ξ(1) .

It is then immediate that γP,ξ(t) = expP (tξ). The map ξ → expP (ξ) defines

a coordinate system on M ; such coordinates are called geodesic coordinates

centered at P . Straight lines through the origin are geodesics in these

coordinate systems.

We say that an affine manifold F is geodesically complete if all geodesics

extend for infinite time; this means that expP is defined on all of TPM

for any point P in M . We say that F is strongly geodesically convex if

there exists a unique geodesic between any two points of M ; F is complete

and strongly geodesically convex if and only if the exponential map is a

diffeomorphism from TPM to M for any P ∈M .

Let ρ(u, v) := Tr{y → R(y, u)v} be the Ricci tensor. This tensor need

not be symmetric for a general affine connection; ∇ is Ricci symmetric if

and only if ∇ locally admits a parallel volume form, see Pinkall, Schwenk-

Schellschmidt, and Simon (1994) for details. If f ∈ C∞(M), then the

Hessian H∇(f) ∈ C∞(S2(T ∗M)) is defined by

H∇(f)(u, v) := u(v(f)) − df(∇uv) .

The Hessian is symmetric if and only if ∇ is torsion free.

One says M = (M, g) exhibits Ricci blowup if there exists a geodesic γ

whose parameter range is [0, T ) for T <∞ and where

lim sup
t→T

|ρ(γ̇, γ̇)| = ∞ .

Necessarily such a manifold is incomplete; it may not be embedded as an

open subset of a complete affine manifold. Examples of locally homogeneous

3-dimensional Lorentz manifolds with Ricci blowup are given in Theorem

3.2.1.

1.2.5 Pseudo-Riemannian manifolds

Let g ∈ C∞(S2(T ∗(M))). We say that g is a pseudo-Riemannian metric

of signature (p, q) on M if gP is a non-degenerate symmetric inner product

of signature (p, q) on TPM for every point P of M . The pair M := (M, g)

is said to be a pseudo-Riemannian manifold of signature (p, q). Note that

p+ q = m. We say that M is a Riemannian manifold if p = 0; we say that
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M is a Lorentzian manifold if p = 1. Every manifold admits a Riemannian

metric. There are topological obstructions to admitting metrics of higher

signature. For example, if M is compact, then M admits a Lorentzian

metric if and only if the Euler-Poincaré characteristic of M vanishes. In

Theorem 4.2.3, we relate the signature of indefinite metrics on spheres to

the Adams number.

The Levi-Civita connection on M is a connection on T (M) which is

characterized by the following properties:

∇ξ1ξ2 −∇ξ2ξ1 = [ξ1, ξ2] [torsion free]

ξ3g(ξ1, ξ2) = g(∇ξ3ξ1, ξ2) + g(ξ1,∇ξ3ξ2) [Riemannian] .

Let x = (x1, ..., xm) be a system of local coordinates on M . Set

gij := g(∂xi , ∂xj )

and let gij be the inverse matrix;

∑

j

gijg
jk = δki .

Introduce Christoffel symbols Γijk := g(∇∂xi
∂xj , ∂xk ). We then have

Γijk = 1
2{∂xjgik + ∂xigjk − ∂xkgij} . (1.2.f)

It is then easily checked that

Γijk = Γjik so ∇ is torsion free,

Γijk + Γikj = ∂xigjk so ∇ is Riemannian .

One has that

∇∂xi
∂xj =

∑

k

Γij
k∂xk where Γij

k =
∑

`

g`kΓij` .

Relative to the coordinate frame, the Lie bracket is trivial and the

derivatives of the metric encode the Levi-Civita connection. With an or-

thonormal frame {ei}, the reverse is true. Let [ei, ej ] =
∑
k Cijkek describe

the Lie bracket of a local orthonormal frame. We then have

∇eiej =
∑

k

1
2{Cijk − Cjki + Ckij}ek .
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The corresponding affine structure is given by taking F(M) := (M,∇)

and the curvature tensor R ∈ ⊗4(T ∗(M)) of M is defined by setting:

R(ξ1, ξ2, ξ3, ξ4) := g(R(ξ1, ξ2)ξ3, ξ4) .

This satisfies the usual curvature symmetries:

R(ξ1, ξ2, ξ3, ξ4) = −R(ξ2, ξ1, ξ3, ξ4) = R(ξ3, ξ4, ξ1, ξ2),

0 = R(ξ1, ξ2, ξ3, ξ4) +R(ξ2, ξ3, ξ1, ξ4) +R(ξ3, ξ1, ξ2, ξ4) .
(1.2.g)

The first relations are Z2 symmetries, the final relation is the first Bianchi

identity. Relative to a coordinate frame,

R(∂xi , ∂xj )∂xk =
∑

`

Rijk
`∂x` and R(∂xi , ∂xj , ∂xk , ∂x`) = Rijk`

where Rijk` =
∑
n gn`Rijk

n and where

Rijk
` = ∂xiΓjk

` − ∂xjΓik
` +

∑

n

{
Γin

`Γjk
n − Γjn

`Γik
n
}
.

We set

ker(R) := {η ∈ TM : R(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ TM} .

We define the covariant derivative ∇R ∈ C∞(⊗5T ∗(M)) by setting

∇R(ξ1, ξ2, ξ3, ξ4; ξ5) := g(∇ξ5R(ξ1, ξ2)ξ3, ξ4) .

This tensor has the symmetries

∇R(ξ1, ξ2, ξ3, ξ4; ξ5) = −∇R(ξ2, ξ1, ξ3, ξ4; ξ5)

= ∇R(ξ3, ξ4, ξ1, ξ2; ξ5),

0 = ∇R(ξ1, ξ2, ξ3, ξ4; ξ5) + ∇R(ξ2, ξ3, ξ1, ξ4; ξ5)

+∇R(ξ3, ξ1, ξ2, ξ4; ξ5),

0 = ∇R(ξ1, ξ2, ξ3, ξ4; ξ5) + ∇R(ξ1, ξ2, ξ4, ξ5; ξ3)

+∇R(ξ1, ξ2, ξ5, ξ3; ξ4) .

(1.2.h)

The first relations are Z2 symmetries, the next relation is the covariant

derivative of the first Bianchi identity, and the final relation is the second

Bianchi identity. The tensors ∇iR ∈ C∞(⊗4+iT ∗(M)) for i > 1 are defined

similarly.

Let R be the curvature operator. The Jacobi operator is given by:

J (ξ) : η → R(η, ξ)ξ .
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Let σ be a geodesic in M. A vector field Y along σ is said to be a Jacobi

vector field if the Jacobi equation is satisfied:

Ÿ + J(σ̇)Y = 0 .

The fundamental theorem of ordinary differential equations shows that a

Jacobi vector field Y along a curve is specified by Y (0) and by Ẏ (0).

Jacobi vector fields arise in the study of geodesic sprays. We say that

T : [a, b] × [c, d] → M is a geodesic spray if the curves σv : u → T (u, v) are

geodesics for every v ∈ [c, d]. The following is well known:

Lemma 1.2.1

(1) Let T be a geodesic spray. Then T∗(∂v) is a Jacobi vector field along

σv for every v.

(2) Let Y (u) be a Jacobi vector field along a geodesic σ : [0, T ] →M . Then

there exists ε > 0 and a geodesic spray T : [0, ε] × [0, ε] → M so that

σ(u) = T (u, 0) and so that Y (u) = T∗(∂v)|v=0 for u ∈ [0, ε].

One can symmetrize the Jacobi or polarize the Jacobi operator to define

J (x, y) : η → 1
2{R(η, x)y + R(η, y)x} .

Note that ρ(x, y) = Tr{J (x, y)} and J (x) = J (x, x). We say that M is

Einstein if there is a constant c1 so that ρ = c1g. We say that M is k-stein

if there exist constants ci such that

Tr{J (ξ)i} = cig(ξ, ξ)
i for all ξ ∈ T (M) and 1 ≤ i ≤ k .

This definition is motivated by the observation that 1-stein and Einstein

are equivalent notions as noted by Carpenter, Gray, and Willmore (1982).

1.2.6 Scalar Weyl invariants

Let ∇kR be the kth covariant derivative of the curvature operator defined

by the Levi-Civita connection. Let x := (x1, ..., xm) be local coordinates

on M . Expand

∇∂xj1
...∇∂xjl

R(∂xi1 , ∂xi2 )∂xi3 = Ri1i2i3
k
;j`,...,j1∂xk

where we adopt the Einstein convention and sum over repeated indices.

Scalar invariants of the metric can be formed by using the metric tensors

gij and gij to fully contract all indices. For example, one may use the
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Einstein convention to define the scalar curvature τ , the norm of the Ricci

tensor |ρ|2, and the norm of the full curvature tensor |R|2 by:

τ := gijRkij
k,

|ρ|2 := gi1j1gi2j2Rki1j1
kRli2j2

l, and (1.2.i)

|R|2 := gi1j1gi2j2gi3j3gi4j4Ri1i2i3
i4Rj1j2j3

j4 .

Such invariants are called Weyl invariants; if all possible such invariants

vanish, then M = (M, g) is said to be VSI (vanishing scalar invariants).

In Chapter 2, we will discuss a number of families of pseudo-Riemannian

manifolds. Many of these families will have vanishing scalar invariants;

the task then is to construct other invariants to distinguish them. For

example, in Theorem 2.3.2, we consider the following family of manifolds.

Let (x, y, x̃, ỹ) be coordinates on R4, let f ∈ C∞(R), and let Mf := (R4, gf )

where gf is the metric of neutral signature (2, 2) on R4 given by:

gf (∂x, ∂x) = −2f(y), gf (∂x, ∂x̃) = gf (∂y, ∂ỹ) = 1 .

We show that these manifolds all have vanishing scalar invariants. Assume

that f (3) 6= 0. For k ≥ 2, set:

αk(f) :=
{
f (k+2){f (2)}k−1{f (3)}−k

}
.

We shall show presently that:

(1) If there is a local isometry Φ : Mf1 → Mf2 with Φ(P1) = P2, then

αk(f1)(P1) = αk(f2)(P2) for all integers k ≥ 2.

(2) If f1 and f2 are real analytic and if αk(f1)(P1) = αk(f2)(P2) for all

integers k ≥ 2, then there is an isometry Φ : Mf1 → Mf2 such that

Φ(P1) = P2.

1.3 Algebraic Curvature Tensors and Homogeneity

Section 1.3.1 deals with algebraic curvature tensors and covariant derivative

algebraic curvature tensors. In Section 1.3.2, we introduce the canonical

curvature tensors associated to a symmetric or an anti-symmetric bilinear

form. In Section 1.3.3, we decompose the action of the orthogonal group

on the space of algebraic curvature tensors to define the Weyl conformal

curvature tensor. The notion of a k-curvature model Mk is introduced in

Section 1.3.4; this encodes information on the covariant derivatives of the

curvature up to order k. In Section 1.3.5, various notions of homogeneity
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are presented. In Section 1.3.6 we introduce the notion of a Killing vector

field; in Section 1.3.7 we discuss nilpotent curvature.

1.3.1 Algebraic curvature tensors

Let V be a real vector space of dimension m which is equipped with a

non-singular inner product 〈·, ·〉.

Definition 1.3.1 A 4-tensor A ∈ ⊗4V ∗ is said to be an algebraic curva-

ture tensor if it satisfies the relations of Eq. (1.2.g); this means that

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ2, ξ1, ξ3, ξ4).

(2) A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4) = 0.

(3) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ1, ξ2, ξ4, ξ3).

(4) A(ξ1, ξ2, ξ3, ξ4) = A(ξ3, ξ4, ξ1, ξ2).

Let {e1, ..., en} be a basis for V . We set gij := 〈ei, ej〉. If A ∈ ⊗4(V ∗),
we set Aijkl := A(ei, ej , ek, el). The components gij determine the inner

product; the components Aijkl determines the tensor A. If A is an algebraic

curvature tensor, then the Ricci tensor is defined by

ρA(ξ1, ξ2) =
∑

jk

gjkA(ξ1, ej , ek, ξ2) .

There is a bit of redundancy in Definition 1.3.1.

Lemma 1.3.1 Let A ∈ ⊗4V ∗. Suppose that Properties (1) and (2) of

Definition 1.3.1 are satisfied. Then the following assertions are equivalent:

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ1, ξ2, ξ4, ξ3).

(2) A(ξ1, ξ2, ξ3, ξ4) = A(ξ3, ξ4, ξ1, ξ2).

Proof. Assume that (1) holds. Let ξi ∈ V . Set

A(ξ1, ξ2, ξ3, ξ4) = a1, A(ξ3, ξ4, ξ1, ξ2) = a1 + ε1,

A(ξ1, ξ3, ξ2, ξ4) = a2, A(ξ2, ξ4, ξ1, ξ3) = a2 + ε2,

A(ξ2, ξ3, ξ1, ξ4) = a3, A(ξ1, ξ4, ξ2, ξ3) = a3 + ε3 .

We then use the first Bianchi identity to compute:

0 = A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4)

= a1 − a2 + a3,

0 = A(ξ1, ξ2, ξ4, ξ3) +A(ξ2, ξ4, ξ1, ξ3) +A(ξ4, ξ1, ξ2, ξ3)

= −a1 + a2 − a3 + ε2 − ε3,
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0 = A(ξ1, ξ3, ξ4, ξ2) +A(ξ3, ξ4, ξ1, ξ2) +A(ξ4, ξ1, ξ3, ξ2)

= −a2 + a1 + a3 + ε1 + ε3,

0 = (ξ2, ξ3, ξ4, ξ1) +A(ξ3, ξ4, ξ2, ξ1) +A(ξ4, ξ2, ξ3, ξ1)

= −a3 − a1 + a2 − ε1 + ε2.

This yields the relations:

0 = ε2 − ε3 = ε1 + ε3 = −ε1 + ε2

from which it follows that ε1 = ε2 = ε3 = 0 which establishes Assertion

(2). The implication (2) ⇒ (1) is immediate. �

Definition 1.3.2 A 5-tensor A1 ∈ ⊗5V ∗ is said to be a covariant deriva-

tive algebraic curvature tensor if it satisfies the relations of Eq. (1.2.h):

(1) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = −A1(ξ2, ξ1, ξ3, ξ4; ξ5).

(2) A1(ξ1, ξ2, ξ3, ξ4; ξ5) +A1(ξ2, ξ3, ξ1, ξ4; ξ5) +A1(ξ3, ξ1, ξ2, ξ4; ξ5) = 0.

(3) A1(ξ1, ξ2, ξ3, ξ4; ξ5) +A1(ξ1, ξ2, ξ4, ξ5; ξ3) +A1(ξ1, ξ2, ξ5, ξ3; ξ4) = 0.

(4) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = −A1(ξ1, ξ2, ξ4, ξ3; ξ5).

(5) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = A1(ξ3, ξ4, ξ1, ξ2; ξ5).

The same argument used to prove Lemma 1.3.1 shows that (4) and

(5) are equivalent in Definition 1.3.2 given that (1) and (2) hold. One

sets Alg0(V ) ⊂ ⊗4V ∗ (respectively Alg1(V ) ⊂ ⊗5V ∗) to be the space

of all algebraic curvature tensors (respectively of all algebraic covariant

derivative tensors). We do not introduce the spaces Algk(V ) for k ≥ 2 as

the symmetries are more complicated and involve lower order terms as is

shown by Eq. (1.2.d).

In the study of affine geometry, one has the following notion:

Definition 1.3.3 We say that A ∈ ⊗2V ∗ ⊗ End(V ) = ⊗3V ∗ ⊗ V is an

affine curvature operator if

(1) A(ξ1, ξ2)ξ3 = −A(ξ2, ξ1)ξ3.

(2) A(ξ1, ξ2)ξ3 + A(ξ2, ξ3)ξ1 + A(ξ3, ξ1)ξ2 = 0.

(3) Tr{A(ξ1, ξ2)} = 0.

In the presence of an inner product 〈·, ·〉 on V , one can lower indices

and define A ∈ ⊗4V ∗ by the identity:

A(ξ1, ξ2, ξ3, ξ4) = 〈A(ξ1, ξ2)ξ3, ξ4〉 .

Let Fg be the set of such tensors; they are characterized by the properties:

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ2, ξ1, ξ3, ξ4).
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(2) A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4) = 0.

(3)
∑
kl g

klAijkl = 0.

Let S2
0(V ∗, 〈·, ·〉) be the vector space of trace free symmetric bilinear

forms. If A ∈ Fg and if S ∈ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉), let

πs(A)ijkl = 1
2{Aijkl +Aijlk} ∈ Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉),
α(S)ijkl := 1

2{Skjil + Sikjl − Sljik − Siljk} ∈ Λ2(Λ2(V ∗)) .

One then has the following relationship between the spaces Alg0 and Fg as

representation spaces for the orthogonal group as shown by Blažić, Gilkey,

Nikěcvić, and Simon (2006):

Lemma 1.3.2 There is a natural short exact sequence

0 → Alg0 → Fg
πs−→Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉) → 0 .

The map Id +α splits the projection πs.

Proof. If A ∈ ker(πs), then A satisfies:

Aijkl = −Ajikl, Aijkl +Ajkil +Akijl = 0, Aijkl = −Aijlk .

By Lemma 1.3.1, Aijkl = Aklij and thus A is an algebraic curvature tensor.

Conversely, of course, if A ∈ Alg0, then Aijkl +Aijlk = 0. Thus

ker(πs) ∩ Fg = Alg0 .

If S ∈ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉), let T = α(S). We have

Tijkl = 1
2{Skjil + Sikjl − Sljik − Siljk},

Tjikl = 1
2{Skijl + Sjkil − Slijk − Sjlik} = −Tjikl,

Tklij = 1
2{Silkj + Skilj − Sjlki − Skjli} = −Tijkl .

Thus α(S) ∈ Λ2(Λ2(V ∗)). In particular πsα(S) = 0 so

πs(id +α) = Id on Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉) .
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To prove that S + α(S) ∈ Fg, we need only check that the first Bianchi

identity is satisfied:

(id +α)Sijkl + (id +α)Sjkil + (id +α)Skijl

= Sijkl + Sjkil + Skijl

+ 1
2{Skjil + Sikjl + Sjikl + Sikjl + Sjikl + Skjil}

− 1
2{Sljik + Slkji + Slikj + Siljk + Sjlki + Sklij}

= 0 .

The orthogonally equivariant decomposition

Fg = Alg0 ⊕ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉)

of the Lemma now follows. �

This decomposition is not irreducible. The map α can be used to define

a natural short exact sequence

0 → {Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉)} ∩ Fg → Λ2(V ∗) ⊗ S2(V ∗)

α−→Λ2
0(Λ

2(V ∗)) → 0

which is split by the map

β(T )ijkl := 1
2 (Tkjil − Tkijl)

where

Λ2
0(Λ

2(V ∗)) := β−1{Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉) .

Thus we may decompose

Fg = Alg0 ⊕
{
{Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉)} ∩ Fg
}
⊕ Λ2

0(Λ
2V ∗)

as a representation space of the orthogonal group. This leads to the follow-

ing result of Blažić, Gilkey, Nikěcvić, and Simon (2006):

Theorem 1.3.1

(1) There is an O(V, 〈·, ·〉) equivariant orthogonal decomposition of

Fg ≈W1 ⊕W2 ⊕W4 ⊕W5 ⊕W6 ⊕W7 ⊕W8

as the direct sum of irreducible O(V, 〈·, ·〉) modules where:
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dim{W1} = 1,

dim{W2} = dim{W5} = 1
2 (m− 1)(m+ 2),

dim{W4} = 1
2m(m− 1),

dim{W6} = 1
12m(m+ 1)(m− 3)(m+ 2),

dim{W7} = 1
8 (m− 1)(m− 2)(m+ 1)(m+ 4),

dim{W8} = 1
8m(m− 1)(m− 3)(m+ 2).

(2) There are the following isomorphisms as O(〈·, ·〉) modules:

(a) W1 ≈ R.

(b) W2 ≈W5 ≈ S2
0(V ∗, 〈·, ·〉).

(c) W4 ≈ Λ2(V ∗).
(d) W6 = {A ∈ Alg0 : ρA = 0} = Weyl conformal curvature tensors.

(e) W8 ≈ {Θ ∈ ⊗4V ∗ : Θijkl = −Θjikl = −Θklij , g
ilΘijkl = 0}.

The module W7 is a bit more difficult to describe explicitly and we refer

to Blažić, Gilkey, Nikěcvić, and Simon (2006) for details. The notation is

taken from that established by Bokan (1990); if one drops the condition

that gklAijkl = 0, one then obtains the space of curvature tensors R(V )

and has

R(V ) = Fg(V ) ⊕W3 where W3 ≈ Λ2(V ∗) .

We shall return to this class again in Section 6.3 in our discussion of Jacobi

Tsankov tensors.

1.3.2 Canonical curvature tensors

Let S2(V ∗) and Λ2(V ∗) be the spaces of symmetric and anti-symmetric

bilinear forms on V . If Φ+ ∈ S2(V ∗) and if Φ− ∈ Λ2(V ∗), define 4-tensors

AΦ+(x, y, z, w) := Φ+(x,w)Φ+(y, z) − Φ+(x, z)Φ+(y, w),

AΦ−(x, y, z, w) := Φ−(x,w)Φ−(y, z) − Φ−(x, z)Φ−(y, w)

−2Φ−(x, y)Φ−(z, w) .

(1.3.a)

Define a corresponding linear map φ ∈ End(V ) so that 〈φx, y〉 = Φ(x, y);

if Φ ∈ S2(V ∗), then φ ∈ End+(V, 〈·, ·〉) is symmetric; if Φ ∈ Λ2(V ∗), then

φ ∈ End−(V, 〈·, ·〉) is skew-symmetric. The associated curvature operators

are then defined by

AΦ+(x, y)z := 〈φ+y, z〉φ+x− 〈φ+x, z〉φ+y,

AΦ−(x, y)z := 〈φ−y, z〉φ−x− 〈φ−x, z〉φ−y − 2〈φ−x, y〉φ−z .
(1.3.b)
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In Lemma 1.6.3 we will show that these tensors are algebraic curvature

tensors and in Theorem 1.6.1, we will show that

Alg0 = Spanφ+∈S2(V ∗){Aφ+} = Spanφ−∈Λ2(V ∗){Aφ−};

this result is originally due to Fiedler (2003a). If φ = c Id and, correspond-

ingly, if Φ = c〈·, ·〉, then A is said to have constant sectional curvature c.

The curvature tensor of constant sectional curvature +1 will be denoted by

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉 .

Algebraic curvature tensors defined by a symmetric bilinear form appear

in hypersurface theory. Let Mm be a hypersurface in Rm+k. We work in

the positive definite setting, but there is a natural pseudo-Riemannian gen-

eralization. Fix a point P ∈M and choose an orthonormal basis {ν1, ..., νk}
for the normal plane at P . Let

Li(ξ1, ξ2) := 〈dξ1ξ2, νi〉

be the second fundamental form defined by νi at P ; this is a symmetric

bilinear form on TPM . We then have:

RP =

k∑

i=1

RLi .

The curvature tensors which arise from skew-symmetric bilinear forms

also have geometric significance. Let 〈·, ·〉 be a Riemannian inner product

on V . Let F = {J1, ..., J`} be a Clifford family on V . Here the Ji are skew-

symmetric endomorphisms of V which satisfy the Clifford commutation

relations:

JiJj + JjJi = −2δij Id .

The Ji form an anti-commuting family of Hermitian almost complex struc-

tures on V . Given real constants ci, following Eq. (1.3.a), one defines:

A := c0A〈·,·〉 +
∑̀

i=1

ciAJi .

We shall show presently in Lemma 1.6.3 that A ∈ Alg0(V ). Such a curva-

ture tensor is said to be given by a Clifford family.

Let CPn and HPn denote complex projective space and quaternionic

projective space. We endow these spaces with the Fubini–Study. Let J be

the natural almost complex structure on CPn and let {J1, J2, J3} be the
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natural quaternionic structure on HPn. We then have, see Section 1.6.5 for

details,

RCPn = RId +RJ and RHPn = RId +RJ1 +RJ2 +RJ3 .

1.3.3 The Weyl conformal curvature tensor

There is a natural representation of the orthogonal group O(V, 〈·, ·〉) on the

space of algebraic curvature tensors. This representation is not irreducible

but decomposes as the direct sum of 3 irreducible representations which

we can describe as follows. It is not necessary to assume the metric in

question is positive definite. Let gij := 〈ei, ej〉 and let gij be the inverse

matrix relative to some basis {ei} for V . Let A be an algebraic curvature

tensor on V . The associated Ricci tensor ρA and scalar curvature τA are

then defined by contracting indices:

ρA(x, y) := gijA(x, ei, ej , y) and τA := gijρA(ei, ej) .

One then has O(V, 〈·, ·〉) equivariant maps

σρ : A → ρA ∈ S2(V ∗) and στ : A→ τA ∈ R .

The space of algebraic Weyl curvature tensors

W(V, 〈·, ·〉) := ker(σρ)

is an irreducible representation space for O(V, 〈·, ·〉) and:

Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2(V ∗)

as an O(V, 〈·, ·〉) representation space. Note that W is the space W6 of

Theorem 1.3.1. The further decomposition of S2(V ∗) as the direct sum of

the trace free tensors and the scalar multiples of the identity then completes

the decomposition of Alg0(V ) as a direct sum of irreducible O(V, 〈·, ·〉)
modules. More explicitly, one sets S2

0(V ∗, 〈·, ·〉) := ker(τA) and then uses

τA to decompose

S2(V ∗) = S2
0(V ∗, 〈·, ·〉) ⊕ R .

This then leads to the full decomposition

Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2
0(V ∗, 〈·, ·〉) ⊕ R .
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Orthogonal projection πW from ⊗4V ∗ to W(V, 〈·, ·〉) is given by:

πW(A)(x, y, z, w) = A(x, y, z, w)

− 1
m−2{ρA(x,w)〈y, z〉 + 〈x,w〉ρA(y, z)}

+ 1
m−2{ρA(x, z)〈y, w〉 + 〈x, z〉ρA(y, w)}

+ 1
(m−1)(m−2)τA{〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉} .

If M is a pseudo-Riemannian manifold, then πWR is said to be the asso-

ciated Weyl conformal curvature tensor. Let g1 = αg2 be a conformally

equivalent metric where α ∈ C∞(M) is a positive function. The Weyl

conformal curvature tensor W ∈ ⊗4(T ∗(M)) simply rescales:

Wg1(x, y, z, w) = αWg2 (x, y, z, w) .

We may summarize the relevant facts we need as follows:

Lemma 1.3.3 Alg0(V ) is an irreducible Gl(V ) module. As an O(V, 〈·, ·〉)
module, we may decompose Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2

0(V ∗, 〈·, ·〉) ⊕ R.

1.3.4 Models

Suppose given Ai ∈ ⊗4+iV ∗ for 0 ≤ i ≤ k. We assume A0 ∈ Alg0(V )

and A1 ∈ Alg1(V ) but impose no relations on Ai for i ≥ 2 as giving the

requisite symmetries would be unnecessarily complex. Let

Mk := (V, 〈·, ·〉, A0, A1, ..., Ak)

be the associated k-model. If k = ∞, then the string is infinite. If M1
k

(respectively M2
k) is a k-model defined on a vector space V 1 (respectively

on V 2), then φ is said to be an isomorphism from M1
k to M2

k if φ is a linear

isomorphism from V 1 to V 2 so that

φ∗{〈·, ·〉2} = 〈·, ·〉1 and φ∗{A2
i } = A1

i for 0 ≤ i ≤ k .

The notion of an affine k-model is defined similarly. The inner product 〈·, ·〉
plays no role and instead of considering Ai ∈ ⊗4+i(V ∗), one considers

Ai ∈ ⊗3+i(V ∗) ⊗ V = ⊗2+iV ∗ ⊗ End(V )

which are algebraic counterparts of ∇iR. If Mk is a k-model, we can define

the associated affine k-model Fk by using the inner product to raise indices

to define Ai ∈ ⊗2+iV ∗ ⊗ End(V ). In the interests of notational simplicity,

we set A := A0 and A := A0. In the interests of brevity, we shall sometimes
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say that M is a model if it is a 0-model or that F is an affine model if it is

an affine 0-model.

A model Mk is said to be decomposable if there exists a non-trivial

orthogonal decomposition V = V1 ⊕ V2 that induces a direct sum decom-

position Ai = Ai,1 ⊕ Ai,2 for 1 ≤ i ≤ k; if Mk is not decomposable, then

Mk is said to be indecomposable. Similarly an affine model Fk is said

to be decomposable if there exists a non-trivial direct sum decomposition

V = V1 ⊕ V2 that induces a decomposition Ai = Ai,1 ⊕Ai,2.

If P is a point of a pseudo-Riemannian manifold M, one defines the

associated k-model Mk(M, P ) by setting:

Mk(M, P ) := (TPM, gP , RP , ...,∇kRP ) .

This is a purely algebraic structure which encodes the covariant derivatives

of the curvature operator up to order k at P as well as describing the inner

product on TP (M). Similarly if F is an affine manifold, one defines the

affine k-model of Fk(F , P ) at P ∈M by setting:

Fk(F , P ) := (TPM,RP , ...,∇kRP ) . (1.3.c)

Many geometric properties have algebraic counterparts. For example,

if F0 is an affine 0-model, one may define the Jacobi operator J and the

Ricci tensor ρ, by setting, respectively,

J (v1, v2) : v3 → 1
2{A(v3, v1)v2 + A(v3, v2)v1},

J (v) := J (v, v), and ρ(v1, v2) := TrJ (v1, v2) .

We say that M0 is Einstein if ρ = c〈·, ·〉; we say that M0 is k-stein if there

exist constants ci so that

Tr{J (v)i} = ci〈v, v〉i for 1 ≤ i ≤ k .

Let M1 be a 1-model. We will show in Section 4.3 that M1 is geometri-

cally realizable; this means that there exists a pseudo-Riemannian manifold

M and that there is a point P ∈M so that M1 is isomorphic to M1(M, P ).

Thus the relations of Eqs. (1.2.g) and (1.2.h) are the only universal relations

that R and ∇R satisfy; the relations that ∇2R satisfy are more complicated

owing to the intertwining relation given in Eq. (1.2.d). We refer to Belger

and Kowalski (1994) for further details.

Let M and F be k-models. Let Gl(M) and Gl(F) be the Lie group of all

isomorphisms M and F; let gl(M) and gl(F) be the associated Lie-algebras.
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If T ∈ End(V ), extend T to act on the tensor algebra as a derivation. We

then have:

gl(F) = {T ∈ End(V ) : T · Ai = 0 for 0 ≤ i ≤ k},
gl(M) = {T ∈ End(V ) : T · 〈·, ·〉 = 0, T · Ai = 0 for 0 ≤ i ≤ k} .

Let F be a family of k-models. We assume an object α(Mk) is associated

to each Mk ∈ F . We say that α is an invariant of the family if M1
k

isomorphic to M2
k implies α(M1) = α(M2). For example, |ρ|2 is a scalar

invariant of the family of all 0-models. We shall often omit specifying the

family F if it is clear from the context.

1.3.5 Various notions of homogeneity

A pseudo-Riemannian manifold M = (M, g) is said to be k-curvature ho-

mogeneous if Mk(M, P ) and Mk(M, Q) are isomorphic for any two points

P,Q ∈ M . We say that Mk is a k-model for M if Mk is isomorphic to

Mk(M, P ) for any P in M . Clearly M is k-curvature homogeneous if and

only if it admits a k-model. In the interests of brevity, we shall sometimes

simply say that M is curvature homogeneous if it is 0-curvature homoge-

neous.

One says that M is locally homogeneous if for any two points P,Q ∈M ,

there are neighborhoods UP and UQ of P and Q in M , respectively, and

an isometry ψ from UP to UQ such that ψP = Q. One says that M is

homogeneous if UP = UQ = M and thus ψ is globally defined.

If H is a homogeneous space, let M(H) := Mk(H, Q) for any point

Q ∈ H ; the isomorphism class of M(H) is independent of the point Q ∈ H .

Let M be another pseudo-Riemannian manifold which is not necessarily

locally homogeneous. We say that M is k-modeled on H and that M(H) is

a k-model for M if Mk(H) and Mk(M, P ) are isomorphic for any P ∈M .

There are similar notions in the affine context. In Theorem 3.2.1, we

use work of Gilkey and Nikčević (2005d) to exhibit a complete Lorentzian

manifold which is 1-affine modeled on a homogeneous Lorentz manifold, 0-

curvature modeled on an indecomposable symmetric Lorentzian manifold,

and which is not 1-curvature homogeneous. Thus affine curvature homo-

geneity and curvature homogeneity are different notions. In Sections 2.9

and 2.10, we present examples which are k-curvature homogeneous but not

k + 1-affine curvature homogeneous where k is arbitrarily large.

One can weaken the notion of curvature homogeneity slightly. Suppose
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given Ai ∈ ⊗4+i(V ∗). One says that M is weakly k-curvature homogeneous

if for every point P ∈ M , there is an isomorphism Φ : TPM → V so that

Φ∗Ai = ∇iRP . There is no requirement that Φ preserve an inner product.

In Section 2.4, examples are given which show that affine curvature homo-

geneity and weak curvature homogeneity are different notions; the metric

is required to lower indices.

In the Riemannian setting, a homogeneous manifold is necessarily com-

plete. This is not true in the higher signature context. In Theorem 2.3.6,

we will give an example of a manifold of signature (2, 2) which is not ho-

mogeneous, but which contains a proper dense open submanifold O so that

O is homogeneous; necessarily O is incomplete.

Let G(M) (respectively G(F), G(Mk), G(Fk)) be the group of isome-

tries (respectively affine diffeomorphisms or isomorphisms) of a pseudo-

Riemannian manifold M (respectively of an affine manifold F , of a k-model

Mk, or of an affine k-model Fk). We let g(·) be the associated Lie algebra.

Let GP (M) (respectively GP (F)) be the isotropy subgroup fixing a point

P of M . If M or F are homogeneous, then there are natural identifications

M = G(M)/GP (M) and F = G(F)/GP (F) .

1.3.6 Killing vector fields

Let M be a pseudo-Riemannian manifold. We say that X ∈ C∞(T (M)) is

a Killing vector field on M if

g(∇ξX, η) + g(∇ηX, ξ) = 0 for all ξ, η ∈ C∞(T (M)) .

If ξ ∈ g(M), then necessarily ξ is a Killing vector field. The implication can

be reversed in the real analytic context for generalized plane wave manifolds

as we shall see shortly. In Theorem 2.3.6, we study the Lie algebra for a

family of real analytic pseudo-Riemannian manifolds of signature (2, 2). All

are 1-curvature homogeneous and 0-modeled on the same indecomposable

symmetric space. Some are symmetric, some are homogeneous, and some

are inhomogeneous.

One says that M is a local symmetric space if ∇R = 0; local symmetric

spaces are locally homogeneous. One says that M is a symmetric space if

∇R = 0 and if M is complete; symmetric spaces are homogeneous – see

Theorem 2.2.3 for a special case of this result.
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1.3.7 Nilpotent curvature

The eigenvalue 0 plays a distinguished role in the study of the Jacobi

operator. We say that a 0-model M0 is spacelike nilpotent Osserman if

0 is the only eigenvalue of J (v) or equivalently if J (v)m = 0 for any

v ∈ S+(V, 〈·, ·〉). The notion timelike nilpotent Osserman is defined sim-

ilarly; we will show in Theorem 1.9.1 that these are equivalent notions.

By using the appropriate operators, one can define the notions of higher

order nilpotent Osserman of type (r, s), nilpotent Ivanov–Petrova of type

(r, s), nilpotent Stanilov of type (r, s), and nilpotent Szabó similarly; only

the value k = (r + s) is relevant. In Section 3.5, we give examples of

pseudo-Riemannian manifolds which are Jacobi nilpotent or Szabó nilpo-

tent of arbitrarily high order.

1.4 Curvature Homogeneity – a Brief Literature Survey

In this section, we provide a brief review of some well known results related

to curvature homogeneity that we shall need subsequently.

1.4.1 Scalar Weyl invariants in the Riemannian setting

As discussed in Section 1.2.6, we can form scalar invariants by contracting

indices in pairs in the covariant derivatives of the curvature tensor; for

example, the scalar curvature τ , the norm of the Ricci tensor |ρ|2, and the

norm of the full curvature tensor |R|2 are given by

τ := gijRkij
k,

|ρ|2 := gi1j1gi2j2Rki1j1
kRli2j2

l, and

|R|2 := gi1j1gi2j2gi3j3gi4j4Ri1i2i3
i4Rj1j2j3

j4

where we adopt the Einstein convention and sum over repeated indices. All

scalar invariants of the metric arise in this fashion, see, for example, the

treatment in Atiyah, Bott, and Patodi (1973) or in Weyl (1946).

In the Riemannian setting, the scalar Weyl invariants determine the

local geometry of the manifold. We refer to Prüfer, Tricerri, and Vanhecke

(1996) for the proof of the following result:

Theorem 1.4.1 (Prüfer, Tricerri, and Vanhecke) If all local scalar

Weyl invariants up to order 1
2m(m − 1) are constant on a Riemannian
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manifold M, then M is locally homogeneous and M is determined up to

local isometry by these invariants.

This result fails in the pseudo-Riemannian setting; Koutras and McIn-

tosh (1996) and Pravda, Coley, and Milson (2002) have exhibited examples

of non-flat manifolds all of whose scalar Weyl invariants vanish. We shall

exhibit many other families of pseudo-Riemannian manifolds subsequently

where this result fails. In Theorem 2.2.1, we shall show that all the scalar

invariants of a generalized plane wave manifold vanish. Nevertheless, there

are non-trivial scalar invariants of certain families of generalized plane wave

manifolds which are not of Weyl type. We refer to Theorems 2.3.4, 2.4.1,

2.5.2, 2.7.2, 2.8.1, 2.9.3, and 2.10.2 for examples of pseudo-Riemannian

manifolds which are not flat but all of whose scalar Weyl invariants van-

ish. The primary technical difficulty is, of course, constructing isometry

invariants which are not of Weyl type.

1.4.2 Relating curvature homogeneity and homogeneity

It is clear that local homogeneity implies k-curvature homogeneity for any

k. The following result is due to Singer (1960) in the Riemannian setting

and to Podesta and Spiro (1996) in the general context:

Theorem 1.4.2 [Singer, Podesta and Spiro] There exists an integer

kp,q so that if M is a complete simply connected pseudo-Riemannian man-

ifold of signature (p, q) which is kp,q-curvature homogeneous, then (M, g) is

homogeneous.

The integer kp,q is called the Singer number. We will show in Section 2.9

that kp,q ≥ min(p, q). There is some evidence to suggest that the correct

estimate is in fact kp,q = min(p, q) + 1. For example, in Theorem 3.2.1

(7), we give an example of a 3-dimensional Lorentzian manifold which is

1-curvature homogeneous but not curvature homogeneous.

There is a related result in the affine setting in the real analytic context

due to Opozda (1997). Let gl(Fk(F , P )) be the Lie-algebra of the k-affine

curvature model at P defined in Eq. (1.3.c). One says that the curvature

sequence stabilizes at level k0 if

gl(Fk(F , P )) = gl(Fk0(F , P )) for every k ≥ k0 .

Theorem 1.4.3 (Opozda) Let F be a real analytic affine manifold.

Assume that F is k-affine curvature homogeneous and that the curvature
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sequence stabilizes at level k − 1. Then F is locally affine homogeneous.

Theorem 1.4.3 shows that if the dimension m of (M,∇) is fixed, then

there is an integer kF (m) for which k-affine curvature homogeneity implies

affine homogeneity; this number is called the Opozda number. The examples

of Section 2.9 show kF(2p+ 6) ≥ p+ 3 for p ≥ 0.

1.4.3 Manifolds modeled on symmetric spaces

One says that a pseudo-Riemannian manifold M is a local symmetric space

if ∇R = 0; a complete local symmetric space is said to be a symmetric

space. If M is a simply connected symmetric space, then the geodesic

involution is an isometry and M is a homogeneous space. One has the

following rigidity result of Tricerri and Vanhecke (1986) in the Riemannian

setting and of Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the

Lorentzian setting:

Theorem 1.4.4

(1) Tricerri and Vanhecke A Riemannian curvature homogeneous man-

ifold which is 0-curvature modeled on an irreducible symmetric space is

locally symmetric.

(2) Cahen et al. A Lorentzian curvature homogeneous manifold which

is 0-curvature modeled on an irreducible symmetric space has constant

sectional curvature.

For example, any manifold of constant sectional curvature is modeled on

a pseudo-sphere. Similarly manifold which is modeled on a pseudo-complex

projective space is locally isometric to a pseudo-complex projective space.

These are rigid geometries. We refer to Lemmas 1.6.7 and 1.6.8 for further

details.

On the other hand, there exist curvature homogeneous spaces modeled

on indecomposable symmetric spaces which are not even locally homoge-

neous. For example, in Section 2.10, we shall construct neutral signature

generalized plane wave metrics on R4p+6 which are 0-modeled on an in-

decomposable symmetric space, which are (p+ 2)-curvature homogeneous,

and which are not p+ 3 affine curvature homogeneous. We refer to Bueken

(1997a), Bueken and Djoric (2000), Bueken and Vanhecke (1997), Cahen,

Leroy, Parker, Tricerri, and Vanhecke (1991) for additional work.
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1.4.4 Historical survey

Here is a very brief and necessarily incomplete introduction to the his-

tory of this subject. There are 2-curvature homogeneous affine manifolds

which are not locally affine homogeneous, see, for example, Garćia-Río, Ku-

peli, Vázquez-Abal, and Vázquez-Lorenzo (1999), Kowalski, Opozda, and

Vlášek (1999), Kowalski, Opozda, and Vlášek (2000), Kowalski, Opozda,

and Vlášek (2004), and Opozda (1996).

In the Riemannian setting (p = 0), Takagi (1974) showed that there are

0-curvature homogeneous complete non-compact manifolds which are not

locally homogeneous; subsequently Ferus, Karcher, and Münzner (1981)

exhibited compact examples. Many other examples are known Calvaruso,

Marinosci, and Perrone (2000), Kowalski and Prüfer (1994), Kowalski,

Tricerri, and Vanhecke (1992a), Kowalski, Tricerri, and Vanhecke (1992b),

Tomassini (1997), Tricerri (1988), Tsukada (1988), Vanhecke (1991). There

are no known Riemannian manifolds which are 1-curvature homogeneous

but not locally homogeneous.

In the Lorentzian setting (p = 1), Cahen, Leroy, Parker, Tricerri, and

Vanhecke (1991) showed that there exist curvature homogeneous mani-

folds which are not locally homogeneous; Bueken and Djoric (2000) and

Bueken and Vanhecke (1997) showed there exist 1-curvature homogeneous

Lorentzian manifolds which are not locally homogeneous. One could conjec-

ture that a 2-curvature homogeneous Lorentzian manifold must be locally

homogeneous.

The constants kp,q of Theorem 1.4.2 were first studied in the Rieman-

nian setting. Singer (1960) proved that k0,m < 1
2m(m − 1); subsequently

Yamato (1989) established the the bound 3m − 5 and Gromov (1986) es-

tablished the bound 3
2m−1. Work of Sekigawa, Suga, and Vanhecke (1992)

and Sekigawa, Suga, and Vanhecke (1995) showed that any 1-curvature ho-

mogeneous complete simply connected Riemannian manifold of dimension

m < 5 is homogeneous; thus k0,2 = k0,3 = k0,4 = 1. We refer to Boeckx,

Kowalski, and Vanhecke (1996) for further details concerning k-curvature

homogeneous manifolds in the Riemannian setting.

In the higher signature setting, results of Gilkey and Nikčević (2004d)

can be used to show kp,q ≥ min(p, q). One could conjecture that in fact

kp,q = min(p, q) + 1.

Opozda (1997) exhibited a 2-dimensional example showing that 1-affine

curvature homogeneity does not imply local homogeneity; it is also known

that if F is an analytic 2-dimensional affine manifold which is 2-affine cur-
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vature homogeneous and if ∇ has symmetric Ricci tensor, then F is locally

homogeneous. The examples we shall construct presently also show that in

general, the Opozda number is unbounded as the dimension is allowed to

increase.

1.5 Results from Linear Algebra

In Section 1.5.1, results are given concerning the spectral theory of linear

maps which are symmetric or anti-symmetric with respect to a Riemannian

(positive definite) inner product. Spectral theory and traces are related in

Section 1.5.2 and the Jordan normal form is discussed in Section 1.5.3. In

Section 1.5.4 it is shown that if T is an arbitrary linear map of a vector space

V , then there exists a non-degenerate inner product on V relative to which

T is symmetric. In Section 1.5.5, a technical result is established which is

needed subsequently in Chapter 2. It is demonstrated that any solution to

the ordinary differential equation h′′ = kh′h′, where k is constant, has the

form

h = aeλy + h0 or h = a(y + b)c + h0 .

1.5.1 Symmetric and anti-symmetric operators

Let V be a vector space of dimension m which is equipped with a Rie-

mannian (positive definite) inner product 〈·, ·〉. The conjugacy class of a

symmetric or of an anti-symmetric linear map is determined in this setting

by the eigenvalue structure. The following is well known:

Lemma 1.5.1 Let 〈·, ·〉 ∈ S2(V ∗) be positive definite.

(1) Let T ∈ End+(V, 〈·, ·〉) be a symmetric linear map. There exists an

orthonormal basis {ei} for V and λi ∈ R so Tei = λiei. If λ = maxi λi
or if λ = mini λi, then Tv = λv if and only if 〈v, Tv〉 = λ|v|2.

(2) Let T ∈ End−(V, 〈·, ·〉) be a skew-symmetric linear map. There exists

orthonormal basis {e+1 , e−1 , ..., e+` , e−` , f1, ..., fk} for V and λi ∈ R+ so

Te+i = λie
−
i , T e−i = −λie+i , and Tfj = 0 .

1.5.2 The spectrum of an operator

Let T ∈ End(V ). In general, of course, T is not diagonalizable. We say

that a is an eigenvalue of T if det(T − a Id) = 0. We let the spectrum
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of T denote the collection of eigenvalues where each eigenvalue is repeated

according to multiplicity. The following is a useful observation. We omit

the proof and refer instead to Lemma 2.1.6 in Gilkey (1995).

Lemma 1.5.2 Let T1, T2 ∈ End(V ). The following assertions are equiv-

alent.

(1) T1 and T2 have the same spectrum.

(2) Tr(T i1) = Tr(T i2) for 1 ≤ i ≤ dim(V ).

1.5.3 Jordan normal form

Let J(k, a) be the Jordan block of size k for a real eigenvalue a ∈ R:

J(k, a) :=




a 1 0 ... 0 0

0 a 1 ... 0 0

... ... ... ... ... ...

0 0 0 ... a 1

0 0 0 ... 0 a



. (1.5.a)

We define a Jordan block of size 2k×2k corresponding to the pair of complex

conjugate eigenvalues {a+
√
−1b, a−

√
−1b} by first setting

Aa,b :=

(
a b

−b a

)
, and I2 :=

(
1 0

0 1

)

and then setting

J(k, a, b) :=




Aa,b I2 0 ... 0 0

0 Aa,b I2 ... 0 0

... ... ... ... ... ...

0 0 0 ... Aa,b I2
0 0 0 ... 0 Aa,b



. (1.5.b)

We refer to Adkins and Weintraub (1992) for the proof of the following:

Lemma 1.5.3 Let T be a linear transformation of a vector space V .

Relative to a suitably chosen basis for V , T decomposes as a direct sum of

the Jordan blocks described in Eqs. (1.5.a) and (1.5.b). Furthermore, the

unordered collection of Jordan blocks is determined by T .

The Jordan normal form of T is the unordered collection of Jordan

blocks described in Lemma 1.5.3. We say that two linear maps T and T̃ of
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V are Jordan equivalent if any of the following three equivalent conditions

are satisfied:

(1) There exist bases B = {e1, ..., em} and B̃ = {ẽ1, ..., ẽm} for V so that

the matrix representation of T with respect to the basis B is equal to

the matrix representation of T̃ with respect to the basis B̃.

(2) There exists an isomorphism ψ of V so T = ψT̃ψ−1; this means that

T and T̃ are conjugate.

(3) The Jordan normal forms of T and T̃ are equal.

1.5.4 Self-adjoint maps in the higher signature setting

Let 〈·, ·〉 ∈ S2(V ∗) have signature (p, q). In the positive definite setting

(p = 0), the Jordan normal form of a symmetric linear map is determined

by the eigenvalue structure since T is diagonalizable. Similarly, if T is

skew-symmetric, then the eigenvalue structure is determined since T can

be written as the direct sum of blocks of the form

(
0 b

−b 0

)
and (0) .

However, the eigenvalue structure does not determine the Jordan normal

form of a symmetric map or of a skew-symmetric map in the higher sig-

nature setting (p > 0 and q > 0). In fact, there is no obstruction to an

operator being symmetric in the higher signature setting:

Lemma 1.5.4 Let T ∈ End(V ). There exists a non-degenerate inner

product 〈·, ·〉 ∈ S2(V ∗) so that T is symmetric with respect to 〈·, ·〉.

Proof. By Lemma 1.5.3, T can be decomposed as the sum of Jordan

blocks. Consequently, it suffices to prove Lemma 1.5.4 for the special cases

T = J(k, a) and T = J(k, a, b) described in Eqs. (1.5.a) and (1.5.b).

Let {e1, ..., ek} be the standard basis for Rk. The Jordan block J(k, a)

defines the linear transformation:

J(k, a)ei :=

{
aei + ei−1 if i > 1,

aei if i = 1 .

We define a non-degenerate inner product 〈·, ·〉 on Rk by setting:

〈ei, ej〉 := δi+j,k+1 .
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Since J(k, a) = a · Id +J(k, 0), and since Id is symmetric with respect to

any inner product, we may take a = 0. We have

〈J(k, 0)ei, ej〉 = δi−1+j,k+1 .

As this is symmetric in the indices i and j, the desired result follows.

To study the Jordan block J(k, a, b), let {e1, f1, ..., ek, fk} be the usual

basis for R2k. Then

J(k, a, b)ei =

{
aei − bfi + ei−1 if i > 1,

aei − bfi, if i = 1,

J(k, a, b)fi =

{
bei + afi + fi−1 if i > 1,

bei + afi, if i = 1.

We define the inner product

〈ei, ej〉 = δi+j,k+1,

〈ei, fj〉 = 0 for all i, j,

〈fi, fj〉 = −δi+j,k+1 .

We may decompose J(k, a, b) = J(k, 0, 0) + B where Bei = aei − bfi and

Bfi = bei + afj . The proof that J(k, 0, 0) is symmetric is the same as that

given above to show J(k, 0) is symmetric and is therefore omitted; the bases

{e1, ..., ek} and {f1, ..., fk} do not interact. To show that B is symmetric,

we compute:

〈Bei, ej〉 = aδi+j,k+1, 〈Bfi, fj〉 = −aδi+j,k+1,

〈Bei, fj〉 = bδi+j,k+1, 〈ei, Bfj〉 = bδi+j,k+1 .

This establishes the desired relations. �

1.5.5 Technical results concerning differential equations

Lemma 1.5.5 Let O be a connected open subset of R and let h ∈ C∞(O).

Assume that h′ 6= 0 and that hh′′(h′)−2 is constant. Then either one has

that h(y) = aeλy or one has that h(y) = a(y + b)c.

Proof. We have the equation h′′h = kh′h′. Thus

∫
h′′

h′ = k
∫
h′

h so ln(h′) = k ln(h) + β so

h′ = eβhk so
∫
h′

hk
= eβy + γ .
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If k = 1, this implies ln(h) = eβy + γ or equivalently h = eγee
βy which

leads to an exponential solution. If k 6= 1, then h1−k = (1 − k)(eβy + γ);

this leads to a solution involving powers of a translate of y. �

We shall need the following two results in Section 3.2 to study the

geodesic structure on certain 3-dimensional Lorentz manifolds.

Lemma 1.5.6 Let h : R → (−∞, 0) be smooth. Let [0, T ) be the maximal

domain of the solution y to the ordinary differential equation y′′ = h(y)

where y(0) = y0 and y′(0) = y′0. If T <∞, then

lim
t→T

y(t) = lim
t→T

y′(t) = −∞ and lim sup
y→T

∣∣∣∣
h(y(t))

y(t)

∣∣∣∣ = ∞ .

Proof. Since y′′ < 0, y′ is monotonically decreasing and y is bounded

from above on [0, T ). Suppose first that y is bounded from below on [0, T ).

This implies that y′′ is bounded and hence y′ is bounded as well on [0, T ).

Let

y1 = lim inf
t→T

y(t) and y′1 = lim
t→T

y′(t) .

The fundamental theorem of ordinary differential equations shows that

there exists κ > 0 so that if |z1 − y1| < κ and if |z′1 − y′1| < κ then

there exists a solution z to the equation z′′ = h(z) with initial conditions

z(s) = z1 and z′(s) = z′1 which is valid on the interval [s, s+κ). We choose

s ∈ (T − 1
2κ, T ) so that |y(s) − y1| < κ and |y′(s) − y′1| < κ .

Let z′′ = h(z) be defined on [s, s + κ) with z(s) = y(s) and z′(s) = y′(s).
Then z extends y to the region [0, T+ 1

2κ) which contradicts the assumption

that [0, T ) was a maximal domain.

Thus y is not bounded from below on [0, T ) so limt→T y
′(t) = −∞.

Consequently, y is monotonically decreasing for t close to T so one has as

well that limt→T y(t) = −∞. Suppose

lim sup
t→T

h(y(t))

y(t)
<∞ .
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This means that there exists C < ∞ so |h(y(t))| ≤ C|y(t)| on [t0, T ). We

then have

{ln |y(t)|}′′ =

{
y′(t)

y(t)

}′
=
y′′(t)

y(t)
−
{
y′(t)

y(t)

}2

=
h(y(t))

y(t)
−
{
y′(t)
y(t)

}2

≤ C .

This implies ln |y(t)| is bounded from above and hence |y(t)| is bounded

from above on [t0, T ) which is false. This contradiction shows

lim supt→T
h(y(t))
y(t) = ∞. �

We shall also need the following result:

Lemma 1.5.7 Let h : R → (−∞, 0) be smooth.

(1) Let α > 0. Let {tn}n≥1 be a sequence of real numbers with t1 = 1 and

with tn+1 − tn ≥ nα for n ≥ 1. Then tn ≥ n1+α

(1+α)21+α .

(2) Let ε > 0 and δ > 0. Suppose that h(y) < −ε|y|1+δ for y ≤ −1. Let

[0, T ) be the maximal domain of definition for the solution y to the

ordinary differential equation y′′ = h(y) with initial conditions given

by y(0) = −1 and y′(0) = −1. Then T <∞ and limt→T y(t) = −∞.

Proof. We prove Assertion (1) by induction on n; it holds trivially for

n = 1. We take n ≥ 2 and use the comparison test to compute:

tn > tn − t1 =

n∑

k=2

{
tk − tk−1

}
≥
∫ n

1

(x− 1)αdx

=
(n− 1)1+α

1 + α
=

n1+α

(1 + α)(1 + 1
n−1 )1+α

≥ n1+α

(1 + α)21+α
.

To prove Assertion (2), we suppose first T = ∞ and argue for a contra-

diction. Choose τ ≥ 1 so that

τε ≥ 21+δ/2(1 + δ/2) .

With our initial conditions, y′′ < 0 so y′ is monotonically decreasing and

y′ ≤ −1. This implies y decreases monotonically. Let ∆n = τ · n−1−δ/2.
Let s1 = 0 and let sn+1 = sn + ∆n for n ≥ 2. As δ > 0,

S := lim
n→∞

sn =

∞∑

n=1

τn−1−δ/2 <∞ .

Consider the following statements:
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(1)n y
′(sn) ≤ −n1+δ/2.

(2)n y(sn) ≤ −n.

(3)n y
′(sn+1) − y′(sn) ≤ −21+δ/2(1 + 1

2δ)n
δ/2.

We establish these statements by induction on n. Statements (1)n and (2)n
hold n = 1 by the choice of our initial conditions. Since y and y′ decrease

monontonically, we may estimate

y′′(s) ≤ −ε|y(s)|1+δ ≤ −ε|y(sn)|1+δ ≤ −εn1+δ for s ∈ [sn, sn+1],

y′(sn+1) − y′(sn) ≤ −∆nεn
1+δ = −τn−1−δ/2εn1+δ

≤ −21+δ/2(1 + δ/2)nδ/2 .

Statements (1)n and (2)n are thus seen to imply Statement (3)n.

Statements (3)k for 1 ≤ k ≤ n together with Assertion (1) imply State-

ment (1)n+1. Finally, we use Statement (1)n together with Statement (2)n
to establish Statement (2)n+1 by computing:

y′(s) ≤ y′(sn) ≤ −n1+δ/2 for s ≥ sn,

y(sn+1) ≤ y(sn) + ∆ny
′(sn) ≤ −n− τn−1−δ/2n1+δ/2 ≤ −n− 1 .

This establishes the truth of all the 3 statements. Thus, lims→S y(s) = −∞.

This contradicts the assumption that T = ∞.

This shows that y must be defined on a maximal domain [0, T ) for

T <∞; we use Lemma 1.5.6 to see limt→T y(t) = −∞. �

1.6 Results from Differential Geometry

In this section, we summarize some results from Differential Geometry that

we shall need. In Section 1.6.1, we discuss principle bundles. In Section

1.6.2, we show any 1-model is geometrically realizable. In Section 1.6.3, we

give generating sets for the space of algebraic curvature tensors in terms of

the canonical curvature tensors defined in Section 1.3.2. We also show that

if AΦ1 = AΦ2 where the Φi ∈ S2(V ∗) have rank at least 3, then Φ1 = Φ2.

In Section 1.6.4, we turn to complex geometry and give several equivalent

conditions for the compatibility of an algebraic curvature tensor with a

pseudo-Hermitian almost complex structure. Section 1.6.5 deals with space

forms and complex space forms, Section 1.6.6 deals with conformal complex

space forms, and Section 1.6.7 is concerned with Kähler geometry.
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1.6.1 Principle bundles

We say that π : E → B is a fiber bundle with fiber F if there exists an open

cover Oα of B and fiber preserving diffeomorphisms Φα from π−1(Oα) to

Oα×F . Let π : P → B be a fiber bundle whose fiber is a Lie group G. We

say that P is a principle bundle and write

G → P → B

if G acts freely on P from the right and if B = P/G. Equivalently, this

means that the transition functions of P are given by left multiplication

by the group G. Let Sn denote the usual round sphere, let CPn denote

complex projective space, let Grk(n) denote the Grassmannian of k-planes

in Rn, and let Gr+k (n) denote the oriented Grassmannian of k-planes in Rn.

As examples, we have the following principle bundles:

U(1) → U(n+ 1) → CPn,

SO(n) → SO(n+ 1) → Sn,

O(k) ×O(n− k) → O(n) → Grk(n),

SO(k) × SO(n− k) → SO(n) → Gr+k (n).

The following is well known:

Lemma 1.6.1 Let a Lie group G act on a space X from the left. If

x ∈ X, let G · x be the orbit and let Gx = {g ∈ G : gx = x} be the isotropy

subgroup.

(1) We have a principle bundle Gx → G→ G · x.
(2) dim{G} = dim{Gx} + dim{G · x}.

1.6.2 Geometric realizability

Although the following is well-known, see for example Belger and Kowalski

(1994) where a more general result is established, we shall give the proof to

keep the development as self-contained as possible and to establish notation

needed subsequently.

Let {x1, ..., xm} be local coordinates on a pseudo-Riemannian manifold

M. Let

∂i := ∂xi :=
∂

∂xi
.
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Denote the components of the metric g, of the curvature tensor R, and

of the covariant derivative of the curvature tensor ∇R with respect to the

coordinate frame by:

gij := g(∂i, ∂j),

Rijkl := R(∂i, ∂j , ∂k, ∂l),

Rijkl;n := R(∂i, ∂j , ∂k, ∂l; ∂n) .

Lemma 1.6.2

(1) Let {x1, ..., xm} be local coordinates on a pseudo-Riemannian manifold

M. If {∂igjk}(P ) = 0, then:

(a) Rijkl(P ) = 1
2{∂i∂kgjl + ∂j∂lgik − ∂i∂lgjk − ∂j∂kgil}(P ).

(b) Rijkl;n(P ) = 1
2{∂i∂k∂ngjl+∂j∂l∂ngik−∂i∂l∂ngjk−∂j∂k∂ngil}(P ).

(2) Let M1 be a 1-model. There exists a point P of a pseudo-Riemannian

manifold M so that M1 is isomorphic to M1(M, P ).

Proof. Let P be a point of a pseudo-Riemannian manifold M. Let x be a

system of local coordinates on M ; we may assume without loss of generality

that P corresponds to the origin of the coordinate system. Suppose that

the 1 jets of the metric vanish at the origin. We establish Assertion (1) by

computing:

Γijk := g(∇∂i∂j , ∂k) = 1
2 (∂igjk + ∂jgik − ∂kgij) = O(|x|),

Rijkl = ∂iΓjkl − ∂jΓikl +O(|x|2),
Rijkl;n = ∂nRijkl +O(|x|) .

Let M = (V, 〈·, ·〉, A0, A1) be a 1-model. To prove Assertion (2), choose

an orthonormal basis {e1, ..., em} for V so that 〈ei, ej〉 = ±δij . Use this

orthonormal basis to identify V = Rm. Let Aijkl and A1,ijkl;n denote the

components of A and of A1, respectively, relative to this orthonormal basis.

Define

gik := 〈ei, ek〉 − 1
3

∑

jl

Aijlkxjxl − 1
6

∑

jln

A1,ijlk;nxjxlxn .

Clearly gik = gki. As gij(0) = 〈ei, ej〉, g is non-degenerate at the origin and

hence is non-degenerate on some neighborhood of the origin. Since the 1

jets of the metric vanish at 0, we may apply Assertion (1) to compute that:
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Rijkl(0) = 1
2{∂i∂kgjl + ∂j∂lgik − ∂i∂lgjk − ∂j∂kgil}(0)

= 1
6{−Ajikl −Ajkil −Aijlk −Ailjk +Ajilk +Ajlik +Aijkl +Aikjl}

= 1
6{4Aijkl − 2Ailjk − 2Aiklj} = Aijkl .

We complete the proof of Assertion (2) by computing:

Rijkl;n(0) = 1
2{∂i∂k∂ngjl + ∂j∂l∂ngik − ∂i∂l∂ngjk − ∂j∂k∂ngil}(0)

= 1
12{−Ajikl;n −Ajkil;n −Ajnkl;i −Ajknl;i −Ajinl;k −Ajnil;k

−Aijlk;n −Ailjk;n −Ainlk;j −Ailnk;j −Aijnk;l −Ainjk;l
+Ajilk;n +Ajlik;n +Ajnlk;i +Ajlnk;i +Ajink;l +Ajnik;l
+Aijkl;n +Aikjl;n +Ainkl;j +Aiknl;j +Aijnl;k +Ainjl;k}
= 1

12{(4Aijkl;n − 2Ajkil;n + 2Ajlik;n) + (−2Ajnkl;i − 2Ainlk;j)

+(−2Ajinl;k − 2Aijnk;l) + (−Ailnk;j −Ajnil;k)

+(−Ainjk;l −Ajknl;i) + (Ajlnk;i +Ainjl;k) + (Ajnik;l + Aiknl;j)}
= 1

12{6Aijkl;n+2Aijkl;n+2Aijkl;n+Ailkj;n+Ajkli;n−Ajlki;n−Aiklj;n}
= 1

12{10Aijkl;n + 2Ailkj;n + 2Aikjl;n} = 1
12{10Aijkl;n − 2Aijlk;n}

= Aijkl;n . �

1.6.3 The canonical algebraic curvature tensors

Let S2(V ∗) and Λ2(V ∗) be the spaces of symmetric and anti-symmetric

bilinear forms on V , respectively. If Φ+ ∈ S2(V ∗) and if Φ− ∈ Λ2(V ∗),
adopt the notation of Eq. (1.3.a) to define the canonical 4-tensors

AΦ+(x, y, z, w) := Φ+(x,w)Φ+(y, z) − Φ+(x, z)Φ+(y, w),

AΦ−(x, y, z, w) := Φ−(x,w)Φ−(y, z) − Φ−(x, z)Φ−(y, w)

−2Φ−(x, y)Φ−(z, w) .

Let Mw
0 := (V,AΦ) be the weak 0-model defined by Φ. If 〈·, ·〉 is a non-

degenerate inner product on V , let M0 := (V, 〈·, ·〉, AΦ) be the associated

0-model. Let

ker(AΦ) := {η ∈ V : AΦ(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ V } .

Lemma 1.6.3 Let Φ ∈ S2(V ∗) or Φ ∈ Λ2(V ∗). Assume Rank{Φ} ≥ 2.

(1) AΦ ∈ Alg0.

(2) If there is a decomposition V = V 1 ⊕ V 2 with AΦ = A1 ⊕ A2, then

either V 1 ⊂ kerΦ or V 2 ⊂ kerΦ.

(3) If Φ is non-degenerate, then Mw
0 is indecomposable.

(4) If kerΦ is totally isotropic, then M0 is indecomposable.

(5) ker(AΦ) = kerΦ.
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Proof. We must ensure that the identities of Eq. (1.2.g) are satisfied to

establish Assertion (1). Let A = AΦ where Φ ∈ S2(V ) or Φ ∈ Λ2(V ). The

curvature symmetries

A(x, y, z, w) = −A(y, x, z, w) = A(z, w, x, y)

are then immediate by inspection. Only the first Bianchi identity needs to

be established. If Φ ∈ S2(V ∗), then:

A(x, y, z, w) +A(y, z, x, w) +A(z, x, y, w)

= Φ(x,w)Φ(y, z) − Φ(x, z)Φ(y, w)

+ Φ(y, w)Φ(z, x) − Φ(y, x)Φ(z, w)

+ Φ(z, w)Φ(x, y) − Φ(z, y)Φ(x,w) = 0 .

Similarly, if Φ ∈ Λ2(V ∗), then:

A(x, y, z, w) +A(y, z, x, w) +A(z, x, y, w)

= Φ(x,w)Φ(y, z) − Φ(x, z)Φ(y, w) − 2Φ(x, y)Φ(z, w)

+ Φ(y, w)Φ(z, x) − Φ(y, x)Φ(z, w) − 2Φ(y, z)Φ(x,w)

+ Φ(z, w)Φ(x, y) − Φ(z, y)Φ(x,w) − 2Φ(z, x)Φ(y, w) = 0 .

This completes the proof of Assertion (1).

We follow the discussion in Dunn (2006) to prove Assertion (2). Assume

there exists a non-trivial direct sum decomposition V = V 1 ⊕ V 2 with

AΦ = A1 ⊕A2, V 1 6⊂ kerΦ, V 2 6⊂ kerΦ .

If v ∈ V , we expand v = v1 + v2 for vi ∈ V i. We argue for a contradiction.

Assume that Φ is symmetric. Choose v1
1 ∈ V 1 so that v1

1 /∈ kerΦ.

Suppose first Φ(v1
1 , v

1
1) 6= 0. Since Rank(Φ) ≥ 2, we can choose v2 ∈ V

so Φ(v1
1 , v2) = 0 and Φ(v2, v2) 6= 0. Decompose v2 = v1

2 + v2
2 for vi2 ∈ V i.

Then:

0 6= Φ(v1
1 , v

1
1)Φ(v2, v2) = Φ(v1

1 , v
1
1)Φ(v2, v2) − Φ(v1

1 , v2)Φ(v1
1 , v2)

= AΦ(v1
1 , v2, v2, v

1
1) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1)

= Φ(v1
1 , v

1
1)Φ(v1

2 , v
1
2) − Φ(v1

1 , v
1
2)Φ(v1

1 , v
1
2) .

This shows π := Span{v1
1 , v

1
2} is 2-dimensional and Φ|π is non-degenerate.

If, on the other hand, we have Φ(v1
1 , v

1
1) = 0, since v1

1 6∈ kerΦ, we can
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choose v2 so Φ(v1
1 , v2) 6= 0. Consequently:

0 6= −Φ(v1
1 , v2)Φ(v1

1 , v2) = Φ(v1
1 , v

1
1)Φ(v2, v2) − Φ(v1

1 , v2)Φ(v1
1 , v2)

= AΦ(v1
1 , v2, v2, v

1
1) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1)

= Φ(v1
1 , v

1
1)Φ(v1

2 , v
1
2) − Φ(v1

1 , v
1
2)Φ(v1

1 , v
1
2) .

Thus once again Φ|π is non-degenerate. Thus we may conclude:

Rank(Φ|V1) ≥ 2 and Rank(Φ|V2) ≥ 2 .

Since Rank{Φ|V1} 6= 0, we may find v1
1 ∈ V1 so Φ(v1

1 , v
1
1) 6= 0. Since

Rank{Φ|V2} ≥ 2, we can choose v2
2 ∈ V2 and v2

2 /∈ kerΦ so Φ(v1
1 , v

2
2) = 0.

Since v2
2 /∈ kerΦ, we can choose v3 so Φ(v2

2 , v3) 6= 0. We then have

AΦ(v1
1 , v

2
2 , v3, v

1
1) = Φ(v1

1 , v
1
1)Φ(v2

2 , v3) − Φ(v1
1 , v

2
2)Φ(v1

1 , v3)

= Φ(v1
1 , v

1
1)Φ(v2

2 , v3) 6= 0 .

This contradiction establishes Assertion (2) if Φ is symmetric.

We now prove Assertion (2) if Φ is skew-symmetric. One has:

AΦ(x, y, y, x)

= Φ(x, x)Φ(y, y) − Φ(x, y)Φ(y, x) − 2Φ(x, y)Φ(y, x)

= 3Φ(x, y)2 .

Choose v1
1 ∈ V1 with v1

1 /∈ kerΦ. Choose v2 so Φ(v1
1 , v2) 6= 0. Decompose

v2 = v1
2 + v2

2 for vi2 ∈ V i. This implies

3Φ(v1
1 , v

1
2) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1) = AΦ(v1

1 , v2, v2, v
1
1) = 3Φ(v1

1 , v2)
2 6= 0 .

Consequently we may conclude:

Rank(Φ|V1) ≥ 2 and Rank(Φ|V2) ≥ 2 .

If there exists v2
2 ∈ V 2 so Φ(v1

1 , v
2
2) 6= 0, then AΦ(v1

1 , v
2
2 , v

2
2 , v

1
1) 6= 0 which

is false. Thus

V 1 ⊥Φ V 2 .
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Choose vi ∈ V i and wi ∈ V i so that Φ(vi, wj) = δij . Let v = v1 + v2,

w = w1 + w2. Then:

AΦ(v, w, w, v) = 3Φ(v, w)2 = 3{Φ(v1 + v2, w1 + w2)}2

= 3{1 + 1}2 = 12

= AΦ(v1, w1, w1, v1) +AΦ(v2, w2, w2, v2)

= 3Φ(v1, w1)2 + 3Φ(v2, w2)2 = 6 .

This contradiction establishes Assertion (2) if Φ is anti-symmetric.

If Φ is non-degenerate, then kerΦ = {0} and hence Vi 6⊂ kerΦ. Thus

Assertion (3) follows immediately from Assertion (2).

Suppose kerΦ is totally isotropic with respect to an inner product 〈·, ·〉.
If V = V1 ⊕ V2 is an orthogonal direct sum decomposition with respect to

an inner product 〈·, ·〉, then V1 and V2 are not totally isotropic with respect

to 〈·, ·〉. Thus Vi 6⊂ kerΦ and Assertion (4) follows from Assertion (2).

Clearly if ξ ∈ kerΦ, then ξ ∈ ker(AΦ). Conversely, suppose v1 /∈ kerΦ.

The arguments given to prove Assertion (2) show that there exists v2 so

AΦ(v1, v2, v2, v1) 6= 0 and thus v1 6∈ ker(AΦ); Assertion (5) follows. �

We generalize Lemma 1.6.3 (5) as follows. If A0 ∈ Alg0(V ), let

ker(A0) := {η ∈ V : A0(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ V } .

Let π be the natural projection from V to V̄ := V/ ker(A0). The algebraic

curvature tensor A0 descends to V̄ to define an algebraic curvature tensor

Ā0 ∈ Alg0(V̄ ) so that π∗Ā0 = A0.

Lemma 1.6.4 Let M0 := (V, 〈·, ·〉, A0). If M̄
w
0 := (V̄ , Ā0) is indecom-

posable and if ker(A0) is totally isotropic, then M0 is indecomposable.

Proof. We suppose, to the contrary, that there exists a non-trivial or-

thogonal direct sum decomposition V = V 1 ⊕ V 2 which decomposes

A0 = A1
0 ⊕A2

0. We argue for a contradiction.

Suppose there exists vi ∈ V i with 0 6= π(v1) = π(v2). Because

0 6= π(v1), v1 /∈ ker(A0). Consequently, we can choose ξ1, ξ2, ξ3 ∈ V so

A0(v
1, ξ1, ξ2, ξ3) 6= 0. Decompose ξi = ξ1i + ξ2i for ξ1i ∈ V 1 and ξ2i ∈ V 2.

Since A0 = A1
0 ⊕A2

0 and since v1 ∈ V 1,

0 6= A0(v
1, ξ1, ξ2, ξ3) = A0(v

1, ξ11 , ξ
1
2 , ξ

1
3) .

On the other hand, since π(v1) = π(v2), we have v1 − v2 ∈ ker(A0) so

0 6= A0(v
1, ξ11 , ξ

1
2 , ξ

1
3) = A0(v

2, ξ11 , ξ
1
2 , ξ

1
3) .
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This contradicts the decomposition A0 = A1
0 ⊕A2

0 and shows

π(V 1) ∩ π(V 2) = {0} .

Since π(V 1) + π(V 2) = π(V ) = V̄ , we have a direct sum decomposition

V̄ = π(V 1) ⊕ π(V 2) and Ā0 = Ā1
0 ⊕ Ā2

0 .

Since (V̄ , Ā0) is assumed to be indecomposable, one of the two summands

is trivial; without loss of generality we assume the notation is chosen so

π(V2) = {0}. This implies V 2 ⊂ ker(A0) and hence V 2 is totally isotropic.

This is false as the decomposition V = V 1 ⊕ V 2 is assumed to be an

orthogonal direct sum decomposition with respect to 〈·, ·〉. �

The following is a useful observation we shall need Section 2.5:

Lemma 1.6.5

(1) Let Φi ∈ S2(V ∗). If Rank(Φ1) ≥ 3 and if AΦ1 = AΦ2 , then Φ1 = ±Φ2.

(2) Let Φi ∈ Λ2(V ∗). If AΦ1 = AΦ2 , then Φ1 = ±Φ2.

Proof. Suppose that Φ1,Φ2 ∈ S2(V ∗) with Rank(Φ1) ≥ 3. Choose a

basis {e1, ..., er} for V so that

Φ1(ei, ej) = 0 and Φ1(ei, ei) = εi where εi ∈ {0,±1} .

Since Rank(Φ1) ≥ 3, we can assume εi 6= 0 for i = 1, 2, 3. By replacing

Φ1 by −Φ1 if necessary, we may assume that ε1 = 1 and ε2 = 1. Let

π := Span{e1, e2}. By diagonalizing the quadratic form Φ2|π with respect

to the positive definite quadratic form Φ1|π, we can further normalize the

choice of {e1, e2} so that:

Φ2(e1, e1) = %1, Φ2(e1, e2) = 0, Φ2(e2, e2) = %2 .

Let Ai := AΦi . We have

1 = Φ1(e1, e1)Φ1(e2, e2) − Φ1(e1, e2)
2 = A1(e1, e2, e2, e1)

= A2(e1, e2, e2, e1) = Φ2(e1, e1)Φ2(e2, e2) − Φ2(e1, e2)
2 = %1%2 .

Thus by replacing Φ2 by −Φ2 if necessary, we may assume that %1 > 0 and

%2 > 0. If k ≥ 3, then

0 = Φ1(e1, e1)Φ1(e2, ek) − Φ1(e1, e2)Φ1(e1, ek) = A1(e1, e2, ek, e1)

= A2(e1, e2, ek, e1) = Φ2(e1, e1)Φ2(e2, ek) − Φ2(e1, e2)Φ2(e1, ek)

= Φ2(e2, ek) .
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Thus Φ2(e2, ek) = 0 for k ≥ 3. Similarly Φ2(e1, ek) = 0 for k ≥ 3. Thus

εk = Φ1(e1, e1)Φ1(ek, ek) − Φ1(e1, ek)
2 = A1(e1, ek, ek, e1)

= A2(e1, ek, ek, e1) = Φ2(e1, e1)Φ2(ek, ek) − Φ2(e1, ek)
2

= %1%k,

εk = Φ1(e2, e2)Φ1(ek, ek) − Φ1(e2, ek)
2 = A1(e2, ek, ek, e2)

= A2(e2, ek, ek, e2) = Φ2(e2, e2)Φ2(ek, ek) − Φ2(e2, ek)
2

= %2%k .

Setting k = 3 then yields %1 = %2 and thus %2
1 = 1. Since %1 > 0, we

have %1 = %2 = +1. We can now conclude that %k = εk for all k ≥ 3.

Consequently Φ1 = Φ2; this proves Assertion (1).

Suppose that Φ1,Φ2 ∈ Λ2(V ∗). Choose a basis

{e1, ..., es, f1, ..., fs, n1, ..., nt}

for V so that the non-zero components of Φ1 are Φ1(ei, fi) = 1. We have

AΦi(x, y, y, x) = 3Φi(x, y)
2 .

Consequently, the non-zero components of Φ2 are Φ2(ei, fi) = εi = ±1. Let

Ai := AΦi . If i < j, then

12 = 3Φ1(ei + ej , fi + fj)
2 = AΦ1(ei + ej , fi + fj , fi + fj , ei + ej)

= AΦ2(ei + ej , fi + fj , fi + fj , ei + ej) = 3Φ1(ei + ej , fi + fj)
2

= 3(εi + εj)
2 .

Thus either εi = εj = +1 for all i, j and Φ1 = Φ2 or εi = εj = −1 for all

i, j and Φ1 = −Φ2. �

Remark 1.6.1 Lemma 1.6.5 (1) can fail if Rank(Φ1) < 3. Suppose that

dim(V ) = 2 and that Φi are any two non-degenerate symmetric bilinear

forms on V . If {v1, v2} is a basis for V , then AΦi(v1, v2, v2, v1) = ci for

some non-zero constants ci and thus AΦ1 and AΦ2 are multiples. It does

not, however, follow that Φ1 and Φ2 are multiples.

We can now establish a basic result in the field. It was originally proved

by Fiedler (2003a) using Young diagrams; subsequently a direct proof was

given in Gilkey (2002). We give a third proof here; a still different proof that

Alg0(V ) = SpanΦ∈S2(V ∗){AΦ} will follow from the discussion in Section 4.3

which uses the Embedding Theorem of Nash (1956).
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Theorem 1.6.1 [Fiedler]

Alg0(V ) = SpanΦ∈S2(V ∗){AΦ} = SpanΦ∈Λ2(V ∗){AΦ} .

Proof. To simplify the discussion, we introduce as temporary notation:

C+ := SpanΦ∈S2(V ∗){AΦ} and C− := SpanΦ∈Λ2(V ∗){AΦ} .

These are clearly subspaces which are invariant under the action of Gl(V ).

By Lemma 1.3.3, Alg0(V ) is an irreducible Gl(V ) module; in particular,

there are no proper invariant subspaces. The Lemma now follows since

C± 6= {0}. �

Remark 1.6.2 The proof in fact establishes a slightly stronger result.

One can restrict the generating elements Φ to those which have rank 2

since these also generate non-trivial Gl(V ) modules.

Fiedler also gave generators for Alg1(V ). If

Ψ ∈ S2(V ) and Ψ1 ∈ S3(V ),

define A1,Ψ,Ψ1 ∈ Alg1(V ) by:

A1,Ψ,Ψ1(x, y, z, w; v) := Ψ1(x,w, v)Ψ(y, z) + Ψ(x,w)Ψ1(y, z, v)

−Ψ1(x, z, v)Ψ(y, w) − Ψ(x, z)Ψ1(y, w, v) .
(1.6.a)

If one thinks of Ψ1 as the symmetrized covariant derivative of Ψ, then

A1,Ψ,Ψ1 can be regarded, at least formally speaking, as the covariant deriva-

tive of AΨ. Fiedler (2003b) used group representation theory to show:

Theorem 1.6.2 (Fiedler) Alg1(V ) = SpanΨ∈S2(V ),Ψ1∈S3(V ){A1,Ψ,Ψ1}.
In Section 4.3, we will give a proof of Theorem 1.6.2 which is based on

the Embedding Theorem of Nash (1956).

1.6.4 Complex geometry

Let M0 = (V, 〈·, ·〉, A) be a 0-model. An isometry J ∈ O(V, 〈·, ·〉) is said

to be a pseudo-Hermitian almost complex structure on V if additionally

J2 = − id. We use J to define a complex structure on V by setting

(a+ b
√
−1)v := av + bJv for v ∈ V and a+ b

√
−1 ∈ C .

Thus a linear transformation T of V is said to be complex linear if T com-

mutes with J . A subspace π of V is said to be a complex subspace if Jπ = π.

If dimR π = 2 and if π is complex, then π is said to be a complex line. We
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set CP±(V, 〈·, ·〉, J) to be the projective spaces of all complex spacelike (+)

or complex timelike (−) lines in V ; there are no complex mixed lines. We

shall also sometimes simply denote these spaces by CP±(V ). Let

πx := Span{x, Jx} for x ∈ S±(V, 〈·, ·〉)

be the associated complex line. The map x → πx defines the Hopf fibrations

S1 → S±(V, 〈·, ·〉) → CP±(V, 〈·, ·〉, J) . (1.6.b)

The following operators are independent of the particular unit vector x

which was chosen and depend only on the underlying complex plane:

J (πx) := J (x) + J (Jx) and A(πx) := A(x, Jx) .

We say that M = (V, 〈·, ·〉, J, A) is a complex 0-model if (V, 〈·, ·〉, A)

is a 0-model and if J is a pseudo-Hermitian almost complex structure on

V . The following Lemma shows several different compatibility conditions

between J and A are equivalent in this setting:

Lemma 1.6.6 Let M = (V, 〈·, ·〉, J, A) be a complex 0-model. The follow-

ing assertions are equivalent; if any (and hence all) are satisfied, we say A

and J are compatible:

(1) J∗A = A.

(2) J (π) is complex linear for every π in CP±(V, 〈·, ·〉, J).

(3) A(π) is complex linear for every π in CP±(V, 〈·, ·〉, J).

Proof. Suppose J∗A = A. Then for all x, y, z, we have that:

A(y, x, x, z) +A(y, Jx, Jx, z) = A(Jy, x, x, Jz) +A(Jy, Jx, Jx, Jz) .

Replacing z by Jz yields

A(y, x, x, Jz) +A(y, Jx, Jx, Jz) = −A(Jy, x, x, z) −A(Jy, Jx, Jx, z) .

This implies that

〈J (πx)y, Jz〉 = −〈J (πx)Jy, z〉 .

This shows that JJ (πx) = J (πx)J as desired. Thus Assertion (1) implies

Assertion (2). Similarly, we may compute that for all x, y, z we have:

〈JA(πx)y, z〉 = −〈A(πx)y, Jz〉 = −A(x, Jx, y, Jz)

= −A(Jx, JJx, Jy, JJz) = A(x, Jx, Jy, z) = 〈A(πx)Jy, z〉 .
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Thus JA(πx) = A(πx)J so Assertion (1) also implies Assertion (3).

We use an argument shown to us by Brozos-Vázquez to prove that

Assertion (2) implies Assertion (1). If J (πx) is complex then

J{J (x) + J (Jx)} = {J (x) + J (Jx)}J .

Suppose this identity holds for all x ∈ S±(V, 〈·, ·〉). We can rescale to see

this holds for all non-degenerate x. Since the set of non-degenerate vectors

is dense in V , this holds for all x ∈ V . Consequently, after moving J across

the inner product, we see that for all x, y, z,

−〈(J (x) + J (Jx))y, Jz〉 = 〈(J (x) + J (Jx))Jy, z〉

which implies that

−A(y, x, x, Jz) −A(y, Jx, Jx, Jz) = A(Jy, x, x, z) +A(Jy, Jx, Jx, z) .

Polarizing this identity and replacing z by Jz yields

A(y, x, w, z) +A(y, w, x, z) +A(y, Jx, Jw, z) +A(y, Jw, Jx, z)

= A(Jy, x, w, Jz) +A(Jy, w, x, Jz) +A(Jy, Jx, Jw, Jz)

+A(Jy, Jw, Jx, Jz).

(1.6.c)

Interchanging arguments 1 ↔ 2 and 3 ↔ 4 then yields:

A(x, y, z, w) +A(w, y, z, x) +A(Jx, y, z, Jw) +A(Jw, y, z, Jx)

= A(x, Jy, Jz, w) +A(w, Jy, Jz, x) +A(Jx, Jy, Jz, Jw)

+A(Jw, Jy, Jz, Jx).

(1.6.d)

If we change x ↔ y and z ↔ w in Eq. (1.6.d) we get

A(y, x, w, z) +A(z, x, w, y) +A(Jy, x, w, Jz) +A(Jz, x, w, Jy)

= A(y, Jx, Jw, z) +A(z, Jx, Jw, y) +A(Jy, Jx, Jw, Jz)

+A(Jz, Jx, Jw, Jy).

(1.6.e)

Adding (1.6.c) and (1.6.e) and simplifying yields:

A(y, x, w, z) +A(y, w, x, z)

= A(Jy, Jx, Jw, Jz) +A(Jy, Jw, Jx, Jz) .
(1.6.f)

In Eq. (1.6.f) we change y → x, x → w and w → y. This yields:

A(x,w, y, z) +A(x, y, w, z)

= A(Jx, Jw, Jy, Jz) +A(Jx, Jy, Jw, Jz) .
(1.6.g)
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We add 2(1.6.f) and (1.6.g) to see

A(y, x, w, z) + 2A(y, w, x, z) +A(x,w, y, z)

= A(Jy, Jx, Jw, Jz) + 2A(Jy, Jw, Jx, Jz) +A(Jx, Jw, Jy, Jz) .
(1.6.h)

By the first Bianchi identity,

A(y, x, w, z) +A(x,w, y, z) = A(y, w, x, z),

A(Jy, Jx, Jw, Jz) +A(Jx, Jw, Jy, Jz) = A(Jy, Jw, Jx, Jz) .
(1.6.i)

We use Eqs. (1.6.h) and (1.6.i) to see that

3A(y, w, x, z) = 3A(Jy, Jw, Jx, Jz)

for all x, y, z, w. Thus Assertion (2) implies Assertion (1).

Finally, we show Assertion (3) implies Assertion (1). We use an argu-

ment that was shown to us by Salamon. Suppose A(x, Jx)J = JA(x, Jx)

for every x ∈ S±(V, 〈·, ·〉). We can rescale to see this holds for every non-

degenerate x and hence by continuity for every x in V . Thus for all x, z, w,

we have

JA(x, Jx) = A(x, Jx)J,

⇒ 〈JA(x, Jx)z, w〉 − 〈A(x, Jx)Jz, w〉 = 0,

⇒ A(x, Jx, z, Jw) +A(x, Jx, Jz, w) = 0 .

Polarizing yields an identity for all x, y, z, w:

0 = A(y, Jx, z, Jw) +A(x, Jy, z, Jw) +A(y, Jx, Jz, w)

+ A(x, Jy, Jz, w) .

Interchange the first two arguments in the first and third terms to see

0 = −A(Jx, y, z, Jw) +A(x, Jy, z, Jw) −A(Jx, y, Jz, w)

+ A(x, Jy, Jz, w) .

Replace (x,w) by (Jx, Jw) to show:

0 = −A(x, y, z, w) − A(Jx, Jy, z, w) +A(x, y, Jz, Jw)

+A(Jx, Jy, Jz, Jw) .
(1.6.j)

Interchange the first two arguments with the final two arguments:

0 = −A(z, w, x, y) −A(z, w, Jx, Jy) +A(Jz, Jw, x, y)

+ A(Jz, Jw, Jx, Jy) .
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Change notation to interchange x and z and y and w to see:

0 = −A(x, y, z, w) −A(x, y, Jz, Jw) +A(Jx, Jy, z, w)

+A(Jx, Jy, Jz, Jw) .
(1.6.k)

We add Eqs. (1.6.j) and (1.6.k) to conclude

−A(x, y, z, w) +A(Jx, Jy, Jz, Jw) = 0

and complete the proof that Assertion (3) implies Assertion (1). �

1.6.5 Rank 1-symmetric spaces

Let M0 = (V, 〈·, ·〉, A) be a 0-model. If {e1, e2} is an orthonormal basis for

a non-degenerate 2-plane π, then the sectional curvature of π is defined by

κ(π) := A(e1, e2, e2, e1) .

Definition 1.6.1 One says that a model M0 = (V, 〈·, ·〉, A) has constant

sectional curvature c if κ(π) = c on every spacelike and timelike 2-plane and

if κ(π) = −c on every mixed 2-plane. One says that a pseudo-Riemannian

manifold M is a space form if M0(M, P ) has constant sectional curvature

c at every point P ∈ M ; the constant is allowed, in principle, to vary with

the point P .

Remark 1.6.3 Let A〈·,·〉 be the canonical curvature tensor of Eq. (1.3.a):

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉 .

M0 has constant sectional curvature c if and only if A = cA〈·,·〉.

Let R(p,q) denote Rp+q with the canonical inner product of signature

(p, q) given in Eq. (1.2.a). We consider the pseudospheres:

S
(p,q)
+ := {ξ ∈ R(p+1,q) : 〈ξ, ξ〉 = +1},
S

(p,q)
− := {ξ ∈ R(p,q+1) : 〈ξ, ξ〉 = −1} .

We note that S
(0,q)
− has two components; each component has constant

sectional curvature −1 and is isometric to hyperbolic space.

The geometry is very rigid in this setting. The following is well known;

see, for example, Lemmas 1.14.2 and 2.6.1 of Gilkey (2002).

Lemma 1.6.7 Adopt the notation established above.
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(1) The manifolds S
(p,q)
± are spaceforms of signature (p, q) with constant

sectional curvature ±1.

(2) If M is a space form of signature (p, q) with constant sectional cur-

vature ±1 of dimension m ≥ 3, then M is locally isometric to S
(p,q)
± .

Definition 1.6.2 A model M0 = (V, 〈·, ·〉, A) is said to be a complex space

form if there exists a Hermitian almost complex structure J on (V, 〈·, ·〉)
so A = c0A〈·,·〉 + c1AJ . We say that a pseudo-Riemannian manifold M is

a complex space form if M0(M, P ) is a complex space form at each point

P ∈ M ; the constants c0 and c1 being (in principle) allowed to vary with

the point in question.

Let J be the standard Hermitian almost complex structure on R(2r,2s).

We have the Hopf fibrations of Eq. (1.6.b):

S1 → S−(R(2p+2,2q))
h−→CP

(2p,2q)
− ,

S1 → S+(R(2p,2q+2))
h−→CP

(2p,2q)
+ .

The metrics on the horizontal distributions ker(h∗) have signature (2p, 2q)

and are invariant under the action of S1. They induce, therefore, metrics

called the Fubini–Study metrics on the associated projective spaces. The

following is well known; see, for example, Lemma 1.15.1 and Lemma 3.6.4

of Gilkey (2002):

Lemma 1.6.8

(1) Let 2p + 2q ≥ 4. The manifold CP
(2p,2q)
± is a complex space form of

signature (p, q) and the curvature is given by R = ±{Rid +RJ}.
(2) Let (M) be a contractible complex space form of signature (2p, 2q) with

2p+ 2q ≥ 6. Then

(a) c0(P ) = c1(P ) = c is constant.

(b) J can be chosen to vary smoothly with P .

(c) ∇J = 0 and ∇R = 0.

(d) If c = ±1, then M is locally isometric to CP
(p,q)
± .

The 4-dimensional geometries are exceptional; see, for example, the

discussion in Olszak (1989).

In the Riemannian setting, Lemmas 1.6.7 and 1.6.8 illustrate Theorem

1.4.4; any Riemannian manifold whose curvature tensor is modeled on that

of Sm± or on CP
(0,2q)
± is locally isomorphic to Sm± or CP

(0,2q)
± ; these manifolds

have rigid geometries.
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We can also discuss quaternionic generalizations. Let

H := SpanR{1, i, j, k}

be the quaternions where

ij = −ji = k and i2 = j2 = k2 = −1 .

Give Hk = R4k the canonical quaternion structure. Let S3 be the unit

quaternions. Quaternionic multiplication defines a Hopf fibration

S3 → S−(R(4q+4,4p)) → HP
(4q,4p)
−

S3 → S+(R(4q,4p+4)) → HP
(4q,4p)
+ .

The metrics on the horizontal distributions have signature (4q, 4p); they

are S3 invariant and induce metrics called the Fubini–Study metrics on the

associated projective spaces.

Lemma 1.6.9 The manifolds HP
(4p,4q)
± are pseudo-Riemannian mani-

folds of signature (4p, 4q). If P ∈ HP
(4q,4p)
± , then there is a Clifford family

F(P ) = {I, J,K} on the tangent space so that curvature tensor is given by

RP = ±{Rid +RI +RJ +RK} .

The rank 1-symmetric spaces are classified. The manifolds

{S(0,q)
± ,CP

(0,2q)
± ,HP

(0,4q)
± }

are Riemannian rank 1-symmetric spaces and together with the Cayley

plane and its negative curvature dual, comprise the complete list of all the

Riemannian rank 1-symmetric spaces. These spaces play a central role in

the Osserman conjecture as we shall see in Section 1.9.4.

1.6.6 Conformal complex space forms

We work in the Riemannian context. Let Φ be a Hermitian almost complex

structure on TM ; necessarily m = 2n is even. We say that (M, g) is a

complex space form if R = λ0R0 + λ1RΦ for smooth functions λ0 and λ1

where λ1 6= 0. If (M, g) is a complex space form and if m ≥ 6, then one

can show that λ0 = λ1 and that λ0 is constant. By rescaling the metric,

we may assume λ0 = ±1. If λ0 = 1, then (M, g) is locally isometric

to complex projective space with the Fubini–Study metric; if λ0 = −1,

then (M, g) is locally isometric to the negative curvature dual. We refer
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to Tricerri and Vanhecke (1981) for further details. Let W be the Weyl

conformal curvature tensor discussed in Section 1.3.3. One says that (M, g)

is a conformal complex space form if W = λ0R0 +λ1RΦ for some Hermitian

almost complex structure on TM where λ0 and λ1 are smooth functions on

M with λ1 6= 0. We refer to Blažić and Gilkey (2004) for the proof of the

following result:

Theorem 1.6.3 Let (M, g) be a conformal complex space form so that

m ≥ 8. Then (M, g) is locally conformally equivalent to either complex

projective space with the Fubini–Study metric or to the negative curvature

dual.

1.6.7 Kähler geometry

Let M = (M, g) be a pseudo-Riemannian manifold with a Hermitian almost

complex structure J ; J is an isometry of TM with J2 = − id. One says that

(M, J) is almost Kähler if ∇J = 0 and that (M, J) is Kähler if additionally

the almost complex structure in question is integrable; this means that there

exist coordinates zj = xj +
√
−1yj so that

J∂xj = ∂yj and J∂yj = −∂xj .

Newlander and Nirenberg (1957) provide necessary and sufficient conditions

that an almost complex structure giving rise to a complex structure.

Any holomorphic submanifold of a Kähler manifold is Kähler. As the

Fubini–Study metric on CPk is Kähler, any algebraic variety is Kähler.

Kähler geometry provides a useful family of compatible examples:

Lemma 1.6.10 If M is an almost Kähler manifold, then J and R are

compatible.

Proof. Since ∇J = 0, we have ∇xJ = J∇x so JR(x, y) = R(x, y)J for

all x, y. Thus as a special case JR(x, Jx) = R(x, Jx)J and hence J and R

are compatible by Lemma 1.6.6. �

1.7 The Geometry of the Jacobi Operator

Let M0 = (V, 〈·, ·〉, A) be a 0-model and let A be the associated curvature

operator;

〈A(u, v)w, x〉 = A(u, v, w, x) .
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In Section 1.7, we shall discuss natural operators which are related to the

Jacobi operator. Section 1.7.1 deals with the classical Jacobi operator,

Section 1.7.2 treats the higher order Jacobi operator, Section 1.7.3 considers

the conformal Jacobi operator, and Section 1.7.4 is concerned with the

complex Jacobi operator.

1.7.1 The Jacobi operator

The Jacobi operator J (v) is the linear map of V defined by:

J (v) : w → A(w, v)v .

The curvature identities show that J is symmetric since one has:

〈J (v)w, z〉 = A(w, v, v, z) = A(z, v, v, w) = 〈J (v)z, w〉 .

We polarize J and define

J (v1, v2) : w → 1
2{A(w, v1)v2 + A(w, v2)v1} .

One then has J (v) = J (v, v). We note that the Ricci tensor ρ is given by

ρ(v1, v2) = Tr{J (v1, v2)} .

The Jacobi operator determines the curvature:

Lemma 1.7.1 Let M0 be a 0-model. If J = 0, then A = 0.

Proof. Suppose that J = 0. Then A(y, x, x, z) = 0 for all x, y, z. Polar-

izing in x then yields 0 = A(y, x, v, z) +A(y, v, x, z). Consequently,

0 = A(y, x, v, z) +A(y, v, z, x) +A(y, z, x, v)

= A(y, x, v, z) −A(y, v, x, z) +A(y, z, x, v)

= A(y, x, v, z) +A(y, x, v, z) −A(y, x, z, v)

= 3A(y, x, v, z) .

This shows A = 0 as desired. �

One then has the following

Corollary 1.7.1 Let Mi := (V, 〈·, ·〉, Ai) be 0-models for i = 1, 2. If

JM1 = JM2 , then A1 = A2.
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One says that M0 is spacelike Osserman (respectively timelike Osser-

man) if the eigenvalues of J are constant on the pseudosphere S+(V, 〈·, ·〉)
(respectively on S−(V, 〈·, ·〉)) of unit spacelike (respectively timelike) vec-

tors in V ; the multiplicities are then necessarily constant as well. We will

show in Theorem 1.9.1 that these are equivalent notions so one simply

speaks of an Osserman algebraic curvature tensor in this setting. One says

that M0 is spacelike Jordan Osserman if the Jordan normal form of J is

constant on S+(V, 〈·, ·〉). The notion timelike Jordan Osserman is defined

similarly; spacelike Jordan Osserman and timelike Jordan Osserman are

different notions as we shall see presently. It is clear that spacelike (respec-

tively timelike) Jordan Osserman implies spacelike (respectively timelike)

Osserman. The designation “Osserman” is used owing to the seminal paper

of Osserman (1990).

In the Riemannian setting (p = 0), the eigenvalue structure determines

the Jordan normal form. This is not, however, the case in higher signatures.

If p ≥ 2 and q ≥ 2, there are examples where M0 is spacelike Osserman

but not spacelike Jordan Osserman. There are also examples where M0 is

spacelike Jordan Osserman but not timelike Jordan Osserman. We refer to

the discussion in Theorems 1.7.1, 1.7.2, 2.6.1, and 2.7.3 for further details.

Let F := {J1, ..., J`} be a Clifford family on V . The Ji are skew-adjoint

endomorphisms of V satisfying the Clifford commutation relations:

JiJj + JjJi = −2δij id .

Following the notation established in Eq. (1.3.a), one defines

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉,
AJi(x, y, z, w) := 〈Jix,w〉〈Jiy, z〉 − 〈Jix, z〉〈Jiy, w〉

−2〈Jix, y〉〈Jiz, w〉 .

Theorem 1.7.1 Let F be a Clifford family on V . Let M := (V, 〈·, ·〉, A)

where A = c0A〈·,·〉 +
∑

i ciAJi . Then M is spacelike and timelike Jordan

Osserman.

Proof. Let x ∈ S+(V, 〈·, ·〉). The spectral resolution of J (x) is given by

J (x)y =





0 if y ∈ Span{x},
(c0 + 3ci)y if y ∈ Span{Jix},
c0y if y ∈ Span{x, J1x, ...J`x}⊥ .

This shows that M is spacelike Jordan Osserman. Similarly one can show

that A is timelike Jordan Osserman. �
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Let M be a pseudo-Riemannian manifold of signature (p, q). We say

that M is pointwise spacelike Osserman, pointwise timelike Osserman,

pointwise spacelike Jordan Osserman, or pointwise timelike Jordan Osser-

man if the 0-model M0(M, P ) has this property for every point P ∈ M ;

the eigenvalues or Jordan normal form being permitted to vary with the

point in question. We say that M is globally spacelike Osserman, globally

timelike Osserman, globally spacelike Jordan Osserman, or globally timelike

Jordan Osserman if the structures in question do not in fact vary with P .

One says that M is a 2-point homogeneous space if the isometries of M
act transitively on the pseudo-sphere bundles S±(M). It is clear that if M
is a 2-point homogeneous space, then M is spacelike and timelike Jordan

Osserman. Thus, in particular the standard round sphere Sm and complex

projective space CPk are Jordan Osserman. We refer to the discussion in

Section 1.9.4 for other examples.

If M is a 2-dimensional Riemannian manifold, then M is pointwise

Osserman; it is globally Osserman if and only if M has constant sectional

curvature. Furthermore, there exist pointwise Osserman 4-dimensional Rie-

mannian manifolds which are not globally Osserman; see, for example, the

discussion in Gilkey, Swann, and Vanhecke (1995). We shall survey some

of the relevant results in this area in Section 1.9.4.

1.7.2 The higher order Jacobi operator

Recall that a pair (r, s) is said to be admissible if one has

1 ≤ r + s ≤ m− 1, 0 ≤ r ≤ p, and 0 ≤ s ≤ q .

Equivalently, this means that the Grassmannian Grr,s(V, 〈·, ·〉) is a con-

nected manifold of positive dimension.

Let {ei} be a basis for a non-degenerate linear subspace π of signature

(r, s). Denote the components of the inner product by gij := 〈ei, ej〉; let

gij be the inverse matrix. Stanilov and Videv (1998) defined a higher order

Jacobi operator; this is the symmetric linear map given by:

J (π) :=
∑

i,j

gijJ (ei, ej) .

It is independent of the basis chosen for π. If {e−1 , ..., e−r , e+1 , ..., e+s } is an

orthonormal basis for π, one then has in particular that

J (π) := J (e+1 ) + ...+ J (e+s ) −J (e−1 ) − ...−J (e−r ) .
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If r = 0 so π ∈ Gr0,s(V, 〈·, ·〉) is spacelike, then the unit sphere S(π) is

compact and there is a universal constant cJ (s) so that

J (σ) = cJ (s)

∫

v∈S(π)

J (v)dv .

Consequently, the higher order Jacobi operator may be regarded as an

average Jacobi operator in this special case. It was introduced first in the

Riemannian setting by Stanilov and Videv (1992).

One says that a 0-model M0 = (V, 〈·, ·〉, A) is Osserman of type (r, s)

if the eigenvalues of J (·) are constant on the Grassmannian Grr,s(V, 〈·, ·〉).
It is immediate that M0 is Osserman of type (1, 0) (respectively (0, 1)) if

and only if M0 is spacelike (respectively timelike) Osserman. In fact, only

the value k := r + s is relevant. We will show in Theorem 1.9.1 that if M0

is Osserman of type (r, s) for any admissible (r, s) with r+ s = k, then M0

is Osserman of type (r̄, s̄) for every admissible (r̄, s̄) with r̄ + s̄ = k; thus

one speaks of k-Osserman in this setting.

One adds the words “Jordan” if additionally the Jordan normal form

is constant. The following examples show that there exist admissible pairs

(r, s) and (r̄, s̄) with r+s = r̄+ s̄ so that there are models which are Jordan

Osserman of type (r, s) but which are not Jordan Osserman of type (r̄, s̄).

We postpone until Chapter 2 a discussion of similar geometric examples.

Example 1.7.1 Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for a

vector space V of signature (p, q). Set

Φae
±
i =

{±(e+i + e−i ) if i ≤ a,

0 if i > a ,

Aa(x, y)z := 〈Φay, z〉Φax− 〈Φax, z〉Φay .

The map Φa is self-adjoint and Aa is the associated canonical curvature

operator. We refer to Theorem 3.3.2 of Gilkey (2002) for the proof of the

following result of Stavrov (2003a):

Theorem 1.7.2 Adopt the notation established above.

(1) If 1 ≤ k ≤ m− 1, then Aa is k-Osserman.

(2) Let 2 ≤ r ≤ p and 2 ≤ s ≤ q. Then Aa is Jordan Osserman of type

(a) (1, 0) or (p− 1, q) if and only if p = a.

(b) (0, 1) or (p, q − 1) if and only if q = a.

(c) (r, 0) or (p− r, q) if and only if p− a+ 2 ≤ r.

(d) (0, s) or (p, q − s) if and only if q − a+ 2 ≤ s.
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(3) If 1 ≤ r ≤ p− 1 and if 1 ≤ s ≤ q− 1, then Aa is not Jordan Osserman

of type (r, s).

Example 1.7.2 Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for

V . Choose a ≥ 1 so 2a ≤ min(p, q). Define a skew-adjoint linear map Φa

of V and associated canonical curvature tensor Aa by setting:

Φae
±
k :=





±(e−2i + e+2i) if k = 2i− 1 ≤ 2a,

∓(e−2i−1 + e+2i−1) if k = 2i ≤ 2a,

0 if k > 2a,

Aa(x, y, z, w) := 〈Φax,w〉〈Φay, z〉 − 〈Φax, z〉〈Φay, w〉
−2〈Φax, y〉〈Φaz, w〉 .

We can interchange the roles of spacelike and timelike vectors by changing

the sign of the inner product. Thus we may always assume that p ≤ q. We

refer to Gilkey and Ivanova (2002a) for the proof of the following result:

Theorem 1.7.3 Adopt the notation established above. If p ≤ q, then:

(1) Aa is k-Osserman for 1 ≤ k ≤ dim V − 1.

(2) Suppose that 2a < p. Then Aa is Jordan Osserman of type (p, 0) and

(0, q); Aa is not Jordan Osserman of type (r, s) otherwise.

(3) Suppose that 2a = p < q. Then Aa is Jordan Osserman of type (r, 0)

and of type (r, q) for any 1 ≤ r ≤ p − 1; Aa is not Jordan Osserman

otherwise.

(4) Suppose that 2a = p = q. Then Aa is Jordan Osserman of type (r, 0),

of type (r, q), of type (0, s), and of type (p, s) for 1 ≤ r ≤ p − 1 and

1 ≤ s ≤ q − 1; Aa is not Jordan Osserman otherwise.

We shall present additional results concerning the higher order Jacobi

operator in Section 1.9.5. We also refer to Theorems 2.5.1, 2.6.1, and 2.7.3

for additional examples.

1.7.3 The conformal Jacobi operator

Let P be a point of a pseudo-Riemannian manifold (M, g). Let

WP := (TPM, gP ,WP )

where WP := πWRP is the associated Weyl conformal curvature tensor

defined in Section 1.3.3. We say that (M, g) is conformally spacelike Os-

serman (respectively conformally timelike Osserman) if WP is spacelike



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

60 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Osserman (respectively timelike Osserman) for every point P of M . One

adds the modifier “Jordan” if instead the Jordan normal form is constant.

The eigenvalue structure, or Jordan normal form, is permitted to vary with

the point P of M ; the technical distinction between “global” and “point-

wise” plays no role in this setting. We will show in Section 1.9.6 that this

is a conformally invariant condition.

1.7.4 The complex Jacobi operator

Let 〈·, ·〉 be a non-degenerate inner product of signature (p, q) on a vector

space V . We say that M := (V, 〈·, ·〉, J, A) is a complex 0-model if J is a

Hermitian almost complex structure and if A ∈ Alg0(V ); such structures

exist if and only if p and q are even. If J and A are compatible and if

the eigenvalues of J(π) are constant on CP+(V, 〈·, ·〉, J) (respectively on

CP−(V, 〈·, ·〉, J)), then we say that M is complex spacelike Osserman (re-

spectively complex timelike Osserman) if q > 0 (respectively p > 0). These

are equivalent notions if p > 0 and if q > 0 so we shall simply speak of M

being complex Osserman. The notions complex spacelike Jordan Osserman

and complex timelike Jordan Osserman are defined similarly.

Let M := (M, g, J) be an almost complex Hermitian manifold. Here g

is a pseudo-Riemannian manifold of signature (p, q) and J is a Hermitian

almost complex structure on T (M). We assume J∗R = R as a compatibility

condition. We say that M is pointwise complex spacelike Osserman if this

property holds for M(M, P ) for every P ∈ M ; we say that M is globally

complex spacelike Osserman if the eigenvalues do not vary with P . Other

notions are defined similarly. We refer to Theorems 5.1.1 and 5.1.3 for

examples of Riemannian complex Osserman 0-models and manifolds. In

this section we content ourselves by showing the analogue of Lemma 1.7.1

fails in this context; we refer to Brozos-Vázquez, Garćıa-Rı́o, and Gilkey

(2006) for a further discussion of this question:

Lemma 1.7.2 Let V be a Riemannian vector space of dimension m ≡ 0

mod 4. Then there exists a non-zero algebraic curvature tensor A on V

and a Hermitian almost complex structure J on V so that J and A are

compatible and so that the Riemannian complex 0-model M = (V, 〈·, ·〉, J, A)

satisfies J (π) = 0 for all π ∈ CP(V, 〈·, ·〉, J). If m ≥ 8, M can be chosen

so that M is not Osserman.

Proof. Choose an isometry to identify V = Rm with the canonical pos-

itive definite Euclidean inner product 〈·, ·〉. If K is a skew-symmetric
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linear map of Rm, let AK be the canonical algebraic curvature tensor of

Eq. (1.3.b):

AK(x, y)z = 〈Ky, z〉Kx− 〈Kx, z〉Ky − 2〈Kx, y〉Kz .

It is then immediate that

JK(x)y = 3〈y,Kx〉Kx .

Since m ≡ 0 mod 4, we can choose an isometry to identify V with

the quaternions Hm̄ where m = 4m̄. Let J = i and K = j define skew-

adjoint endomorphisms of V with J2 = K2 = − Id and JK +KJ = 0. Let

A := AK −AJK . We then have

JA(x)y = 3〈y,Kx〉Kx− 3〈y, JKx〉JKx .

Since {x, Jx,Kx} is an orthonormal set, this shows that JA(x)Kx = 3Kx

and thus A is not the zero algebraic curvature operator. One also has that

JA(πx)y = 3〈y,Kx〉Kx+ 3〈y,KJx〉KJx
− 3〈y, JKx〉JKx− 3〈yJKJx〉JKJx
= 3〈y,Kx〉Kx+ 3〈y,KJx〉KJx
− 3〈y,KJx〉KJx− 3〈yKx〉K
= 0 .

This shows JA(πx) = 0. Consequently, by Lemma 1.6.6, A and J are

compatible. This completes the proof if m = 4.

Suppose m̄ ≥ 2. Take a non-trivial decomposition Hm̄ = H+ ⊕H−. Set

J1 = i, J2 = j, and J3 = ±k on H±; if x± ∈ S(H±), then J1J2J3x± = ±x±.

Define:

A := AJ2 −AJ1J2 −AJ3 +AJ1J3 .

The same calculations as those given above show that M is complex

Osserman and that J (π) = 0 for any π ∈ CP(V, 〈·, ·〉, J). We have

J1J2x+ = J3x+ and J1J3x+ = −J2x+. Consequently

JA(x+)y =





(3 − 3)y if y ∈ Span{J2x+},
(3 − 3)y if y ∈ Span{J3x+},
0 if y ⊥ Span{J2x+, J3x+} .
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This shows JA(x+) = 0. On the other hand, if we take x = (x+ +x−)/
√

2,

we have

J2x = (J2x+ + J2x−)/
√

2, J3x = (J3x+ + J3x−)/
√

2,

J1J2x = (J3x+ − J3x−)/
√

2, J2J3x = (−J2x+ + J2x−)/
√

2

forms an orthonormal set. Thus

JA(x)y =

{
3y if y ∈ Span{J2x, J3x},

−3y if y ∈ Span{J1J2x, J1J3x} .

This show that M is not Osserman. �

1.8 The Geometry of the Curvature Operator

In this section, we continue our discussion of natural operators related to

the curvature tensor and focus on the skew-symmetric curvature opera-

tor. The geometry of the classic skew-symmetric operator is discussed in

Section 1.8.1, the geometry of the conformal skew-symmetric curvature op-

erator is presented in Section 1.8.2, the geometry of the Stanilov or higher

order skew-symmetric curvature operator is studied in Section 1.8.3, and

the geometry of the complex skew-symmetric curvature operator is related

in Section 1.8.4. Throughout this section, let M0 := (V, 〈·, ·〉, A) be a 0-

model.

1.8.1 The skew-symmetric curvature operator

If {e1, e2} is an oriented orthonormal basis for an oriented non-degenerate

2-plane π, the skew-symmetric curvature operator A(π) is defined by:

A(π) : x→ A(e1, e2)x .

Let ẽ1 = a11e1 + a12e2 and ẽ2 = a21e1 + a22e2 be another orthonormal

basis. Then

A(ẽ1, ẽ2) = (a11a22 − a12a21)A(e1, e2) .

Since det(a) = +1, this is independent of the particular orthonormal basis

chosen. Furthermore, A(π) is skew-symmetric since

〈A(π)v, w〉 = A(e1, e2, v, w) = −A(e1, e2, w, v) = −〈A(π)w, v〉 .
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Let −π denote π with the reversed orientation; as {e1,−e2} is an oriented

orthonormal basis for −π,

A(−π) = −A(π) .

One says that a 0-model M0 is spacelike (respectively timelike or mixed)

Ivanov–Petrova if the eigenvalues of the associated curvature operator A are

constant on the Grassmannian of oriented spacelike (respectively timelike

or mixed) 2-planes. The word “Jordan” is added if additionally the Jordan

normal form is constant. The designation “Ivanov–Petrova” is used owing

to the seminal paper by Ivanov and Petrova (1998).

We follow the notation established in Eq. (1.3.a) to construct examples.

Theorem 1.8.1 Let M0 := (V, 〈·, ·〉, Aφ) where φ is self-adjoint.

(1) If φ2 = ± Id, then M0 is spacelike, timelike, and mixed Ivanov–Petrova.

(2) If φ2 = 0 and if kerφ contains no spacelike vectors, then M0 is spacelike

Ivanov–Petrova.

We note that if φ2 = Id and if φ is self-adjoint, then φ is an isometry

of (V, 〈·, ·〉); if φ2 = − Id and if φ is self-adjoint, then φ is a para-isometry

of (V, 〈·, ·〉); this means that 〈φu, φv〉 = −〈u, v〉. Note that para-isometries

exist if and only if p = q.

Proof. Suppose that φ is self-adjoint and that φ2 = ε id where ε = ±1.

Let {x, y} be an oriented orthonormal basis for a non-degenerate 2-plane

π. We have

Aφ(x, y)z = 〈φy, z〉φx− 〈φx, z〉φy .

If {x, y} is spacelike, then:

A(x, y)φx = −εφy, A(x, y)φy = εφx,

A(x, y)z = 0 if y ⊥ Span{φx, φy} .

Thus if π is spacelike, A(π) is an almost complex structure on φπ and van-

ishes on φπ⊥. Consequently A is spacelike Jordan Ivanov–Petrova. Simi-

larly, if {x, y} is timelike, then

A(x, y)φx = εφy, A(x, y)φy = −εφx,
A(x, y)z = 0 if y ⊥ Span{φx, φy} .
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This shows that M0 is timelike Jordan Ivanov–Petrova. Finally, if x is

spacelike and y is timelike, then

A(x, y)φx = −εφy, A(x, y)φy = −εφx,
A(x, y)z = 0 if y ⊥ Span{φx, φy} .

Again, the Jordan normal form is determined so M0 is mixed Jordan

Ivanov–Petrova. This completes the proof of Assertion (1).

If φ2 = 0, then A(x, y)2 = 0. Thus the Jordan normal form is deter-

mined by Rank(A). Since

Range(A(x, y)) ⊂ Span{φx, φy},

Rank(A) ≤ 2. Suppose that kerφ contains no spacelike vectors. Let {x, y}
be an orthonormal basis for a spacelike 2-plane π. Since ax + by is again

spacelike and non-zero for (a, b) 6= (0, 0), φ(ax+ by) 6= 0 and thus {φx, φy}
is a linearly independent set. Thus we can find z1 and z2 so

〈z1, φx〉 = 1, 〈z1, φy〉 = 0, 〈z2, φx〉 = 0, 〈z2, φy〉 = 1 .

This shows A(x, y)z2 = φx and A(x, y)z1 = φy and thus Rank(A(x, y)) = 2.

Assertion (2) now follows. �

There are 4-dimensional examples that play an important role. Let

{e1, e2, e3, e4} be an orthonormal basis for R(0,4). Let

A
(0,4)
1212 = −1, A

(0,4)
1234 = 2, A

(0,4)
1313 = 2, A

(0,4)
1324 = 1,

A
(0,4)
1414 = 2, A

(0,4)
1423 = −1, A

(0,4)
2323 = 2, A

(0,4)
2314 = −1,

A
(0,4)
2424 = 2, A

(0,4)
2413 = 1, A

(0,4)
3434 = −1, A

(0,4)
3412 = 2 .

(1.8.a)

Similarly, let {e−1 , e−2 , e+3 , e+4 } be an orthonormal basis for R(2,2). Define

A
(2,2)
1212 = −1, A

(2,2)
1234 = −2, A

(2,2)
1313 = −2, A

(2,2)
1324 = −1,

A
(2,2)
1414 = −2, A

(2,2)
1423 = 1, A

(2,2)
2323 = −2, A

(2,2)
2314 = 1,

A
(2,2)
2424 = −2, A

(2,2)
2413 = −1, A

(2,2)
3434 = −1, A

(2,2)
3412 = −2 .

(1.8.b)

The tensor of Eq. (1.8.b) may be defined by complexifying the tensor of

Eq. (1.8.a) and setting

e−1 :=
√
−1e1, e−2 :=

√
−1e2, e+3 := e3, e+4 := e4 .

The following result in the Riemannian setting is established by Ivanov

and Petrova (1998); we refer to the discussion in Gilkey and Semmelmann

(2000) for the neutral signature result:
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Theorem 1.8.2 (R(0,4), A(0,4)) and (R(2,2), A(2,2)) are Ivanov–Petrova.

The following family was introduced by Gilkey and Nikčević (2004a). In

Section 2.7, we shall construct pseudo-Riemannian manifolds modeled on

this example. For s ≥ 2, let {U1, ..., Us, T1, ..., Ts, V1, ..., Vs} be a basis for

R3s. Let

M0 := (R3s, 〈·, ·〉, A) where

〈Ui, Vi〉 = 〈Vi, Ui〉 = 1, 〈Ti, Ti〉 = −1, and

A(Ui, Uj , Uj , Ti) = 1 for i 6= j .

Theorem 1.8.3

(1) M0 is spacelike Jordan Ivanov–Petrova.

(2) M0 is timelike Ivanov–Petrova.

(3) M0 is not timelike Jordan Ivanov–Petrova.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise

spacelike (respectively timelike or mixed) Ivanov–Petrova if M0(M, P ) has

this structure for any P ∈ M ; the structure in principle being permitted

to vary with P . One replaces the word “pointwise” by the word “globally”

if the structures in question is in fact independent of P . Manifolds of

constant sectional curvature are globally Jordan Ivanov–Petrova; we refer

to the discussion in Section 1.9.8 for other examples and for a survey of the

literature in this area.

In Theorem 2.5.1, we give examples of manifolds which are spacelike and

timelike Jordan Ivanov–Petrova but which are not mixed Jordan Ivanov–

Petrova.

1.8.2 The conformal skew-symmetric curvature operator

Let W be the conformal Weyl tensor of a pseudo-Riemannian manifold

M. We say that M is conformally spacelike (respectively timelike) Jordan

Ivanov–Petrova if WP is spacelike (respectively timelike) Jordan Ivanov–

Petrova for every point P of M . The Jordan normal form is permitted to

vary with the point P of M ; the technical distinction between “global” and

“pointwise” plays no role in this setting. In Section 1.9.9, we will show that

this is a conformal notion.
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1.8.3 The Stanilov operator

A higher order generalization of the skew-symmetric curvature operator

has been introduced by Stanilov (2000); see also Stanilov (2004). Suppose

that M0 := (V, 〈·, ·〉, A) is a 0-model. Let {e1, ..., eν} be a basis for a non-

degenerate ν-plane π where ν ≥ 3. The Stanilov operator is defined by

setting:

Θ(π) :=
∑

i,j,k,l

gikgjlA(ei, ej)A(ek, el) .

This self-adjoint operator is independent of the basis chosen for π. If π is

spacelike, then Θ can be regarded as the average square skew-symmetric

curvature operator because there exists a universal constant cΘ(k) so:

Θ(π) = cΘ(k)

∫

σ∈Gr+2 (π)

A(σ)2dσ .

It is necessary to square A to obtain a non-zero average since A(·) changes

sign if the orientation of π is reversed; thus

0 =

∫

σ∈Gr+2 (π)

A(σ)dσ .

If the eigenvalues of Θ are constant on Grr,s(V, 〈·, ·〉), then M0 is said

to be Stanilov of type (r, s). As with the higher order Jacobi operator,

only the value r + s is relevant by Theorem 1.9.1; M0 is k-Stanilov if M0

is Stanilov of type (r, s) for any (and hence for all) admissible (r, s) with

r + s = k.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise

Stanilov of type (r, s) if M0(M, P ) is Stanilov of type (r, s) for all points P

of M . The word “Jordan” is added if the Jordan normal form is constant.

The word “pointwise” is replaced by the word “globally” if the structures

do not depend on P . In Section 4.7, we will establish the basic results

concerning these manifolds. Examples will be given in Theorems 2.5.1 and

2.7.3.

1.8.4 The complex skew-symmetric curvature operator

We say that a complex 0-model M := (V, 〈·, ·〉, J, A) is complex skew-

symmetric curvature operator if J and A are compatible (as described in

Lemma 1.6.6) and if the eigenvalues of A(·) are constant on CP+(V, 〈·, ·〉, J).
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The notions of timelike complex Ivanov–Petrova, or spacelike complex Jor-

dan Ivanov–Petrova, or timelike complex Jordan Ivanov–Petrova are defined

similarly. Since there are no non-degenerate complex lines of signature

(1, 1), the notion “mixed” does not appear in this setting.

There are several families of examples. Let φ be a linear transformation

of V . If φ∗ = ±φ, then we have a canonical algebraic curvature tensor

associated to φ by Eq. (1.3.a):

Aφ(x, y)z :=

{ 〈φy, z〉φx − 〈φx, z〉φy if φ = φ∗,
〈φy, z〉φx − 〈φx, z〉φy − 2〈φx, y〉φz if φ = −φ∗ .

Fix a Hermitian almost complex structure on V .

Definition 1.8.1 Let J be a Hermitian almost structure on (V, 〈·, ·〉).
Let φ be a linear map of V to V .

(1) φ is said to be J-admissible if

(a) Either φ = φ∗ and φJ = ±Jφ or φ = −φ∗ and Jφ = −φJ .

(b) Either φ2 = Id, or φ2 = − Id, or φ2 = 0 and kerφ = Rangeφ.

(2) A pair {φ1, φ2} is said to be J-admissible if

(a) Both φ1 and φ2 are J-admissible.

(b) We have φ1J = Jφ1, φ2J = −Jφ2, and φ∗1φ2 + φ∗2φ1 = 0.

(c) If φ2
1 = φ2

2 = 0 and if π is any non-degenerate complex line, then

we have that φ1π ∩ φ2π = {0}.

We refer to Gilkey and Ivanova (2001a) for the proof of the following:

Theorem 1.8.4 Let M := (V, 〈·, ·〉, J, A) be a complex 0-model.

(1) If φ is J-admissible and if A = cAφ, then M is complex spacelike and

timelike Jordan Ivanov–Petrova.

(2) If {φ1, φ2} is J-admissible and if A = c1Aφ1+c2Aφ2 , then M is complex

spacelike and timelike Jordan Ivanov–Petrova.

There is also another family of examples one can consider involving

Clifford module structures. We refer to Theorem 2.11.5 of Gilkey (2002)

for the proof of the following result:

Theorem 1.8.5 Let M := (V, 〈·, ·〉, J, A) be a complex 0-model.

(1) If A = c0A〈·,·〉+c1AJ , then M is complex spacelike and timelike Jordan

Ivanov–Petrova.
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(2) Let φ be skew-adjoint. Assume that φ2 = ± id and that φJ = −Jφ. If

A = c0A〈·,·〉 + c1AJ + c2Aφ + c3AJφ, then M is complex spacelike and

timelike Jordan Ivanov–Petrova.

The following Theorem follows from Theorem 1.8.4. It provides exam-

ples in the context of Riemannian geometry:

Theorem 1.8.6 Let (M, g) be a Riemannian manifold.

(1) If (M, g) has constant sectional curvature c and if J is any Hermi-

tian almost complex structure on M , then (M, g, J) is complex Ivanov–

Petrova.

(2) Suppose that (M, g) is a complex space form and that J is the canonical

almost complex structure. Then (M, g, J) is complex Ivanov–Petrova.

1.8.5 The Szabó operator

Let M1 = (V, 〈·, ·〉, A,A1) be a 1-model; here 〈·, ·〉 is a non-degenerate inner

product on V , A ∈ Alg0(V ) and A1 ∈ Alg1(V ). Let A1 be the associated

covariant derivative curvature operator; A1 is characterized by the identity:

〈A1(v1, v2;w)v3, v4〉 = A1(v1, v2, v3, v4;w) .

In analogy to the Jacobi operator, one defines the Szabó operator by:

S(v) : w → A1(w, v; v)v .

This is a symmetric linear operator. One says that M1 is spacelike (respec-

tively timelike) Szabó if the eigenvalues of S are constant on S+(V, 〈·, ·〉)
(respectively on S−(V, 〈·, ·〉)). These are equivalent notions as we shall see

subsequently so one just speaks of Szabó 1-models.

One says that a pseudo-Riemannian manifold M is pointwise spacelike

(respectively timelike) Szabó if the 1-model M1(M, P ) has this property

for all P . The modifiers “Jordan” and “globally” have the same meaning

as that employed in previous sections. The designation “Szabó” is used

owing to the seminal paper by Szabó (1991). There are no known Jordan

Szabó algebraic curvature tensors other than A1 = 0. It is known that

any Riemannian or Lorentzian Szabó tensor is necessarily zero. There are

non-trivial Szabó algebraic curvature tensors in the higher signature setting

(p > 1, q > 1) that we will discuss presently.
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The following is a useful remark that generalizes Lemma 1.7.1; it shows

that S encodes all the information that A1 does.

Lemma 1.8.1 Let M1 be a 1-model. If S = 0, then A1 = 0.

Proof. Suppose S = 0. We then have for all x, y, w that

A1(x, y, y, w; y) = 0. (1.8.c)

We polarize Eq. (1.8.c). Set y(t) := y + tx, expand in powers of t, and set

the term which is linear in t to zero to see:

0 = A1(x, x, y, w; y) +A1(x, y, x, w; y) +A1(x, y, y, w;x)

= A1(x, y, x, w; y) −A1(x, y, w, x; y) −A1(x, y, x, y;w) (1.8.d)

= −2A1(x, y, w, x; y) +A1(x, y, y, x;w) .

Setting w = x in Eq. (1.8.c) yields A1(x, y, y, x; y) = 0. Polarization in y

then yields

0 = 2A1(x, y, w, x; y) +A1(x, y, y, x;w) . (1.8.e)

We add Eqs. (1.8.d) and (1.8.e) to see that 0 = A1(y, x, x, y;w). At this

stage, the argument follows that given to prove Lemma 1.7.1. We polarize

in x and in y to see 0 = A1(y, x, v, z;w) + A1(y, v, x, z;w). We use the

curvature symmetries to see:

0 = A1(y, x, v, z;w) +A1(y, v, z, x;w) +A1(y, z, x, v;w)

= A1(y, x, v, z;w) −A1(y, v, x, z;w) +A1(y, z, x, v;w)

= A1(y, x, v, z;w) +A1(y, x, v, z;w) −A1(y, x, z, v;w)

= 3A1(y, x, v, z;w) .

This shows A1 vanishes identically as desired. �

In Section 1.9.7, we review some of the literature concerning this oper-

ator.

1.9 Spectral Geometry of the Curvature Tensor

In Section 1.9.1, we will show that spacelike Osserman and timelike Osser-

man are equivalent concepts; similarly spacelike Ivanov–Petrova and time-

like Ivanova–Petrova are equivalent and so forth; a theorem of this kind
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first being proved by [Garćia-Río, Kupeli, Vázquez-Abal, and Vázquez-

Lorenzo (1999)] for the Jacobi operator. In Section 1.9.2, we establish a

fundamental duality result for the higher order Jacobi operator. In Section

1.9.3, we present work of Blažić concerning natural operators with bounded

spectrum.

In studying the geometry of the curvature tensor, one supposes that

the eigenvalues, or more generally the Jordan normal form, of a natural

operator in Riemannian geometry is constant on a natural domain of defini-

tion and then seeks to understand the geometric consequences which follow.

This can give, for example, characterizations of 2-point homogeneous spaces

and of local symmetric spaces. There is often a purely algebraic content

to the investigation where one classifies such structures on a k-model. One

then investigates the relevant integrability conditions that arise in geometry

using the first and second Bianchi identities. We give a brief review of some

of the results in this area; we shall concentrate on the Riemannian (p = 0)

and Lorentzian (p = 1) settings and postpone a discussion of the higher

signature setting for the moment. We refer to Garćıa-Rı́o, Kupeli, and

Vázquez-Lorenzo (2002) and to Gilkey (2002) for a more complete treat-

ment. Section 1.9.4 deals with the Jacobi operator, Section 1.9.5 deals with

the higher order Jacobi operator, Section 1.9.6 deals with the conformal and

complex Jacobi operators, Section 1.9.7 deals with the Stanilov and Szabó

operators, Section 1.9.8 deals with the skew-symmetric curvature operator,

Section 1.9.9 deals with the conformal skew-symmetric curvature operator

and with the complex skew-symmetric curvature operator.

1.9.1 Analytic continuation

The following result is fundamental in the study of the spectral geometry

of the Riemann curvature tensor. Let M0 be a 0-model of signature (p, q).

Recall that (r, s) is said to be an admissible pair if 1 ≤ r + s ≤ m − 1,

0 ≤ r ≤ p, and 0 ≤ s ≤ q.

Theorem 1.9.1

(1) The following assertions are equivalent and if either holds, then a 0-

model M0 is said to be Osserman:

(a) q > 0 and M0 is spacelike Osserman.

(b) p > 0 and M0 is timelike Osserman.

(2) Let 2 ≤ k ≤ m−2. The following assertions are equivalent and if either
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holds, then a 0-model M0 is said to be k-Osserman:

(a) ∃ (r, s) admissible with r+ s = k so M0 is Osserman of type (r, s).

(b) M0 is Osserman of type (r, s) ∀ admissible pairs with r + s = k.

(3) The following assertions are equivalent and if either holds, then a com-

plex 0-model M0 = (V, 〈·, ·〉, J, A) is said to be complex Osserman:

(a) q > 0 and M0 is complex spacelike Osserman.

(b) p > 0 and M0 is complex timelike Osserman.

(4) The following assertions are equivalent and if any holds, then a 0-model

M0 is said to be Ivanov–Petrova.

(a) p ≥ 2 and M0 is timelike Ivanov–Petrova.

(b) p ≥ 1 and q ≥ 1 and M0 is mixed Ivanov–Petrova.

(c) q ≥ 2 and M0 is spacelike Ivanov–Petrova.

(5) The following assertions are equivalent and if either holds, then a 0-

model M0 is said to be k-Stanilov:

(a) ∃ (r, s) admissible with r + s = k so M0 is Stanilov of type (r, s).

(b) M0 is Stanilov of type (r, s) ∀ admissible pairs with r + s = k.

(6) The following assertions are equivalent and if either holds, then a com-

plex 0-model M0 = (V, 〈·, ·〉, J, A) is said to be complex Ivanov–Petrova:

(a) q > 0 and M0 is complex spacelike Ivanov–Petrova.

(b) p > 0 and M0 is complex timelike Ivanov–Petrova.

(7) The following assertions are equivalent and if either holds, then a 1-

model M1 is said to be Szabó:

(a) q > 0 and M1 is spacelike Szabó.

(b) p > 0 and M1 is timelike Szabó.

Proof. Suppose p > 0 and q > 0. Assume that M0 is spacelike Osserman.

We shall show that M0 is timelike Osserman. The proof of the reverse

implication is similar. This will establish Assertion (1).

As M0 is spacelike Osserman, we may apply Lemma 1.5.2 to see there

are universal constants ci so Tr{J (x)i} = ci for x ∈ S+(V, 〈·, ·〉). Set

fi(ξ) := Tr{J (ξ)i} − ci(ξ, ξ)
i .

Since we have included the appropriate scaling factor, it follows that fi(ξ)

vanishes on the open subset of spacelike vectors of V . On the other hand,

fi(ξ) is polynomial in the components of ξ relative to any basis for V . Since

fi(ξ) vanishes on a non-empty open subset of V , it now follows that fi is
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constant on all of V . Thus Tr{J (x)i} = (−1)ici on S−(V, 〈·, ·〉). Another

application of Lemma 1.5.2 then implies that M0 is timelike Osserman.

To prove Assertion (2), we complexify. Let VC := V ⊗RC. Fix k. Extend

〈·, ·〉 and A to be complex multilinear. Set

V k := V × ...× V, O := {~v ∈ V k : det{〈vi, vj〉 6= 0},
V k

C
:= VC × ...× VC, OC := {~v ∈ V k

C
: det{〈vi, vj〉 6= 0},

Or̄,s̄ := {~v ∈ V k : Span{vi} ∈ Gr(r̄,s̄)(V )} .

We note that OC is a connected open subset of V k
C

with real points

OC ∩ V k = O = ∪r̄+s̄=kOr̄,s̄ .

If ~v ∈ OC, then π~v := SpanC{v1, ..., vk} is a non-degenerate complex

k-dimensional subspace of V . Let

J (π~v) =
∑

i,j

gijJ (vi, vj) where gij := 〈vi, vj〉 .

This is independent of the particular basis for π which is chosen. By as-

sumption, the eigenvalues of J (~v) are constant on Or,s. Consequently,

there are constants ci so that

Tr{J (π~v)
i} = ci if ~v ∈ Or,s .

Thus by the Identity Theorem, Tr{J (π~v)
i} = ci for ~v ∈ OC. We restrict to

see Tr{J (π~v)
i} = ci for ~v ∈ Or̄,s̄ and hence M0 is Osserman of type (r̄, s̄).

This proves Assertion (2); the proof of Assertions (4), (5), (6), and (7) is

similar and is therefore omitted. �

In Theorems 2.5.1 and 2.6.1, we exhibit examples which are Jordan Os-

serman of certain but not all types for a given r+s = k. Consequently The-

orem 1.9.1 fails if we replace the words “Osserman” by “Jordan Osserman”.

Similarly, we have examples which are spacelike Jordan Ivanov–Petrova but

not timelike Jordan Ivanov–Petrova and timelike Jordan Ivanov–Petrova

but not spacelike Jordan Ivanov–Petrova.

1.9.2 Duality

There is a basic duality result which is used in the study of k-Osserman

manifolds. Let

J (ξ, η)y := 1
2{R(y, ξ)η + R(y, η)ξ}
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be polarized or symmetrized Jacobi operator. If ρ is the Ricci tensor, then

ρ(ξ, η) := Tr{J (ξ, η)} .

Theorem 1.9.2 Fix 1 ≤ k ≤ m − 1. Let M0 be a 0-model of signature

(p, q) which is k-Osserman. Then

(1) M0 is Einstein.

(2) M0 is m− k Osserman.

(3) If M0 is Jordan Osserman of type (r, s), then M0 is Jordan Osserman

of type (p− r, q − s).

Proof. We follow the discussion in Gilkey, Stanilov, and Videv (1998).

We adopt the notation established in the proof of Assertion (2) of Theorem

1.9.1. Let {v1, ..., vk} be a C-basis for a linear subspace σ of VC which has

complex dimension k. We assume ~v := (v1, ..., vk) ∈ OC and set

J (σ) :=
∑

ij

gijJ (vi, vj) .

This is independent of the particular basis chosen. We introduce the com-

plex null cone

NC := {v ∈ VC : 〈v, v〉 = 0};

this is a nowhere dense closed subset of VC. Let x ∈ NC. Choose y so

〈x, y〉 6= 0; since NC is nowhere dense, we may assume that y 6∈ NC and

normalize y so 〈y, y〉 = 1. Let

τ := SpanC{x, y} .

This is a non-degenerate 2-plane since

det

( 〈x, x〉 〈x, y〉
〈x, y〉 〈y, y〉

)
= −〈x, y〉2 6= 0 .

Let W := τ⊥; this is a non-degenerate subspace of complex dimension

m − 2. Since k − 1 ≤ m − 2, there is a non-degenerate subspace σ of

complex dimension k − 1 contained in W . Let

ξt := x+ ty and g(t) := 〈ξt, ξt〉 = t2 + 2t〈x, y〉 .

Let t0 := 0 and t1 := − 1
2 〈x, y〉 be the zeros of this quadratic polynomial. We

consider the complex k-plane π(t) := σ ⊕ Span{ξt}; π(t) is non-degenerate

for t 6= ti.
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The eigenvalues of J (π(t)) are constant if 0 < t < |t1|. Let

c1 := Tr(J (π(t))) .

We then have

g(t)c1 = g(t) Tr{[J (σ) + g(t)−1J (ξt)]}
= Tr{[g(t)J (σ) + J (ξt)]} for 0 < t < |t1| .

We take the limit as t→ 0 to see

Tr(J (x)) = 0 if x ∈ NC . (1.9.a)

Let ξ1, ξ2 ∈ VC with

〈ξ1, ξ1〉 = 〈ξ2, ξ2〉 = 1 and 〈ξ1, ξ2〉 = 0 .

Let x± := ξ1 ±
√
−1ξ2 ∈ NC. We expand

J (x±) = J (ξ1) −J (ξ2) ±
√
−1J (ξ1, ξ2) .

We apply Eq. (1.9.a) to see:

0 = Tr(J (x±)) = Tr(J (ξ1)) − Tr(J (ξ2)) ± Tr(
√
−1J (ξ1, ξ2)) . (1.9.b)

One may use Eq. (1.9.b) to see that

ρ(ξ1, ξ1) = ρ(ξ2, ξ2) = c and ρ(ξ1, ξ2) = 0 .

Consequently ρ(ξ, ξ) = c|ξ|2 for any ξ ∈ VC and hence A is Einstein.

We restrict to the real setting. Let {e−1 , ..., e−q , e+1 , ..., e+p } be an or-

thonormal basis for V . We have

c〈ξ, η〉 = Tr{J (ξ, η)}
= −A(e−1 , ξ, η, e

−
1 ) − ...−A(e−p , ξ, η, e

−
p )

+A(e+1 , ξ, η, e
+
1 ) + ...+A(e+q , ξ, η, e

+
q )

= 〈{−J (e−1 ) − ...−J (e−p ) + J (e+1 ) + ...+ J (e+1 )}ξ, η〉 .

This shows that

−J (e−1 ) − ...−J (e−p ) + J (e+1 ) + ...+ J (e+q ) = c id . (1.9.c)

Let τ be a non-degenerate linear subspace of signature (r, s) and let τ⊥ be

the corresponding non-degenerate linear subspace of signature (p−r, q−s).
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It follows from Eq. (1.9.c) that

J (τ) + J (τ⊥) = c id .

The remaining assertions now follow. �

1.9.3 Bounded spectrum

The higher signature setting (p > 0, q > 0) is significantly different from

the Riemannian setting in at least one respect as the following results will

show. We shall follow Blažić (2005) throughout.

If T ∈ End(V ), let Spec{T} be the complex eigenvalues of T where each

eigenvalue is repeated according to multiplicity. One says that a 0-model

M0 has bounded spacelike Jacobi spectrum if there exists a constant K so

λ ∈ Spec{J (x)} ⇒ |λ| ≤ K ∀x ∈ S+(V, 〈·, ·〉) .

The notion of bounded timelike Jacobi spectrum is defined similarly. The

other natural curvature operators give rise to similar notions where the do-

main is specified appropriately. Since the domains in question are compact

if V is Riemannian, all operators necessarily have bounded spectrum in this

setting.

If M0 is Osserman, then necessarily M0 has bounded spacelike and time-

like Jacobi spectrum. The converse holds in the higher signature context.

We refer to Blažić (2005) for the proof of the following result:

Theorem 1.9.3 [Blažić] Let M0 := (V, 〈·, ·〉, A) be a 0-model of signa-

ture (p, q) where p ≥ 1 and q ≥ 1.

(1) If M0 has bounded spacelike Jacobi spectrum, then M0 is Osserman.

(2) If M0 has bounded timelike Jacobi spectrum, then M0 is Osserman.

Proof. We suppose M0 has bounded spacelike Jacobi spectrum; the time-

like case is similar. Let Ti(x) := Tr{[J (x)]i}. Since Ti(x) is the sum of the

ith powers of the eigenvalues, the functions Ti are uniformly bounded on

S+(V, 〈·, ·〉). Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for V . Let

O := {x ∈ S+(V, 〈·, ·〉) : 〈e+1 , x〉 > 1};

O is a non-empty open subset of S+(V, 〈·, ·〉) since q ≥ 1. If x ∈ O, we may

choose θ0 ∈ R so that cosh θ0 = 〈e+1 , x〉 and express

x = cosh θ0e
+
1 + sinh θ0v

−
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where

v− :=
1

sinh θ0

{
−
∑

i

〈x, e−i 〉e−i +
∑

j>1

〈x, e+j 〉e+j
}

∈ S−(e⊥1 , 〈·, ·〉) .

Let vθ := cosh θe+1 + sinh θv− ∈ S+(V, 〈·, ·〉). There exists n0 such that

Ti(vθ) =
∑

−n0≤n≤n0

an(e
+
1 , v−)enθ .

By assumption, Ti(vθ) is a bounded function of θ ∈ R. Consequently,

an(e
+
1 , v−) vanishes for n 6= 0 so Ti(vθ) = Ti(v+) is constant. Thus

Ti(x) = Ti(e+1 ) for x ∈ O .

As Ti is real analytic and constant on a non-empty open set, Ti is constant

on the component of S+(V, 〈·, ·〉) that contains e+1 ; as J (x) = J (−x), Ti is

constant on S+(V, 〈·, ·〉). This implies that J (v) has constant spectrum on

S+(V, 〈·, ·〉) and hence M0 is Osserman as desired. �

The proof given above extends without change to establish a similar

result for the Szabó operator, for the complex Jacobi operator, and for the

complex skew-symmetric curvature operator since the appropriate domain

of definition can be regarded as being the pseudo-projective spaces

RP±(V, 〈·, ·〉) := S±(V, 〈·, ·〉)/Z2 .

Before discussing the other operators, we must establish a technical result

that deals with Grassmannians. Let {e−, e+} be an orthonormal basis for

a 2-plane of signature (1, 1). We define a hyperbolic boost T = T (e−, e+, θ)
by setting:

Ty =





cosh θe− + sinh θe+ if y = e−,
cosh θe+ + sinh θe− if y = e+,

y if y ⊥ Span{e−, e+} .

Let Gh be the closed Lie subgroup of O(V, 〈·, ·〉) which generated by these

hyperbolic boosts.

Lemma 1.9.1 Let p ≥ 1 and let q ≥ 1.

(1) Gh is the connected component of the identity in O(V, 〈·, ·〉).
(2) Gh acts transitively on Gr+r,s(V, 〈·, ·〉) and Grr,s(V, 〈·, ·〉).
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Proof. Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for V . Let

T−−
ij y := 〈y, e−i 〉e−j − 〈y, e−j 〉e−i ,
T−+
ia y := 〈y, e−i 〉e+a − 〈y, e+a 〉e−i ,
T++
ab y := 〈y, e+a 〉e+b − 〈y, e+b 〉e+a .

The collection of elements

{T−−
ij }i<j ∪ {Tia}ia ∪ {Tab}a<b

is a basis for the Lie algebra of O(V, 〈·, ·〉). To complete the proof of Asser-

tion (1), we must only show that these endomorphisms belong to the Lie

algebra gh of Gh.

Let T (θ) = T (e−i , e
+
a , θ). Then T ′(θ) = −T−+

ia so T−+
ia ∈ gh. Since

[T−+
i1 , T−+

j1 ] = T−−
ij and [T−+

1a , T−+
1b ] = T++

ab ,

the remaining generators belong to gh as well. This proves Assertion (1);

Assertions (2) and (3) follow from Assertion (1). �

We can now prove:

Theorem 1.9.4 [Blažić] Let M0 := (V, 〈·, ·〉) be a 0-model of signature

(p, q) where p ≥ 1, q ≥ 1, and p+ q ≥ 3.

(1) Let p ≥ 2. If Spec{R} is bounded on Gr+2,0(V ), M0 is Ivanov–Petrova.

(2) If Spec{R} is bounded on Gr+1,1(V ), M0 is Ivanov–Petrova.

(3) Let q ≥ 2. If Spec{R} is bounded on Gr+0,2(V ), M0 is Ivanov–Petrova.

Proof. Let T = T (e−, e+, θ) be a hyperbolic boost. If π is a non-

degenerate 2-plane, let π(θ) = T (θ)π. Then Tr{[R(π(θ))]i} is a Laurent

polynomial in {eθ, e−θ}. If the spectrum is bounded, this polynomial is

bounded. The argument given to prove Theorem 1.9.3 then shows the poly-

nomial is constant and hence Spec{R(π(θ))} is independent of θ. Thus the

spectrum of R is constant on the orbits of the hyperbolic boosts and hence,

by continuity, on the orbits of the closed Lie group Gh that these boosts

generate. Since Gh acts transitively on the Grassmannians in question, the

desired result follows. �

This proof extends without change to establish a similar result for the

higher order Jacobi operator and for the Stanilov operator. The conformal

Jacobi operator and the conformal skew-symmetric curvature operator can

be treated similarly.
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1.9.4 The Jacobi operator

We continue the discussion of Section 1.7.1. Let M0 be a 0-model. The

Jacobi operator J is defined by

J (x) : y → R(y, x)x .

One says that a 0-model M0 is Osserman if the eigenvalues of J (·) are

constant on the pseudo-spheres S±(V, 〈·, ·〉). One says that a pseudo-

Riemannian manifold M is pointwise Osserman if M0(M, P ) is Osserman

for every point P ∈M ; one says that M is globally Osserman if the eigen-

value structure does not vary with P .

A complete simply connected Riemannian manifold M is a 2-point ho-

mogeneous space if the group of isometries G(M) acts transitively on the

unit sphere bundle S(T (M, g)) or, equivalently, if given two pairs of points

(P1, Q1) and (P2, Q2) with equal Riemannian distances, then there exists

an isometry φ of M with φP1 = P2 and φQ1 = Q2. It is known that M is

a 2-point homogeneous space if and only if either M is flat or M is a rank

1 symmetric space – see Section 1.6.5 for details.

There is a corresponding local classification. Impose no global con-

straints on M. One says that M is a local 2-point homogeneous space if the

pseudo-group of local isometries of M acts transitively on S(M, g). Again

the local geometry is very rigid in this setting; every point of M has an

open neighborhood which is either flat or which is isometric to an open

subset of a rank 1 symmetric space.

If a Riemannian manifold M is a local 2-point homogeneous space,

then necessarily the eigenvalues of the Jacobi operator J (·) are constant

on S(M, g) and hence M is Osserman. Osserman (1990) wondered if the

converse held; this question has been called the Osserman conjecture by

subsequent authors. This conjecture has been established if m 6= 16 fol-

lowing work of Chi (1988), Nikolayevsky (2003b), Nikolayevsky (2004), and

Nikolayevsky (2005); there are also some partial results in dimension 16.

The proof consists of 2 parts. First one classifies the Osserman algebraic

curvature tensors. Then one applies the Bianchi identities to complete the

geometric classification.

We introduce some additional pieces of notation. Let F := {J1, ..., J`}
be a Clifford family. This means that the Ji are Hermitian almost complex

structures on (V, 〈·, ·〉) which satisfy the Clifford commutation relations

JiJj + JjJi = −2δij .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 79

We use Eq. (1.3.a) to define an associated algebraic curvature tensor

A := c0A〈·,·〉 +
∑

i

ciAJi . (1.9.d)

Let M0 = (V, 〈·, ·〉, A) be a Riemannian 0-model. Let x ∈ S(V, 〈·, ·〉).
Since J (x)x = 0 and since J (x) is self-adjoint, J (x) preserves x⊥. The

reduced Jacobi operator is given by setting:

J̃ (x) := J (x)|x⊥ for x ∈ S(V, 〈·, ·〉) .

Chi (1988) used topological methods to study the eigenvalue structure

of an Osserman manifold and thereby prove:

Theorem 1.9.5 [Chi]

(1) Let M = (V, 〈·, ·〉, A) be a Riemannian Osserman 0-model. Then:

(a) If J̃ has only one eigenvalue, then A = cA〈·,·〉 and M has constant

sectional curvature.

(b) If J̃ has two distinct eigenvalues and if one of the eigenvalues has

multiplicity 1, then A = c0A〈·,·〉 + c1AJ where J is a Hermitian

almost complex structure on V .

(2) Let M = (M, g) be a globally Osserman Riemannian manifold. Then:

(a) If J̃ has 1 eigenvalue, then M has constant sectional curvature.

(b) If J̃ has two distinct eigenvalues and if one of the eigenvalues has

multiplicity 1, then M is locally isometric to a rank 1 symmetric

space. In particular, the eigenvalues are in a ratio of 1 to 4.

When Theorem 1.9.5 is combined with work of Nikolayevsky (2003b),

Nikolayevsky (2004), and Nikolayevsky (2005), one has an almost complete

answer to the question Osserman raised by solving the Osserman conjecture.

Theorem 1.9.6 [Chi–Nikolayevsky] Let M0 = (V, 〈·, ·〉, A) be a Rie-

mannian 0-model and let M be a Riemannian manifold of dimension m.

(1) If M0 is Osserman and if m 6= 16, then A is given by a Clifford module

structure as described in Eq. (1.9.d).

(2) If M is pointwise Osserman and if m 6= 2, 4, 16, then M is either flat

or locally isometric to a rank 1 symmetric space.

(3) If m = 2, 4 and if M is globally Osserman, then M is either flat or

locally isometric to a rank 1 symmetric space.
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It is known that Assertion (1) fails in dimension 16; the algebraic curva-

ture tensor defined by the Cayley plane is an Osserman algebraic curvature

tensor which is not given by a Clifford module structure as noted by Niko-

layevsky (2003a). There are also some partial results available in dimension

m = 16 which are due to Nikolayevsky (2003a) but the situation is still not

clear in that exceptional dimension.

In the Lorentzian setting, the Osserman conjecture been settled both in

the algebraic and in the geometric settings by work of Blažić, Bokan, and

Gilkey (1997a) and of Garćıa-Rı́o, Kupeli, and Vázquez-Abal (1997):

Theorem 1.9.7 [Blažić, Bokan and Gilkey; Garćıa-Ŕıo, Kupeli

and Vázquez-Abal]

(1) If M0 is a Lorentzian Osserman 0-model, then M0 has constant sec-

tional curvature.

(2) If M is a Lorentzian Osserman manifold, then M has constant sec-

tional curvature.

The picture is very different when p ≥ 2 and q ≥ 2. In Theorem 2.3.2,

we exhibit complete manifolds found by Dunn, Gilkey, and Nikčević (2005)

of signature (2, 2) which are spacelike and timelike Jordan Osserman but

which are not locally homogeneous. In Theorem 3.3.1, we present results of

Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006) giving manifolds of

signature (2, 2) which are spacelike and timelike Jordan Osserman on a non-

trivial open dense subset but which are not spacelike and timelike Jordan

Osserman on the entire manifold. The Jacobi operator is not nilpotent for

these examples. The Jordan normal form of a spacelike Jordan Osserman

algebraic curvature can be arbitrarily complicated in the neutral signature

setting, see Theorem 4.4.1 for details.

However, the situation is very different if p < q, i.e. if the spacelike

directions in a certain sense dominate the timelike directions since by The-

orem 4.4.2 if A is a spacelike Jordan Osserman algebraic curvature tensor

on a vector space V of signature (p, q), where p < q, then J (x) is diagonal-

izable for any x ∈ S+(V, 〈·, ·〉). We shall investigate the neutral signature

setting and the setting when q < p presently.

We refer to Blažić, Bokan, Gilkey, and Rakić (1997b), Blažić, Bokan,

and Rakić (1997), Blažić, Bokan, and Rakić (1998), Blažić, Bokan, and

Rakić (2000), Blažić, Bokan, and Rakić (2001a), Bonome, Castro, and

Garćıa-Rı́o (2001), Bonome, Castro, Garćıa-Rı́o, Hervella, and Vázquez-

Lorenzo (1998), Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006),
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Dotti and Druetta (1999a), Dotti and Druetta (1999b), Dotti and Druetta

(2000), Fiedler and Gilkey (2003), Garćıa-Rı́o and D. Kupeli (1996), Garćia-

Río, Kupeli, Vázquez-Abal, and Vázquez-Lorenzo (1999), Garćıa-Rı́o,

Vázquez-Abal, and Vázquez-Lorenzo (1998), Gilkey and Ivanova (2001b),

Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b), Gilkey, Ivanova,

and Zhang (2002), Gilkey, Ivanova, and Zhang (2003), Gilkey and Nikčević

(2004a), Gilkey and Nikčević (2004b), Gilkey, Swann, and Vanhecke (1995),

Osserman (1990), Rakic (1997), Rakic (1999), Stanilov and Videv (1995),

and Stanilov and Videv (1998) for additional work in this area. In particu-

lar, we refer to Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo (2002) for a more

exhaustive discussion of the subject.

1.9.5 The higher order Jacobi operator

Let M0 be a 0-model. We recall the notation established in Section 1.7.2.

Let {vi} be a basis for a non-degenerate k-plane π. Let gij := 〈vi, vj〉 for

1 ≤ i, j ≤ k and let gij denote the inverse matrix. The higher order Ja-

cobi operator, introduced by Stanilov and Videv (1992) in the Riemannian

setting, is defined quite generally by

J (π) : y →
∑

i,j

gijA(y, vi)vj .

One says that M0 is k-Osserman if the eigenvalues of J are constant

on the Grassmannian of non-degenerate k-planes. One says that a

pseudo-Riemannian manifold M is pointwise k-Osserman if M(M, P ) is

k-Osserman for every P ∈ M ; one says that M is globally k-Osserman if

the eigenvalue structure is independent of P .

The classification is complete in the Lorentzian and the Riemannian

settings. The case k = 1 follows from Theorems 1.9.6 and 1.9.7; the case

k = m − 1 follows from k = 1 using the duality result of Theorem 1.9.1.

Thus we may suppose 2 ≤ k ≤ m − 2 and m ≥ 4. We adopt the notation

of Eq. (1.9.d). We refer to Gilkey (2001b) for the proof in the Riemannian

setting and to Gilkey and Stavrov (2002) for the proof in the Lorentzian

setting of the following result:

Theorem 1.9.8 [Gilkey, Gilkey–Stavrov] Let 2 ≤ k ≤ m− 2.

(1) Let M0 be a Riemannian k-Osserman 0-model.

(a) If m is odd, then A = cA〈·,·〉.
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(b) If m is even, then either A = cA〈·,·〉 or A = cAJ where J is a

Hermitian almost complex structure on M0.

(2) Let M0 be a Lorentzian k-Osserman 0-model. Then M0 has constant

sectional curvature.

(3) Let M be either a Riemannian or a Lorentzian pointwise k-Osserman

manifold. Then M has constant sectional curvature.

Again, the situation is quite different in the higher signature setting

as the examples described in Theorems 1.7.2 and 1.7.3 show. We refer to

Gilkey (1992), Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b),

Gilkey, Stanilov, and Videv (1998), Stanilov (1992), Stanilov and Videv

(1992), and Stavrov (2003a) for additional details.

1.9.6 The conformal and complex Jacobi operators

We adopt the notation of Section 1.7.3. Recall that two pseudo-Riemannian

metrics g1 and g2 on a manifold M are said to be conformally equivalent if

there is a positive scaling function α ∈ C∞(M) so that g1 = αg2. We let [g]

be the set of all pseudo-Riemannian metrics on M which are conformally

equivalent to g.

Theorem 1.9.9 Let g1 ∈ [g2]. Let Mi := (M, gi).

(1) If M1 is conformally Osserman, then M2 is conformally Osserman.

(2) If M1 is conformally spacelike (respectively timelike) Jordan Osser-

man, then M2 is conformally spacelike (respectively timelike) Jordan

Osserman.

Proof. As g1 = αg2, the conformal Weyl tensors rescale:

Wg1 = αWg2 .

Let x ∈ S+(M, g2). Let

x̃ := 1√
α(P )

x

be the corresponding g1 spacelike or timelike unit vector. Let π be a space-

like 2-plane.

JWg1
(x̃) = 1

α(P )JWg2
(x) and Wg1(π) = 1

α(P )Wg2(π) .

The Lemma now follows as the Jordan normal forms rescale. �
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Additional results in this area may be found in Blažić and Gilkey (2004),

in Blažić and Gilkey (2005), and in Blažić, Gilkey, Nikěcvić, and Simon

(2005a).

1.9.7 The Stanilov and the Szabó operators

We continue the discussion of Section 1.8. The Stanilov operator has not

been studied to any great extent in the literature. It was first introduced

by Stanilov (2000); we also refer to later work of Stanilov (2004) and of

Gilkey, Nikčević, and Videv (2004).

Let M1 be a 1-model. The Szabó operator, defined in Section 1.8.5, is

a generalization of the Jacobi operator defined by

S(x) : y → A1(y, x;x)x .

One says that M1 is Szabó if the eigenvalues of S are constant on the pseudo-

spheres of V . One says that a pseudo-Riemannian manifold M is pointwise

Szabó if M1(M, P ) is Szabó for every point P of M ; one says that M is

globally Szabó if the structures are independent of P . The following result

is due to Szabó (1991) in the Riemannian setting and to Gilkey and Stavrov

(2002) in the Lorentzian setting; we postpone the proof until Section 4.5:

Theorem 1.9.10 [Szabó, Gilkey–Stavrov]

(1) Let M1 be a Szabó 1-model which is either Riemannian or Lorentzian.

Then A1 = 0.

(2) If M be either a Riemannian or a Lorentzian pointwise Szabó manifold.

Then M is locally symmetric.

There are no known 1-models M1 with A1 6= 0 which are spacelike

Jordan Szabó. It has been shown by Gilkey and Stavrov (2002) that if

A1 is a spacelike Jordan Szabó algebraic covariant derivative curvature

tensor on a vector space of signature (p, q), where q ≡ 1 mod 2 and p < q

or where q ≡ 2 mod 4 and p < q − 1, then A1 = 0. This algebraic

result yields an elementary proof of the geometrical fact that any pointwise

totally isotropic pseudo-Riemannian manifold with such a signature (p, q)

is locally symmetric. The general question of finding non-trivial spacelike

Jordan Szabó covariant algebraic curvature tensors, or conversely showing

none exists, remains open.
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1.9.8 The skew-symmetric curvature operator

Let M0 = (V, 〈·, ·〉, A) be a 0-model. If {e1, e2} is an orthonormal basis for

a non-degenerate oriented 2-plane, one defines

A(π) := A(e1, e2) .

More generally, if {v1, v2} is an oriented basis for π, one may set

A(π) := | det(gij)|−1/2A(v1, v2) .

One says M0 is Ivanov–Petrova if the eigenvalues of A are constant on

the Grassmannian of non-degenerate 2-planes. One says that a pseudo-

Riemannian manifold M is Ivanov–Petrova if M0(M, P ) is Ivanov–Petrova

for all P ∈ M .

The algebraic classification is complete in the Riemannian setting. We

refer to Gilkey, Leahy, and Sadofsky (1999), Gilkey (1999a), Ivanov and

Petrova (1998), and Nikolayevsky (2004c) for the proof of the following

result:

Theorem 1.9.11 Let M0 be a Riemannian Ivanov–Petrova 0-model with

dim(V ) = m ≥ 4. Then either there exists a self-adjoint isometry φ of V

with φ2 = id so that A = cAφ, or m = 4 and A is isomorphic to a multiple

of the algebraic curvature tensor described in Eq. (1.8.a).

Manifolds of constant sectional curvature are Ivanov–Petrova; they cor-

respond to taking φ = id. There are, however, other non-trivial geometric

examples.

Definition 1.9.1 Let (SK , gK) be a pseudo-Riemannian manifold of sig-

nature (p̄, q̄) and constant sectional curvature K; (SK , gK) is determined

up to local isometry by the parameters (p, q,K) and has the local geometry

of the pseudo-spheres described in Lemma 1.6.7. Let ε = ±1 and let

f(t) = εKt2 +At+B where A2 − 4εKB 6= 0 .

Choose a connected open interval I ⊂ R where f(t) 6= 0. Let

M := I × SK and gM := εdt2 + f(t)gSK .

If SK is Riemannian, if f(t) > 0, and if ε = +1, then gM is Riemannian.

The arguments of Ivanov and Petrova (1998) in the Riemannian setting

extend immediately to the pseudo-Riemannian setting to show (M, gM ) is

Ivanov–Petrova. We refer to Gilkey (2002) for further details.
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The classification of Ivanov–Petrova manifolds is complete in the Rie-

mannian setting:

Theorem 1.9.12 Let M be a Riemannian Ivanov–Petrova manifold of

dimension m ≥ 4. Then either M has constant sectional curvature or M
is locally isomorphic to one of the manifolds given in Definition 1.9.1.

Theorems 1.9.11 and 1.9.12 were established in dimension m = 4 by

Ivanov and Petrova. Subsequently, Gilkey, Leahy, and Sadofsky dealt with

the cases m 6= 4, 7, 8. The case m = 8 was handled separately by Gilkey

and Nikolayevsky completed the proof by treating the case m = 7.

In the indefinite setting, the Jordan normal form plays a crucial role.

One says that M0 is spacelike Jordan Ivanov–Petrova if the Jordan normal

form of A is constant on the Grassmannian of spacelike 2-planes. In this

situation, let Rank(A) be the rank of A(π) for any (and hence all) spacelike

2-plane. One has the following generalizations of Theorems 1.9.11 and

1.9.12:

Theorem 1.9.13 Let M0 be a 0-model of signature (p, q) where q ≥ 5.

The following conditions are equivalent:

(1) M0 is spacelike rank 2 Jordan Ivanov–Petrova.

(2) There exists a non-zero constant C and a self-adjoint map φ of V so

that R = CRφ where either φ is an isometry of V or φ is a para-

isometry of V or φ2 = 0 and ker(φ) contains no spacelike vectors.

Theorem 1.9.14 Let M be a spacelike rank 2 Jordan Ivanov–Petrova

manifold of signature (p, q) where q ≥ 5. Assume that the curvature opera-

tor is not nilpotent for at least one point of M . Then either M has constant

sectional curvature or M is locally isometric to one of the manifolds given

in Definition 1.9.1.

Remark 1.9.1 Theorem 1.9.14 does not complete the classification of the

spacelike rank 2 Ivanov–Petrova manifolds; what remain to be considered

are those where R is nilpotent. In Section 2.3, we present work of Dunn,

Gilkey, and Nikčević (2005) giving a family of manifolds of signature (2, 2)

which are nilpotent timelike and spacelike Ivanov–Petrova but which are

not mixed Ivanov–Petrova. In Section 2.7, we exhibit manifolds which

are spacelike Ivanov–Petrova of rank 4 and which are not timelike Ivanov–

Petrova.

Theorems 1.9.13 and 1.9.14 focus attention on the rank 2-spacelike Jor-

dan Ivanov–Petrova manifolds. Assertion (1) in the following theorem is
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due to Gilkey (1999a) (in dimensionm = 8), to Gilkey, Leahy, and Sadofsky

(1999) (in dimensions m 6= 7, 8), and to Nikolayevsky (2004c) (in dimension

7); Assertions (2) and (3) are due to Zhang (2002); Assertion (4) is due to

Stavrov (2003a).

Theorem 1.9.15 Let M0 = (V, 〈·, ·〉, A) is a 0-model of signature (p, q)

such that RA has constant spacelike rank r > 0.

(1) Let p = 0, let q ≥ 5. Then r = 2.

(2) Let p = 1 and let q ≥ 9. Then r = 2.

(3) Let p = 2 and let q ≥ 10. Assume neither q nor q + 2 are powers of 2.

Then r = 2.

(4) Let p ≤ 1
4q − 6. Assume that {q, q + 1, ..., q + p} does not contain a

power of 2. Then r = 2.

We shall show in Theorem 2.7.3 that there exist algebraic curvature

tensors which are spacelike Jordan Ivanov–Petrova rank 4; here, in contrast

to the setting of Theorem 1.9.15, one has q >> p. We refer to Gilkey and

Ivanova (2001a), Gilkey and Zhang (2002a), Gilkey and Ivanova (2002b),

Ivanova (1996a), Ivanova (1998a), Ivanova and Stanilov (1995), Stanilov

(2000), Stavrov (2004b), and Zhang (2000) for additional related work.

1.9.9 The conformal skew-symmetric curvature operator

Adopt the notation established in Section 1.8.2. The proof of Theorem

1.9.9 generalizes immediately to yield:

Theorem 1.9.16 Let g1 ∈ [g2]. Let Mi := (M, gi).

(1) If M1 is conformally Ivanov–Petrova, then M2 is conformally Ivanov–

Petrova.

(2) If M1 is conformally spacelike (respectively timelike) Jordan Ivanov–

Petrova, then M2 is conformally spacelike (respectively timelike) Jor-

dan Ivanov–Petrova.

Apart from the examples discussed in Section 1.8.4, not much is known

about complex Ivanov–Petrova manifolds. Theorem 4.2.5 does give infor-

mation about the eigenvalue structure of a Riemannian Ivanov–Petrova

manifold as we shall discuss in Chapter 3. We refer to Gilkey and Ivanova

(2001a) for a few additional results.
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Chapter 2

Curvature Homogeneous Generalized

Plane Wave Manifolds

2.1 Introduction

Chapter 2 is devoted to the study of geometric properties of various families

of examples which arise as generalized plane wave manifolds.

The basic geometric properties of generalized plane wave manifolds are

introduced in Section 2.2. In Theorem 2.2.1, we show that such manifolds

are geodesically complete, Ivanov–Petrova, Osserman, Stanilov, Szabó, and

Ricci flat. They also have vanishing scalar invariants and have nilpotent

holonomy.

All the Weyl invariants of generalized plane wave manifolds vanish so

a fundamental task is the construction of scalar invariants which are not

of Weyl type. In Theorem 2.2.2, we construct global isometries between

analytic generalized plane wave manifolds whose ∞-models are isomorphic;

this result will play an important role in Sections 2.3, 2.9, and 2.10 when

we construct a complete set of isometry invariants for certain families of

analytic generalized plane wave manifolds. In Theorem 2.2.3, we present a

result which will be used to study symmetric spaces in this family.

In the rest of Chapter 2, we study specific families of generalized plane

wave manifolds which have useful geometric properties. In Section 2.3, we

examine manifolds of signature (2, 2) and follow the treatment in Dunn,

Gilkey, and Nikčević (2005) to generalize results of Derdzinski (2000); an-

other family of manifolds of signature (2, 2) which are not generalized plane

wave manifolds will be discussed subsequently in Section 3.3. Let {x, y, x̃, ỹ}
be coordinates on R4 and let f ∈ C∞(R). Let M := (R4, g) be the pseudo-

Riemannian manifold of neutral signature (2, 2) where

g(∂x, ∂x) := −2f(y), g(∂x, ∂x̃) = g(∂y, ∂ỹ) := 1 .

87
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The pseudo-Riemannian manifold M is a generalized plane wave manifold;

if f is real analytic, then M can be realized as a hypersurface in R(2,3). If

f ′′ > 0, M is modeled on an irreducible symmetric space. If in addition

f ′′′ > 0, M is 1-curvature homogeneous, 1-modeled on a homogeneous

space, and 2-curvature homogeneous if and only if M is homogeneous. The

dimension of the group of isometries of such a manifold is determined. Let

αk(f, P ) :=
{
f (k+2){f (2)}k−1{f (3)}−k

}
(P ) for k ≥ 2 .

The αk form a complete system of isometry invariants if f is real analytic.

Section 2.4 is concerned with the family of generalized plane wave man-

ifolds of signature (2, 4) which were introduced in Gilkey and Nikčević

(2005a). Let f ∈ C∞(R). Let {x, x̃, y, ỹ, z1, z2} be coordinates on R6.

Let M := (R6, g) where

g(∂x, ∂x̃) = g(∂y, ∂ỹ) = g(∂z1 , ∂z1) = g(∂z2 , ∂z2) := 1,

g(∂x, ∂x) := −2(yz1 + f(y)z2) .

If f (2) > 0, then M is 0-curvature homogeneous, M is weakly 1-curvature

homogeneous, and M is not 1-affine curvature homogeneous.

Results of Dunn, Gilkey, and Nikčević (2005), of Dunn and Gilkey

(2005), of Gilkey, Ivanova, and Zhang (2002), of Gilkey, Ivanova, and

Zhang (2003), of Gilkey and Zhang (2002b), and of Stavrov (2003a) are

presented in Section 2.5. Let {x1, ..., xp, x̃1, ..., x̃p} be coordinates on R2p.

Let f ∈ C∞(Rp) and let M := (R2p, g) where g is the neutral signature

(p, p) metric

g(∂xi , ∂xj ) := ∂xif · ∂xjf and g(∂xi , ∂x̃j ) := δij .

Let Hij := ∂xi∂xjf be the Hessian. We show that M can be realized as

a hypersurface in R(p,p+1) with second fundamental form H . If H is non-

degenerate and if p = 2, then M is Jordan Osserman. If p ≥ 3 and H is

positive or negative definite, then M is Jordan Osserman. If p ≥ 3 and

H is indefinite, then M is neither spacelike nor timelike Jordan Osserman.

The manifold M is both spacelike and timelike Jordan Ivanov–Petrova; it

is not mixed Jordan Ivanov–Petrova. If H is positive definite, set

α :=
∣∣H i1j1H i2j2H i3j3H i4j4H i5j5∇Ri1i2i3i4;i5∇Rj1j2j3j4;j5

∣∣

where we adopt the Einstein convention and sum over repeated indices

ranging from 1 to p; only the ∂xi indices enter. We will show that α is a

local isometry invariant of the 1-model. The manifold M is 0-curvature
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homogeneous; it is not 1-curvature homogeneous for generic values of f .

Except in the special case that M is locally symmetric, these manifolds are

neither spacelike nor timelike Jordan Szabó. We give the values of (r, s) for

which M is Jordan Osserman of type (r, s) for certain defining functions

f . In Section 2.6, we continue the discussion where we add in a flat factor.

We discuss the values of (r, s) for which M× R(a,b) is higher order Jordan

Osserman of type (r, s).

In Section 2.7, we discuss Nikčević manifolds; these were first introduced

in Gilkey and Nikčević (2004a). The crucial point is that the timelike

directions dominate. Fix s ≥ 2. Let (~u,~t, ~v) be coordinates on R3 where

~u := (u1, ..., us), ~t := (t1, ..., ts), ~v := (v1, ..., vs) .

Previous examples have involved just a single warping function. We now

assume given a family of functions fi ∈ C∞(R) for 1 ≤ i ≤ s. We define a

pseudo-Riemannian manifold M := (R3s, g) of signature (2s, s) by setting:

g(∂ui , ∂
u
i ) := −2

∑

i

{fi(ui) + uiti},

g(∂ti , ∂
t
i ) := −1, and g(∂ui , ∂

v
i ) := 1 .

The manifold M is 0-curvature homogeneous, indecomposable, spacelike

Jordan Osserman, and not timelike Jordan Osserman. It is skew Tsankov if

s = 2. We study the values of (r, s) so M is higher order Jordan Osserman.

We construct isometry invariants of M and show that M is not generically

1-curvature homogeneous. The manifold M is spacelike Jordan Ivanov–

Petrova of rank 4, it is not timelike Jordan Ivanov–Petrova, it is k-spacelike

Jordan Stanilov for 2 ≤ k ≤ s; M is k-timelike Jordan Stanilov if and only

if k = 2s.

Dunn manifolds are discussed in Section 2.8. Let

{u0, u1, ..., us, v0, ..., vs, t1, ..., ts}

be coordinates on R3s+2, let fi ∈ C∞(R), and let εi for 1 ≤ i ≤ s be a

choice of signs. Let M := (R3s+2, g) where

g(∂u0 , ∂ui) := 2fi(ui)ti, g(∂ui , ∂ui) := −2u0ti,

g(∂ui , ∂vi) := 1, g(∂ti , ∂ti) := εi .

These are generalized plane wave manifolds of quite general signatures

which are 0-curvature homogeneous, 1-curvature homogeneous for certain
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but not all fi, and not 2-curvature homogeneous. We exhibit local invari-

ants which are not of Weyl type and which have a very different flavor from

those studied previously in Chapter 2.

In Sections 2.9 and 2.10 we take up the task of creating generalized plane

wave manifolds which 0-modeled on a symmetric space, p+2-modeled on a

homogeneous space, and not p+3 affine-curvature homogeneous. In Section

2.9, we present examples of signature (p+ 3, p+ 3) described in Gilkey and

Nikčević (2004d); the symmetric space in question is not indecomposable.

In Section 2.10, we give examples of (3 + 2p, 3 + 2p) constructed in Gilkey

and Nikčević (2005b) exhibiting many of the same phenomena but where

the underlying symmetric space is indecomposable. We also derive some

results about the isometry groups of this second family of examples.

By Theorem 1.4.2, there exists an integer kp,q so that if M is a complete

simply connected pseudo-Riemannian manifold of signature (p, q) which is

kp,q curvature homogeneous, then M is homogeneous. Let r = min(p, q).

In Section 2.3, we will show that if r = 2, then kp,q ≥ r by exhibiting a

family of manifolds of signature (p, q) which are 1-curvature homogeneous

but not 2-curvature homogeneous. Results from Section 2.9 show that if

r ≥ 3, then kp,q ≥ r; a family of manifolds of signature (p, q) which are r−1

curvature homogeneous but not r-curvature homogeneous is exhibited. We

conjecture that the correct lower bound is in fact min(p, q)+1; it is known,

for example, that k0,q ≥ 1 and k1,q ≥ 2.

2.2 Generalized Plane Wave Manifolds

All the manifolds we will discuss in Chapter 2 fit into the following very

general framework.

Definition 2.2.1 Let x = (x1, ..., xm) be the usual coordinates on Rm.

We say that a pseudo-Riemannian manifold M := (Rm, g) is a generalized

plane wave manifold if

∇∂xi
∂xj =

∑

k>max(i,j)

Γij
k(x1, ..., xk−1)∂xk . (2.2.a)

Such a system of coordinates will be said to give M a generalized plane

wave structure.

In this section, we shall derive the basic properties of this family; the re-

mainder of Chapter 2 is devoted to the study of specific examples.
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Here are the three main results of this section:

Theorem 2.2.1 Let M be a generalized plane wave manifold. Then:

(1) M is complete and strongly geodesically convex. The exponential map

expP is a diffeomorphism from TPM to M for any point P ∈ M .

(2) ∇∂xj1
...∇∂xjν

R(∂xi1 , ∂xi2 )∂xi3
=
∑
k>max(i1,i2,i3,j1,...jν)

Ri1i2i3
k
;j1...jν (x1, ..., xk−1)∂xk .

(3) M is nilpotent Osserman, nilpotent Ivanov–Petrova, nilpotent Szabó,

nilpotent k-Osserman and nilpotent k-Stanilov for any k, Ricci flat,

and Einstein.

(4) All the scalar Weyl invariants of M vanish.

(5) If e is the parallel vector field along a curve γ with e(0) = ∂xi , then

e(t) − ∂xi ∈ Spanj>i{∂xj}. Thus the holonomy group HP (M) is con-

tained in the group of lower triangular matrices.

(6) If Y is the Jacobi vector field along a geodesic γ with Y (0) = 0 and

Ẏ (0) = ∂xi , then Y (t) − t∂xi ∈ Spanj>i{∂xj}.

The ∞-model encodes complete information about generalized plane

wave manifolds in the real analytic category. We have the following:

Theorem 2.2.2 Let M1 = (M1, g1) and M2 = (M2, g2) be real analytic

generalized plane wave manifolds. Assume there exists an isomorphism Φ

between M∞(M1, P1) and M∞(M2, P2). Then an isometry from M1 to

M2 may be constructed by setting

φ := expP2,M2
◦Φ ◦ exp−1

P1,M1
.

Proof. It has been noted by Belger and Kowalski (1994) about analytic

pseudo-Riemannian metrics that work of E. Cartan shows that the “metric

g is uniquely determined, up to local isometry, by the tensors R, ∇R, ...,

∇kR, ... at one point.”; see also Gray (1973) for related work. Theorem

2.2.2 now follows from Theorem 2.2.1. �

The following observation is a special case which follows from more

general results of E. Cartan.

Theorem 2.2.3 Let M be a generalized plane wave manifold. Assume

that ∇R = 0. Then the geodesic symmetry SP : Q → expP {− exp−1
P Q} is

an isometry. Furthermore, M is a homogeneous space.

Theorem 2.2.1 will be central to our discussion of generalized plane

wave manifolds throughout Chapter 2. In Sections 2.2.1 through 2.2.6,
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we establish Theorem 2.2.1. In Section 2.2.1, we study the geodesics of

generalized plane wave manifolds. In Section 2.2.2, we study the curvature

tensor. In Section 2.2.3, we examine the associated spectral geometry of the

curvature tensor. In Section 2.2.4, we show these manifolds have vanishing

scalar invariants. In Section 2.2.5, parallel translation is investigated and

in Section 2.2.6, the structure of the Jacobi vector fields is determined.

The isometries of a generalized plane wave manifold often have a partial

affine structure. We examine this behaviour in Section 2.2.7. These results

will be used subsequently in Section 2.5, in Section 2.7, in Section 2.8, and

in Section 3.5. We conclude our discussion in Section 2.2.8 by giving the

proof of Theorem 2.2.3.

Throughout this section, we adopt the convention that the empty sum

is 0. Thus, for example,
∑
i,j<k is 0 if k = 1.

2.2.1 The geodesic structure

We begin the proof of Theorem 2.2.1 by examining the geodesic structure

of a generalized plane wave manifold. We note that it is rather rare in

Riemannian geometry that the equations for geodesics can be solved in

explicit form in global coordinates. However Eq. (2.2.a) permits the use of

a recursive formalism. Let γ(t) = (γ1(t), ..., γm(t)) be a curve in Rm. Then

γ is a geodesic if and only if the geodesic equation of Eq. (1.2.e) is satisfied.

In the present context, that means that for all k one has that:

γ̈k(t) +
∑

i,j<k

γ̇i(t)γ̇j(t)Γij
k(γ1, ..., γk−1)(t) = 0 .

To solve this system of equations, we define γ(t;~γ0, ~γ1) by:

γ1(t) := γ1
0 + γ1

1 t,

and inductively for k > 1, by setting:

γk(t) := γk0 + γk1 t−
∫ t

0

∫ s

0

∑

i,j<k

γ̇i(r)γ̇j(r)Γij
k(γ1, ..., γk−1)(r)drds .

Then γ(0; γ0, γ1) = γ0 while γ̇(0; γ0, γ1) = γ1. Thus every geodesic arises

in this way so all geodesics extend for infinite time. Furthermore, given

P,Q ∈ Rm, there is a unique geodesic γ = γP,Q so that γ(0) = P and

γ(1) = Q where

γk0 = P k, γ1
1 = Q1 − P1
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and for k > 1,

γk1 = Qk − P k +

∫ 1

0

∫ s

0

∑

i,j<k

γ̇i(r)γ̇j(r)Γij
k(γ1, ..., γk−1)(r)drds .

This establishes Assertion (1) of Theorem 2.2.1.

2.2.2 The curvature tensor

We adopt the Einstein convention and sum over repeated indices to expand

Rijk
l = ∂xiΓjk

l(x1, ..., xl−1) − ∂xjΓik
l(x1, ..., xl−1)

+ Γin
l(x1, ..., xl−1)Γjk

n(x1, ..., xn−1)

− Γjn
l(x1, ..., xl−1)Γik

n(x1, ..., xn−1) .

As we can restrict the quadratic sums to n < l,

Rijk
l = Rijk

l(x1, ..., xl−1) .

Suppose l ≤ k. Then Γjk
l = Γik

l = 0. Furthermore for either of the

quadratic terms to be non-zero, there must exist an index n with k < n

and n < l. This is not possible if l ≤ k. Thus Rijk
l = 0 if l ≤ k.

Suppose l ≤ i. Then

∂xiΓjk
l(x1, ..., xl−1) = 0 and ∂xjΓik

l = ∂xj0 = 0 .

We have Γin
l = 0. For the other quadratic term to be non-zero, there must

exist an index n so i < n and n < l. This is not possible if l ≤ i. This

shows Rijk
l = 0 if l ≤ i; similarly Rijk

l = 0 if l ≤ j.

This establishes Assertion (2) of Theorem 2.2.1 if ν = 0 by establishing

those assertions that relate to the undifferentiated curvature tensor R. To

study ∇R, we expand

Rijk
n

;l = ∂lRijk
n(x1, ..., xn−1) (2.2.b)

−
∑

r

Rrjk
n(x1, ..., xn−1)Γli

r(x1, ..., xr−1) (2.2.c)

−
∑

r

Rirk
n(x1, ..., xn−1)Γlj

r(x1, ..., xr−1) (2.2.d)

−
∑

r

Rijr
n(x1, ..., xn−1)Γlk

r(x1, ..., xr−1) (2.2.e)

−
∑

r

Rijk
r(x1, ..., xr−1)Γlr

n(x1, ..., xn−1) . (2.2.f)
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We have r < n in Eqs. (2.2.c)-(2.2.f). Consequently

Rijk
n

;l = Rijk
n

;l(x1, ..., xn−1) .

To show Rijk
n

;l = 0 if n ≤ max(i, j, k, l), we note that

(1) ∂lRijk
n(x1, ..., xn−1) = 0 if n ≤ max(i, j, k, l) in Eq. (2.2.b);

(2) n > max(r, j, k) and r > max(i, l) so n > max(i, j, k, l) in Eq. (2.2.c);

(3) n > max(i, r, k) and r > max(l, j) so n > max(i, j, k, l) in Eq. (2.2.d);

(4) n > max(i, j, r) and r > max(k, l) so n > max(i, j, k, l) in Eq. (2.2.e);

(5) n > max(l, r) and r > max(i, j, k) so n > max(i, j, k, l) in Eq. (2.2.f).

This establishes Assertion (2) of Theorem 2.2.1 if ν = 1 so we are dealing

with ∇R. The argument is the same for higher values of ν and is therefore

omitted.

2.2.3 The geometry of the curvature tensor

Let J be the Jacobi operator defined in Section 1.7.1, let R be the skew-

symmetric curvature operator defined in Section 1.8.1, and let S be the

Szabó operator defined in Section 1.8.5. By Assertion (2) of Theorem 2.2.1,

J (ξ)∂xi ⊂ Spank>i{∂xk}, S(ξ)∂xi ⊂ Spank>i{∂xk},
R(π)∂xi ⊂ Spank>i{∂xk} .

Thus J , R, and S are nilpotent so M is nilpotent Osserman, nilpotent

Ivanov–Petrova, and nilpotent Szabó. A similar argument shows M is

nilpotent k-Osserman and nilpotent k-Stanilov for any k. Furthermore,

because J (ξ) is nilpotent, ρ(ξ, ξ) = Tr(J (ξ)) = 0. This implies ρ = 0 so

M is Ricci flat and hence Einstein. This completes the proof of Assertion

(3) of Theorem 2.2.1.

2.2.4 Local scalar invariants

Let Θ be a Weyl monomial which is formed by contracting upper and lower

indices in pairs in the variables {gij , gij , Ri1i2i3 i4 ;j1...}. The single upper

index in R plays a distinguished role. We choose a representation for Θ so

the number of gij variables is minimal; for example, we can eliminate the

gi3i4 variable in Eq. (1.2.i) by expressing:

|R|2 = gi1j1gi2j2Ri1i2k
lRj2j1l

k .
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Suppose there is a gij variable in this minimal representation; this means

that

Θ = gijRu1u2u3

i
;...Rv1v2v3

j
;...... .

Suppose further that gu1w1 appears in Θ; consequently

Θ = gijg
u1w1Ru1u2u3

i
;...Rv1v2v3

j
;...... .

We could then raise and lower an index to express

Θ = Rw1
u2u3j;...Rv1v2v3

j
;...... = Rju3u2

w1
;...Rv1v2v3

j
;......

which has one less g.. variable. This contradicts the assumed minimality.

Thus u1 must be contracted against an upper index; a similar argument

shows that u2, u3, v1, v2, and v3 are contracted against an upper index as

well. Consequently

Θ = gijRu1u2u3

i
;...Rv1v2v3

j
;...Rw1w2w3

u1
;...... .

Suppose w1 is not contracted against an upper index. We then have

Θ = gijg
w1x1Ru1u2u3

i
;...Rv1v2v3

j
;...Rw1w2w3

u1
;......

where we use the curvature symmetries, the covariant derivative of the

second Bianchi identity of Eq. (1.2.h) and, if necessary, commute covariant

derivatives using Eq. (1.2.d) to ensure that the index w1 appears in the

position indicated. Thus

Θ = Ru1u2u3j;...Rv1v2v3
j
;...R

x1
w2w3

u1
;......

= gu1y1Ru1u2u3j;...Rv1v2v3
j
;...R

x1
w2w3y1;......

= Ry1u2u3j;...Rv1v2v3
j
;...R

x1
w2w3y1;...

= Rju3u2

y1
;...Rv1v2v3

j
;...Rw2w3y1

x1
;...

which has one less gij variable. Thus w1 is contracted against an upper

index so

Θ = gijRu1u2u3

i
;...Rv1v2v3

j
;...Rw1w2w3

u1
;...Rx1x2x3

w1
;...... .

We continue in this fashion to build a monomial of infinite length. This is

not possible. Thus we can always find a representation for Θ which contains

no gij variables in the summation.

We suppose the evaluation of Θ is non-zero and argue for a contradic-

tion. To simplify the notation, group all the lower indices together. By
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considering the pairing of upper and lower indices, we see that we can

expand Θ in cycles:

Θ = R...ir...
i1R...i1...

i2 ...R...ir−1...
ir ... .

By Theorem 2.2.1 (2), R...j...
l = 0 if l ≤ j. Thus the sum runs over indices

where ir < i1 < i2 < ... < ir. As this is the empty sum, we see that Θ = 0

as desired. Thus all the scalar Weyl invariants of a generalized plane wave

manifold vanish which establishes Assertion (4) of Theorem 2.2.1.

2.2.5 Parallel vector fields and holonomy

Let γ = (γ1, ..., γm) be a curve in Rm. Let X =
∑
j a

j(t)∂xj be a vector

field along γ; X is parallel along γ if and only if for every ` we have

0 = ȧ`(t) +
∑

j,k<`

Γjk
`(γ(t))γ̇j(t)ak(t) .

To solve these equations with X(0) = ∂xi , we take a` = 0 for ` < i and we

let ai = 1. For ` > i, we define a` inductively by setting:

a`(t) = −
∑

j,k<`

∫ t

0

Γjk
`(γ(s))γ̇j(s)ak(s)ds .

This determines the parallel vector fields on M and shows the holonomy is

lower triangular. This establishes Assertion (5) of Theorem 2.2.1.

2.2.6 Jacobi vector fields

Let γ be a geodesic; X =
∑

j a
j(t)∂xj is a Jacobi vector field along γ if and

only if for all ` one has that

0 = ä` +
∑

j,k<`

∂t
{
Γjk

`γ̇jak
}

+
∑

jkuv<`

Γjk
uΓvu

kγ̇jakγ̇v

+
∑

j,k,v

Rjkv
`γ̇jaj γ̇v .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Curvature Homogeneous Manifolds 97

This can be solved recursively with the initial conditions X(0) = 0 and

Ẋ(0) = ∂xi by taking ak = 0 for k < i, ai = t, and for k > i

ak(t) = −
∫ t

0

∫ s

0

{ ∑

j,k<`

∂t
{
Γjk

`γ̇jak
}

+
∑

jkuv<`

Γjk
uΓvu

kγ̇jakγ̇v

+
∑

j,k,v

Rjkv
`γ̇jaj γ̇v

}
drds .

This completes the proof of Theorem 2.2.1.

2.2.7 Isometries

Let Gl(n) ⊂ Al(n) be the general linear group and the affine linear group

on Rn. We follow the discussion in Dunn, Gilkey, and Nikčević (2005) to

establish the following result.

Lemma 2.2.1 Let (x1, ..., xa, y1, ..., yb) be coordinates on Rm which give

M a generalized plane wave structure. Let

X := Span1≤i≤a{∂xi} and Y := Span1≤µ≤b{∂yµ} .

Assume ∇∂xi
∂xj ∈ Y, ∇∂xi

∂yµ = ∇∂yµ ∂xi = ∇∂yµ ∂yν = 0. If φ is an

isometry of M with φ∗Y = Y, then there exists A1 ∈ Al(a) and a smooth

map A2 : Ra → Al(b) so that

φ(~x, ~y) = (A1~x,A2(~x)~y) .

Proof. We apply the discussion of Section 2.2.1 concerning the geodesics

in generalized plane wave manifolds. Decompose φ(~x, 0) = (φ1(~x), φ2(~x)).

Let

Φ(~x) := φ∗(~x, 0) : T(~x,0)(R
m) → T(φ1(~x),φ2(~x))(R

m) .

Since Φ(~x)Y = Y ,

φ∗(∂xi) =

a∑

j=1

Φ11;ij∂xj +

b∑

µ=1

Φ21;iµ∂yµ , φ∗(∂yµ) =

b∑

ν=1

Φ22;µν∂yν .

As ∇∂yi
∂yj = 0, γ(t) := (~x, t~y) is a geodesic. Then γ1 := φ(γ(t)) is a

geodesic with γ1(0) = (φ1(~x), φ2(~x)) and γ̇1(0) = (0,Φ22(~x)~y). Thus

γ1(t) = (φ1(~x), φ2(~x) + tΦ22(~x)~y) .
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We set t = 1 to conclude:

φ(~x, ~y) = (φ1(~x), φ2(~x) + Φ22(~x)~y) .

We let ? indicate terms which are not of interest. Let γ(t) := (t~x, ?(t))

be a geodesic starting at (0, 0). Then γ1(t) := φ(γ(t)) is a geodesic with

γ1(0) = (φ1(0), ?) and γ̇1(0) = (Φ11(0)~x, ?). Consequently

γ1(t) = (φ1(0) + tΦ11(0)~x, ?) .

Again setting t = 1 yields φ(~x, 0) = (φ1(0)+Φ11(0)~x, φ2(x)). Consequently

φ(~x, ~y) = (φ1(0) + Φ11(0)~x, φ2(~x) + Φ22(~x)~y)

has the desired form. �

Remark 2.2.1 In proving this Lemma, we only needed the fact that φ

was geodesic preserving which is implied by the somewhat weaker assump-

tion that φ was an affine morphism; this implies φ∗∇ = ∇.

Corollary 2.2.1 Let (x1, ..., xa, y1, ..., yb) be coordinates on Rm which

give M a generalized plane wave structure. Let

X := Span1≤i≤a{∂xi} and Y := Span1≤µ≤b{∂yµ} .

Assume ∇∂xi
∂xj ∈ Y, ∇∂xi

∂yµ = ∇∂yµ ∂xi = 0, and ∇∂yµ ∂yν = 0. Assume

that Y = ker(R). Then:

(1) Any Killing vector field on M has the form:

X =
a∑

i=1


ξi +

a∑

j=1

Aijxj


∂xi +

b∑

µ

(
ξ̃µ(x) +

b∑

ν=1

Ãµν(x)yν

)
∂yµ .

(2) If a = b, if g(∂xi , ∂yµ) = δiµ, and if g(∂yµ , ∂yν ) = 0, then Ãij(x) = −Aji
is constant.

Proof. Since ker(R) = Span{∂yi}, φ∗ Span{∂yi} = Span{∂yi} for any

isometry φ. We apply Lemma 2.2.1 to the 1-parameter flows generated by

a killing vector field X . Differentiating the affine transformations given in

Lemma 2.2.1 then establishes Assertion (1). To prove Assertion (2), we

apply the Killing equation

g(∇ξX, η) + g(∇ηX, ξ)
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for any ξ, η. We compute:

∇∂xj
X =

a∑

j=1

Aij∂xi + Y , ∇∂yν =

b∑

ν=1

Ãµν∂yν ,

g(∇∂xj
X, ∂yν ) + g(∂xj ,∇∂yνX) = Ajν + Ãνj(x) .

The desired result now follows. �

We can also discuss more general filtrations. We restrict ourselves to a

3-step filtration in the interests of simplicity. Let

(x1, ..., xa, y1, ..., yb, z1, ..., zc)

be coordinates on Rm giving M a generalized plane wave structure. As the

proof of the following result is completely analogous to the proof given of

Lemma 2.2.1, we shall omit the details:

Lemma 2.2.2 Let X := Span{∂xi}, let Y := Span{∂yµ}, and let

Z := Span{∂zσ}. Assume that ∇∂xi
∂xj ∈ Y + Z, that ∇∂xi

∂yµ ∈ Z, that

∇∂yµ ∂yν ∈ Z, and that ∇∂xi
∂zσ = ∇∂yµ ∂zσ = ∇∂zσ ∂zτ = 0. Let φ be an

isometry of M with φ∗Z = Z and with φ∗{Y + Z} = Y + Z. Then there

exists A1 ∈ Al(a), there exists a smooth map A2 : Ra → Al(b), and there

exists a smooth map A3 : Ra+b → Al(c) so that

φ(~x, ~y, ~z) = (A1~x,A2(~x)~y,A3(~x, ~y)~z) .

2.2.8 Symmetric spaces

Proof of Theorem 2.2.3. As M is a generalized plane wave manifold,

expP is a diffeomorphism from TPM to M so the geodesic symmetry SP is

globally defined. Fix a geodesic σ(t) := expP (tξ) in M. Let

T (t, s; η) := expP (t(ξ + sη))

define a geodesic spray on M. Let Y (t; η) := T∗(∂s) be the corresponding

Jacobi vector field along σ. The vector field Y satisfies the Jacobi equation

Ÿ + J (σ)Y = 0 with Y (0) = 0 and Ẏ (0) = η (2.2.g)

along σ as discussed in Section 1.2.5; it is completely determined by

Eq. (2.2.g). Since

SPT (t, s; η) = expP (−t(ξ + sη)),
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S∗Y again arises from a geodesic spray and hence is a Jacobi vector field

along σ. Taking into account the reversed orientation of σ, we see that

S∗Y (0) = 0 and Ṡ∗Y (0) = η. Thus by the fundamental theorem of ordinary

differential equations,

S∗Y = Y . (2.2.h)

Choose Yi so Yi(0) = 0 and Ẏi(0) = ∂xi . By Theorem 2.2.1,

Yi(t) − t∂xi ∈ Spanj>i{∂xj} .

In particular, {Yi(t)} is a frame for Tσ(t)M provided that t 6= 0. It is

clear that S∗ is an isometry of TPM . Thus we can take t 6= 0. Thus by

Eq. (2.2.h), to prove S is an isometry, it suffices to verify that

g(Yi(t), Yj(t)) = g(Yi(−t), Yj(−t)) for 1 ≤ i, j ≤ m. (2.2.i)

Choose a parallel frame {ei} along σ with ei(0) = ∂xi ;

ei(t) − ∂xi ∈ Spanj>i{∂xj} .

Because ∂tRijkl(t) = ∇R(ei, ej , ek, el; σ̇) = 0, R(ei, σ̇)σ̇ =
∑

i<j cijej for

suitably chosen constants cij . Decompose

Yi(t) =
∑

j

aij(t)ej(t) .

Relative to a parallel frame, the Jacobi equation takes the form:

äij(t) +
∑

i<j,k<j

ckjaik(t) for all i, j .

If Yi(t) solves this equation with given initial conditions, then −Yi(−t)
again solves the equation with the same initial conditions. Consequently

aij(−t) = −aij(t). Since

g(Yi(t), Yj(t)) =
∑

kl

aikaj`g(ek, e`)

and since g(ek, e`) is independent of the parameter t, Eq. (2.2.i) holds; this

shows the geodesic involution is an isometry.

Let P,Q ∈ M . We suppose P 6= Q. Since expP is a diffeomorphism

from TPM to M , we can choose a geodesic σ so σ(0) = P and σ(1) = Q.

Let S = σ( 1
2 ). Then the geodesic involution centered at S interchanges P

and Q and is an isometry. Thus the pseudo-Riemannian manifold M is a

homogeneous space. �
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2.3 Manifolds of Signature (2, 2)

In this section, we consider the following family of 4-dimension neutral

signature generalized plane wave manifolds; they are also Fiedler manifolds

as will be discussed in Section 3.5.

Definition 2.3.1 Let (x, y, x̃, ỹ) be coordinates on R4, let f ∈ C∞(R),

and let M = Mf := (R4, g) where g = gf is the metric of neutral signature

(2, 2) on R4 given by:

g(∂x, ∂x) := −2f(y), g(∂x, ∂x̃) := 1, g(∂y, ∂ỹ) := 1 .

Lemma 2.3.1 The manifold M of Definition 2.3.1 is a generalized plane

wave manifold. The only non-zero component of ∇kR is

∇kR(∂x, ∂y, ∂y, ∂x; ∂y, ..., ∂y) = f (k+2) .

Proof. The possibly non-zero Christoffel symbols are:

g(∇∂x∂x, ∂y) = f ′, g(∇∂x∂y, ∂x) = g(∇∂y∂x, ∂x) = −f ′ .

Consequently, the non-zero covariant derivatives are:

∇∂x∂x = f ′∂ỹ and ∇∂x∂y = ∇∂y∂x = −f ′∂x̃ . (2.3.a)

Since f = f(y), this has the proper triangular form relative to the ordering

of the variables {x, y, x̃, ỹ} and thus M is a generalized plane wave manifold.

The quadratic terms play no role in computing either the curvature tensor

or the covariant derivatives of the curvature tensor; thus ∇kR has the

desired form. �

Derdzinski (2000) studied these manifolds showing:

Theorem 2.3.1 [Derdzinski]

(1) If f (3) 6= 0, then α2 := f (4)f (2)(f (3))−2is an isometry invariant.

(2) M is symmetric if and only if f (3) = 0.

(3) M is 0-curvature homogeneous if and only if f (2) = 0 identically or if

f (2) never vanishes.

This shows there exist neutral signature Ricci-flat 4-dimensional pseudo-

Riemannian manifolds which are curvature homogeneous but which are not

locally homogeneous. The main results of this section are the following

Theorems summarizing results of Dunn, Gilkey, and Nikčević (2005) which

extend the result of Derdzinski cited above.
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Theorem 2.3.2 Let M be as in Definition 2.3.1. If f is real analytic,

then M is isometric to a hypersurface in R(2,3).

If f (2) vanishes identically, then f is flat. To ensure that M is curvature

homogeneous and non-flat, we suppose therefore f (2) never vanishes. We

shall assume f (2) > 0 as the case f (2) < 0 is similar.

Theorem 2.3.3 Let M be as in Definition 2.3.1 where f (2) > 0.

(1) M is 0-modeled on the indecomposable symmetric space My2 .

(2) M is spacelike and timelike Jordan Osserman Ivanov–Petrova.

(3) M is not mixed Jordan Ivanov–Petrova.

If f (3) vanishes identically, then M is a symmetric space. To construct 1-

curvature homogeneous spaces which are not symmetric spaces, we suppose

f (3) never vanishes; the sign plays no role. Recall that the k-model and the

k-affine model are given, respectively, by

Mk(M, P ) := (TPM, gP , RP , ...,∇kRP ),

Fk(M, P ) := (TPM,RP , ...,∇kRP ) .

Clearly Fk is determined by Mk.

Theorem 2.3.4 Let M be as in Definition 2.3.1 where f (2) > 0 and

f (3) 6= 0. Set αk(f) := f (k+2){f (2)}k−1{f (3)}−k for k ≥ 2.

(1) M is 1-modeled on the homogeneous space Mey .

(2) If f1 and f2 are real analytic and if αk(f1)(P1) = αk(f2)(P2) for all

k ≥ 2, then there is an isometry Φ : Mf1 → Mf2 with Φ(P1) = P2.

(3) If Fk(Mf1 , P1) ≈ Fk(Mf2 , P2), then αk(f1)(P1) = αk(f2)(P2).

The manifolds M where f (2) is always positive and where f (3) is always

non-zero form an interesting family. The invariants αk are affine invariants

which capture the underlying isometry type of the manifold, at least for

real analytic f . Furthermore, 2-affine curvature homogeneity implies ho-

mogeneity. We note that in Sections 2.9 and 2.10 we will construct higher

dimensional examples which have similar properties.

Theorem 2.3.5 Let M be as in Definition 2.3.1. If M is 2-affine cur-

vature homogeneous, then M is homogeneous.

The methods used in Section 2.9 would in fact show that α is an invari-

ant of the affine model and that 2-affine homogeneity implies homogeneity;

we omit details in the interests of brevity.
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We now study the isometry groups and Killing vector fields:

Theorem 2.3.6 Let M be as in Definition 2.3.1 where f is real analytic.

Let g be the Lie algebra of Killing vector fields on M.

(1) Let f (2) = 0. Then M is flat and dim{g} = 10.

(2) Let f (2) = ay2 for a 6= 0. Then M is an indecomposable symmetric

space and dim{g} = 8.

(3) Let f (2) = aeby for a, b ∈ R for a 6= 0 and b 6= 0. Then M is a

homogeneous space and dim{g} = 6.

(4) Let f (2) = a(y + b)n for a, b ∈ R, a 6= 0, and n = 3, 4, 5, .... Then M
is not a homogeneous space. We have dim{g} = 6. The submanifold

{x : y + b > 0} is a homogeneous space which is not complete.

(5) If f (2) is other than in (1)-(4), then M is not a homogeneous space

and dim{g} = 5.

By Theorem 1.4.2, there exists an integer kp,q , called the Singer number,

so that if M is a complete simply connected pseudo-Riemannian manifold

of signature (p, q) which is kp,q-curvature homogeneous, then M is homo-

geneous. We have

Theorem 2.3.7 If min(p, q) = 2, then kp,q ≥ 2.

We shall return to this subject again in Section 2.9 when we study higher

signature examples.

The remainder of this Section is devoted to the proof of these results.

In Section 2.3.1, we prove Theorem 2.3.2, in Section 2.3.2, we prove The-

orem 2.3.3, and in Section 2.3.3, we prove Theorems 2.3.4 and 2.3.5. In

Section 2.3.4, we establish Theorem 2.3.6. We also give the Killing vector

fields quite explicitly for these manifolds. We conclude in Section 2.3.5 by

establishing Theorem 2.3.7; the primary technical difficulty here is to pass

from signature (2, 2) to signatures (2, 2 + s) and (2 + s, 2).

Remark 2.3.1 We will return to these examples in Section 3.5. It will

follow from the discussion there that if f ′′ 6= 0, then M is Jacobi nilpotent

of order 1. Furthermore, if f ′′′ 6= 0, then M is Szabó nilpotent of order 1.

2.3.1 Immersions as hypersurfaces in flat space

Let M be as in Definition 2.3.1 where f is real analytic. We wish to show

that M is isometric to a hypersurface in R(2,3).
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Definition 2.3.2 Let {e1, e2, ẽ1, ẽ2, ě} be a basis for R5. Define an inner

product on R5 of signature (2, 3) whose non-zero components are:

〈e1, ẽ1〉 = 〈e2, ẽ2〉 = 〈ě, ě〉 := 1 .

Define an embedding of R4 in R(2,3) by setting:

Ψ(x, y, x̃, ỹ) := xe1 + ye2 + x̃ẽ1 + ỹẽ2 + { 1
2x

2 + f(y)}ě .

Let M̃ = M̃f := (R4, g̃ := Ψ∗〈·, ·〉) be the associated hypersurface where:

g̃(∂x, ∂x̃) = g̃(∂y , ∂ỹ) = 1, g̃(∂x, ∂x) = x2,

g̃(∂x, ∂y) = xf ′(y), g̃(∂y, ∂y) = f ′(y)f ′(y) .

Theorem 2.3.2 will follow from the following slightly stronger result:

Lemma 2.3.2 Let f be real analytic and let P ∈ R4. Let M be as in

Definition 2.3.1 and let M̃ be as in Definition 2.3.2. Let P ∈ R4.

(1) M̃ is a generalized plane wave manifold.

(2) M∞(M, P ) is isomorphic to M∞(M̃, P ).

(3) There is an isometry Φ from M to M̃ with Φ(P ) = P .

Proof. Let x1 := x, x2 := y, x̃1 := x̃, and x̃2 := ỹ. Let g̃ij := g̃(∂xi , ∂xj ).

The non-zero Christoffel symbols are given by:

g̃(∇∂xi
∂xj , ∂xk) = 1

2{∂xi g̃jk + ∂xj g̃ik − ∂xk g̃ij} .

Consequently

∇∂xi
∂xj =

∑

k

1
2{∂xi g̃jk + ∂xj g̃ik − ∂xk g̃ij}∂x̃k ,

∇∂xi
∂x̃j = ∇∂x̃j

∂xi = ∇∂x̃i
∂x̃j = 0 .

Since g̃ij = g̃ij(x1, x2), this has the proper triangular form with respect to

the coordinate ordering {x1, x2, x̃1, x̃2} and thus M̃ is a generalized plane

wave manifold. This establishes Assertion (1).

Let {X,Y, X̃, Ỹ } be a basis for R4. Fix P ∈ R4. Let M∞(P ) be the

∞-model where

〈X, X̃〉 = 〈Y, Ỹ 〉 := 1,

Ak(P )(X,Y, Y,X ;Y, ..., Y ) := f (k+2)(P ) .
(2.3.b)

We show M∞(M, P ) is isomorphic to M∞(P ) as follows. Set

X := ∂x + f∂x̃, Y := ∂y, X̃ := ∂x̃, Ỹ := ∂ỹ .
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This normalizes the metric appropriately without changing the curvature

tensor; the relations of Eq. (2.3.b) then follow from Lemma 2.3.1.

Next we show that M∞(M̃, P ) is isomorphic to M∞(P ); this will com-

plete the proof of Assertion (2) of Lemma 2.3.2. One verifies easily that

the normal of the embedding is given by

ν = −x∂x̃ − f ′∂ỹ + ě .

Since the second fundamental form L̃(ξ1, ξ2) is given by L̃(ξ1, ξ2) = ξ1ξ2Ψ·ν,

L̃(∂x, ∂x) = 1, L̃(∂y, ∂y) = f (2)(y), L̃(∂x, ∂y) = 0 .

Consequently, the curvature tensor R̃ of M̃ is given by

R̃(∂x, ∂y, ∂y, ∂x) = L̃(∂x, ∂x)L̃(∂y, ∂y) − L̃(∂x, ∂y)
2 = f (2) .

As the Christoffel symbols play no role in the computation of ∇νR̃,

∇νR̃(∂x, ∂y, ∂y, ∂x; ∂y, ..., ∂y) = ∂νy R̃(∂x, ∂y, ∂y, ∂x) = f (2+ν)

for ν > 0. To normalize the metric to be hyperbolic, we set

X1 := ∂x − 1
2 g̃(∂x, ∂x)∂x̃ − 1

2 g̃(∂x, ∂y)∂ỹ, X̃1 := ∂x̃,

Y1 := ∂y − 1
2 g̃(∂y , ∂x)∂x̃ − 1

2 g̃(∂y, ∂y)∂ỹ, Ỹ1 := ∂ỹ .

This does not change the curvature tensor; the relations of Eq. (2.3.b) re-

lating to the curvature tensor then follow from the computations performed

above to show M∞(M̃, P ) = M∞(P ). This establishes Assertion (2).

Since M and M̃ are analytic generalized plane wave manifolds with

M∞(M, P ) isomorphic to M∞(M̃, P ), Assertion (3) follows from Theorem

2.2.2. �

2.3.2 Spectral properties of the curvature tensor

Let M be as in Definition 2.3.1. We suppose that f (2) > 0. By Lemma

2.3.1, My2 is a symmetric space. Let {X,Y, X̃, Ỹ } be a basis for R4. Let

M0 := (R4, 〈·, ·〉, A) where

〈X, X̃〉 = 〈Y, Ỹ 〉 = 1 and A(X,Y, Y,X) = 1 .

To see that M0 is a 0-curvature model for M, we set

X := ∂x + f∂x̃, Y := (f (2))−1/2∂y,

X̃ := ∂x̃, Ỹ := (f (2))1/2∂ỹ .
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In particular, M0 is a 0-model for the symmetric space My2 . We complete

the proof of Assertion (1) of Theorem 2.3.3 by showing M0 is indecom-

posable. We suppose the contrary and argue for a contradiction. Assume

there exists a non-trivial orthogonal direct sum decomposition R4 = V1⊕V2

which induces a decomposition of A. Decompose ξ = ξ1 + ξ2 where ξi ∈ Vi.

We have

1 = A(X,Y, Y,X) = A(X1, Y1, Y1, X1) +A(X2, Y2, Y2, X2) .

Thus we can choose the notation so A(X1, Y1, Y1, X1) 6= 0. Expand

X1 = a11X + a12Y + a13X̃ + a14Ỹ ,

Y1 = a21X + a22Y + a23X̃ + a24Ỹ .

We have 0 6= A(X1, Y1, Y1, X1) = (a11a22 − a12a21)
2. If ξ ∈ V2, then

0 = A(X1, Y1, Y, ξ) = (a11a22 − a12a21)A(X,Y, Y, ξ) .

0 = A(X1, Y1, X, ξ) = (a11a22 − a12a21)A(X,Y,X, ξ) .

This implies A(X,Y, Y, ξ) = A(X,Y,X, ξ) = 0 so ξ ∈ Span{X̃, Ỹ }. Conse-

quently, V2 is totally isotropic. Since the decomposition R4 = V1 ⊕V2 is an

orthogonal direct sum decomposition, this is impossible. Consequently M0

is indecomposable; this establishes Assertion (1) of Theorem 2.3.3.

We have shown M0 is a 0-model for M. Consequently to show M is

spacelike and timelike Jordan Osserman Ivanov–Petrova, it suffices to prove

the corresponding assertion for M0. We have

R(X,Y )X = −Ỹ and R(X,Y )Y = X̃ .

Let ξ = aX + bY + ãX̃ + b̃Ỹ ∈ R4. Assume ξ is not null. This implies

(a, b) 6= (0, 0). One has J (ξ)X̃ = J (ξ)Ỹ = 0. Furthermore:

J (ξ)(aX + bY ) = 0,

J (ξ)(−bX + aY ) = (a2 + b2)(−bX̃ + aỸ ) .

Thus J (ξ)2 = 0 and rank{J (ξ)} = 1. This shows that the Jordan normal

form of J (·) is constant on the set of non-null vectors and hence M0 is

spacelike and timelike Jordan Osserman.

Let {e1, e2} be an oriented orthonormal basis for an oriented 2-plane π

which contains no non-zero null vectors. Expand

e1 = a1X + b1Y + ã1X̃ + b̃1Ỹ ,

e2 = a2X + b2Y + ã2X̃ + b̃2Ỹ .
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If a1b2 − a2b1 = 0, then a linear combination of e1 and e2 belongs to

Span{X̃, Ỹ }. Since π contains no null vectors, this is false. Consequently

a1b2 − a2b1 6= 0. One has that

R(π) = (a1b2 − a2b1)R(X,Y ), R(π)X̃ = 0, R(π)Ỹ = 0,

R(π)X = −(a1b2 − a2b1)Ỹ , R(π)Y = (a1b2 − a2b1)X̃ .

Consequently since a1b2−a2b1 6= 0, R(π)2 = 0 and rank{R(π)} = 2. These

two relations determine the Jordan normal form of the skew-symmetric

curvature operator. This shows M0 is spacelike and timelike Jordan Ivanov–

Petrova.

Let π1 := Span{X+X̃, Y − Ỹ } and π2 := Span{X, X̃}. Then π1 and π2

are both planes of signature (1, 1). However, R(π1) 6= 0 while R(π2) = 0.

Thus M0 is not mixed Jordan Ivanov–Petrova. This completes the proof of

Theorem 2.3.3.

2.3.3 A complete system of invariants

Let M = (R4, g) be as in Definition 2.3.1. Let P ∈ R4. If f (3)(P ) 6= 0, set:

αk(f, P ) :=
{
f (k+2){f (2)}k−1{f (3)}−k

}
(P ) for k ≥ 2 .

We clear the previous notation. Introduce the models

M0 := (R4, 〈·, ·〉, A),

M1 := (R4, 〈·, ·〉, A,A1), (2.3.c)

M∞(f, P ) := (R4, 〈·, ·〉, A,A1, A2(f, P ), ..., Ak(f, P ), ...)

where the non-zero components of these tensors are described by

〈X, X̃〉 = 〈Y, Ỹ 〉 = 1,

A(X,Y, Y,X) = 1,

A1(X,Y, Y,X ;Y ) = 1,

Ak(f, P )(X,Y, Y,X ;Y, ..., Y ) = αk(f, P ) for k ≥ 2 .

Lemma 2.3.3 Let M be as in Definition 2.3.1. Assume that f (2)(P ) > 0

and that f (3)(P ) 6= 0. Then M∞(f, P ) is isomorphic to M∞(M, P ).

Proof. Let ε1 := {f (2)}−3/2f (3) and let ε2 := f (2){f (3)}−1. Set:

X1 := ε1{∂x + f∂x̃}, Y1 := ε2∂y, X̃1 := ε−1
1 ∂x̃, Ỹ1 := ε−1

2 ∂ỹ .
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This is a hyperbolic basis for R4 with

∇νR(X1, Y1, Y1, X1;Y1, ..., Y1) = ε21ε
ν+2
2 f (ν+2) .

In particular A(X1, Y1, Y1, X1) = 1 and A1(P )(X1, Y1, Y1, X1;Y1) = 1. Fur-

thermore for k ≥ 2 one has that:

∇kR(X1, Y1, Y1, X1;Y1, ..., Y1) = {f (2)}k−1{f (3)}−kf (2+k) = αk(f) .

This establishes the desired isomorphism. �

Assertion (1) of Theorem 2.3.4 follows from Lemma 2.3.4 and from The-

orem 2.2.2. Since α(ey, P ) = 1, Theorem 2.3.4 (1) implies Mey is a homo-

geneous space. Restricting to the 1-model shows M1(M, P ) is isomorphic

to M1 and hence M is 1-modeled on My2 . This establishes Assertion (3)

of Theorem 2.3.4.

We show that αk(f, P ) is an invariant of the affine k-model and establish

Assertion (3) of Theorem 2.3.4 as follows. Since f (3)(P ) 6= 0, we may choose

X and Y in TPR4 so that ∇YR(X,Y )Y 6= 0; for example, we could set

X = ∂x and Y = ∂y. Choose a linear functional φ so φ{∇YR(X,Y )Y } 6= 0.

We expand

X = a1∂x + a2∂y + ã1∂x̃ + ã2∂ỹ,

Y = b1∂x + b2∂y + b̃1∂x̃ + b̃2∂ỹ .

We compute:

φ{∇kR(X,Y ;Y, ..., Y )Y }
= (a1b2 − a2b1)b

k
2 {b2φ(∂x̃) − b1φ(∂ỹ)} f (2+k) .

In particular, taking k = 1 shows that

(a1b2 − a2b1)b2 {b2φ(∂x̃) − b1φ(∂ỹ)} 6= 0 .

We now compute:

{φ(∇kR(X,Y ;Y, ..., Y )Y )}{φ(R(X,Y )Y )}k−1{φ(∇R(X,Y ;Y )Y )}−k

= f (2+k){f (2)}k−1{f (3)}−k · bk−k2

·{(a1b2 − a2b1)(b2φ(∂x̄) − b1φ(∂ȳ))}1+(k−1)−k

= αk(f) .

This is independent of the choice of {X,Y, φ} and hence is an affine invari-

ant. This completes the proof of Theorem 2.3.4. ut
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Theorem 2.3.5 follows from the following somewhat more general result:

Lemma 2.3.4 Let M be as in Definition 2.3.1. The following assertions

are equivalent:

(1) There exist a, b ∈ R so that f (2)(y) = aeby.

(2) M is homogeneous.

(3) M is 2-curvature homogeneous.

(4) M is 2-affine curvature homogeneous.

Proof. Suppose that f (2)(y) = aeby. If a = 0 or if b = 0, then ∇R = 0

so M is a generalized plane wave manifold which is a symmetric space and

hence homogeneous by Theorem 2.2.3. Thus we may assume a 6= 0 and

b 6= 0 and hence f (2) 6= 0 and f (3) 6= 0. Since αk(f) is constant for k ≥ 2,

Theorem 2.3.4 implies M is homogeneous. Thus (1) ⇒ (2); the implications

(2) ⇒ (3) and (3) ⇒ (4) are trivial.

Suppose finally that M is 2-affine curvature homogeneous. If ∇R = 0,

then f (2) is constant and we may take a = f (2) and b = 0. Thus we may

assume ∇R 6= 0 and hence f (3) 6= 0. We suppose f (2) > 0; the case f (2) < 0

is entirely analogous. We have shown that α2 is an affine invariant. Thus

α2 is constant. Lemma 1.5.5 then implies f (2) = aeby or f (2) = a(y + b)c.

This latter case is ruled out since such a function vanishes when y = −b.
Such functions will, however, play an important role in Section 2.3.4. Thus

f (2) has the form given in Assertion (1). �

2.3.4 Isometries

Let M be given by Definition 2.3.1 where f is analytic. Let G(M) be the

Lie group of isometries of M and let g be the associated Lie algebra. Any

local isometry gives rise to isomorphisms of the ∞-model and hence, since

the metric is analytic, to a global isometry by Theorem 2.2.2. Consequently,

we may identify g with the Lie algebra of Killing vector fields on M. We

begin by studying the symmetry groups G(M0) and G(M1).

Lemma 2.3.5 Let Mi be given by Eq. (2.3.c) and let G(Mi) be the as-

sociated isomorphism groups. Then:

G(M0) =

{(
α γ(α−1)t

0 (α−1)t

)
: α, γ ∈M2(R), detα = ±1, γ + γt = 0

}
,

G(M1) =

{(
α γ(α−1)t

0 (α−1)t

)
: α, γ ∈M2(R), α =

(±1 0

a21 1

)
, γ + γt = 0

}
.
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Consequently dim{G(M0)} = 4 and dim{G(M1)} = 2.

Proof. If Θ ∈ G(M0), let

ΘX = a11X + a12Y + a13X̃ + a14Ỹ ,

ΘY = a21X + a22Y + a23X̃ + a24Ỹ ,

ΘX̃ = a31X + a32Y + a33X̃ + a34Ỹ ,

ΘỸ = a41X + a42Y + a43X̃ + a44Ỹ .

We set

Θ =

(
α1 α2

α3 α4

)

where

α1 :=

(
a11 a12

a21 a22

)
, α2 :=

(
a13 a14

a23 a24

)

α3 :=

(
a31 a32

a41 a42

)
, α4 :=

(
a33 a34

a43 a44

)
.

As R(ΘX,ΘY,ΘY,ΘX) = 1, (a11a22 − a12a21)
2 = 1 and det(α1)

2 = 1. As

0 = R(ΘX,ΘY,ΘX,ΘX̃) = R(ΘX,ΘY,ΘY,ΘX̃)

= R(ΘX,ΘY,ΘX,ΘỸ ) = R(ΘX,ΘY,ΘY,ΘỸ ),

we have that a31 = a32 = a41 = a42 = 0 and thus α3 = 0. As

g(ΘX,ΘX̃) = 1, g(ΘX,ΘỸ ) = 0

g(ΘY,ΘX̃) = 0, g(ΘY,ΘỸ ) = 1,

we have the relations

1 = a11a33 + a12a34, 0 = a11a43 + a12a44,

0 = a21a33 + a22a34, 1 = a21a43 + a22a44

which can be rewritten in matrix form:

Id =

(
a11 a12

a21 a22

)(
a33 a43

a34 a44

)
= α1α

t
4 .

The relations g(ΘX,ΘX) = g(ΘX,ΘY ) = g(ΘY,ΘY ) = 0 yield

0 = a11a13 + a12a14,

0 = a11a23 + a12a24 + a13a21 + a14a22,

0 = a21a23 + a22a24
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which can be rewritten in matrix form as

0 =

(
a11 a12

a21 a22

)(
a13 a23

a14 a24

)
+

(
a13 a14

a23 a24

)(
a11 a21

a12 a22

)
= α1α

t
2 + α2α

t
1 .

Setting α = α1 and α2 = γ(α−1)t yields γ + γt = 0 which establishes

the first implication of Assertion (1). Conversely, the implications are all

reversible and thus Θ satisfies these relations implies Θ ∈ G(M0).

Suppose Θ ∈ G(M1) ⊂ G(M0). We impose the additional relations:

∇R(ΘX,ΘY,ΘY,ΘX ; ΘY ) = 1,

∇R(ΘX,ΘY,ΘY,ΘX ; ΘX) = 0 .

This implies a22 = 1 and a12 = 0. Since (a11a22 − a12a21)
2 = 1, we have

a11 = ±1 and α has the desired form. The fact that dim{G(M0)} = 4 and

dim{G(M1)} = 2 is now immediate. �

We continue our discussion:

Lemma 2.3.6 Let M be as in Definition 2.3.1. Assume f (2) > 0. Then

X is a Killing vector field on M if and only if

X = (ξ1 +A11x+A12y)∂x + (ξ2 +A21x+A22y)∂y

+ (ξ̃1(x, y) −A11x̃−A21ỹ)∂x̃ + (ξ̃2(x) −A12x̃−A22ỹ)∂ỹ

where

0 = −2fA11 − ∂yf · (ξ2 +A21x+A22y) − ∂xξ̃1,

0 = −2fA12 − ∂xξ̃2 − ∂y ξ̃1 .

Proof. Since f (2) > 0, ker(R) = Span{∂x̃, ∂ỹ}. Thus we may apply

Corollary 2.2.1 to express

X = α∂x + β∂y + α̃∂x̃ + β̃∂ỹ

where

α = ξ1 +A11x+A12y, β = ξ2 +A21x+A22y,

α̃ = ξ̃1(x, y) −A11x̃−A21ỹ, β̃ = ξ̃2(x, y) −A12x̃−A22ỹ .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

112 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

We apply Eq. (2.3.a) to see:

∇∂xX = (∂xα)∂x +(∂xβ)∂y +(−∂yf · β + ∂xα̃)∂x̃ +(∂yf · α+ ∂xβ̃)∂ỹ
∇∂yX = (∂yα)∂x +(∂yβ)∂y +(−∂yf · α+ ∂yα̃)∂x̃ +(∂yβ̃)∂ỹ
∇∂x̃X = (∂x̃α)∂x +(∂x̃β)∂y +(∂x̃α̃)∂x̃ +(∂x̃β̃)∂ỹ
∇∂ỹX = (∂ỹα)∂x +(∂ỹβ)∂y +(∂ỹα̃)∂x̃ +(∂ỹβ̃)∂ỹ .

Given the form of X , the Killing Equation

g(∇ξX, η) + g(∇ηX, ξ) = 0 ∀ξ, η,

which was discussed in Section 1.3.6, is equivalent to the relations:

0 = −2f∂xα− ∂yf · β + ∂xα̃,

0 = −2f∂yα+ ∂xβ̃ + ∂yα̃,

0 = ∂yβ̃ .

The relation ∂yβ̃ = 0 implies ξ̃2 = ξ̃2(x). The Lemma now follows. �

Any manifold of the form given in Definition 2.3.1 admits 5 killing vector

fields. Choose a primitive F so that ∂yF = f and so that F (0) = 0. Define

vector fields by setting

X1 := ∂x, X2 := ∂x̃,

X3 := ∂ỹ, X4 := −y∂x̃ + x∂ỹ ,

X5 := y∂x + 2F∂x̃ − x̃∂ỹ .

(2.3.d)

The corresponding flows are given by:

Φt1(x, y, x̃, ỹ) := (x+ t, y, x̃, ỹ),

Φt2(x, y, x̃, ỹ) := (x, y, x̃+ t, ỹ),

Φt3(x, y, x̃, ỹ) := (x, y, x̃, ỹ + t),

Φt4(x, y, x̃, ỹ) := (x, y, x̃− ty, ỹ + tx),

Φt5(x, y, x̃, ỹ) := (x+ ty, y, x̃+ 2F (y)t, ỹ + tx̃+ F (y)t2) .

(2.3.e)

Let L := SpanR{X1, X2, X3, X4, X5}.

Lemma 2.3.7 Let M be as in Definition 2.3.1. Then L is a 5-

dimensional Lie algebra of Killing vector fields.

Proof. We apply Lemma 2.3.6.

(1) X1 is defined by ξ1 = 1; the remaining parameters are 0.

(2) X2 is defined by ξ̃1 = 1; the remaining parameters are 0.
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(3) X3 is defined by ξ̃2 = 1; the remaining parameters are 0.

(4) X4 is defined by ξ̃1 = −y and ξ̃2 = x; the remaining parameters are 0.

(5) X5 is defined by A12 = 1 and ξ̃1 = 2F ; the remaining parameters are

0.

It is then immediate that the Xi satisfy the conditions of Lemma 2.3.6 and

hence are Killing vector fields. We verify that SpanR{X1, X2, X3, X4, X5}
is a Lie algebra by computing:

[X1, X2] = 0, [X1, X3] = 0, [X1, X4] = X3,

[X1, X5] = 0, [X2, X3] = 0, [X2, X4] = 0,

[X2, X5] = −X3, [X3, X4] = 0, [X3, X5] = 0,

[X4, X5] = 0 .

The desired result now follows. �

Proof of Theorem 2.3.6. Since R(∂x, ∂y, ∂y, ∂x) = f (2), M is flat if and

only if f (2) = 0. If M is flat, then the isometry group acts transitively;

the isotropy group at a point is O(2, 2) which has dimension 6. Thus

dim{g0} = 10. This proves Assertion (1) of Theorem 2.3.6.

The manifold M is a symmetric space if and only if f (3) vanishes iden-

tically or, equivalently, if f (2) = a. If a = 0, then M is flat so we suppose

a 6= 0. Since M is a symmetric space, Theorem 2.2.3 yields M is a ho-

mogeneous space; thus the isometry group G(M) acts transitively. Any

isomorphism of the 0-model extends to an isomorphism of the ∞-model

and hence to an isometry of M by Theorem 2.2.2. Thus the isotropy sub-

group of G(M) is isomorphic to G(M0) and hence has dimension 4 by

Lemma 2.3.5. Thus dim{G(M)} = 4 + 4 = 8. This completes the proof of

Assertion (2) of Theorem 2.3.6. If f = y2 for the sake of completeness we

note without proof that 3 additional Killing vectors may be obtained by

taking:

X6 := ∂y + 2xy∂x̃ − x2∂ỹ,

X7 := x∂y + (yx2 − ỹ)∂x̃ − 1
3x

3∂ỹ,

X8 := x∂x − y∂y − x̃∂x̃ + ỹ∂ỹ .

The vector fields X1 = ∂x, X2 = ∂x̃, and X3 = ∂ỹ of Eq. (2.3.d) gen-

erate commuting isometric flows described in Eq. (2.3.e) which provides a

3-dimensional translation group of isometries; the orbits of this translation

group are the hyperplanes y = c. Suppose that M is homogeneous but not

symmetric. Equivalently, by Lemma 2.3.4, this means f (2) = aeby where
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a 6= 0 and b 6= 0. We suppose a > 0 as the case a < 0 is similar. The

1-model is given by M1 of Eq. (2.3.c). Any isomorphism of the 1-model

has the form given in Lemma 2.3.5 and hence extends to an isomorphism

of the ∞-model. Thus by Theorem 2.2.2, the isotropy group of G(M) at a

point P can be identified with G(M1(M, P )) = G(M1) and has dimension

2. Since M is a homogeneous space, dim{g} = 2 + 4 = 6. We note that

the extra Killing vector field and symmetry are given by:

X6 := − b
2x∂x + ∂y + b

2 x̃∂x̃,

Φt6(x, y, x̃, ỹ) := (e−bt/2x, y + t, ebt/2x̃, ỹ) .

This completes the proof of Assertion (3) of Theorem 2.3.6.

Suppose f = a(y + b)n for a ∈ R and n = 3, 4, 5, .... We suppose b = 0

to simplify the discussion. Let O be the connected open halfspace y > 0.

The invariant αk is constant on O. Thus by Theorem 2.3.4, G(M) acts

transitively on O so O is a homogeneous space; O is, of course, incomplete.

The additional translational symmetry on O is provided by the vector field

X6 := x∂x − 2
ny∂y − x̃∂x̃ + 2

n ỹ∂ỹ,

Φt6 : (x, y, x̃, ỹ) → (etx, e−2t/ny, e−tx̃, e2t/nỹ) .

At a point P ∈ O, the 1-model is defined by Eq. (2.3.c); any symmetry of

this model extends to a global symmetry of M. Thus dim{g} = 4 + 2 = 6.

Finally suppose f does not have the forms discussed above. Chooses P

so f (2)(P ) 6= 0 and f (3)(P ) 6= 0. Since f 6= aeby and f 6= a(y + b)n, α2 is

non-constant in a neighborhood of P and hence the orbits of the isometry

group are 3-dimensional at P . Since the isotropy group preserves M1, the

isotropy group has dimension at most 2. Thus dim{g} ≤ 5; equality holds

by Lemma 2.3.7. This completes the proof of Theorem 2.3.6. If n is even,

then the half spaces y < −b and y > −b are isometric; if n is odd, then

these two half spaces are not isometric since the sign of the curvature tensor

will differ. �

2.3.5 Estimating kp,q if min(p, q) = 2

In this section, we complete the proof of Theorem 2.3.7 to obtain a lower

bound on the Singer number in certain cases. Suppose given (p, q) with

2 = min(p, q). We suppose that p = 2 and 2 ≤ q. We must exhibit

a generalized plane wave manifold N which is 1-curvature homogeneous

but not 2-curvature homogeneous. Let M be as in Definition 2.3.1 where
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f (2) > 0 and f (3) > 0. We let N := M× R(0,q−2). By Theorem 2.3.4, M
is 1-curvature homogeneous. It now follows that the isometric product N
also is 1-curvature homogeneous. Exactly the same argument as that given

to prove Theorem 2.3.4 shows that

α2 :=
f (4)f (2)

f (3)f (3)

is an invariant of the affine 2-model; the additional flat factors play no role.

Choosing f = ex + e2x then yields an example of signature (2, q) which

is 1-curvature homogeneous, where α2 is non-constant, and thus where N
is not 2-affine homogeneous (and hence not 2-curvature homogeneous) as

desired.

2.4 Manifolds of Signature (2, 4)

We consider the following family of Fiedler manifolds which was introduced

in Gilkey and Nikčević (2005a):

Definition 2.4.1 Let f ∈ C∞(R) and let (x, y, z1, z2, ỹ, x̃) be coordinates

on R6. Set M := (R6, g) where:

g(∂x, ∂x̃) = g(∂y, ∂ỹ) = g(∂zi , ∂zi) := 1,

g(∂x, ∂x) := −2(yz1 + f(y)z2) .

Lemma 2.4.1 The manifold M of Definition 2.4.1 is a generalized plane

wave manifold of signature (2, 4) with:

(1) R(∂z1 , ∂x, ∂x, ∂y) = 1.

(2) R(∂z2 , ∂x, ∂x, ∂y) = f ′.
(3) R(∂y, ∂x, ∂x, ∂y) = f ′′z2.
(4) ∇R(∂x, ∂y, ∂y, ∂x; ∂z2) = ∇R(∂x, ∂y, ∂z2 , ∂x; ∂y) = f ′′.
(5) ∇R(∂x, ∂y, ∂y, ∂x; ∂y) = f ′′′z2.

Proof. We set F = yz1 + f(y)z2 = f1(y)z1 + f2(y)z2. The possibly

non-zero Christoffel symbols are given by:

g(∇∂x∂x, ∂y) = f ′
1z1 + f ′

2z2,

g(∇∂y∂x, ∂x) = g(∇∂x∂y, ∂x) = −f ′
1z1 − f ′

2z2,

g(∇∂x∂x, ∂zi) = fi,

g(∇∂zi
∂x, ∂x) = g(∇∂x∂zi , ∂x) = −fi .
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Consequently the possibly non-zero covariant derivatives are:

∇∂x∂x = {f ′
1z1 + f ′

2z2}∂ỹ + f1∂z1 + f2∂z2 ,

∇∂y∂x = ∇∂x∂y = −{f ′
1z1 + f ′

2z2}∂x̃,
∇∂zi

∂x = ∇∂x∂zi = −fi∂x̃ .

This has the proper triangular form relative to the ordering of the variables

(x, y, z1, z2, ỹ, x̃) and thus M is a generalized plane wave manifold. The

quadratic terms in the Christoffel symbols play no role in computing R;

the remaining assertions of the Lemma are immediate. �

Theorem 2.4.1 Let M be as in Definition 2.4.1. Assume that f ′′ > 0.

(1) M is 0-curvature homogeneous.

(2) Mf is weakly 1-curvature homogeneous.

(3) α(f, P ) := |f ′(P )| is an invariant of the affine 1-model F1(M, P ).

(4) Mf is not 1-affine curvature homogeneous.

This shows that weak 1-curvature homogeneity and affine 1-curvature

homogeneity are different notions.

Proof. Assume that f ′′ 6= 0. We apply Lemma 2.4.1. Because

R(∂x, ∂y, ∂z1 , ∂x) = 1 and because ∇R(∂x, ∂y, ∂y, ∂x; ∂z2) = f ′′ 6= 0, we

may choose {ε1, ε1, c1, c2, c3} so that we have the relations:

(1) R(∂x, ∂y, ∂y, ∂x) − 2ε1R(∂x, ∂y, ∂z1 , ∂x) − 2ε2R(∂x, ∂y, ∂z2 , ∂x) = 0,

(2) ∇R(∂x, ∂y, ∂y, ∂x; ∂y) − 3ε2∇R(∂x, ∂y, ∂y, ∂x; ∂z2) = 0,

(3) c23(1 + (f ′)2) = 1,

(4) c3(1 + (f ′)2)c21c2 = 1,

(5) c3c
2
1c

2
2f

′′ = 1.

We show that M is 0-curvature homogeneous and establish Assertion (2)

by giving a canonical form to the 0-model. Consider the basis:

X := c1{∂x − 1
2g(∂x, ∂x)∂x̃}, X̃ := c−1

1 ∂x̃,

Y := c2{∂y − ε1∂z1 − ε2∂z2 − 1
2 (ε21 + ε22)∂ỹ}, Ỹ := c−1

2 ∂ỹ,

Z1 := c3{∂z1 + f ′∂z2 + (ε1 + f ′ε2)∂ỹ},
Z2 := c3{∂z2 − f ′∂z1 + (ε2 − f ′ε1)∂ỹ} .

(2.4.a)
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The possibly non-zero entries in g, R and ∇R are:

g(X, X̃) = g(Y, Ỹ ) = 1,

g(Z1, Z1) = g(Z2, Z2) = 1 see (3) above,

R(X,Y, Y,X) = 0 see (1) above,

R(X,Y, Z1, X) = 1 see (4) above,

R(X,Y, Z2, X) = 0,

∇R(X,Y, Y,X ;Z1) = ∇R(X,Y, Z1, X ;Y ) = f ′ see (5) above,

∇R(X,Y, Y,X ;Y ) = 0 see (2) above,

∇R(X,Y, Y,X ;Z2) = ∇R(X,Y, Z2, X ;Y ) = 1 see (5) above .

Let Z∗
1 := Z1 − f ′Z2. The non-zero entries in R and in ∇R are:

R(X,Y, Z∗
1 , X) = 1, and

∇R(X,Y, Y,X ;Z2) = ∇R(X,Y, Z2, X ;Y ) = 1 .

This gives a canonical form for the weak 1-model (TPM,RP ,∇RP ) and

establishes Assertion (2).

We now show α is an affine invariant by showing that α is determined

by the affine 1-model F1(M, P ). We have:

R(X,Y )Z1 = X̃, R(X,Y )X = −Z1,

R(X,Z1)Y = X̃, R(X,Z1)X = −Ỹ ,
∇Z1R(X,Y )Y = f ′X̃, ∇Z2R(X,Y )Y = X̃,

∇Z1R(X,Y )X = −f ′Ỹ , ∇Z2R(X,Y )X = −Ỹ ,
∇YR(X,Y )Z1 = f ′X̃, ∇YR(X,Y )Z2 = X̃,

∇YR(X,Z1)Y = f ′X̃, ∇YR(X,Z2)Y = X̃,

∇YR(X,Z1)X = −f ′Ỹ , ∇YR(X,Z2)X = −Ỹ ,
∇YR(X,Y )X = −f ′Z1 − Z2 .

We define the following subspaces:

W1 : = Range(R) = Span{R(ξ1, ξ2)ξ3 : ξi ∈ R6},
W2 : = Range(∇R) = Span{∇ξ1R(ξ2, ξ3)ξ4 : ξi ∈ R6},
W3 : = Span{R(ξ1,R(ξ2, ξ3)ξ4)ξ5 : ξi ∈ R6},
W4 : = ker(R) = {η ∈ R6 : R(ξ1, ξ2)η = 0 ∀ ξi ∈ R6},
W5 : = ker(∇R) = {η ∈ R6 : ∇ξ1R(ξ2, ξ3)η = 0 ∀ ξi ∈ R6} .

We wish to show that:

(1) W1 = Span{X̃, Ỹ , Z1},
(2) W2 = Span{X̃, Ỹ , f ′Z1 + Z2},
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(3) W3 = Span{X̃, Ỹ },
(4) W4 = Span{X̃, Ỹ , Z2},
(5) W5 = Span{X̃, Ỹ , Z1 − f ′Z2}.

Items (1) and (2) are immediate. We compute

R(X,R(X,Y )X)X = R(X,−Z1)X = Ỹ ,

R(X,R(X,Y )X)Y = R(X,−Z1)Y = −X̃, so Span{X̃, Ỹ } ⊂W3 .

We establish Item (3) by establishing the reverse inclusion:

R(ξ1,R(ξ2, ξ3)ξ4)ξ5 = R(ξ1, aZ1 + bX̃ + cỸ )ξ5

= R(dX, aZ1)ξ5 ∈ Span{X̃, Ỹ } .

Since Span{X̃, Ỹ , Z2} ⊂ W4, we must show the reverse inclusion to

establish (4). Let η = aX + bY + cZ1 + dZ2 + eX̃ + fỸ ∈ W4. One has

0 = R(X,Y )η = −aZ1 + cX̃,

0 = R(X,Z1)η = −aỸ + bX̃ .

Thus a = b = c = 0 and (4) follows.

It is clear W5 ⊂ Span{X̃, Ỹ , Z1 − f ′Z2}. We must establish the reverse

inclusion. Let η = aX + bY + cZ1 + dZ2 + eX̃ + fỸ ∈W5. Then:

0 = ∇Z2R(X,Y )η = −aỸ + bX̃,

0 = ∇YR(X,Y )η = a(−f ′Z1 − Z2) + (cf ′ + d)X̃ .

Thus a = b = 0 and d = −cf ′; this establishes Item (5).

We can now establish Assertion (3) of Theorem 2.4.1. Suppose

there is an isomorphism φ from F1(Mf1 , P1) to F1(Mf2 , P2). We have

φ(Wi(f1, P1)) = Wi(f2, P2) for 1 ≤ i ≤ 5. We work modulo W3. There

exist non-zero constants ai so

(1) φ(Z1) = a1Z1 mod W3 since φW1(f1, P1) = W1(f2, P2).

(2) φ(f ′
1Z1+Z2) = a2(f

′
2Z1+Z2) mod W3 since φW2(f1, P1) = W2(f2, P2).

(3) φ(Z2) = a3Z2 mod W3 since φW4(f1, P1) = W4(f2, P2).

(4) φ(Z1−f ′
1Z2) = a4(Z1−f ′

2Z2) mod W3 since φW5(f1, P1) = W5(f2, P2).

This yields

a1f
′
1Z1 + a3Z2 = a2f

′
2Z1 + a2Z2,

a1Z1 − a3f
′
1Z2 = a4Z1 − a4f

′
2Z2 .
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Thus a1 = a4 and a3 = a2 so a1f
′
1 = a2f

′
2 and a2f

′
1 = a1f

′
2. Consequently,

a1a2f
′
1f

′
1 = a2a1f

′
2f

′
2 .

Since the coefficients ai are non-zero, Assertion (3) follows.

Finally, if Mf is 1-affine curvature homogeneous, then necessarily α(f)

is constant or, equivalently, (f ′)2 = c for some constant c. This contradicts

the assumption f ′′ 6= 0. �

2.5 Plane Wave Hypersurfaces of Neutral Signature (p, p)

In this section, we shall present results of Dunn, Gilkey, and Nikčević

(2005), of Dunn and Gilkey (2005), of Gilkey, Ivanova, and Zhang (2002),

of Gilkey, Ivanova, and Zhang (2003), of Gilkey and Zhang (2002b), and

of Stavrov (2003a) concerning a family of manifolds of neutral signature

(p, p). We begin by giving a very general construction that includes the

manifolds of Definitions 2.3.1 and 2.3.2 as special cases:

Definition 2.5.1 Introduce coordinates {x1, ..., xp, x̃1, ..., x̃p} on R2p.

Let indices i, j, k range from 1 through p. Let ψij = ψji be a symmet-

ric 2-tensor field where ψij = ψij(x1, ..., xp) only depends on the first p

coordinates. Let M := (R2p, g) be the pseudo-Riemannian metric g of

signature (p, p) where

g(∂xi , ∂xj ) := ψij(x1, ..., xp) and g(∂xi , ∂x̃j ) := δij .

Introduce the distributions X := Span{∂xi} and X̃ := Span{∂x̃i}. Let

Rijkl;n1 ...nν := ∇νR(∂xi , ∂xj , ∂xk , ∂xl ; ∂xn1
, ..., ∂xnν ) .

Let ψij/k := ∂xkψij and let ψij/kl := ∂xk∂xlψij .

We begin our study with the following result:

Lemma 2.5.1 The manifold M of Definition 2.5.1 is a generalized plane

wave manifold of neutral signature (p, p).

(1) The non-zero components of R and of ∇νR for ν > 0 are given by:

R(∂xi , ∂xj , ∂xk , ∂xl) = − 1
2 (ψil/jk + ψjk/il − ψik/jl − ψjl/ik),

∇νR(∂xi , ∂xj , ∂xk , ∂xl ; ∂xn1
...∂xnν ) = ∂xn1

...∂xnνR(∂xi , ∂xj , ∂xk , ∂xl) .

(2) If ξi ∈ T (R2p), then R(ξ1, ξ2)ξ3 ∈ X̃ ; R(ξ1, ξ2)ξ3 = 0 if any ξi ∈ X̃ .
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Proof. By Eq. (1.2.f), the non-zero Christoffel symbols are:

g(∇∂xi
∂xj , ∂xk) = 1

2 (ψik/j + ψjk/i − ψij/k),

∇∂xi
∂xj = 1

2

∑

k

(ψik/j + ψjk/i − ψij/k)∂x̃k .

As ψ only depends on the first p coordinates (x1, ..., xp), ∇ has

the proper triangular form relative to the ordering of the variables

(x1, ..., xp, x̃1, ..., x̃p). Thus M is a generalized plane wave manifold. Fur-

thermore,

R(∂xi , ∂xj , ∂xk , ∂xl) = g((∇∂xi
∇∂xj

−∇∂xj
∇∂xi

)∂xk , ∂xl)

= 1
2

∑

n

g(∇∂xi
{ψjn/k + ψkn/j − ψjk/n}∂x̃n , ∂xl)

− 1
2

∑

n

g(∇∂xj
{ψin/k + ψkn/i − ψik/n}∂x̃n , ∂xl)

= 1
2{∂xi(ψjl/k + ψkl/j − ψjk/l) − ∂xj (ψil/k + ψkl/i − ψik/l)}

= 1
2 (ψjl/ki + ψkl/ji − ψjk/il − ψil/jk − ψkl/ij + ψik/jl) .

This determines R; ∇νR is determined for ν > 0 inductively – the Christof-

fel symbols play no role in the computation. We raise indices to determine

R and complete the proof of the Lemma. �

Remark 2.5.1 If we assume that X̃ = ker(R), then Lemma 2.2.1 and

Corollary 2.2.1 can be used to get information about the isometries and

Killing vector fields of M.

The following subfamily of examples generalize the manifolds of Defini-

tion 2.3.2; they arise as immersed hypersurface in flatspace.

Definition 2.5.2 Let {e1, ..., ep, ẽ1, ..., ẽp, ě} be a basis for R2p+1. Define

an inner product on R2p+1 of signature (p, p+1) whose non-zero components

are:

〈ei, ẽj〉 := δij , 〈ě, ě〉 := 1 .

Let f ∈ C∞(Rp). Define an embedding Ψ : R2p → R2p+1 by setting:

Ψ(x1, ..., xp, x̃1, ..., x̃p) :=

p∑

i=1

{
xiei + x̃iẽi

}
+ f(x1, ..., xp)ě .

Let g := Ψ∗〈·, ·〉 be the induced metric on R2p;

g(∂xi , ∂xi) = ∂xif · ∂xjf and g(∂xi , ∂x̃j ) = δij .
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Let M := (R2p, g) be the associated generalized plane wave manifold of

signature (p, p); this corresponds to taking

ψij = ∂xif · ∂xjf .

Let Hij := ∂xi∂xjf be the Hessian of f ; H is a symmetric bilinear form

where 1 ≤ i, j ≤ p. Let L be the second fundamental form of the embedding.

The tensor H is defined on X while L is defined on X ⊕ X̃ = TR2p. We

show that L is supported on X and that the restriction of L to X is given

by H in the following result:

Lemma 2.5.2 The manifold M of Definition (2.5.2) is a generalized

plane wave manifold of signature (p, p).

(1) L(∂xi , ∂xj ) = Hij and L(∂xi , ∂x̃j ) = L(∂x̃i , ∂x̃j ) = 0.

(2) R(∂xi , ∂xj , ∂xk , ∂xl) = HilHjk −HikHjl.

(3) ∇νR(∂xi , ∂xj , ∂xk , ∂xl ; ∂xn1
, ..., ∂xnν ) = ∂xn1

...∂xnνR(∂xi , ∂xj , ∂xk , ∂xl).

Proof. The unit normal to the hypersurface is

ν := −∂x1fẽ1 − ...− ∂xpfẽp + ě .

This determines the second fundamental form and thereby the curvature

tensor. We use induction and the observation that the Christoffel symbols

play no role in the computation of ∇kR for this example to determine ∇νR

for ν > 0; Assertion (2) can also, of course, be derived directly from Lemma

2.5.1. �

The following result summarizes some of the spectral properties of the

curvature tensor for these manifolds. We suppose that (r, s) is admissible;

in this context this means 0 ≤ r ≤ p, 0 ≤ s ≤ p, and 1 ≤ r + s ≤ 2p− 1.

Theorem 2.5.1 Let M be as in Definition 2.5.2 with det(H) 6= 0.

(1) If p = 2, or if p ≥ 3 and if H is definite, then M is spacelike and

timelike Jordan Osserman.

(2) If p ≥ 3 and if H is indefinite, then M is neither spacelike Jordan

Osserman nor timelike Jordan Osserman.

(3) Let H be definite. Then M is Jordan Osserman of type (a, b) if and only

if (a, b) = (0, r), (a, b) = (p, p− r), (a, b) = (r, 0), or (a, b) = (p− r, p)

where 0 < r ≤ p.

(4) M is spacelike and timelike Jordan Ivanov–Petrova.

(5) M is not mixed Jordan Ivanov–Petrova.
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(6) If 2 ≤ k ≤ p, then M is k-spacelike and k-timelike Jordan Stanilov.

In Assertion (3), we may think of the values (r, s) as belonging to a

square since 0 ≤ r ≤ p and 0 ≤ s ≤ p; M is Jordan Osserman of type (r, s)

if and only if (r, s) is admissible and if (r, s) lies on the boundary of the

square.

Let W be the Weyl conformal tensor. Since M is Ricci flat, W = R.

Thus we have the immediate consequence of Theorem 2.5.1:

Corollary 2.5.1 Let M be as in Definition 2.5.2 with det(H) 6= 0.

(1) If p = 2, or if p ≥ 3 and if H is definite, then M is conformally

spacelike and conformally timelike Jordan Osserman.

(2) If p ≥ 3 and if H is indefinite, then M is neither conformally spacelike

Jordan Osserman nor conformally timelike Jordan Osserman.

(3) Let H be definite. Then M is conformally Jordan Osserman of type

(a, b) if and only if (a, b) = (0, r), (a, b) = (p, p− r), (a, b) = (r, 0), or

(a, b) = (p− r, p) where 0 < r ≤ p.

(4) M is conformally spacelike and conformally timelike Jordan Ivanov–

Petrova.

(5) M is not conformally mixed Jordan Ivanov–Petrova.

(6) If 2 ≤ k ≤ p, then M is conformally k-spacelike and k-timelike Jordan

Stanilov.

If H is invertible, set

α :=

∣∣∣∣∣∣

∑

I,J

H i1j1H i2j2H i3j3H i4j4H i5j5∇Ri1i2i3i4;i5∇Rj1j2j3j4;j5

∣∣∣∣∣∣
.

Let Mr,s be defined by the function

fr,s := −x2
1 − ...− x2

r + x2
r+1 + ...+ x2

p .

Some curvature homogeneity properties of this family of manifolds are de-

scribed in the following result:

Theorem 2.5.2 Let M be as in Definition 2.5.2. Assume that H is

non-degenerate of signature (r, s). Let p ≥ 3.

(1) M is 0-modeled on the indecomposable symmetric space Mr,s.

(2) If φ is an isomorphism of M0(M, P ), then φ∗L = ±L.

(3) α is an invariant of M1(M, P ).

(4) M is not 1-curvature homogeneous for generic f .
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Here is a brief guide to the remainder of our discussion of these mani-

folds. In Section 2.5.1, we will establish Theorem 2.5.1 and in Section 2.5.2,

we will establish Theorem 2.5.2.

2.5.1 Spectral properties of the curvature tensor

Let ρX and ρX̃ be the projections of TPM on the distributions X and X̃ :

ρX∂xi = ∂xi , ρX∂x̃i = 0, ρX̃∂xi = 0, ρX̃∂x̃i = ∂x̃i .

Both R and L vanish if any entry is from X̃ . By Lemma 2.5.1, the Jacobi

operator and the skew-symmetric curvature operator are 2-step nilpotent:

J (·) : X → X̃ → 0 and R(·) : X → X̃ → 0 . (2.5.a)

We begin our study with the following result which is motivated by work

of Stavrov (2003a).

Lemma 2.5.3 Let M be as in Definition 2.5.2. Assume that H is non-

degenerate. Let Z be a tangent vector. Let X := ρXZ ∈ X .

(1) If X = 0, then J (Z) = 0.

(2) If X 6= 0 and if H(X,X) = 0, then Rank{J (Z)} = 1.

(3) If X 6= 0 and if H(X,X) 6= 0, then Rank{J (Z)} = p− 1.

Proof. Let L be the second fundamental form. We have

g(J (Z)Y,W ) = L(Z,Z)L(Y,W )− L(Z, Y )L(Y Z,W ) .

Furthermore, L = 0 on X̄ and H = L|X . By Lemma 2.5.1, J (Z) = J (X).

Thus ifX = 0, J (Z) = 0. This proves Assertion (1). We have J (X)∂x̃i = 0

and J (X)X = 0. Thus

Rank(J (X)) ≤ p− 1.

Suppose that H(X,X) 6= 0. Since H is non-degenerate, we can choose a

basis {X1, ..., Xp} for X (P ) soH(Xi, Xj) = εiδij , where εi 6= 0 for 1 ≤ i ≤ p

and so that X = X1. Let i, j ≥ 2. We show that Rank(J (X)) = p− 1 by

computing:

g(J (X)Xi, Xj) = L(X,X)L(Xi, Xj) − L(X,Xi)L(X,Xj) = εiε1δij .
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Suppose finally that H(X,X) = 0. We can choose a basis {X1, ..., Xp}
for X (P ) so X = X1 and so

H(X1, X2) = 1 and H(X1, Xi) = 0 for i 6= 2 .

We show that Rank(J (X)) = 1 by computing similarly that

g(J (X)X2, Xi) = −δ2i and g(J (X)Xi, Xj) = 0 for i 6= 2.

The desired result now follows. �

Proof of Theorem 2.5.1 (1) and (2). Fix P ∈ R2p. Let H be non-

degenerate. Decompose

Zi = Xi + X̃i

for Xi := ρXZi ∈ X (P ) and X̃i := ρX̃Zi ∈ X̃ (P ). Then:

g(J (Z1)Z2, Z3)

= L(Z1, Z1)L(Z2, Z3) − L(Z1, Z2)L(Z1, Z3)

= H(X1, X1)H(X2, X3) −H(X1, X2)H(X1, X3) .

Suppose Z1 ∈ S±(TPM, g). Since X̃ is totally isotropic, X1 6= 0. Because

J (X1)
2 = 0, the rank of J (X1) determines the Jordan normal form of

J (Z1).

If H is definite, Lemma 2.5.3 shows that Rank(J (Z1)) = p− 1 so M is

timelike and spacelike Jordan Osserman. If p = 2, then Lemma 2.5.3 im-

plies that Rank(J (Z1)) = 1 and again M is timelike and spacelike Jordan

Osserman. Finally, if H is indefinite and if p > 2, then Alternatives (2) and

(3) in Lemma 2.5.3 are possible and distinct so M is neither timelike nor

spacelike Jordan Osserman. This proves Assertions (1) and (2) of Theorem

2.5.1. �

Before establishing Theorem 2.5.1 (3), we must generalize Lemma 2.5.3.

Lemma 2.5.4 Let π := Span{Z1, ..., Zr}, let J := J (Z1) + ...+ J (Zr),

and let H be positive definite. Then

Rank(J ) =






0 if dim(ρXπ) = 0,

p− 1 if dim(ρXπ) = 1,

p if dim(ρXπ) ≥ 2 .
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Proof. Let Xi := ρX (Zi); since J (Zi) = J (Xi), Xi = 0 implies that

J (Zi) = 0. It is convenient to consider the associated bilinear forms:

Ξi(W1,W2) = g(J (Zi)W1,W2) = R(W1, Zi, Zi,W2)

= H(Xi, Xi)H(ρXW1, ρXW2) −H(Xi, ρXW1)H(Xi, ρXW2),

Ξ :=
∑

i

Ξi .

Since H is positive definite, Ξi(W,W ) and Ξ(W,W ) are positive semi-

definite quadratic forms. If Xi 6= 0, Rank{J (Xi)} = p − 1 by Lemma

2.5.3. Furthermore, if X ∈ X , then

Ξi(X,X) = 0 ⇔ X ∈ Span{Xi} .

If dim(ρXπ) = 0, then Xi = 0 for all i and J = 0. This is the first

possibility of the Lemma. Suppose dim(ρXπ) = 1. We suppose without loss

of generality thatX1 6= 0; letXi = ciX1 for i ≥ 1. Then J = (
∑

i c
2
i )J (X1)

has rank p− 1 which is the second possibility.

Suppose dim(ρXπ) ≥ 2. We suppose, without loss of generality, that

{X1, X2} is a linearly independent set. One has that

Range(J ) ⊆ X̃ so Rank(J ) ≤ dim(X̃ ) = p .

On the other hand, if X ∈ X and if Ξ(X,X) = 0, then Ξi(X,X) = 0 for

1 ≤ i ≤ r. In particular

X ∈ Span{X1} ∩ Span{X2} = {0} .

This implies Ξ is positive definite on X and hence Rank(J ) = p. �

Proof of Theorem 2.5.1 (3). Let {Z1, ..., Zr} be an orthonormal basis

for a spacelike subspace π ∈ Gr0,r(M). Let Xi := ρXZi. Because π is

spacelike, π ∩ X̃ = {0}. Since ker ρX = X̃ , dim(ρXπ) = r. We have

J (π) = J (X1) + ...+ J (Xr).

Since J (π)2 = 0, the Jordan normal form of J (π) is determined by the

rank. We apply Lemma 2.5.4 to see that the rank is p− 1 if r = 1 and that

the rank is p if r > 1. This shows M is Jordan Osserman of type (0, r). One

shows similarly that M is Jordan Osserman of type (r, 0). Theorem 1.9.2

then shows that M is Jordan Osserman of types (p, p − r) and (p − r, p).

Thus M is Jordan Osserman of type (r, s) if (r, s) is on the boundary of
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the square, or, equivalently, if there exists t with 1 ≤ t ≤ p− 1 so that

(r, s) = (0, t), (r, s) = (p, p− t), (r, s) = (t, 0), (r, s) = (p− t, p) .

We complete the proof by showing M is not Jordan Osserman for the

remaining admissible values of (r, s).

Consider the elements:

Xi := ∂xi − 1
2

∑

j

g(∂xi , ∂xj )∂x̃j .

We note ρXXi = ∂xi and {X1, ..., Xp, ∂x̃1 , ..., ∂x̃p} is a hyperbolic basis; this

means that:

(Xi, Xj) = (∂x̃i , ∂x̃j ) = 0 and

(Xi, ∂x̃j ) = δij for 1 ≤ i, j ≤ p.
(2.5.b)

Let 0 < r < p and 0 < s < p. We must show that M is not Jordan

Osserman of type (r, s). By Theorem 1.9.2, we may assume r + s ≤ p. We

assume 0 < r ≤ s < p as the situation when 0 < s ≤ r < p is similar. We

distinguish two cases:

1) Suppose s = 1. Then r = 1. We use Eq. (2.5.b) to define the following

subspaces of type (1, 1) with the indicated orthonormal bases and Jacobi

operators:

π1 := Span{X1 − 1
2∂x̃1 , X1 + 1

2∂x̃1},
J (π1) = −J (X1) + J (X1) = 0,

π2 := Span{εX1 − 1
2ε

−1∂x̃1 , X2 + 1
2∂x̃2},

J (π2) = −ε2J (X1) + J (X2) .

As J (π1) = 0, Rank(J (π1)) = 0. Since

Rank(J (X2)) = Rank(J (∂x2)) = p− 1,

Rank(J (π2)) ≥ Rank(J (X2)) ≥ p − 1 if ε is small. Consequently, M is

not Jordan Osserman of type (1, 1).

2) Suppose 1 ≤ r ≤ s < p, s ≥ 2, and r + s ≤ p; necessarily p ≥ 3.

For α 6= 0 and β 6= 0, we use Eq. (2.5.b) to define timelike subspaces π−(α)

and spacelike subspaces π+(β) with the indicated orthonormal bases and
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Jacobi operators:

π−(α) := Span{αX1 − 1
2α

−1∂x̃1 , ..., αX̃r − 1
2α

−1∂x̃r},
J −
α := −α2{J (∂x1) + ...+ J (∂xr )},

π+(β) := Span{βX̃r+1 + 1
2β

−1∂x̃r+1 , ..., βX̃r+s + 1
2β

−1∂x̃r+s},
J +
β := β2{J (∂xr+1) + ...+ J (∂xr+s)}.

Let π(α, β) := π−(α)⊕π+(β) ∈ Grr,s(M). The associated Jacobi operator

J (π(α, β)) = J −
α + J+

β . Since Range(J ) ⊂ X̃ , one sees that

Rank(J (π(α, β))) ≤ p for all α, β.

We have ρX (Xi) = ∂xi . We apply Lemma 2.5.4; J (·) is supported on X .

Since s ≥ 2, the bilinear form defined by J +
β is positive semi-definite of

rank p. Thus Rank{J (π(1, β))} = p for β large. Note that the bilinear

form defined by J−
α is negative semi-definite of rank at least p − 1. Thus

for α large, J (π(α, 1)) determines a quadratic form of signature (u, v) for

u ≥ p − 1 and u + v ≤ p. Thus by continuity, there must exist (α, β)

with α 6= 0 and β 6= 0 so J (π(α, β)) determines a degenerate quadratic

form on X . For such values of (α, β), Rank{J (π(α, β))} < p. This shows

that Rank{J (π(α) ⊕ π(β))} is not constant and hence M is not Jordan

Osserman of type (r, s). �

Proof of Theorem 2.5.1 (4). We study the skew-symmetric curvature

operator using arguments of Gilkey and Zhang (2002b). Let {Z1, Z2} be

an orthonormal basis for a non-degenerate 2-plane π. Since R(π)2 = 0,

Rank(R(π)) determines the Jordan normal form of R(π). We expand

Zν = Xν + X̃ν ,

R(π) = R(X1, X2), (2.5.c)

g(R(π)Z3, Z4) = H(X1, X4)H(X2, X3) −H(X1, X3)H(X2, X4) .

If π is spacelike or timelike, then π contains no null vectors and thus

{X1, X2} are linearly independent vectors. We extend the set {X1, X2} to

a basis {X1, ..., Xp} for X (P ). Since H is non-degenerate, we can choose a

basis {X∗
1 , ..., X

∗
p} for X (P ) so H(Xi, X

∗
j ) = δij . By Eq. (2.5.c),

g(R(X1, X2)X
∗
i , X

∗
j ) =





1 if i = 2, j = 1,

−1 if i = 1, j = 2,

0 otherwise.
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It now follows that

Rank(R(π)) = Rank(R(X1, X2)) = 2 . (2.5.d)

Thus M is spacelike Jordan Ivanov–Petrova and timelike Jordan Ivanov–

Petrova.

To see that M is not mixed Ivanov–Petrova, consider the 2-planes:

π1 := Span{∂x1 , ∂x̃1}, and

π2(ε) := Span{ε∂x1 + ε−1∂x̃1 , ε∂x2 − ε−1∂x̃2},

respectively, where ε is a real parameter. The matrices giving the induced

inner products on π1 and π2(ε) are given by:

A1 : =

(
0 1

1 g(∂x1 , ∂x1)

)
, and

A2 : =

(
2 + ε2g(∂x1 , ∂x1) ε2g(∂x1 , ∂x2)

ε2g(∂x1 , ∂x2) −2 + ε2g(∂x2 , ∂x2)

)

respectively. Since det(A1) = −1 and det(A2) = −4 +O(ε2), π1 and π2(ε)

are mixed 2-planes for ε small. Since

R(π1) = 0 and R(π2(ε)) = c(ε)R(∂x1 , ∂x2) 6= 0,

R(π1) and R(π2(ε)) are not Jordan equivalent and hence M is not mixed

Jordan Ivanov–Petrova. �

Proof of Theorem 2.5.1 (6). We recall the definition of Section 1.8.1. If

π is a spacelike or timelike k-plane, let {e1, ..., ek} be an orthonormal basis

for π. The Stanilov operator is defined by setting:

Θ(π) :=
∑

i,j

R(ei, ej)R(ei, ej) .

Since R(π1)R(π2) = 0 for any 2-planes πi, Θ(π) = 0 and hence these

manifolds are k-Stanilov for any k. �

2.5.2 Curvature homogeneity

Proof of Theorem 2.5.2. Assume that H is a non-degenerate bilinear

form of signature (r, s) at every point P of R2p. Fix P ∈ R2p. Diagonalize
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the quadratic form H at P to choose X̄i =
∑

j aij∂xj so

H(X̄i, X̄j) =





0 if i 6= j,

−1 if i ≤ r,

+1 if i > r .

Let aij be the inverse matrix. Set

X̃i :=
∑

j

aji∂x̃j and Xi := X̄i −
∑

j

1
2g(X̄i, X̄j)X̃j .

The non-zero components of g and of R are then given by:

g(Xi, X̃i) = 1 and R(Xi, Xj , Xk, Xl) = εiεj{δilδjk − δikδjl}

where εi = −1 for i ≤ r and εi = +1 for i > r. This provides a normalized

basis for TPM and shows that (TPM, gP , RP ) is determined by (r, s). This

shows that Mr,s is a 0-model for M. Since RP = RL where ker(L) = X̃
is totally isotropic, (TPM, gP , RP ) is indecomposable by Lemma 1.6.3. By

Lemma 2.5.1, Mr,s is a symmetric space. This completes the proof of

Assertion (1).

We have R = AL is determined by the quadratic form L. If φ is an

isomorphism of M0(M, P ), then φ∗AL = AL. Since Rank(L) ≥ 3, Lemma

1.6.5 shows that φ∗L = ±L; Assertion (2) now follows. We have

ker(R) = {ξ ∈ TPM : R(ξ, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ TPM} = X̃ .

Let π be the natural projection from TPM to V̄ := TPM/ ker(R). There

are structures L̄ and Āν on V̄ so that

L = π∗L̄ and ∇νRP = π∗Āν .

We have Ā = AL̄. We have φ̄∗L̄ = ±L̄. We can use L̄ to define an inner

product on V̄ . Assertion (3) follows from the observation that

α2 = ||Ā1||2L̄ .

To prove Assertion (4), it suffices to construct f so that α(f, ·) is con-

stant on no open subset of Rp; the fact that such f are generic will then

follow using standard arguments. We suppose H positive definite in the

interests of simplicity. Let f;i = ∂xif , f;ij := ∂xi∂xjf , and so forth. We use
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Lemma 2.5.2 to see:

R(∂xi , ∂xj , ∂xk , ∂xl) = f;ilf;jk − f;ikf;jl,

∇R(∂xi , ∂xj , ∂xk , ∂xl ; ∂xn) = ∂xn{f;ilf;jk − f;ikf;jl} .

Let Θ = Θ(x1) be a smooth function on R so that |Θ;11| < 1. Set

f(x) := 1
2{x2

1 + ...+ x2
p} + Θ(x1) .

We may then compute, up to the usual Z2 symmetries, that the non-zero

components of R and of ∇R are:

R(∂x1 , ∂xi , ∂xi , ∂x1) = 1 + Θ;11 for 2 ≤ i ≤ p,

R(∂xi , ∂xj , ∂xj , ∂xi) = 1 for 2 ≤ i < j ≤ p,

∇R(∂x1 , ∂xi , ∂xi , ∂x1 ; ∂x1) = Θ;111 for 2 ≤ i ≤ p .

Consequently after taking into account to normalize the basis for the tan-

gent bundle suitably, we have

αf =
4(p− 1)Θ2

;111

(1 + Θ;11)3
.

It is now clear the metric g is not locally homogeneous for generic Θ. �

2.6 Plane Wave Manifolds with Flat Factors

We follow the discussion of Gilkey, Ivanova, and Zhang (2002) and of Gilkey,

Ivanova, and Zhang (2003) to extend the examples discussed in Section 2.5

with a flat factor; these manifolds have interesting spectral properties.

Definition 2.6.1 Let f ∈ C∞(Rp). Let (x1, ..., xp, x̃1, ..., x̃p, y1, ..., ya+b)

be coordinates on R2p+a+b. Let N := (R2p+a+b, g) be the manifold of

signature (p+ a, p+ b) where

g(∂xi , ∂xi) := ∂xif · ∂xjf, g(∂xi , ∂x̃i) := 1

g(∂yi , ∂yi) :=

{−1 if 1 ≤ i ≤ a,

+1 if a+ 1 ≤ i ≤ a+ b .

Then N := M × R(a,b) is the isometric product of the manifold M of

Definition 2.5.2 with a flat factor R(a,b) of signature (a, b) where

M := (R2p, g|R2p) .
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If a = b = 0, then N = M; these manifolds were treated in Section 2.5.

The new phenomena arise when a > 0, b = 0, when a = 0, b > 0, and when

a > 0, b > 0. It is clear that these are generalized plane wave manifolds.

Theorem 2.6.1 Let N be as in Definition 2.6.1. Let Hij := ∂xi∂xjf for

1 ≤ i, j ≤ p. Assume that H is positive definite. Then

(1) N is not mixed Jordan Ivanov–Petrova.

(2) Suppose that a > 0 and b = 0. Then N is:

(a) Not timelike Jordan Osserman.

(b) Not timelike Jordan Ivanov–Petrova.

(c) Spacelike Jordan Osserman and spacelike Jordan Ivanov–Petrova.

(3) Suppose that a = 0 and b > 0. Then N is:

(a) Timelike Jordan Osserman and timelike Jordan Ivanov–Petrova.

(b) Not spacelike Jordan Osserman.

(c) Not spacelike Jordan Ivanov–Petrova.

(4) Suppose that a > 0 and b > 0. Then N is:

(a) Not timelike Jordan Osserman.

(b) Not timelike Jordan Ivanov–Petrova.

(c) Not spacelike Jordan Osserman.

(d) Not spacelike Jordan Ivanov–Petrova.

(5) N is Jordan Osserman

(a) of types (r, 0) and (p+ a− r, p+ b) if a = 0 and if 0 < r ≤ p;

(b) of types (0, s) and (p+ a, p+ b− s) if b = 0 and if 0 < s ≤ p;

(c) of types (r, 0) and (p+a−r, p+b) if a > 0 and if a+2 ≤ r ≤ p+a;

(d) of types (0, s) and (p+a, p+ b−s) if b > 0 and if b+2 ≤ s ≤ p+ b.

(6) N is not Jordan Osserman of type (r, s) otherwise.

Remark 2.6.1 This shows that timelike Jordan Osserman (respectively

timelike Jordan Ivanov–Petrova) and spacelike Jordan Osserman (respec-

tively spacelike Jordan Ivanov–Petrova) are different notions. It also pro-

vides additional examples showing the dependence upon (r, s) in the notion

of Jordan Osserman of varying types.

Proof of Theorem 2.6.1 (1)-(4). Let N := M×R(a,b). We decompose

TN := X ⊕ X̃ ⊕ Ỹ for

X := Span{∂xi}, X̃ := Span{∂x̃i}, Y := Span{∂yj} .
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Let πX , πX̃ , and πY be the associated projections. We set πM := πX +πX̃ .

Let R and RM be the curvature tensors on N and M respectively. Then

R = π∗
MRM .

One may generalize Eq. (2.5.a) to have:

J (·) : X → X̃ , J (·) : X̃ → 0, J (·) : Y → 0,

R(·) : X → X̃ , R(·) : X̃ → 0, R(·) : Y → 0 .
(2.6.a)

It now follows that

J (Z)2 = 0 and R(Z1, Z2)
2 = 0.

Consequently the Jordan normal form of these operators is determined by

their rank. Assertion (1) follows from the proof of Theorem 2.5.1 given

previously; the extra factor of R(a,b) plays no role.

Fix P ∈ N . Suppose that b = 0. Let Z ∈ S+(TPN) be spacelike. Let

X := πXZ, X̃ := πX̃Z, and Y := πYZ. If X = 0, g(Z,Z) = g(Y, Y ) ≤ 0

which is false. Thus X 6= 0 and by Lemma 2.5.3

Rank{J (Z)} = Rank{JM(X)} = p− 1.

Thus N is spacelike Jordan Osserman.

A similar argument shows that if σ is a spacelike 2-plane, then πMσ is

spacelike 2-plane in R2p. Thus by Eq. (2.5.d),

Rank{R(σ)} = Rank{RM(πXσ)} = 2 .

It now follows that N is spacelike Jordan Ivanov–Petrova. This proves

Assertion (2c).

Suppose b > 0. Let Z1 := ∂x1 +∂x̃1 and Z2 := ∂ya+b . These are spacelike

vectors. Furthermore,

Rank{J (Z1)} = p− 1 and Rank{J (Z2)} = 0 .

Thus N is not spacelike Jordan Osserman. Let Z3 := ∂x2 + ∂x̃2 . Define

spacelike 2-planes

σ1 := Span{Z1, Z3} and σ2 := Span{Z1, Z2} .

One then has that

Rank{R(σ1)} = 2 and Rank{R(σ2)} = 0 .
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Thus N is not spacelike Jordan Ivanov–Petrova. This proves Assertions

(3b) and (3c). The proof of Assertions (2a), (2b), (3a), (4a), (4b), (4c),

and (4d) is similar. �

We now turn to the higher order Jacobi operator.

Proof of Theorem 2.6.1 (5). If {e−1 , ..., e−r , e+1 , ..., e+s } is an orthonormal

basis for a non-degenerate subspace σ of signature (r, s), then

J (σ) := −J (e−1 ) − ...−J (e−r ) + J (e+1 ) + ...+ J (e+s ) .

By Eq. (2.6.a), (J (σ))2 = 0. Thus the Jordan normal form is determined

by the rank; N will be Jordan Osserman of type (r, s) if and only if

Rank{J (σ)} is constant on Grr,sN .

Suppose s = 0 so σ is timelike. Then

πX (σ) = Span{πX (e−1 ), ..., πX (e−r )}, and

J (σ) = −J πX (e−1 ) − ...−J πX (e−r ).

By Lemma 2.5.4,

Rank{J (σ)} =





0 if dim{πX (σ)} = 0,

p− 1 if dim{πX (σ)} = 1,

p if dim{πX (σ)} ≥ 2.

Suppose that a = 0. Then ker{πX} = X̃ ⊕ Y contains no spacelike

vectors. Thus if σ is spacelike, then kerπX ∩ σ = {0}. Consequently,

dim{πX (σ)} = r is independent of σ so N is Jordan Osserman of type (r, 0).

Dually, by Theorem 1.9.2, N is Jordan Osserman of type (p−r, p+b). This

proves Theorem 2.6.1 (5a); the proof of Assertion (5b) is similar.

Suppose r ≥ a + 2 and a > 0. If τ is a maximal spacelike subspace of

X̃ ⊕ Y , then dim τ ≤ a. Thus

dim{kerπX ∩ σ} ≤ a so dim{πX (σ)} ≥ r − a ≥ 2

and hence Rank{J (σ)} = p. Thus N is Jordan Osserman of type (r, 0)

and dually, it is Jordan Osserman of type (p − r, b + p). This establishes

Assertion (5c); Assertion (5d) follows similarly. This completes the proof

of Assertion (5). �

Proof of Theorem 2.6.1 (6). We consider several cases. Let

σ := Span{Z1, ..., Zr}
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and let J := J (Z1) + ...+ J (Zr). By Lemma 2.5.3,

Rank(J ) =





0 if dim(ρXσ) = 0,

p− 1 if dim(ρXσ) = 1,

p if dim(ρXσ) ≥ 2 .

(2.6.b)

Suppose a > 0 and r ≤ a + 1. We must show that N is not Jordan

Osserman of type (r, 0); we may then use duality to see that N is not

Jordan Osserman of type (p+ a− r, p+ b). Let

{Z−
1 , ..., Z

−
p , Y

−
1 , ..., Y −

a }

be an orthonormal basis for a maximal timelike subspace of TPM where

Z−
i ∈ X + X̃ and Yj ∈ Y . Let

σu,v := Span{Z−
1 , ..., Z

−
u , Y

−
1 , ..., Y −

v } ∈ Gr(u+v,0)(TPM) .

Suppose first that 0 < r ≤ a. By Eq. (2.6.b):

dim{πX (σ1,r−1)} = 1 ⇒ Rank{J (σ1,r−1)} = p− 1,

dim{πX (σ0,r)} = 0 ⇒ Rank{J (σ0,r)} = 0 .

Therefore N is not Jordan Osserman of type (r, 0). Suppose next r = a+1.

Since a > 0, r ≥ 2 and

dim{πX (σ2,a−1)} = 2 ⇒ Rank{J σ2,a−1)} = p,

dim{πX (σ1,a)} = 1 ⇒ Rank{J σ1,a)} = p− 1 .

Thus N is not Jordan Osserman of type σ0,r. The case b > 0 and r < b+2

is similar and is omitted in the interests of brevity.

Finally, suppose 1 ≤ r ≤ p+ a− 1 and 1 ≤ s ≤ p+ b− 1. Let

{Y −
1 , ..., Y −

a , Y
+
1 , ..., Y +

b }

be an orthonormal basis for R(a,b). We define maps

Ta,bσ := σ ⊕ Span{Y −
1 , ..., Y −

a , Y
+
1 , ..., Y +

b )

from Grα,βM to Grα+a,β+bN . We then have

JN (Ta,bσ) = JN (σ) for all σ ∈ Grα,βM. (2.6.c)

Suppose N is Jordan Osserman of type (r, s). Expand

r = α+ u for 1 ≤ α ≤ p− 1 and 0 ≤ u ≤ a,

s = β + v for 1 ≤ β ≤ p− 1 and 0 ≤ v ≤ b .
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If N is Jordan Osserman of type (r, s), then we may use Eq. (2.6.c) to see

that M is Jordan Osserman of type (α, β). This contradicts Theorem 2.5.1

and thereby completes the proof of Theorem 2.6.1. �

2.7 Nikčević Manifolds

In previous sections, we have discussed generalized plane wave manifolds of

neutral signature and of signature (2, 4). In this section, we present results

of Gilkey, Nikčević, and Videv (2004) and of Gilkey and Nikčević (2004a)

where the timelike directions dominate. We also fix a few minor technical

mistakes in those papers.

Definition 2.7.1 Fix s ≥ 2. Let indices i, j, k range from 1 through s.

Let ~u := (u1, ..., us), ~t := (t1, ..., ts), and ~v := (v1, ..., vs) give coordinates

(~u,~t, ~v) on R3s. Introduce distributions

U := Spani{∂ui}, T := Spani{∂ti}, V := Spani{∂vi} .

Let fi ∈ C∞(R). Set:

F (~u) := f1(u1) + ...+ fs(us),

|u|2 :=

s∑

i=1

u2
i , and u · t :=

s∑

i=1

uiti .

Let M := (R3s, g) be the pseudo-Riemannian manifold of signature (2s, s)

where the non-zero components of the metric are given by:

g(∂ui , ∂ui) := −2F (~u) − 2u · t, g(∂ui , ∂vi) := 1, g(∂ti , ∂ti) := −1 .

Let Al(n) be the affine linear group on Rn. In Section 2.7.1, we establish

the following result:

Lemma 2.7.1 The manifold of Definition 2.7.1 is a generalized plane

wave manifold of signature (2s, s).

(1) The possibly non-zero entries in R and ∇R are given by:

(a) R(∂ui , ∂uj , ∂uj , ∂ui) = ∂2
ui(fi) + ∂2

uj (fj) + |u|2 for i 6= j.

(b) R(∂ui , ∂uj , ∂uj , ∂ti) = 1 for i 6= j.

(c) ∇R(∂ui , ∂uj , ∂uj , ∂ui ; ∂ui) = ∂3
ui(fi) + 4ui for i 6= j.

(d) ∇R(∂ui , ∂uj , ∂uj , ∂uk ; ∂ui) = uk for {i, j, k} distinct.

(2) We have R(z1, z2)R(z3, z4)R(z5, z6) = 0 and J (z1)J (z2)J (z3) = 0.
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(3) ker(R) = V and ker(R)⊥ = T + V.

(4) Let φ be an isometry of M. There exists A1 ∈ Al(s), a smooth map

A2 : Rs → Al(s), and a smooth map A3 : R2s → Al(s) so that

φ(~u,~t, ~v) = (A1~u,A2(~u)~t, A3(~u,~t )~v) .

In Section 2.7.2, we shall prove the following result:

Theorem 2.7.1 Let M be as in Definition 2.7.1. Then M is 0-curvature

homogeneous and indecomposable.

Let M be as in Definition 2.7.1. Set

αM :=

s∑

i1,i2,i3,i4,i5=1

∇R(∂ui1 , ∂ui2 , ∂ui3 , ∂ui4 ; ∂ui5 )2 .

The following result will be established in Section 2.7.3:

Theorem 2.7.2

(1) Let Mi be as in Definition 2.7.1. If M1(M1, P1) is isomorphic to

M1(M2, P2), then αM1(P1) = αM2(P2).

(2) If s ≥ 3 and if M is as in Definition 2.7.1, then M is not 1-curvature

homogeneous.

The case s = 2 is exceptional in many ways. We shall derive the follow-

ing consequences of Theorem 2.7.2:

Corollary 2.7.1 Let M be as in Definition 2.7.1 where s = 2.

(1) The following assertions are equivalent:

(a) M is 1-curvature homogeneous.

(b) f
(4)
1 = f

(4)
2 = −4.

(c) M is homogeneous.

(2) Let fi(ui) = − 2
3u

3
i define S. The following conditions are equivalent:

(a) M is isometric to S.

(b) M is a symmetric space.

(c) f
(3)
1 (t) = f

(3)
2 (t) = −4t.

We conclude our discussion of these manifolds in Section 2.7.4 by estab-

lishing the following result concerning the spectral geometry of this family:

Theorem 2.7.3 Let M be as in Definition 2.7.1.
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(1) M is Jordan Osserman of type (a, b) if and only if

(a, b) = (0, k) or (a, b) = (2s, s− k) for 1 ≤ k ≤ s or

(a, b) = (k, 0) or (a, b) = (2s− k, s) for s+ 2 ≤ k ≤ 2s.

(2) M is spacelike Jordan Ivanov–Petrova of rank 4.

M is not timelike Jordan Ivanov–Petrova.

(3) M is spacelike k-Stanilov if and only if 2 ≤ k ≤ s.

M is timelike k-Stanilov if and only if k = 2s.

We remark that since M has vanishing Ricci tensor, similar assertions

hold if we replace the words “Osserman” by “conformal Osserman”, or if

we replace the words “Ivanov–Petrova” by “conformal Ivanov–Petrova”, or

if we replace the words “Stanilov” by “conformal Stanilov”. We also note

that it is possible to show that M is not Jordan Stanilov of type (a, b) for

1 ≤ a ≤ 2s and 1 ≤ b ≤ s where 2 ≤ a+ b ≤ 3s− 1. We omit details in the

interests of brevity.

2.7.1 The curvature tensor

Proof of Lemma 2.7.1. Let i 6= j. The non-zero Christoffel symbols are:

g(∇∂ui
∂ui , ∂ui) = −∂ui(fi) − ti,

g(∇∂ui
∂ui , ∂uj ) = ∂uj (fj) + tj ,

g(∇∂ui
∂uj , ∂ui) = g(∇∂uj

∂ui , ∂ui) = −∂uj (fj) − tj ,

g(∇∂ui
∂ui , ∂ti) = ui,

g(∇∂ui
∂ti , ∂ui) = g(∇∂ti

∂ui , ∂ui) = −ui,
g(∇∂ui

∂ui , ∂tj ) = uj ,

g(∇∂ui
∂tj , ∂ui) = g(∇∂tj

∂ui , ∂ui) = −uj .

Consequently, the non-zero covariant derivatives are given by:

∇∂ui
∂ui = −(∂ui(fi) + ti)∂vi +

∑

k 6=i
(∂uk (fk) + tk)∂vk −

∑

k

uk∂tk ,

∇∂ui
∂uj = −(∂uj (fj) + tj)∂vi − (∂ui(fi) + ti)∂vj , (2.7.a)

∇∂ui
∂ti = ∇∂ti

∂ui = −ui∂vi , and ∇∂ui
∂tj = ∇∂tj

∂ui = −uj∂vi .

Since fi = fi(ui), the covariant derivative has the required triangular form

relative to the ordering of the variables (u1, ..., us, t1, ..., ts, v1, ..., vs). Thus

M is a generalized plane wave manifold.
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It is immediate from Eq. (2.7.a) that R(ξ1, ξ2)ξ3 = 0 if any of the ξν
belong to V , or if at least two of the variables belong to Span{∂ti}. Also

R(∂ui , ∂uj )∂uk = 0 if the indices {i, j, k} are distinct. Thus the only curva-

tures that can be non-zero are R(∂ui , ∂uj , ∂uj , ∂ui) and R(∂ui , ∂uj , ∂uj , ∂ti).

In contrast to previous examples that have been studied, the Christoffel

symbols play a crucial role in the computation of the curvature tensor and

of ∇R; the interaction term −∑k uk∂tk in ∇∂ui
∂ui is in many ways the

crucial term. Assertions (1a) and (1b) of Lemma 2.7.1 follow from the

computation for i 6= j that:

∇∂ui
∇∂uj

∂uj = ∂2
ui(fi)∂vi − ∂ti + |u|2∂vi ,

∇∂uj
∇∂ui

∂uj = −∂2
uj (fj)∂vi ,

R(∂ui , ∂uj )∂uj = {∂2
uifi + ∂2

ujfj + |u|2}∂vi − ∂ti .

We have similarly that ∇ξ1R(ξ2, ξ3)ξ4 = 0 if at least one of the ξi
belongs to T +V . Since ∂ui∂ujF = 0 for i 6= j, we establish Assertions (1c)

and (1d) of Lemma 2.7.1 by showing that the only non-zero components of

∇R are given for i 6= j by:

∇R(∂ui , ∂uj , ∂uj , ∂ui ; ∂ui)

= ∂uiR(∂ui , ∂uj , ∂uj , ∂ui) − 2R(∇∂ui
∂ui , ∂uj , ∂uj , ∂ui)

− 2R(∂ui ,∇∂ui
∂uj , ∂uj , ∂ui)

= ∂3
ui(fi) + 2ui + 2R(

∑

k

uk∂tk , ∂uj , ∂uj , ∂ui) = ∂3
ui(fi) + 4ui

and for {i, j, k} distinct by:

∇R(∂ui , ∂uj , ∂uj , ∂uk ; ∂ui) = −R(∇∂ui
∂ui , ∂uj , ∂uj , ∂uk )

= R(
∑

`

u`∂t` , ∂uj , ∂uj , ∂uk ) = uk .

We use Assertion (1a) of Lemma 2.7.1 to see that

R(·)U ⊂ T + V , J (·)U ⊂ T + V ,
R(·)T ⊂ V , J (·)T ⊂ V ,
R(·)V = {0}, J (·)V = {0} .

Assertion (2) of Lemma 2.7.1 now follows; Assertion (3) is immediate from

Assertion (1) as only the term R(∂ui , ∂vj , ∂vj , ∂ti) = 1 is needed for the

argument. Assertion (4) now follows from Lemma 2.2.2 and the discussion

given above. �
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2.7.2 Curvature homogeneity

We consider the following models:

Definition 2.7.2 Let {Ū1, ..., Ūs, T̄1, ..., T̄s} be a basis for R2s. Set

T̄ := Span{T̄i} .

Let M̄
w
0 := (R2s, Ā) be the weak 0-model where the non-zero components

of Ā are given by

Ā(Ūi, Ūj , Ūj , T̄i) := 1 for i 6= j .

Definition 2.7.3 Let {U1, ..., Us, T1, ..., Ts, V1, ..., Vs} be a basis for R3s.

Let M0 := (R3s, 〈·, ·〉, A) be the 0-model where the non-zero components of

〈·, ·〉 are given by:

〈Ui, Vi〉 = 〈Vi, Ui〉 := 1, 〈Ti, Ti〉 := −1,

and the non-zero components of A are given by:

A(Ui, Uj , Uj , Ti) := 1 for i 6= j .

Note that if π is the natural projection from R3s to R2s which is defined

by π(Ui) := Ūi, π(Ti) := T̄i, and π(Vi) = 0, then

π∗Ā = A .

Lemma 2.7.2

(1) Let v̄1 ∈ R2s. Suppose there is 0 6= v̄2 ∈ R2s so Ā(v̄1, v̄2, w̄1, w̄2) = 0

and Ā(v̄1, w̄1, w̄2, v̄2) = 0 for all w̄1, w̄2 ∈ R2s. Then v̄1 ∈ T̄ .

(2) If φ is an isomorphism of M̄
w
0 , then φT̄ ⊂ T̄ .

(3) M̄
w
0 is indecomposable.

(4) M0 is indecomposable.

(5) M0 is a 0-model for any manifold M as in Definition 2.7.1.

Proof. Let v̄1 ∈ R2s. Suppose there exists a non-zero vector v̄2 ∈ R2s

so that Ā(v̄1, v̄2, w̄1, w̄2) = 0 and Ā(v̄1, w̄1, w̄2, v̄2) = 0 for all w̄1, w̄2 ∈ R2s.

Expand

v̄1 =
∑

i

(aiŪi + biT̄i) and v̄2 =
∑

i

(ciŪi + diT̄i) .
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Suppose v̄1 /∈ T̄ ; we argue for a contradiction. Since v̄1 /∈ T̄ , ai 6= 0 for

some i; without loss of generality we may suppose a1 6= 0. Let i 6= 1. Then

0 = Ā(v̄1, Ūi, T̄1, v̄2) = −a1ci,

0 = Ā(v̄1, Ūi, T̄i, v̄2) =
∑

i6=j
ajcj .

Consequently a1ci =
∑
i6=j ajcj = 0. Since a1 6= 0, ci = 0 for i 6= 1. Thus

0 =
∑

i6=j ajcj = a1c1. Since a1 6= 0, c1 = 0. This shows

v̄2 = d1T̄1 + ...+ dsT̄s .

We may therefore compute

0 = Ā(v̄1, v̄2, Ūi, Ū1) = a1di,

0 = Ā(v̄1, Ūi, Ūi, v̄2) =
∑

j 6=i
ajdj .

Thus 0 = a1di =
∑

j 6=i ajdj . Since a1 6= 0, di = 0 for i 6= 1. Since

then
∑
j 6=i ajdj = a1d1, we also have d1 = 0. This implies v̄2 = 0; this

contradiction establishes Assertion (1). Since Assertion (1) gives a basis

free definition of T̄ , Assertion (2) follows.

Suppose we have a non-trivial decomposition R2s = V̄ 1 ⊕ V̄ 2 which

induces a decomposition Ā = Ā1 ⊕ Ā2. Choose 0 6= v̄i ∈ V̄ i. We then have

Ā(v̄1, v̄2, η1, η2) = Ā(v̄1, η1, η2, v̄
2) = 0 ∀ ηi ∈ R2s .

This implies v̄1 ∈ T̄ so V̄ 1 ⊂ T̄ . Similarly V̄ 2 ⊂ T̄ and thus R2s ⊂ T̄ which

is false. Assertion (3) follows. Assertion (4) follows from Lemma 1.6.4,

from Assertion (3), and from the observation that ker(A) = Span{Vi} is

totally isotropic.

Fix P ∈ R3s. Let εi and %i be constants to be specified presently. Set

Ui := ∂ui + εi∂ti + %i∂vi , Ti := ∂ti + εi∂vi , and Vi := ∂vi .

Let i 6= j. Since g(Ui, Ti) = εi − εi = 0, the possibly non-zero entries of g

and R are given by

g(Ui, Ui) = g(∂ui , ∂ui) − ε2i + 2%i,

g(Ti, Ti) = −1, g(Ui, Vi) = 1,

R(Ui, Uj , Uj , Ti) = 1, and

R(Ui, Uj , Uj , Ui) = ∂2
i fi + ∂2

j fj + |u|2 + 2εi + 2εj .
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We set

εi := − 1
2∂

2
i fi − 1

4 |u|2 and %i := 1
2{ε2i − g(∂ui , ∂ui)} .

This ensures that g(Ui, Ui) = 0 and R(Ui, Uj , Uj , Ui) = 0 and establishes

the existence of a basis with the normalizations of Definition 2.7.3. This

shows that M0 is a 0-model for M. �

Proof of Theorem 2.7.1. By Lemma 2.7.2, M0 is a 0-model for M. By

Lemma 2.7.2, M0 is indecomposable. �

2.7.3 Local isometry invariants

These manifolds are generalized plane wave manifolds; thus once again, we

must find local invariants which are not of Weyl type.

Let O(s) ⊂ Ms(R) be the usual orthogonal group of s × s matrices;

κij ∈ O(s) if and only if
∑

k κikκjk = δij . Let G(M0) be the isomorphism

group of the 0-model M0. Define a degenerate positive semi-definite form

h on R3s whose only non-zero components are

h(Ui, Uj) = δij .

Lemma 2.7.3 Let M0 = (R3s, 〈·, ·〉, A) be as in Definition 2.7.3.

(1) ψ ∈ G(M0) if and only if there exists κ ∈ O(s) so that

ψ =








κ 0 0

? κ 0

? ? κ







 .

(2) If ψ ∈ G(M0), then ψ∗h = h.

(3) Let M1 := (R3s, 〈·, ·〉, A,A1) where A1 is a covariant derivative cur-

vature tensor with A(ξ1, ξ2, ξ3, ξ4; ξ5) = 0 if any entry ξν belongs to

Span{Ti, Vi}. Set

αM1
:=

∑

i1,i2,i3,i4,i5

{A1(Ui1 , Ui2 , Ui3 , Ui4 ;Ui5)}2 .

Then αM1
is an invariant of M1.

(4) Let σ be a spacelike or timelike k-plane in R3s. There exists ψ ∈ G(M0)

and an orthonormal basis {X1, ..., Xk} for ψσ so that Xi = aiUi+T +V.
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Proof. Let ψ ∈ G(M0). The following subspaces are invariantly defined

and are preserved by ψ:

ker(R) : = {η ∈ R3s : A(ζ1, ζ2, ζ3, η) = 0 for all ζ1, ζ2, ζ3 ∈ R3}
= Span{V1, ..., Vs},

ker(R)⊥ : = {η ∈ R3s : 〈η, ζ〉 = 0 for all ζ ∈ ker(R)}
= Span{T1, ..., Ts, V1, ..., Vs} .

Since Vi ∈ ker(R), ψVi ∈ ker(R); since Ti ∈ ker(R)⊥, ψTi ∈ ker(R)⊥. Thus

ψUi =
∑

j

{κ1,ijUj + κ2,ijTj + κ3,ijVj},

ψTi =
∑

j

{κ4,ijTj + κ5,ijVj}, and ψVi =
∑

j

κ6,ijVj .

We verify that κ4 ∈ O(s) by checking

−δij = 〈ψTi, ψTj〉 =
∑

k,l

κ4,ikκ4,jl〈Tk, Tl〉 = −
∑

k

κ4,ikκ4,jk .

If κ ∈ O(s), define ψκ = κ⊕ κ⊕ κ by

ψκUi :=
∑

j

κijUj , ψκTi :=
∑

j

κijTj , ψκVi :=
∑

j

κijVj .

Clearly ψκ ∈ G(M0). By replacing the original isomorphism ψ by ψκ−1
4
ψ,

we may suppose that κ4 = id in the proof of the Lemma. Consequently we

may assume without loss of generality

ψUi =
∑

j

{κ1,ijUj + κ2,ijTj + κ3,ijVj},

ψTi = Ti +
∑

j

κ5,ijVj , and ψVi =
∑

j

κ6,ijVj .

We wish to show κ1 = id. Suppose s = 2. We compute:

1 = R(ψU1, ψU2, ψU2, ψT1) = (κ1,11κ1,22 − κ1,12κ1,21)κ1,22,

1 = R(ψU1, ψU2, ψT2, ψU1) = (κ1,11κ1,22 − κ1,12κ1,21)κ1,11,

0 = R(ψU1, ψU2, ψU1, ψT1) = (κ1,11κ1,22 − κ1,12κ1,21)κ1,12,

0 = R(ψU1, ψU2, ψT2, ψU1) = (κ1,11κ1,22 − κ1,12κ1,21)κ1,21 .

From this it follows that κ12 = κ21 = 0 and κ11 = κ22. Consequently

κ3
11 = 1 and κ1 = id as desired.
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Suppose that s ≥ 3. Fix j. We have

dim
{
Spank 6=j{Uk}

}
= s− 1,

dim
{
Spank 6=j;1≤`≤s{ψUk, ψT`, ψV`}

}
≥ 3s− 1,

dim
{
{Spank 6=j{Uk} ∩ Spank 6=j;1≤`≤s{ψUk, ψT`, ψV`}

}

≥ (s− 1) + (3s− 1) − 3s = s− 2 > 0 .

Thus we may choose

0 6= u ∈ Spank 6=j{Uk} ∩ Spank 6=j;1≤`≤s{ψUk, ψT`, ψV`} .

Since u ∈ Spank 6=j;1≤`≤s{ψUk, ψT`, ψV`},

0 = A(ψUi, u, u, ψTj) .

Expand u =
∑

k 6=j εkUk. As ψTj = Tj +
∑

k κ5,jkVk, we may compute

0 = A(ψUi, u, u, ψTj) = A




∑

k

κ1,ikUk,
∑

a6=j
εaUa,

∑

b6=j
εbUb, Tj





= κ1,ij

∑

a6=j
ε2a .

This shows κ1,ij = 0 for i 6= j so κ1 is diagonal. Since

1 = A(ψUi, ψUj , ψUj , ψTi) = κ1,iiκ1,jjκ1,jj ,

1 = A(ψUj , ψUi, ψUi, ψTj) = κ1,jjκ1,iiκ1,ii,

κ1,ii = 1 as desired. We use the identity 〈ψUi, ψVj〉 = δij to see κ6 = id as

well. This completes the proof of Assertion (1) of Lemma 2.7.3.

Assertion (2) is now immediate from Assertion (1).

Let Rs := R3s/ ker(R)⊥ and let π : R3s → Rs be the associated pro-

jection; Rs = Span{πUi}. Define a positive definite inner product h̄ on Rs

by

h(πUi, πUj) = δij .

Any isomorphism of M0 preserves ker(R)⊥ and induces, by Assertion (2),

an isometry of (Rs, h̄). Let A1 satisfy the hypotheses of Assertion (3).

Then there is an algebraic covariant derivative curvature tensor Ā1 on Rs

so π∗Ā1 = A1. Assertion (3) follows since

αM1
= ||Ā1||2h̄ .
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Let σ be a spacelike (respectively timelike) k-plane. Then 〈·, ·〉 is definite

on σ. We can diagonalize h with respect to 〈·, ·〉 to choose an orthonormal

basis Xi for σ so that for ≤ i, j ≤ k one has:

h(πXi, πXj) = a2
i δij .

Since {a−1
i πXi}ai 6=0 forms an orthonormal set in (Rs, h̄), we may choose

κ ∈ O(s) so that

κπXi = aiπUi for 1 ≤ i ≤ k .

We take ψ = ψκ to establish Assertion (4) of Lemma 2.7.3. �

Proof of Theorem 2.7.2. Assertion (1) of Theorem 2.7.2 is an immediate

consequence of Lemma 2.7.1 and of Lemma 2.7.3.

Suppose that s ≥ 3. If M is 1-curvature homogeneous, then α = c must

be constant. We may estimate:

u2
1 = ∇R(∂u1 , ∂u2 , ∂u2 , ∂u3 ; ∂u3)

2 ≤ αM = c .

Since u1 is not bounded, such an estimate is impossible. Thus M is not

1-curvature homogeneous. Assertion (2) of Theorem 2.7.2 follows. �

Remark 2.7.1 We can construct additional invariants of the metric by

considering the norms of higher order covariant derivatives of the curvature

tensor by setting

αM,k : =
∑

i1,i2,i3,i4,j1,...,jk

R(∂ui1 , ∂
u
i2 , ∂

u
i3 , ∂

u
i4 ; ∂

u
j1 , ..., ∂

u
jk )

2 .

Proof of Corollary 2.7.1. Let M be as in Definition 2.7.1 where s = 2.

We have

αM = µ
{

(f
(3)
1 (u1) + 4u1)

2 + (f
(3)
2 (u2) + 4u2)

2
}

where µ is a suitable positive integer that plays no role in the analysis.

Suppose that M is 1-curvature homogeneous. Then αM is constant. This

implies f
(3)
i (ui) + 4ui = ai or equivalently that f

(4)
i = −4 for i = 1, 2.

On the other hand, if this condition is satisfied, then M is 1-curvature

homogeneous since the extra terms of Lemma 2.7.1 (1d) do not appear

when s = 2. Since ∇2R = 0, M is ∞-curvature homogeneous. The metric

is polynomial and hence real analytic. Thus Theorem 2.2.2 may be applied

to see M is homogeneous. Clearly if M is homogeneous, it is 1-curvature

homogeneous. Assertion (1) now follows.
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Let S be defined by taking fi(ui) = − 2
3u

3
i . If M is isometric to S, then

S is a symmetric space by Theorem 2.7.1. If M is a symmetric space, then

necessarily ∇R = 0 and hence α = 0. If α = 0, then
∑

i{∂3
ui(fi)+4ui}2 = 0.

This implies each term vanishes separately and hence f
(3)
i (ui)+4ui = 0 for

all i. Finally, if this condition is satisfied, then ∇R = 0 since the extra terms

of Lemma 2.7.1 (1d) do not appear. By Theorem 2.7.1 the 0-model and the

0-model of S are isomorphic. Since ∇R = 0, this isomorphism induces an

isomorphism of the ∞-models. Since fi is a cubic polynomial, the metric is

real analytic. Thus Theorem 2.2.2 yields the desired isomorphism between

M and S. This establishes Assertion (2). �

2.7.4 The spectral geometry of the curvature tensor

Proof of Theorem 2.7.3 (1). By Lemma 2.7.2, it suffices to establish

the corresponding assertions for the 0-model M0. By Theorem 1.9.2, M0

is Jordan Osserman of type (a, b) if and only if M0 is Jordan Osserman of

type (2s − a, s − b). We shall study the cases (k, 0) and (0, k) separately.

This analysis also deals with the cases (2s − k, s) and (2s, s− k). We will

then study the cases (a, b) for 1 ≤ a ≤ 2s− 1 and 1 ≤ b ≤ s− 1.

Let σ be a spacelike k-plane where 1 ≤ k ≤ s. We apply Lemma 2.7.3.

By replacing σ by ψσ where ψ is an isomorphism of the 0-model M0, we

may assume without loss of generality that σ has an orthonormal basis

{X1, ..., Xk} where

Xi = aiUi + T + V for 1 ≤ i ≤ k .

Since σ is spacelike, dim{πσ} = k. Thus the ai are all non-zero.

Suppose k = 1. We have {X1, U2, ..., Us, T1, ..., Ts, V1, ..., Vs} is a basis

for R3s. Furthermore

J (X1)X1 = 0, J (X1)Ui = −a2
1Ti for i ≥ 2,

J (X1)T1 = 0, J (X1)Ti = a2
1Vi for i ≥ 2,

J (X1)V1 = 0, J (X1)Vi = 0 for i ≥ 2 .

This shows that J (X1)
3 = 0,

Rank{J (X1)} = 2s− 2 and Rank{J (X1)
2} = s− 1 .

This determines the Jordan normal form of J (X1) and shows that M0 is

spacelike Jordan Osserman, or equivalently Jordan Osserman of type (0, 1).
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Next, we suppose that k ≥ 2. We have

J (π) =

k∑

i=1

J (Xi) .

We may express

J (π)Uj = −
∑

i6=j
a2
i Tj + V , J (π)Tj = −

∑

i6=j
a2
iVj , J (π)Vj = 0 .

Since k ≥ 2, one has that
∑
i6=j a

2
j 6= 0. We have J (π)3 = 0 while

Rank{J (π)} = 2s and Rank{J (π)2} = s .

Thus M0 is spacelike Jordan Osserman of type (k, 0) for 2 ≤ k ≤ s as well.

Let σ be a timelike k-plane. Let `(π) := dim{πσ} where π : R3s → Rs is

the projection defined in the proof of Lemma 2.7.3. We use Lemma 2.7.3 to

see that after replacing σ by gσ where g ∈ G(M0), we may assume without

loss of generality that we have chosen an orthonormal basis {Xi} for σ of

the form

Xi = aiUi + T + V .

Furthermore, the number of indices i with ai 6= 0 is equal to `. The calcu-

lations above show that J (π)3 = 0 while

Rank{J (π)} =





0 if ` = 0,

2s− 2 if ` = 1,

2s if ` ≥ 2,

Rank{J (π)2} =





0 if ` = 0,

s− 1 if ` = 1,

s if ` ≥ 2 .

If 1 ≤ k ≤ s, we can choose σi ∈ Grk,0(R
3s) so that `(σ1) = 1 and

`(σ2) = 0. Thus M0 is not Jordan Osserman of type (k, 0). If k = s+1, we

can choose σi ∈ Grk,0(R
3s) so that `(σ1) = 2 and `(σ2) = 1. Thus M0 is

not Jordan Osserman of type (s+ 1, 0). If k ≥ s+ 2 and if σ ∈ Grk,0(R
3s),

then `(σ) ≥ 2 and hence the Jordan normal form is constant. This proves

M0 is Jordan Osserman of type (k, 0) for k ≥ s+ 2.

We complete the proof of Assertion (1) of Theorem 2.7.3 by showing M0

is not Jordan Osserman of type (a, b) if 1 ≤ a ≤ s− 1 and 1 ≤ b ≤ 2s− 1.
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The following orthonormal set contains s− 2 spacelike and 2s− 2 timelike

vectors:

{(U3 + V3)/
√

2, ..., (Us + Vs)/
√

2,

(U3 − V3)/
√

2, ..., (Us − Vs)/
√

2, T1, ..., Ts} .

Choose a subcollection {e3, ..., ea+b} so that a−1 of these vectors are space-

like and b− 1 of these vectors are timelike. Let

σ1 := Span{e3, ..., ea+b},
e+1,ε := (εU1 + ε−1V1)/

√
2, e−2,% := (%U2 − %−1V2)/

√
2,

σ(ε, %) := Span{e+1,ε, e−2,ε} ⊕ σ1 .

We then have J (σ1) =
∑

i aiJ (Ui) where ai = 0,±1. We compute:

J (σ)Ui = −






(
∑

j 6=1 aj − %2)T1 if i = 1,

(
∑

j 6=2 aj + ε2)T2 if i = 2,

(
∑

j 6=i aj + ε2 − %2)Ti if i ≥ 3,

J (σ)Ti =





(
∑

j 6=1 aj − %2)V1 if i = 1,

(
∑

j 6=2 aj + ε2)V2 if i = 2,

(
∑

j 6=i aj + ε2 − %2)Vi if i ≥ 3,

J (σ)Vi = 0 .

If s ≥ 3, then we can take i = 3. Since
∑
j 6=i ai + ε2 − %2 has non-trivial

zeros and at these zeros the rank of J drops, M0 is not Jordan Osserman

of type (a, b).

We are left with the cases s = 2 and (a, b) = (1, 1) or (a, b) = (1, 2).

These cases are dual; thus by Theorem 1.9.2, we may assume without loss

of generality that (a, b) = (1, 1). We let

σ1 := Span{(U1 + V1)/
√

2, (U1 − V1)/
√

2},
σ2 := Span{(U1 + V1)/

√
2, T1} .

We then have J (σ1) = 0 and J (σ2) 6= 0. Thus M0 is not Jordan Osserman

of type (1, 1). �

Proof of Theorem 2.7.3 (2). We must show M0 is spacelike Jordan

Ivanov–Petrova of rank 4, but not timelike Jordan Ivanov–Petrova. Let π
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be an oriented spacelike 2-plane. We apply Lemma 2.7.3 to renormalize π

so there exists an orthonormal basis for π so that π = Span{X1, X2} where

X1 = U1 + T + V and X2 = U2 + T + V .

Thus one has that:

R(π) : U1 → T2 + V , R(π) : T1 → −V2,

R(π) : U2 → −T1 + V , R(π) : T2 → V1,

R(π) : Ui → Span{V1, V2}, R(π) : Ti → 0 .

(2.7.b)

Consequently,

Rank(A(π)) = 4, Rank(A(π)2) = 2, and Rank(A(π)3) = 0 .

Thus the Jordan normal form of A(π) is independent of the particular

spacelike 2-plane π chosen so M0 is spacelike Ivanov–Petrova rank 4.

To show that M0 is not timelike Ivanov–Petrova, we consider the fol-

lowing timelike 2-planes:

π1 := Span{T1, T2} and π2 := Span{(U1 − V1), (U2 − V2)} .

Since A(π1) = 0 and A(π2) 6= 0, M0 is not timelike Ivanov–Petrova. �

Proof of Theorem 2.7.3 (3). We recall the definition of the Stanilov op-

erator Θ from Section 1.8.1. Let {e1, ..., ek} be a basis for a non-degenerate

plane π. Let gij := 〈ei, ej〉. The Stanilov operator is defined by setting:

Θ(π) :=
∑

i,j,k,l

gijgklR(ei, ek)R(ej , e`) .

Thus by Lemma 2.7.1, Θ(π)2 = 0. Since Θ(π)(T + V) = 0, the Jordan

normal form of Θ(π) is determined by

dim{Θ(π)(U)} .

We first show M0 is Jordan Stanilov of type (0, k) for 2 ≤ k ≤ s. Let σ

be a spacelike k-plane. We apply Lemma 2.7.3 to normalize σ so that we

may choose an orthonormal basis {Xi} for π so

Xi = aiUi + T + V for 1 ≤ i ≤ k .

Let 1 ≤ i, j ≤ k. We use Eq. (2.7.b) to see that:

A(Xi, Xj)
2U` =

{
a2
i a

2
jV` if ` = i, j,

0 otherwise .
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Since Θ(π) =
∑
i,j A(Xi, Xj)

2 =
∑
i,j a

2
i a

2
jA(Ui, Uj)

2, we show M0 is k-

spacelike Jordan Stanilov by computing:

Θ(π)Ui =

{∑
j 6=i,1≤j≤k a

2
i a

2
jVi if i ≤ k,

0 if k + 1 ≤ i ≤ s .

Suppose that π is a timelike k-plane. Let `(π) be the rank of the bilin-

ear form h restricted to π as discussed in the proof of Lemma 2.7.3. We

apply Lemma 2.7.3 to assume without loss of generality there exists an

orthonormal basis for π so

Xi = aiUi + T + V

where ai 6= 0 for 1 ≤ i ≤ `. Since

Θ(π) =
∑̀

i=1

∑̀

j=1

a2
i a

2
jA(Ui, Uj)

2,

one has that

Rank{Θ(π)} = ` .

If π ∈ Gr2s,0(R
3s), then `(π) = s and hence M0 is Jordan Stanilov of type

(2s, 0). Since ` is not constant on Grk,0(R
3s) for 2 ≤ k < 2s, M0 is not

Jordan Stanilov of type (k, 0) for 2 ≤ k < 2s. �

2.8 Dunn Manifolds

We shall omit the proofs of most of the assertions in this section and content

ourselves here for the most part with a summary of the relevant results;

further details are available from Dunn (2006).

Definition 2.8.1 Let the index i range from 1 through s. Let εi = ±1

be a choice of signs and let fi ∈ C∞(R). Let {u0, ..., us, v0, ..., vs, t1, ..., ts}
be coordinates on R3s+2. Let M := (R3s+2, g) where

g(∂u0 , ∂ui) := 2fi(ui)ti, g(∂ui , ∂ui) := −2u0ti,

g(∂ui , ∂vi) = g(∂u0 , ∂v0) := 1, g(∂ti , ∂ti) := εi .

Assume that there are a of the εi which are +1 and b of the εi which are

−1; one has that a+ b = s.
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Let Al(n) be the group of invertible affine linear maps of Rn.

Lemma 2.8.1 Let M be as in Definition 2.8.1.

(1) M is a generalized plane wave manifold of signature (s+1+a, s+1+b).

(2) The possibly non-zero entries in ∇νR are

(a) R(∂u0 , ∂ui , ∂ui , ∂u0) = fi(ui)
2εi.

(b) R(∂u0 , ∂ui , ∂ui , ∂ti) = f ′
i(ui) + 1.

(c) ∇R(∂u0 , ∂ui , ∂ui , ∂u0 ; ∂ui) = 2fi(ui)εi(2f
′
i(ui) + 1).

(d) ∇R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui) = f ′′
i (ui).

(e) ∇2R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui , ∂ui) = f (3)(ui).

(f) ∇2R(∂u0 , ∂ui , ∂ui , ∂u0 ; ∂ui , ∂ui)

= 2εi
[
2(f ′

i(ui))
2 + f ′

i(ui) + 3fi(ui)f
′′
i (ui)

]
.

(g) For arbitrary `, we have

∇`R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui , . . . , ∂ui) = f (`+1)(ui) .

(3) If fi(ui) = 0, or fi(ui) = − 1
2ui + ai where ai is a constant, then M is

a symmetric space.

(4) Suppose that f ′
i + 1 6= 0. Let φ be an isometry of M. There exists

A1 ∈ Al(s + 1), a smooth map A2 : Rs+1 → Al(s + 1), and a smooth

map A3 : R2s+2 → Al(s) so that

φ(~u,~t, ~v) = (A1~u,A2(~u)~t, A3(~u,~t )~v) .

Proof. The Christoffel symbols are given by:

∇∂u0
∂ui = ∇∂ui

∂u0 = −ti∂vi − fi(ui)εi∂ti ,

∇∂ui
∂ui = (2f ′

i(ui) + 1)ti∂v0 + u0εi∂ti ,

∇∂u0
∂ti = ∇∂ti

∂u0 = fi(ui)∂vi ,

∇∂ui
∂ti = ∇∂ti

∂ui = fi(ui)∂v0 − u0∂vi .

We see that M is a generalized plane wave manifold relative to the ordering

{∂u0 , ..., ∂us , ∂v0 , ..., ∂vs , ∂t1 , ..., ∂ts} .

Assertions (2) and (3) now follow easily.

To prove Assertion (4), we suppose f ′
i(ui) + 1 6= 0. We apply Lemma

2.2.2. Let

X := Span{∂ui}, Y := Span{∂ti}, Z := Span{∂vi} .
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We then have

∇∂ui
∂uj ∈ Y + Z , ∇∂ti

∂tj ∈ Z ,∇∂vi
∂vj = 0 .

We also have Z = ker(R) and Y +Z = Z⊥. Thus both these subspaces are

preserved by any isometry. Assertion (4) follows. �

2.8.1 Models and the structure groups

Let {U0, ..., Us, V0, ..., Vs, T1, ..., Ts} be a basis for R3s+2. We consider the

0-model M0 := (R3s+2, 〈·, ·〉, A0) where

〈Ui, Vi〉 = 1, 〈Ti, Ti〉 = εi, A0(U0, Ui, Ui, Ti) = 1 .

The following subspaces are invariantly defined and hence are necessarily

preserved by any isomorphism of M0:

K := {ξ ∈ V : A0(ξ1, ξ2, ξ3, ξ) = 0 ∀ ξi} = Span{V0, ..., Vs},
K⊥ = Span{T1, ..., Ts, V0, ..., Vs} .

Assume f ′
i + 1 6= 0 for 1 ≤ i ≤ s. Set

γ2 :=

s∑

i=1

[
εi

(f ′
i + 1)2

(
4(f ′

i)
2 + 2f ′

i + 6fif
′′
i − (fi)

2f ′′′
i

f ′
i + 1

)]
,

β2 :=
s∑

i=1

f
(3)
i (1 + f ′

i)

{f ′′
i }2

if f ′′
i 6= 0 for 1 ≤ i ≤ s .

Theorem 2.8.1 Assume that f ′
i(ui) + 1 6= 0 for 1 ≤ i ≤ s. Let s ≥ 2.

(1) M0 is a 0-model for MF .

(2) If Θ is an isomorphism of M0, then there exists a permutation σ of the

indices {1, ..., s} and constants a0, bi with |a0|b2i = 1 so that

ΘU0 = a0U0 + Ξ0 for some Ξ0 ∈ K,
ΘUi = biUσ(i) + Ξi for some Ξi ∈ K⊥,
ΘTi = sign(a0)Tσ(i) + Ξ̄i for some Ξ̄i ∈ K .

(3) γ2 is an invariant of M2(MF , P ).

(4) If f ′′
i 6= 0 for 1 ≤ i ≤ s, then β2 is an invariant of M2(MF , P ).

(5) If f ′′
i 6= 0 for 1 ≤ i ≤ s then MF is not 2-curvature homogeneous.
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Proof. Assume fi(ui) + 1 6= 0 for 1 ≤ i ≤ k. To prove Assertion (1), set

U0 := ∂u0 +
∑
j aj∂tj , Ui := bi∂ui + βi∂v0 + β̃i∂vi ,

Ti := κi∂ti + γi∂vi , V0 := ∂v0 ,

Vi = b−1
i ∂vi .

(2.8.a)

The potentially non-zero curvatures are then:

R(U0, Ui, Ui, U0) = b2i {fi(ui)2εi + 2ai(f
′
i(ui) + 1)},

R(U0, Ui, Ui, Ti) = b2i (f
′
i(ui) + 1)εiκi .

To ensure that R(U0, Ui, Ui, U0) = 0 and R(U0, Ui, Ui, Ti) = +1, we set

ai := − fi(ui)
2εi

2(f ′
i(ui)+1) ,

κi := εi sign(f ′
i(ui) + 1),

bi := |f ′
i(ui) + 1|−1/2 .

(2.8.b)

The potentially non-zero inner products are

(U0, V0) = 1, (U0, Ti) = κiai + γi,

(U0, Ui) = bigF (∂u0 , ∂ui) + βi, (Ti, Ti) = 1,

(Ui, Ui) = b2i gF (∂ui , ∂ui) + 2biβ̃i, (Ui, Vi) = 1 .

We complete the proof of the Assertion (1) by setting:

γi := −κiai, βi := −bigF (∂u0 , ∂ui),

β̃i := − 1
2bigF (∂ui , ∂ui) .

It will be convenient to compute ∇R and ∇2R on the basis constructed

above. We use Eqs. (2.8.a) and (2.8.b) to see

∇R(U0, Ui, Ui, U0;Ui)

= ∇R


∂u0 +

∑

j

aj∂tj , bi∂ui , bi∂ui , ∂u0 +
∑

j

aj∂tj ; bi∂ui




= b3i [∇R(∂u0 , ∂ui , ∂ui , ∂u0 ; ∂ui) + 2ai∇R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui)]

= |f ′
i + 1|−3/2

[
2fiεi(2f

′
i + 1) − f2

i εi
f ′
i+1f

′′
i

]

= fiεi
(f ′
i+1)5/2

[2(2f ′
i + 1)(f ′

i + 1) − fif
′′
i ]
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and

∇R(U0, Ui, Ui, Ti;Ui)

= ∇R(∂u0 +
∑

j

aj∂tj , bi∂ui , bi∂ui , κ∂ti ; bi∂ui) (2.8.c)

= b3iκif
′′
i =

f
(2)
i κi

|f ′
i+1|3/2 .

We also have that

∇2R(U0, Ui, Ui, Si;Ui, Ui)

= ∇2R(∂u0 +
∑

j aj∂tj , bi∂ui , bi∂ui , κi∂ti ; bi∂ui , bi∂ui)

= b4iκi∇2R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui , ∂ui) = κif
(3)
i (f ′

i + 1)−2

(2.8.d)

and that

∇2R(U0, Ui, Ui, U0;Ui, Ui)

= ∇2R(∂u0 +
∑
j aj∂tj , bi∂ui , bi∂ui , ∂u0 +

∑
j aj∂tj ; bi∂ui , bi∂ui)

= b4i
[
∇2R(∂u0 , ∂ui , ∂ui , ∂u0 ; ∂ui , ∂ui)

+2ai∇2R(∂u0 , ∂ui , ∂ui , ∂ti ; ∂ui , ∂ui)
]

= b4i

[
2εi
(
2(f ′

i)
2 + f ′

i + 3fif
′′
i

)
− f2

i f
(3)
i εi(f

′
i + 1)−1

]

= εi(f
′
i + 1)−2

{
4(f ′

i)
2 + 2f ′

i + 6fif
′′
i − (fi)

2f ′′′
i (f ′

i + 1)−1
}
.

(2.8.e)

To prove the Assertion (2), we note ΘTi ∈ K⊥. We expand:

ΘU0 = a0U0 +
∑

j(b0jUj + d0jTj) + K,
ΘTi =

∑
j fijTj + K,

ΘUi = aiU0 +
∑
j bijUj + K⊥ .

(2.8.f)

For any ξ1, ξ2 ∈ V , we have that:

0 = A0(ξ1, U0, U0, ξ2) = A0(Θξ1,ΘU0,ΘU0,Θξ2) . (2.8.g)

Choose ξi so Θξ1 = U0 and Θξ2 = Tj . We then have

0 = A0(U0,ΘU0,ΘU0, Tj) = b20j .

Consequently b0j = 0. We have ΘK = K. As 1 = 〈U0, V0〉 = 〈ΘU0,ΘV0〉,
as ΘU0 = a0U0 + K⊥, and as ΘV0 ∈ K, a0 6= 0. Choosing Θξ1 = Θξ2 = Ui
in Eq. (2.8.g) we have:

0 = A0(Ui,ΘU0,ΘU0, Ui) = 2a0d0j .
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Since a0 6= 0, d0j = 0 so Eq. (2.8.f) becomes

ΘU0 = a0U0 + K, ΘTi =
∑

j

fijTj + K,

ΘUi = aiU0 +
∑

j

bijUj + K⊥ .

Since ΘVi ∈ K, the matrix bij is invertible. Suppose bij 6= 0. Choose ξ1
so Θξ1 = Tj . Since s ≥ 2, we may choose 1 ≤ k ≤ s with k 6= i. Thus

0 = A0(U0, Ui, Uk, ξ1) = A0(ΘU0,ΘUi,ΘUk,Θξ1) = a0bijbkj .

Thus if bij 6= 0, bkj = 0 for i 6= k. So in the matrix bij , each column has

at most one non-zero entry. Since the matrix bij is invertible, each column

has exactly one non-zero entry. So one has:

ΘU0 = a0U0 + K, ΘTi =
∑

j

fijTj + K,

ΘUi = aiU0 + biUσ(i) + K⊥ .

The relation δij = A0(ΘU0,ΘUi,ΘUi,ΘTj) shows fij = 0 for j 6= σ(i).

Since ΘTj is a unit vector, this coefficient is ±1. Thus

ΘU0 = a0U0 + K, ΘTi = ±Tσ(i) + K, ΘUi = aiU0 + biUσ(i) + K⊥ .

Since 1 = A0(ΘU0,ΘUi,ΘUi,ΘTi), we have

±b2i a0 = 1 .

Finally given 1 ≤ j ≤ s, we may choose 1 ≤ i ≤ s so i 6= j. As

0 = A0(ΘUi,ΘUj ,ΘUj ,ΘTi)

we have aibj = 0 and hence ai = 0. Assertion (2) follows as we have

|a0|b2i = 1 and ΘTi = sign(a0)Tσ(i) .

To establish Assertion (3), we use Eqs. (2.8.d) and (2.8.e) to see

γ2 =

s∑

i=1

∇2R(U0, Ui, Ui, U0;Ui, Ui) .

If Θ is an isomorphism of M0, then Assertion (3) now yields

∇2R(ΘU0,ΘUi,ΘUi,ΘU0; ΘUi,ΘUi)

= a2
0b

4
i∇2R(U0, Uσ(i), Uσ(i), U0;Uσ(i), Uσ(i)) .
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Since a2
0b

4
i = 1, summing over i shows γ2 is an invariant of the 2-model.

To prove Assertion (4), we use Eq. (2.8.c) to see that

β2 =

s∑

j=1

∇2R(U0, Uj , Uj , Tj ;Uj , Uj)

(∇R(U0, Uj , Uj , Tj ;Uj))2
.

The proof that this is independent of the normalized basis chosen and hence

is an invariant of the 2-model now follows along similar lines as that used

to prove Assertion (4).

Assertion (5) now follows from Assertions (3) and (4) with a bit of

work; there are no functions fi with f ′
i + 1 6= 0, f ′′

i 6= 0, γ2 constant, and

β2 constant. We refer to Dunn (2006) for further details. �

2.8.2 Invariants which are not of Weyl type

Theorem 2.8.1 gives information about the structure group of the 0-model

M0 that can be used to define other invariants which are not of Weyl type.

Let RPs−1 denote the projective space of real lines in Rs. The symmetric

group acts on RPs−1 by permuting the coordinates of Rs. Let SRPs−1 be the

quotient of RPs−1 under this group action and let π : Rs − {0} → SRPs−1

be the natural projection. Extend

π : Rs → SRPs−1 ∪ {?}

by setting π(0) = ?. Let

Γ := π
(
∇R(U0, U1, U1, T1;U1), . . . ,∇R(U0, Us, Us, Ts;Us)

)

= π
(
f ′′
1 (f ′

1 + 1)−3/2, . . . , f ′′
s (f ′

s + 1)−3/2
)
∈ SRPs−1 ∪ {?},

Γ0 := π
(
∇R(U0, U1, U1, U0;U1), . . . ,∇R(U0, Us, Us, U0;Us)

)

= π
(
f1ε1(f

′
1 + 1)−5/2(2(2f ′

1 + 1)(f ′
1 + 1) − f1f

′′
1 ), . . .

fsεs
(f ′
s+1)5/2

(2(2f ′
s + 1)(f ′

s + 1) − fsf
′′
s )
)
∈ SRPs−1 ∪ {?} .

There is a unique line I := (1, ..., 1) · R ∈ RPs−1 which is fixed by the

action of the symmetric group. If Γ 6= 0 (respectively if Γ0 6= 0), then we

can take the cosine of the angle between Γ ·R (respectively Γ0 ·R) and I to
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define

Ξ =

∑
j

f ′′
j

(f ′
j+1)3/2

√
s

√∑
j

(f ′′
j )2

(f ′
j+1)3

and

Ξ0 =

∑
j

fi
(f ′
i+1)5/2

[2(2f ′
i + 1)(f ′

i + 1) − fif
′′
i ]

√
s

√∑
j

[
f2
i

(f ′
i+1)5 [2(2f ′

i + 1)(f ′
i + 1) − fif ′′

i ]2
] .

We set Ξ = ? if Γ = {0} and we set Ξ0 = ? if Γ0 = {0}. The following

result now follows from Theorem 2.8.1 and from the discussion given above;

again, we refer to Dunn (2006) for further details:

Theorem 2.8.2 Suppose f ′
i + 1 6= 0. Then Γ, Γ0, Ξ, and Ξ0 are invari-

ants of M1(MF ).

2.9 k-Curvature Homogeneous Manifolds I

We shall follow the discussion in Gilkey and Nikčević (2004d) through-

out this section. We recall that by Theorem 1.4.2, there exists an integer

kp,q , which is called the Singer number, so that if M is a complete simply

connected pseudo-Riemannian manifold of signature (p, q) which is kp,q-

curvature homogeneous, then M is homogeneous. The following result

provides a lower bound if min(p, q) ≥ 3; the case where min(p, q) = 2 was

dealt with in Section 2.3, see Theorem 2.3.7 for details.

Theorem 2.9.1 Let r := min(p, q) ≥ 3. Then kp,q ≥ r.

This section contains a number of other results which are of independent

interest and which play a role in the proof of Theorem 2.9.1. Let ` ≥ 0.

We shall construct a family of generalized plane wave Fiedler manifolds of

signature (`+ 3, `+ 3) so that certain manifolds in this family are (`+ 2)-

curvature homogeneous but are not (` + 3)-affine curvature homogeneous.

These manifolds are 0-modeled on a decomposable symmetric space N0

and are i-modeled on a homogeneous space Ni for 1 ≤ i ≤ ` + 2. The

homogeneous spaces Ni are j-modeled on Nj for j ≤ i but not j-modeled

on Nj for j > i. This filtration illustrates the fact that the j-model does

not capture the full geometry and thus these examples are of interest in

their own right.
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Certain elements in this family are not homogeneous but contain a

proper open subset which is homogeneous; this does not occur in the Rie-

mannian setting as if M is a Riemannian space which is homogeneous, then

M is complete.

Definition 2.9.1 Let ` ≥ 0. Let indices i and j range from 0 through `.

Let (x, y, z0, ..., z`, x̃, ỹ, z̃0, ..., z̃`) be coordinates on R6+2`. Let F (y, ~z) be

an affine warping function of ~z; this means that:

F (y, ~z) := f(y) + f0(y)z0 + ...f`(y)z` .

Let M = MF = (R6+2`, g) where g = gF has non-zero components:

g(∂x, ∂x) := −2F (y, ~z) and g(∂x, ∂x̃) = g(∂y, ∂ỹ) = g(∂zi , ∂z̃i) := 1 .

We remark that if one took ` = −1, so that the ~z variables were not

present, one would obtain the manifolds of signature (2, 2) discussed in

Section 2.3 where g(∂x, ∂x) = −2f(y), and g(∂x, ∂x̃) = g(∂y, ∂ỹ) = 1. Thus

the manifolds presented here are a higher signature generalization of those

results. We begin our investigation with:

Lemma 2.9.1 Let M be as in Definition 2.9.1. Then M is a general-

ized plane wave manifold of signature (3 + `, 3 + `). Let {ξ1, ..., ξν+2} be

coordinate vector fields. The possibly non-zero components of ∇νR are:

∇νR(∂x, ξ1, ξ2, ∂x; ξ3, ..., ξ2+ν) = ξ1...ξν+2F .

Proof. The manifolds of Definition 2.9.1 are obtained by an appropriate

specialization of the warping functions ψ of Definition 2.5.1. Lemma 2.9.1

now follows from Lemma 2.5.1. �

We note that since F is an affine function of the ~z variables, that ∇νR

vanishes unless either all the ξµ are ∂y or unless all but one of the ξµ are ∂y
and the remaining variable is ∂zi for some i. This will play an important

role in our analysis.

Definition 2.9.2 Specialize the warping function F of Definition 2.9.1

to create the following examples:

(1) Let Ni be specified by F := yz0 + ...+ yi+1zi for 0 ≤ i ≤ `.

(2) Let N`+1 be specified by F := yz0 + ...+ y`+1z` + y`+3.

(3) Let N`+2 be specified by F := yz0 + y2z1 + ...+ y`+1z` + ey.
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The manifolds Nµ form a sequence of homogeneous spaces partially

sharing the same models:

Theorem 2.9.2 Let Nµ be as in Definition 2.9.2 for 0 ≤ k ≤ `+ 2.

(1) N0 is a symmetric space.

(2) If 1 ≤ k ≤ `+ 2, then Nk is not symmetric but is homogeneous.

(3) If k < n, then Nn is k-modeled on Nk.

(4) If n < k, then Nn not k-modeled on Nk.

We remark that if µ < `, then Nµ is a product manifold and hence is

decomposable. In Section 2.10, we shall discuss a similar family which is

comprised of indecomposable manifolds.

We now turn our attention to affine geometry. Recall that the affine

k-model is given by:

Fk(M, P ) := (TPM,R, ...,∇kR) .

We specialize Definition 2.9.1 to define the following family:

Definition 2.9.3 Let f ∈ C∞(R) where f (`+3) > 0 and f (`+4) > 0. Let

αµ := f (`+µ+2)(f (`+3))µ−2(f (`+4))1−µ for µ ≥ 3 .

Let M = Mf be as in Definition 2.9.1 where

F (y, ~z) := f(y) + yz0 + ...+ y`+1z` .

Theorem 2.9.1 will follow in the special case p = q from:

Theorem 2.9.3 Let M be as in Definition 2.9.3

(1) M is (`+ 2)-modeled on N`+2.

(2) αµ is an invariant of the (µ+ `)-affine model Fµ+`(M, P ).

(3) If f1 and f2 are real analytic and if αµ(f1)(P1) = αµ(f2)(P2) for all

µ ≥ 3, then there is an isometry Φ : Mf1 → Mf2 with Φ(P1) = P2.

(4) The following assertions are equivalent:

(a) M is (`+ 3)-curvature homogeneous.

(b) M is (`+ 3)-affine curvature homogeneous.

(c) α3 is constant.

(d) f (`+3)(y) = aeby for some a > 0 and b > 0.

(e) M is homogeneous.
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We can also study some local examples:

Theorem 2.9.4 Let n ∈ N with n ≥ ` + 5. Let Ln be as in Definition

2.9.3 where f(y) = yn. Let O = {P : y > 0}. Let On = (O, gf |O). Then:

(1) Ln is `-modeled on N`.

(2) Ln is not (`+ 1)-curvature homogeneous.

(3) On is homogeneous and (`+ 2)-modeled on N`+2.

(4) On1 is not locally isometric to On2 for n1 6= n2.

The following result classifies the local isometry type of (` + 3)-affine

curvature homogeneous manifolds in this family. Instead of taking R6+2` as

the underlying manifold, we can apply the construction of Definition 2.9.3

to any open subset of R6+2`. Let Oa be defined by the warping function

f(y) := ya on the set y > 0 for any a ∈ R.

Theorem 2.9.5 Let f = f(y) be an analytic function on a connected

open subset U ⊂ R2`+6 with f (`+3) > 0 and f (`+4) > 0. Let U be as

in Definition 2.9.3. If U is (` + 3)-affine curvature homogeneous, then U
is locally isometric to either N`+2 or to Oa for some a and U is locally

homogeneous.

Here is a brief guide to the remainder of this Section. In Section 2.9.1,

we give k-models for this family. In Section 2.9.2, we discuss invariants

for this family which are not of Weyl type. These two sections lead to the

proof of Theorems 2.9.2–2.9.5. In Section 2.9.3, we change the signature by

taking a product with a flat factor to complete the proof of Theorem 2.9.1.

The argument is quite analogous to that performed in Section 2.3.3 to pass

from signature (2, 2) to (2, s) and (s, 2) where s > 2.

2.9.1 Models

We introduce the following models:

Definition 2.9.4 Let {X,Y, Z0, ..., Z`, X̄, Ȳ , Z̄0, ..., Z̄`} be a basis for

R2`+6. Give R2`+6 the hyperbolic inner product:

〈X, X̄〉 = 〈Y, Ȳ 〉 = 〈Zi, Z̄i〉 := 1 . (2.9.a)

For 0 ≤ i ≤ `, define algebraic curvature tensors and algebraic covariant
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derivative curvature tensors by setting:

Ai(X,Y, Zi, X ;Y, ..., Y ) = Ai(X,Y, Y,X ;Zi, Y, ..., Y )

= ... = Ai(X,Y, Y,X ;Y, ..., Y, Zi) := 1 .

As exceptional cases define

Ai(X,Y, Y,X ;Y, ..., Y ) := 1 for i = `+ 1, `+ 2 .

We use the inner product to raise indices and define the associated curvature

operators Ai for 0 ≤ i ≤ `+ 2. For 0 ≤ k ≤ `+ 2, define models

Mk := (R2`+6, 〈·, ·〉, A0, ..., Ak) and Fk := (R2`+6,A0, ...,Ak) .

We begin our study by showing:

Lemma 2.9.2 Let L ≤ `. Let M be as in Definition 2.9.1 where we take

F = yz0 + ...+ yL+1zL + f(y, zL+1, ..., z`); if L = `, take f = f(y).

(1) ML is a L-model for M.

(2) If L = ` and if f (`+3) > 0, then M`+1 is an (`+ 1)-model for M.

(3) If L = `, if f (`+3) > 0, and if f (`+4) > 0, then M`+2 is an (`+2)-model

for M.

Proof. Let 0 ≤ k ≤ L ≤ `. By Lemma 2.9.1,

∇kR(∂x, ∂y, ∂zi , ∂x; ∂y, ..., ∂y) = ∂k+1
y (yi+1)

=

{
0 if i < k ≤ L,

(k + 1)! if i = k ≤ L .

(2.9.b)

We shall exploit the upper triangular form of Eq. (2.9.b) to prove Asser-

tion (1). Let ai(y, ~z) and bji (y, ~z) be smooth functions that will be chosen

presently. Set

X := ∂x − 1
2g(∂x, ∂x)∂x̃,

Zi :=






∂zi +

L∑

j=0

bji∂zj if L < i ≤ `,

bii∂zi +

i−1∑

j=0

bji∂zj if 0 ≤ i ≤ L,

Y := ∂y + a0∂z0 + ...+ aL∂zL .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Curvature Homogeneous Manifolds 161

We shall take bii 6= 0 for 0 ≤ i ≤ L. The space Span{X,Z0, ..., ZL, Y } will

then be a maximal totally isotropic subspace. Consequently, we may take

X̃ = ∂x̃, Ỹ = ∂ỹ, Z̃i ∈ span{∂ỹ, ∂z̃i}

so that the metric is hyperbolic; this means that 〈·, ·〉 has the normalizations

of Eq. (2.9.a).

To ensure that ∇kR(X,Y, Y,X ;Y, ..., Y ) = 0 for 0 ≤ k ≤ L, we impose

the conditions

0 = ∇kR(∂x, ∂y, ∂y, ∂x; ∂y, ...)

+(k + 1)

L∑

i=0

ak∇kR(∂x, ∂y, ∂zi , ∂x; ∂y, ..., ∂y)

= ∂k+2
y F + (k + 1)

L∑

i=k

ak∂k+1
y {yi+1} .

We set k = L to determine aL. Once aL is determined, we set k = L− 1 to

determine aL−1. We continue in this fashion to determine all the coefficients

ak and thereby define Y .

Similarly, we must impose the relations:

∇kR(X,Y, Zj , X ;Y, ...) = δjk for 0 ≤ j ≤ `, 0 ≤ k ≤ L . (2.9.c)

Let L < i ≤ `. We use Eqs. (2.9.b) and (2.9.c) to see:

0 = ∇kR(∂x, ∂y, ∂y, ∂zi , ∂x; ∂y, ..., ∂y)

+

L∑

j=k

bji∇kR(∂x, ∂y, ∂y, ∂zj , ∂x; ∂y, ..., ∂y) .

We take k = L to determine bLi . Then we take k = L − 1 to determine

bL−1
i . Thus all the coefficients bkj may be determined recursively by this

identity.

Next let 0 ≤ i ≤ L. We determine bii from the identity:

1 = bii∇iR(∂x, ∂y, ∂y, ∂zi , ∂x; ∂y, ..., ∂y) .

Fix 0 ≤ k < i. We have

0 =

i∑

j=k

bji∇kR(∂x, ∂y, ∂y, ∂zj , ∂x; ∂y, ..., ∂y) .
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We take k = i − 1 to determine bii−1; the remaining coefficients are then

determined recursively. This creates a basis with the normalizations of

Definition 2.9.4 which completes the proof of Assertion (1) of Lemma 2.9.2.

We suppose L = ` and that f = f(y). The non-zero components of

∇νR for ν > ` are given by

∇νR(∂x, ∂y, ∂y, ∂x; ∂y...∂y) = f (ν+2) .

There is still a bit of freedom left in the choice of basis we can use to

normalize these coefficients. Let ε0 and ε1 be non-zero functions. We set

X1 = ε0X, Y 1 = ε1Y, Z1
i = ε−2

0 ε−i−1
1 Zi for 0 ≤ i ≤ `

X̄1 = ε−1
0 X̄, Ȳ 1 = ε−1

1 Ȳ , Z̄1
i = ε20ε

i+1
1 Z̄i for 0 ≤ i ≤ ` .

The normalizations of Definition 2.9.4 are preserved for {g,R, ...,∇`R}.
Furthermore, one has that:

∇`+1R(X1, Y 1, Y 1, X1;Y 1...Y 1) = ε20ε
`+3
1 f (`+3),

∇`+2R(X1, Y 1, Y 1, X1;Y 1...Y 1) = ε20ε
`+4
1 f (`+4) .

If f (`+3) > 0, we may set ε1 = 1 and ε0 = (f (`+3))−1/2 to create a nor-

malized basis and establish M`+1 is a (` + 1)-model for M. This proves

Assertion (2). If f (`+3) > 0 and f (`+4) > 0, we may set

ε1 :=
f (`+3)

f (`+4)
and ε0 :=

1

{ε`+3
1 f (`+3)} 1

2

.

This shows that M`+2 is a (`+ 2)-model for M and completes the proof of

the Lemma. �

2.9.2 Affine invariants

Let Fν(M, P ) := (TPM,RP , ...,∇νRP ) be the ν-affine model. We can now

define affine invariants:

Lemma 2.9.3 Let fi = fi(y). Assume that f
(`+4)
i > 0. Let Mi be as in

Definition 2.9.1 where F = yz0 + ...+ y`+1z` + fi(y). For µ ≥ 3, set

αµ(f) := f (`+µ+2)(f (`+3))µ−2(f (`+4))1−µ .

(1) If Fµ+`(Mf1 , P1) ≈ Fµ+`(Mf2 , P2), then αµ(f1)(P1) = αµ(f2)(P2).

(2) If f1 and f2 are real analytic and if αµ(f1)(P1) = αµ(f2)(P2) for all

µ ≥ 3, then there is an isometry Φ : Mf1 → Mf2 with Φ(P1) = P2.
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Proof. We generalize the argument given in Section 2.3. Choose X and

Y in TPM so that ∇`+2R(X,Y ;Y, ..., Y )Y 6= 0. Expand

X = a0∂x + a1∂y + Span{∂zi , ∂z̃i , ∂x̃, ∂ỹ},
Y = b0∂x + b1∂y + Span{∂zi , ∂z̃i , ∂x̃, ∂ỹ} .

If µ > `, then

∇µR(X,Y ;Y, ..., Y )Y = f (µ+2)(a0b1 − a1b0)b
µ
1 (b1∂x̃ − b0∂ỹ) .

In particular, taking µ = ` + 2 shows that b1(a0b1 − a1b0) 6= 0. Choose a

linear function θ so

θ{b1∂x̃ − b0∂ỹ} 6= 0 .

Set

Θµ : = θ{∇`+µR(X,Y ;Y, ..., Y )Y }
= f (`+µ+2)(a0b1 − a1b0)b

`+µ
1 θ{b1∂x̃ − b0∂ỹ} .

One may then compute:

ΘµΘ
µ−2
1 Θ1−µ

2 = f (`+µ+2)(f (`+3))µ−2(f (`+4))1−µ

× {(a0b1 − a1b0)θ(b1∂x̃ − b0∂ỹ)}1+(µ−2)+(1−µ)

× b
`+µ+(`+1)(µ−2)+(`+2)(1−µ)
1

= f (`+µ+2)(f (`+3))µ−2(f (`+4))1−µ = αµ .

This shows that αµ is determined by the affine (`+µ)-model and establishes

Assertion (1). Conversely, if we normalize a basis as in Definition 2.9.4, then

one has for µ ≥ 3 that

∇`+µR(X,Y, Y,X ;Y, ..., Y ) = αµ .

Thus if αµ(f1, P1) = αµ(f2, P2) for µ ≥ 3, then M∞(Mf1 , P1) and

M∞(Mf2,P2) are isomorphic. The requisite isomorphism of Assertion (2)

now follows from Theorem 2.2.2. �

Proof of Theorem 2.9.2. The manifold N0 is defined by F = yz0. Since

all the third derivatives of F vanish and since N0 is a generalized plane wave

manifold, N0 is a symmetric space. By Lemma 2.9.2, Mµ is a µ-curvature

model for Nµ; a-fortori, Mν is a ν-curvature model for Nµ if ν < µ. Since

∇R 6= 0, the spaces Nµ are not symmetric. Since ∇µRν = 0 and ∇µRµ 6= 0

for 0 ≤ µ < ν ≤ `+ 2, Mµ is not a µ model for Rν if ν < µ. If µ < `+ 2,
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then ∇kR = 0 for k > µ and hence Mµ is k-curvature homogeneous for all

k. Theorem 2.2.2 now implies Mµ is homogeneous. The manifold M`+2 is

defined by taking f(y) to be an exponential. It now follows that αi = 1 for

i ≥ 3 and hence by Lemma 2.9.3, M`+2 is homogeneous. �

Proof of Theorem 2.9.3. Assertion (1) follows from Lemma 2.9.2 and

Assertions (2) and (3) follow from Lemma 2.9.3.

Clearly (4a) ⇒ (4b) ⇒ (4c). If α3 is constant, then

f (`+5)f (`+3) = c(f (`+4))2

for some constant c. Lemma 1.5.5 then implies either that f (`+3) = aeby

or that f (`+3) = a(y + b)c. This latter case is not possible since we require

f (`+3) > 0 for all y. Consequently f (`+3) = aeby. This shows αµ is constant

for all µ ≥ 3 and hence M is homogeneous. Thus (4c) ⇒ (4d) ⇒ (4e).

Clearly (4e) ⇒ (4a). �

Proof of Theorem 2.9.4. Assertion (1) follows from Lemma 2.9.2 (1).

Since ∇`+1R = 0 if and only if y = 0, Nn is not (`+ 1)-curvature homoge-

neous; this establishes Assertion (2).

The proof of Lemma 2.9.2 involved local computations. Since f (`+3) > 0

and f (`+4) > 0 on O, Assertion (3) follows. If f = yn for n ≥ `+ 5, then

α3 =
n(n− 1)...(n− `− 4)yn−`−5 · n(n− 1)...(n− `− 2)yn−`−3

n(n− 1)...(n− `− 3)yn−`−4 · n(n− 1)...(n− `− 3)yn−`−4

=
n− `− 4

n− `− 3
.

This determines n and hence On1 is not isometric to On2 for n1 6= n2. �

Proof of Theorem 2.9.5. We apply Lemma 1.5.5 to see that if α3 is

constant, then f (p+3) = a(y + b)k or f (p+3) = aeby. The first possibility

yields α3 = k−1
k and the second possibility yields α3 = 1. Thus αi for i ≥ 4

is determined by α3 and the required local isometry now follows from a

suitable local version of Theorem 1.4.2. �

2.9.3 Changing the signature

We take product with a flat factor to complete the proof of Theorem 2.9.1.

We suppose without loss of generality that (p, q) = (p, p + a) for a > 0 as

the case (p, q) = (q + a, q) is similar.
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Lemma 2.9.4 Let M be defined by setting f(y) = ey + e2y in Definition

2.9.2. Let Ma := M×R(0,a). Then Ma is a (`+2)-curvature homogeneous

generalized plane wave manifold of signature (`+ 3, `+ 3 + a) which is not

(`+ 3)-affine curvature homogeneous.

Proof. The arguments given above extend immediately to show that Ma

is (`+2)-curvature homogeneous. Furthermore, exactly the same arguments

show α3 remains an affine invariant; see, for example, the discussion in Sec-

tion 2.3.5. Furthermore, α3 is constant if and only if the warping function

satisfies f (`+2) = aeby. Since this is not the case, Ma is not (` + 3)-affine

curvature homogeneous. �

2.9.4 Indecomposability

We complete this section by studying the decomposability of the symmetric

space S or, equivalently, of the model M0. It is clear that M0 is decom-

posable if ` > 0. On the other hand, we have that:

Lemma 2.9.5 If ` = 0, then M0 is indecomposable.

Proof. We set ` = 0 so R6 = Span{X,Y, Z0, X̃, Ỹ , Z̃0}. Since the only

non-zero curvature entry is given by A0(X,Y, Z0, X) = 1,

ker(A0) = Span{X̃, Ỹ , Z̃0}

is totally isotropic. By Lemma 1.6.4 it suffices to show that the associated

weak model M̄
w
0 := (R3, Ā0) is indecomposable where Ā0(X̄, Ȳ , Z̄0, X̄) = 1.

Suppose to the contrary that there is a non-trivial decomposition of the form

R3 = V 1⊕V 2 which induces a corresponding decomposition Ā0 = Ā1
0⊕ Ā2

0.

Assume the notation chosen so

dim(V 1) = 2 and dim(V 2) = 1 .

Let 0 6= ξ ∈ V2. Since dim(V2) = 1, Ā2
0 = 0 so Ā0(η1, η2, η3, ξ) = 0 for all

ηi ∈ R3. We expand ξ = aX̄ + bȲ + cZ̄. We then have

a = Ā0(ξ, Ȳ , Z̄0, X̄) = 0,

b = Ā0(X̄, ξ, Z̄0, X̄) = 0,

c = Ā0(X̄, Ȳ , ξ, X̄) = 0 .

Thus ξ = 0 which is false. �
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2.10 k-Curvature Homogeneous Manifolds II

In Section 2.9, we constructed (` + 2)-curvature homogeneous manifolds

of neutral signature (` + 3, ` + 3) which were not (` + 3)-affine curvature

homogeneous. If ` > 0, these manifolds were modeled on a decomposable

symmetric space. In this section, we present results of Gilkey and Nikčević

(2005b) and of Gilkey and Nikčević (2005c) where the 0-model space is inde-

composable. We also study the isometry groups of these spaces. Ensuring

that the 0-model space is an indecomposable symmetric spaces requires

raising the dimension of the underlying space; our examples will have neu-

tral signature (2`+ 3, 2`+ 3), they will be (`+ 2)-curvature homogeneous,

and they will not be (`+3)-affine curvature homogeneous. These examples

are all generalized plane wave Fiedler manifolds.

Definition 2.10.1 For ` ≥ 1, let

(x, y, z1, ..., z`, ỹ, z̃1, ..., z̃`, x
∗, y∗, z∗1 , ..., z

∗
` , ỹ

∗, z̃∗1 , ..., z̃
∗
` )

be coordinates on R4`+6. Let indices i, j range from 1 through `. Let

F (y, ~z) := f(y) + f1(y)z1 + ...+ f`(y)z`

be an affine function of ~z which depends smoothly on y. We construct a

generalized plane wave manifold M := (R4`+6, g) of signature (3+2`, 3+2`)

by defining:

g(∂x, ∂x) := −2{F (y, ~z) + yỹ + z1z̃1 + ...+ z`z̃`}, and

g(∂x, ∂x∗) = g(∂y, ∂y∗) = g(∂ỹ, ∂ỹ∗) = g(∂zi , ∂z∗i ) = g(∂z̃i , ∂z̃∗i ) := 1 .

A word on notation. The dual variables {x∗, y∗, z∗i , ỹ∗, z̃∗i } enter only

rather trivially; the span of these variables is a parallel totally isotropic

distribution of maximal dimension. The dependence of the metric on the

variables {ỹ, z̃1, ..., z̃`} is fixed and ensures that the 0-model space is an inde-

composable symmetric space; the variable y∗ plays the role that z0 played

in Section 2.9. The crucial variables are {x, y, z1, ..., z`}. The following

Lemma is an immediate consequence of Lemma 2.5.1

Lemma 2.10.1 Let M be as in Definition 2.10.1. Then M is a gener-

alized plane wave manifold. The possibly non-zero components of R are:

R(∂x, ∂y, ∂ỹ, ∂x) = R(∂x, ∂zi , ∂z̃i , ∂x) = 1,

R(∂x, ∂y, ∂zj , ∂x) = ∂y∂zjF,

R(∂x, ∂y, ∂y, ∂x) = ∂2
yF .
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If ξ1, ξ2, ..., ξν+2 are coordinate vector fields and if ν > 0, then the possibly

non-zero entries of ∇νR are ∇νR(∂x, ξ1, ξ2, ∂x; ξ3, ..., ξν+2) = ξ1...ξν+2F .

This can be non-zero if at most one of the ξi is not equal to ∂y and instead

equals ∂zi for some i.

We remark that Lemma 2.2.1 and Corollary 2.2.1 can be used to get

information about the isometries and Killing vector fields of M where we

take Y := ker(R) and where:

X = Span{∂x, ∂y, ∂ỹ, ∂zi , ∂z̃i},
Y = Span{∂x∗ , ∂y∗ , ∂ỹ∗ , ∂z∗i , ∂z̃∗i } .

In analogy to Definition 2.9.2, we specialize the warping function F of

Definition 2.10.1 to define certain homogeneous manifolds:

Definition 2.10.2 In Definition 2.10.1, let

(1) N0 be defined by F := 0,

(2) Nν be defined by F := z1y
2 + ...+ zνy

ν+1 if 1 ≤ ν ≤ `,

(3) N`+1 be defined by F := z1y
2 + ...+ z`y

`+1 + y`+3,

(4) N`+2 be defined by F := z1y
2 + ...+ z`y

`+1 + ey.

In analogy with the results of Section 2.9, we have:

Theorem 2.10.1 The manifolds Nµ of Definition 2.10.2 are generalized

plane wave manifolds of signature (2`+ 3, 2`+ 3).

(1) N0 is an indecomposable symmetric space.

(2) Nµ is a homogeneous space which is not symmetric for 1 ≤ µ ≤ `+ 2.

(3) If µ < ν, then Nν is µ-modeled on Nµ.

(4) If ν < µ, then Nν is not µ-modeled on Nµ.

We also define the following family:

Definition 2.10.3 Let f ∈ C∞(R) where f (`+3) > 0 and f (`+4) > 0. Let

M = Mf be as in Definition 2.10.1 for F (y, ~z) := f(y)+y2z1 + ...+y`+1z`.

Set αµ := f (`+µ+2)(f (`+3))µ−2(f (`+4))1−µ for µ ≥ 3.

Theorem 2.10.2 Let M be as in Definition 2.10.3. Then:

(1) M is (`+ 2)-modeled on N`+2.

(2) αk is an invariant of the affine (k + `)-model Fk+`(M, P ).

(3) If f1 and f2 are real analytic and if αk(f1)(P1) = αk(f2)(P2) for k ≥ 3,

then there is an isometry Φ : Mf1 → Mf2 with Φ(P1) = P2.

(4) The following assertions are equivalent:
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(a) M is (`+ 3)-curvature homogeneous.

(b) M is (`+ 3)-affine curvature homogeneous.

(c) α3 is constant.

(d) f (`+3)(y) = aeby for some a > 0 and b > 0.

(e) M is homogeneous.

We shall also study the isometry groups G(·) of these manifolds and of

their models. A byproduct of our study is the following result that shows,

not surprisingly, that the symmetric space N0 has the largest isometry

group.

Theorem 2.10.3 Let M be as in Definition 2.10.3 where α3 is non-

constant, or, equivalently, f (`+3)(y) 6= aeby. Adopt the notation of Defini-

tion 2.10.2.

(1) dim{G(N0)} = 4`+ 6 + (`+ 1)(3 + 2`) + 2`+ 3 + (`+ 1)(2`+ 1).

(2) If 1 ≤ µ ≤ `, then dim{G(Nµ)} = 4`+ 6 + (`+ 1)(3 + 2`)

+ 2`+ 3 + 2`+ 2 + 1
2µ(µ− 1) + (`− µ)(2`− 2µ− 1).

(3) dim{G(N`+1)} = 4`+ 6 + (`+ 1)(3 + 2`) + 2`+ 3 + 2`+ 1 + 1
2`(`− 1).

(4) dim{G(N`+2)} = 4`+ 6 + (`+ 1)(3 + 2`) + 2`+ 2 + 2`+ 1 + 1
2`(`− 1).

(5) dim{G(M)} = 4`+ 5 + (`+ 1)(3 + 2`) + 2`+ 2 + 2`+ 1 + 1
2`(`− 1).

The remainder of this section is devoted to the proof of these results.

In Section 2.10.1, we prove Theorems 2.10.1 and 2.10.2. The main new

feature is showing that the 0-model is indecomposable, see Lemma 2.10.3

for details.

In Section 2.10.2, we establish Theorem 2.10.3. In Lemma 2.10.4, we

relate the isometry group of the full manifold to the isotropy subgroups

and reduce the proof of Theorem 2.10.3 from a geometric question to an

algebraic question by relating the dimension of the isometry groups of Nµ

and M to the dimensions of the isometry groups of certain models. The

dimension of the isometry group of the appropriate models is then studied

in Lemmas 2.10.5 and 2.10.6 to complete the proof.

2.10.1 Models

We introduce the associated models we shall be studying in this section:

Definition 2.10.4 Let

{X,Y, Z1, ..., Z`, Ỹ , Z̃1, ..., Z̃`, X
∗, Y ∗, Z∗

1 , ..., Z
∗
` , Ỹ

∗, Z̃∗
1 , ..., Z̃

∗
` }
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be a basis for R4`+6. Define a hyperbolic inner product on R4`+6 by pairing

ordinary variables with the corresponding dual variables:

〈X,X∗〉 = 〈Y, Y ∗〉 = 〈Ỹ , Ỹ ∗〉 = 〈Zi, Z∗
i 〉 = 〈Z̃i, Z̃∗

i 〉 := 1 .

Let Mµ := (V, 〈·, ·〉, A0, A1, ..., Aµ) for 0 ≤ µ ≤ ` + 2 where the algebraic

curvature tensor A0 has non-zero components

A0(X,Y, Ỹ ,X) = A0(X,Zi, Z̃i, X) := 1,

where the non-zero components of the algebraic covariant derivative curva-

ture tensors for 1 ≤ i ≤ ` are

Ai(X,Y, Zi, X ;Y, ..., Y ) = ... = Ai(X,Y, Y,X ;Y, ..., Y, Zi) := 1,

and where as exceptional cases we have

Ak(X,Y, Y,X ;Y, ..., Y ) := 1 for k = `+ 1, `+ 2 .

Lemma 2.9.2 generalizes to this setting to become:

Lemma 2.10.2 Let L ≤ `. Let M be as in Definition 2.10.1 where we

take F = z1y
2 + ... + zLy

L+1 + f(y, zL+1, ..., z`); if L = `, take f = f(y).

Then:

(1) ML is a L-model for M.

(2) If L = ` and if f (`+3) > 0, then M`+1 is an `+ 1-model for M.

(3) If L = `, if f (`+3) > 0, and if f (`+4) > 0, then M`+2 is an `+ 2-model

for M.

Proof. By Lemma 2.10.1,

R(∂x, ∂y, ∂ỹ, ∂x) = R(∂x, ∂zi , ∂z̃i , ∂x) = 1,

R(∂x, ∂y, ∂zi , ∂x) = ∂y∂ziF,

R(∂x, ∂y, ∂y, ∂x) = ∂2
yF .

We set

X := ∂x + F∂x∗ , X∗ := ∂x∗ ,

Y := ∂y − 1
2 (∂2

yF )∂ỹ, Y ∗ := ∂y∗ ,

Ỹ := ∂ỹ, Ỹ ∗ := ∂ỹ∗ +
∑

i(∂y∂ziF )∂z∗i + 1
2 (∂2

yF )∂ỹ,

Zi := ∂zi − (∂y∂ziF )∂ỹ, Z∗
i := ∂z∗i ,

Z̃i := ∂z̃i , Z̃∗
i := ∂z̃∗i .
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The only non-zero components of R and of g are then

g(X,X∗) = g(Y, Y ∗) = g(Ỹ , Ỹ ∗) = g(Zi, Z
∗
i ) = g(Z̃i, Z̃

∗
i ),

R(X,Y, Ỹ ,X) = R(X,Zi, Z̃i, X) = 1 .

This shows that M0 is a 0-model for M. Normalizing the higher covariant

derivatives then follows exactly the same lines as those used in Section 2.9

so we omit the proof in the interests of brevity. �

One new feature for these examples is the indecomposability of M0:

Lemma 2.10.3 M0 is indecomposable.

Proof. Suppose we have a non-trivial orthogonal direct sum decomposi-

tion R4`+6 = V1 ⊕V2 which decomposes the curvature tensor A0. Let πi be

the associated projections on Vi. Since

1 = 〈X,X∗〉 = 〈π1X,X
∗〉 + 〈π2X,X

∗〉

we may assume without loss of generality 〈π1X,X
∗〉 6= 0. Set α := π1(X).

Let β ∈ (X∗)⊥ ∩ V2. Then A0(α, ·, β, α) = 0 as α ∈ V1 and β ∈ V2. Since

β does not involve X ,

0 = A0(α,Zi, β, α) = 〈α,X∗〉2〈β, Z̃∗
i 〉, and

0 = A0(α, Z̃i, β, α) = 〈α,X∗〉2〈β, Z∗
i 〉 .

Consequently 〈β,X∗〉 = 0, 〈β, Z∗
i 〉 = 0, and 〈β, Z̃∗

i 〉 = 0. Thus

β ∈ Span{X∗, Z∗
0 , ..., Z

∗
` , Z̃

∗
0 , ..., Z̃

∗
` }

so (X∗)⊥ ∩ V2 is totally isotropic. Since the restriction of 〈·, ·〉 to V2 is

non-degenerate and since

dim{(X∗)⊥ ∩ V2} ≥ dim{V2} − 1,

we conclude that dim{V2} = 2. Furthermore there must exist an element

of V2 not in (X∗)⊥. We can therefore interchange the roles of V1 and V2 to

see that dim{V1} = 2. This shows that

4`+ 6 = dim{V1} + dim{V2} = 4

which provides the desired contradiction. �

The arguments given in Section 2.9 now extend without change to es-

tablish Theorem 2.10.1 and Theorem 2.10.2; we omit details in the interests

of brevity.
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2.10.2 Isometry groups

The proof of Theorem 2.10.3 will be based on several Lemmas. We first

reduce the geometric problem to an algebraic one:

Lemma 2.10.4 Let P ∈ R4`+6. Let 0 ≤ µ ≤ ` + 2. Let M be as in

Definition 2.10.3 where f is real analytic. Assume that f (`+3) > 0, that

f (`+4) > 0, and that α3(f) is non-constant. Let Nµ be as in Definition

2.10.2.

(1) dim{G(Nµ)} = 4`+ 6 + dim{GP (Nµ)}.
(2) dim{G(M)} = 4`+ 6 − 1 + dim{GP (M)}.
(3) GP (Nµ) = G(M∞(Nµ, P )).

(4) GP (M) = G(M∞(M, P )).

(5) G(M∞(Nµ, P )) = G(Mµ).

(6) G(M∞(M, P )) = G(M`+2).

(7) dim{G(Nµ)} = 4`+ 6 + dim{G(Mµ)}.
(8) dim{G(M)} = 5 + 4`+ dim{G(M`+2)}.

Proof. We apply Lemma 1.6.1 to the canonical action of the group of

isometries on the underlying manifold. Assertion (1) follows as Nµ is a ho-

mogeneous space. We consider the invariants αi of Theorem 2.10.2. These

functions are constant on the hyperplanes y = c; thus the group of isome-

tries acts transitively on such a hyperplane. Consequently

dim{G(M)} ≥ dim{GP (M)} + 4`+ 6 − 1 .

Since M is not a homogeneous space, equality holds.

Assertions (3) and (4) follow from Theorem 2.2.2 since we are in the

real analytic context.

Restriction induces injective maps

r : G(M∞(Nµ, P )) → G(Mµ(Nµ, P )), and

r : G(M∞(M, P )) → G(Mµ(M, P )) .

Since ∇jR = 0 for j > µ for Nµ if µ ≤ ` + 1, any isomorphism of the

µ-model is an isomorphism of the ∞-model which establishes Assertion (5)

for 0 ≤ µ ≤ `+ 1.

We complete the proof of Assertions (5) and (6) by dealing with the

manifolds N`+2 and M. Choose a basis B for TPM giving the normaliza-

tions of Definition 2.10.4. If g ∈ G(M`+2(N`+2, P )), then gB also satisfies



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

172 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

the normalizations described above. Expand

gX = a0X + a1Y + Span{Z1, ...},
gY = b0X + b1Y + Span{Z1, ...} .

For i ≥ `+ 1, we have

∇iR(gX, gY, gY, gX ; gX, ..., gX) = (a0b1 − a1b0)
2ai1,

∇iR(gX, gY, gY, gX ; gY, ..., gY ) = (a0b1 − a1b0)
2bi1 .

Since

0 = ∇`+1R(gX, gY, gY, gX ; gX, ..., gX),

1 = ∇`+1R(gX, gY, gY, gX ; gY, ..., gY ),

1 = ∇`+2R(gX, gY, gY, gX ; gY, ..., gY )

we have a1 = 0, b1 = 1, and a0 = ±1. Consequently g preserves ∇iR for

all i ≥ ` + 1 which establishes Assertions (5) and (6). Assertions (7) and

(8) now follow from Assertions (1)-(6). �

Let R3+2` := Span{X,Y, Zi, Ỹ , Z̃i}; we may restrict Ai to R3+2` without

losing information on the curvature. We introduce the affine models by

restricting the domain and suppressing the metric:

Fµ := (R3+2`, A0, A1, ..., Aµ) .

There is a natural action of G(Fµ) on R3+2`; let GX(Fµ) be the isotropy

subgroup of this action. We also consider the double isotropy group,

GX,Y (Fµ) = {g ∈ G(Fµ) : gX = X and gY = Y } .

Lemma 2.10.5

(1) If 0 ≤ µ ≤ `+ 2, then dim{G(Mµ)} = dim{G(Fµ)} + (`+ 1)(3 + 2`).

(2) If µ ≤ `+ 1, then dim{G(Fµ)} = dim{GX(Fµ)} + 2`+ 3.

(3) We have that dim{G(F`+2)} = dim{GX(F`+2)} + 2`+ 2.

(4) dim{GX(F0)} = (`+ 1)(2`+ 1).

(5) If 1 ≤ µ ≤ `, then dim{GX(Fµ)} = dim{GX,Y (Fµ)} + 2`+ 2.

(6) If µ = `+ 1, `+ 2, then dim{GX(Fµ)} = dim{GX,Y (Fµ)} + 2`+ 1.

(7) GX,Y (F`) = GX,Y (F`+1) = GX,Y (F`+2).
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Proof. Let o(s) be Lie algebra of skew-symmetric s×s real matrices. Set

S : = (S1, ..., S3+2`) = (X,Y, Z1..., Z`, Ỹ , Z̃1..., Z̃`),

S∗ : = (S∗
1 , ..., S

∗
3+2`) = (X∗, Y ∗, Z∗

1 , ..., Z
∗
` , Ỹ

∗, Z̃∗
1 , ..., Z̃

∗
` ),

ker(R) : = {ξ ∈ R4`+6 : A0(ξ, η1, η2, η3) = 0 ∀ ηi ∈ R4`+6}
= SpanS∈S∗{S∗} .

Let g ∈ G(Mµ). The space ker(R) is preserved by g. Thus

gSi =
3+2`∑

k=1

{
g0,ikSk + g1,ikS

∗
k

}
and gS∗

i =
3+2`∑

k=1

g2,ikS
∗
k .

We have 〈gSi, gSj〉 = 0 and 〈gSi, gS∗
j 〉 = δij . Thus

3+2`∑

k=1

{
g0,ikg1,jk + g1,ikg0,jk

}
= 0 and

3+2`∑

k=1

g0,ikg2,jk = δij

for all i, j. Set γ := g0g
t
1. One then has

g0 ∈ G(Fµ), γ + γt = 0, and g0g
t
2 = id .

On the other hand, if this identity is satisfied then g ∈ G(Mµ). The map

g → (g0, γ) yields an identification of

G(Mµ) = G(Fµ) × o(3 + 2`)

as a twisted product. Assertion (2) follows as

dim{o(3 + 2`)} = 1
2 (3 + 2`)(2 + 2`) .

Assertions (2) and (3) will follow from Lemma 1.6.1 and from the fol-

lowing relations:

G(Fµ)X = {ξ ∈ R3+2` : 〈ξ,X∗〉 6= 0} if k ≤ `+ 1,

G(F`+2)X = {ξ ∈ R3+2` : 〈ξ,X∗〉 = ±1} .
(2.10.a)

We first show ⊃ holds in Eq. (2.10.a). Let ξ ∈ V with a := 〈ξ,X∗〉 6= 0.

Define a linear transformation of R3+2` by setting gX = ξ and by setting

ε0 := (a2)−1/(`+3), gY = ε0Y, gỸ = a−2ε−1
0 Ỹ ,

εi := {a2εi+1
0 }−1, gZi := εiZi, gZ∗

i = ε−1
i a−2Z̃i .

The non-zero components of Ai for 0 ≤ i ≤ `+ 2 are then given by
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A0(gX, gY, gỸ , gX) = a2ε0a
−2ε−1

0 = 1,

A0(gX, gZi, gZ̃i, gX) = a2εiε
−1
i a−2 = 1,

A1(gX, gY, gZ1, gX ; gY ) = a2ε20ε1 = 1,

A1(gX, gY, gY, gX ; gZ1) = a2ε20ε1 = 1,...

A`(gX, gY, gZ`, gX ; gY, ..., gY )

= A`(gX, gY, gY, gX ; gZ`, gY, ...) =...

= A`(gX, gY, gY, gX ; gY, ..., gZ`) = a2ε`+1
0 ε` = 1,

A`+1(gX, gY, gY, gX ; gY, ..., gY ) = a2ε`+3
0 = 1,

A`+2(gX, gY, gY, gX ; gY, ..., gY ) = a2ε`+4
0 = ε0.

Thus g ∈ G(F`+1). Furthermore, g ∈ G(F`+2) if a2 = 1. Consequently:

{ξ ∈ R3+2` : 〈ξ,X∗〉 6= 0} ⊂ G(Fµ) ·X,
{ξ ∈ R3+2` : 〈ξ,X∗〉 = ±1} ⊂ G(F`+2) ·X .

(2.10.b)

We must establish the reverse inclusions to complete the proof. Let

Jξ(η1, η2) := A0(ξ, η1, η2, ξ) be the Jacobi form defined by ξ ∈ V . Let

a = 〈ξ,X∗〉. Expand

ξ = aX + b0Y + b̃0Ỹ +
∑̀

i=1

{biZi + b̃iZ̃i} .

We have the following cases

(1) If a = 0, then Jξ = 0 on Span{Y, Ỹ , Zi, Z̃i} so Rank(Jξ) ≤ 1.

(2) If a 6= 0, then Jξ(Y, Ỹ ) 6= 0 so Rank(Jξ) ≥ 2.

If g ∈ G(Fµ), then Rank{Jξ} = Rank{Jgξ}. Consequently

〈ξ,X∗〉 = 0 ⇔ Rank(Jξ) ≤ 1 ⇔ Rank(Jgξ) ≤ 1 ⇔ 〈gξ,X∗〉 = 0 .

This relation implies we have

G(Fµ) ·X ⊂ {ξ ∈ R3+2` : 〈ξ,X∗〉 6= 0},
G(Fµ) · Span{Y, Zi, Z̃i} = Span{Y, Zi, Z̃i} .

(2.10.c)

Suppose k = `+ 2. Since Rank(JY ) = 0, Rank(JgY ) = 0 so 〈gY,X∗〉 = 0.

Expand

gX = aX + a0Y + ã0Ỹ + aiZi + ãiZ̃i, and

gY = b0Y + b̃0Ỹ + biZi + b̃iZ̃i .
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Then

1 = A`+1(gX, gY, gY, gX ; gY, ..., gY ) = a2b`+3
0 , and

1 = A`+2(gX, gY, gY, gX ; gY, ..., gY ) = a2b`+4
0 .

This shows that a2 = 1 and b0 = 1 so

G(F`+2)X ⊂ {ξ ∈ R3+2` : 〈ξ,X∗〉 = ±1},
G(F`+2)Y ⊂ {ξ ∈ R3+2` : 〈ξ,X∗〉 = 0, and 〈ξ, Y ∗〉 = 1} . (2.10.d)

We use Eqs. (2.10.b), (2.10.c), and (2.10.d) to derive Eq. (2.10.a). Asser-

tions (2) and (3) of Lemma 2.10.5 then follow.

As noted above, the Jacobi form JX(·, ·) = A0(X, ·, ·, X) defines a non-

singular bilinear form of signature (`+ 1, `+ 1) on

W : = Span{Y, Z1, ..., Z`, Ỹ , Z̃1, ..., Z̃`}
= {ξ ∈ R3+2` : Rank(Jξ) ≤ 1} .

Let O(W,JX ) be the associated orthogonal group. If g ∈ GX(Fµ), then we

have gW = W by Eq. (2.10.c). Since gX = X , we may safely identify g

with g|W . Furthermore,

JX (ξ, η) = JgX (gξ, gη) = JX(gξ, gη) so GX (Fµ) ⊂ O(JX ) .

Conversely, if g is a linear map of W which preserves JX , we may extend

g to R3+2` by defining gX = X and thereby obtain an element of GX(F0).

Thus GX (F0) = O(W,JX ). Assertion (4) now follows since

dim{O(W,JX )} = 1
2 dimW (dimW − 1) = 1

2 (2 + 2`)(1 + 2`) .

Assertions (5) and (6) will follow from Lemma 1.6.1 if we can establish

the following relations:

GX(Fµ) · Y = {ξ ∈ W : 〈ξ, Y ∗〉 6= 0} for 1 ≤ µ ≤ `,

GX(F`+1) · Y = {ξ ∈W : 〈ξ, Y ∗〉`+3 = 1},
GX(F`+2) · Y = {ξ ∈W : 〈ξ, Y ∗〉 = 1} .

(2.10.e)

We argue as follows to establish the relations of Eq. (2.10.e). If ξ ∈ W ,

let Sξ(η) := A1(X, ξ, ξ,X ; η). Expand

ξ = b0Y + b̃0Ỹ + biZi + b̃iZ̃i . (2.10.f)
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We then have that

Sξ(X) = 0, Sξ(Z̃i) = 0,

Sξ(Y ) = 2b0b1, Sξ(Z1) = b20,

Sξ(Zi) = 0 for i ≥ 2 .

Thus Sξ = 0 if and only if b0 = 〈ξ, Y ∗〉 = 0. Thus for µ ≥ 1 one has:

GX (Fµ)Y ⊂ {ξ ∈W : 〈ξ, Y ∗〉 6= 0},
GX (Fµ) Span{Zi, Ỹ , Z̃i} ⊂ Span{Zi, Ỹ , Z̃i} .

(2.10.g)

Since a = 1, the analysis used to prove Lemma 2.10.5 (2,3) shows b`+3
0 = 1

if k = ` + 1 and b0 = 1 if k = ` + 2. This establishes the inclusion ⊂ in

Eq. (2.10.e).

We complete the verification of Eq. (2.10.e) by establishing the reverse

inclusion in Eq. (2.10.e). Expand ξ in the form given in Eq. (2.10.f). Assume

b0 6= 0. Let εi := b−i−1
0 and define a linear transformation g of R3+2` fixing

X by setting:

gX := X, gY := ξ, gỸ := b−1
0 Ỹ ,

gZi := εi{Zi − b−1
0 b̃iỸ }, and

gZ̃i := ε−1
i {Z̃i − b−1

0 biỸ } .

The possibly non-zero components of A0 are then given by

A0(gX, gY, gỸ , gX) = 1,

A0(gX, gY, gZi, gX) = εi{b̃i − b0b
−1
0 b̃i} = 0,

A0(gX, gZ, gZ̃i, gX) = ε−1
i {bi − b0b

−1
0 bi} = 0,

A0(gX, gZi, gZ̃i, gX) = ε−1
i εi = 1 .

The non-zero components of Ai for 1 ≤ i ≤ ` are given by

Ai(gX, gY, gZi, gX ; gY, ..., gY ) = ...

= Ai(gX, gY, gY, gX ; gY, ..., gZi) = bi+1
0 εi = 1 .

We also have that

A`+1(gX, gY, gY, gX ; gY, ..., gY ) = b`+3
0 ,

A`+2(gX, gY, gY, gX ; gY, ..., gY ) = b`+4
0 .
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If b`+3
0 = 1, then g ∈ G(F`+1); if b0 = 1, then g ∈ G(F`+2). This establishes

the reverse inclusions in Eq. (2.10.e) and completes the proof of Assertions

(5) and (6); Assertion (7) of Lemma 2.10.5 is immediate. �

We complete the proof of Theorem 2.10.3 by showing

Lemma 2.10.6 Let 1 ≤ µ ≤ `.

(1) If g ∈ GX,Y (Fµ), then gỸ = Ỹ .

(2) GX,Y (Fµ) = Λ2(Rµ) ⊕O(`− µ, `− µ).

(3) dimGX,Y (Fµ) = 1
2µ(µ− 1) + (`− µ)(2`− 2µ− 1).

Proof. Let g ∈ GX,Y (Fµ). Let ξ ∈ Span{Zi, Ỹ , Z̃i}. We may use

Eq. (2.10.g) and the relation A0(X,Y, gξ,X) = A0(X,Y, ξ,X), to see

gỸ = Ỹ +
∑̀

j=1

{
ajZj + ãjZ̃j

}
,

gZi =
∑̀

j=1

{
bjiZj + b̃jiZj

}
,

gZ̃i =
∑̀

j=1

{
cjiZj + c̃ji Z̃j

}
.

Consequently Span{gZi, gZĩ} = Span{Zi, Zĩ} and the relation

A0(X, gZi, gỸ ,X) = A0(XgZ̃ĩ, gỸ ,X) = 0

implies ai = aĩ = 0; Assertion (1) follows.

To simplify the notation in the proof of Assertion (2), we clear the

previous notation and set:

S = (S1, ..., Sµ) = (Z1, ..., Zµ),

T = (T1, ..., T`−µ) = (Zµ+1, ..., Z`),

S̃ = (S̃1, ..., S̃µ) = (Z̃1, ..., Z̃µ),

T̃ = (T̃1, ..., T̃`−µ) = (Z̃µ+1, ..., Z̃`) .

We let indices a, b (respectively ã, b̃) range from 1 through µ and index

elements of S (respectively S̃); we let indices α, β (respectively α̃, β̃) range

from 1 through ` − µ and index elements of T (respectively T̃ ). Suppose
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that g ∈ GX,Y (Fµ). Since

Aa(X,Y, gSb, X ;Y, ..., Y ) = δab ,

Aa(X,Y, gSb̃, X ;Y, ..., Y ) = 0,

Aa(X,Y, gTα;Y, ..., Y ) = 0,

Aa(X,Y, gTα̃;Y, ..., Y ) = 0,

one has that

gSa = Sa + gb̃aS̃b̃ + gβaTβ + gβ̃a T̃β̃,

gSã = gb̃ãS̃b̃ + gβãTβ + gβ̃ã T̃β̃,

gTα = gb̃αS̃b̃ + gβαTβ + gβ̃αT̃β̃,

gTα̃ = gb̃α̃S̃b̃ + gβα̃Tβ + gβ̃α̃T̃β̃ .

The non-zero components of A0 are

A0(X, gSa, gSã, X) = 1 and A0(X, gTα, gTα̃, X) = 1 .

Consequently we have that

gb̃ã = δb̃ã, gb̃a + gãb = 0, gb̃α = 0, gβ̃α̃ = 0 .

Thus

gSa = Sa + gb̃aS̃b̃ + gβaTβ + gβ̃a T̃β̃,

gSã = S̃ã + gβãTβ + gβ̃ã T̃β̃ ,

gTα = gβαTβ + gβ̃αT̃β̃ ,

gTα̃ = gβα̃Tβ + gβ̃α̃T̃β̃ .

Since g is non-singular, we must have

Span{gTα, gTα̃} = Span{Tα, Tα̃} .

Since A0(X, gSã, gTα, X) = 0 and A0(X, gSã, gTα̃, X) = 0,

gβa = 0, gβ̃a = 0, gβã = 0, and gβ̃ã = 0
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so the variables decouple and we have, where g b̃a + gãb = 0,

gSa = Sa + gb̃aS̃b̃,

gSã = S̃ã,

gTα = gβαTβ + gβ̃αT̃β̃,

gTα̃ = gβα̃Tβ + gβ̃α̃T̃β̃ .

Furthermore, the matrix

h =

(
gβα g

β̃
α

gβα̃ g
β̃
α̃

)

must belong to O(`, `). Conversely, it is immediate that such a matrix g

belongs to GX,Y (Fµ). �

We can now complete the proof of Theorem 2.10.3.

(1) By Lemma 2.10.6,

(a) If 1 ≤ µ ≤ `, then dim{GX,Y (Fµ)} = 1
2µ(µ−1)+(`−µ)(2`−2µ−1).

(b) If µ = `+ 1, `+ 2, then dim{GX,Y (Fµ)} = 1
2`(`− 1).

(2) By Lemma 2.10.5 (4-7):

(a) dim{GX(F0)} = (`+ 1)(2`+ 1).

(b) If 1 ≤ µ ≤ `, then dim{GX(Fµ)} = 2`+ 2 + 1
2µ(µ− 1)

+ (`− µ)(2`− 2µ− 1).

(c) If µ = `+ 1, `+ 2, then dim{GX(Fµ)} = 2`+ 1 + 1
2`(`− 1).

(3) By Lemma 2.10.5 (2,3):

(a) dim{G(F0)} = 2`+ 3 + (`+ 1)(2`+ 1).

(b) If 1 ≤ µ ≤ `, then dim{G(Fµ)} = 2`+ 3 + 2`+ 2 + 1
2µ(µ− 1)

+ (`− µ)(2`− 2µ− 1).

(c) dim{GX(F`+1)} = 2`+ 3 + 2`+ 1 + 1
2 `(`− 1).

(d) dim{GX(F`+2)} = 2`+ 2 + 2`+ 1 + 1
2 `(`− 1).

(4) By Lemma 2.10.5 (1), one has:

(a) dim{G(M0)} = (`+ 1)(3 + 2`) + 2`+ 3 + (`+ 1)(2`+ 1).

(b) If 1 ≤ µ ≤ `, then dim{G(Mµ)} = (`+ 1)(3 + 2`) + 2`+ 3

+ 2`+ 2 + 1
2µ(µ− 1) + (`− µ)(2`− 2µ− 1).

(c) dim{G(M`+1)} = (`+ 1)(3 + 2`) + 2`+ 3 + 2`+ 1 + 1
2`(`− 1).

(d) dim{G(M`+2)} = (`+ 1)(3 + 2`) + 2`+ 2 + 2`+ 1 + 1
2`(`− 1).

(5) By Lemma 2.10.4, one has
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(a) dim{G(N0)} = 4`+ 6 + (`+ 1)(3 + 2`) + 2`+ 3 + (`+ 1)(2`+ 1).

(b) If 1 ≤ µ ≤ `, then dim{G(Nµ)} = 4`+ 6 + (`+ 1)(3 + 2`)

+ 2`+ 3 + 2`+ 2 + 1
2µ(µ− 1) + (`−µ)(2`− 2µ− 1).

(c) dim{G(N`+1)} = 4`+6+(`+1)(3+2`)+2`+3+2`+1+ 1
2`(`−1).

(d) dim{G(N`+2)} = 4`+6+(`+1)(3+2`)+2`+2+2`+1+ 1
2`(`−1).

(e) dim{G(M)} = 4`+5+(`+1)(3+2`)+2`+2+2`+1+ 1
2 `(`− 1).
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Chapter 3

Other Pseudo-Riemannian Manifolds

3.1 Introduction

In Chapter 3, we continue our study of specific examples; the manifolds of

Chapter 3 for the most part are not generalized plane wave manifolds.

A pseudo-Riemannian manifold M = (M, g) is said to be a generalized

Walker manifold, see Walker (1950), if it admits a parallel totally isotropic

distribution of maximal dimension. The manifolds discussed in Sections

2.3 and 2.5 are generalized Walker manifolds. In Section 3.2, we present

results of Gilkey and Nikčević (2005d) relating to a family of 3-dimensional

generalized Walker Lorentz manifolds. Let {x, y, x̃} be coordinates on R3,

let f ∈ C∞(R), and let M := (R3, g) where

g(∂x, ∂x) = −2f(y) and g(∂x, ∂x̃) = g(∂y, ∂y) = 1 .

These manifolds are VSI Walker manifolds but not generalized plane wave

manifolds. The geodesic structure of these manifolds is examined and their

curvature tensors are determined. Some of these manifolds are geodesically

complete; others exhibit Ricci blowup. There are examples in this family

which are 1-curvature homogeneous but not locally homogeneous; 2-affine

curvature homogeneity implies local homogeneity for this family. There are

examples which are 1-affine curvature homogeneous but not 1-curvature

homogeneous; thus 1-affine curvature homogeneity and 1-curvature homo-

geneity are not equivalent notions. All the members in this family are

modeled on indecomposable symmetric spaces.

The geometry of neutral signature 4-dimensional manifolds is a particu-

larly rich one and we divide our discussion of this topic into two sections. In

Section 3.3 we summarize some work by various authors dealing with this

topic. Section 3.3.1 presents results of Blažić, Bokan, and Rakić (2001a)

181
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and of Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo (2002) which give a nor-

mal form for Osserman algebraic curvature tensors in signature (2, 2). A

family of Walker metrics of signature (2, 2) on R4 is introduced in Defini-

tion 3.3.1. Various subfamilies of this class are then used to illustrate cer-

tain geometric phenomena. Work of Garćıa-Rı́o, Rakić, and Vázquez-Abal

(2005) dealing with Kähler Osserman manifolds in this family is discussed

in 3.3.2. Results of Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006)

which show that there are Jordan Osserman manifolds which are not nilpo-

tent and whose Jacobi operator is not diagonalizable are given in Section

3.3.3. Conformal Osserman manifolds of signature (2, 2) are studied follow-

ing results of Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo (2005) in

Section 3.3.4; it is somewhat surprising that there are conformal Osserman

manifolds whose conformal Jacobi operator has complex eigenvalues. Our

discussion of neutral signature (2, 2) walker manifolds is concluded in Sec-

tion 3.4 when questions of completeness and Ricci blowup are examined for

many of the examples which were presented in Section 3.3.

In Section 3.5, we study Fiedler manifolds. Although there are members

of this family which are generalized plane wave manifolds, the family is

more general. All members of this family are Jacobi–Tsankov; this means

that J(x)J(y) = J(y)J(x) for any two tangent vectors. We will study

this property subsequently. There are members in this family which are

Ivanov–Petrova and which are nilpotent of order 3. There are manifolds

in this family which are Jacobi nilpotent of arbitrarily high order. There

are also members of this family which are Szabó nilpotent of arbitrarily

high order. We also create an example where it is possible to normalize

the components of the metric and of ∇R but not possible to normalize the

components of R.

3.2 Lorentz Manifolds

Consider the following family of 3-dimensional Lorentz manifolds:

Definition 3.2.1 Let {x, y, x̃} be coordinates on R3, let f ∈ C∞(R), and

let M := (R3, g) where g is the Lorentz metric on R3 given by:

g(∂x, ∂x) := −2f(y) and g(∂x, ∂x̃) = g(∂y, ∂y) := 1 .

Lemma 3.2.1 Let M be as in Definition 3.2.1.
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(1) The possibly non-zero Christoffel symbols are given by:

g(∇∂x∂x, ∂y) = f ′, g(∇∂x∂y, ∂x) = g(∇∂y∂x, ∂x) = −f ′,

∇∂x∂x = f ′∂y, ∇∂x∂y = ∇∂y∂x = −f ′∂x̃ .

(2) ∇νR(·) = 0 if any entry is ∂x̃.

(3) All the scalar invariants of M vanish.

Proof. Assertion (1) follows directly from Eq. (1.2.f); Assertion (2) fol-

lows from Assertion (1). Since f ′(y) depends on y in general, the Levi-Civita

connection does not have the triangular form for a generalized plane wave

manifold and, as will be noted presently in Remark 3.2.1, M need not in

fact be a generalized plane wave manifold. Thus it is not possible to apply

Theorem 2.2.1 to establish Assertion (3). Instead, we proceed directly. Let

X := ∂x + f∂x̃, Y := ∂y, X̃ := ∂x̃,

e+1 := (X + X̃)/
√

2, e−1 = (X − X̃)/
√

2, e+2 := Y .

Then {e−1 , e+1 , e+2 } is an orthonormal frame for T (R3). Furthermore,

∇kR(..., e+1 , ...) = ∇kR(..., e−1 , ...) = ∇kR(..., ∂x, ...)/
√

2 .

Since e−1 is timelike and since e+1 is spacelike, terms where ei = e+1 and

terms where ei = e−1 appear with opposite signs in any Weyl summation

and cancel. Thus all the terms must be e+2 which yields zero. �

Various properties of certain manifolds in this family have been studied

by Bueken and Djoric (2000), by Bueken and Vanhecke (1997), by Cahen,

Leroy, Parker, Tricerri, and Vanhecke (1991), by Chaichi, Garćıa-Rı́o, and

Vázquez-Abal (2005), by Koutras and McIntosh (1996), and by Pravda,

Coley, and Milson (2002), to give but a few of the many possible refer-

ences. For example the existence of 1-curvature homogeneous 3-dimensional

Lorentzian manifolds which are not locally homogeneous follows from the

discussion in Bueken and Djoric (2000) and the existence of 3-dimensional

VSI Lorentzian manifolds follows from work of Pravda, Coley, and Milson

(2002).

We say that a pseudo-Riemannian manifold M exhibits Ricci blowup

if there exists a geodesic γ : [0, T ) → M where T < ∞ and where

lim supt→T |ρ(γ̇, γ̇)| = ∞. Such a manifold is necessarily geodesically in-

complete and does not embed as an open subset of a geodesically complete

manifold.
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Definition 3.2.2 We specialize the manifolds of Definition 3.2.1 setting

N±
i := Mf±

i
where

f−
0 (y) := − 1

2y
2, f+

0 (y) := 1
2y

2,

f−
1 (y) := −e−y, f+

1 (y) := ey,

f−
2 (y) := −e−y + y, f+

2 (y) := ey + y,

f−
3 (y) := −e−y − e−2y, f+

3 (y) := ey + e2y .

The following is the main result of this section:

Theorem 3.2.1

(1) N−
0 is a geodesically complete indecomposable symmetric space.

(2) N−
1 is 0-curvature modeled on N−

0 , is locally homogeneous, and has

Ricci blowup.

(3) N−
2 is 0-curvature modeled on N−

0 , is 1-curvature modeled on N−
1 , is

not 2-affine curvature homogeneous, and has Ricci blowup.

(4) N−
3 is 0-curvature modeled on N−

0 , is not 1-curvature homogeneous,

is 1-affine curvature modeled on N1, is not 2-affine curvature homoge-

neous, and has Ricci blowup.

(5) N+
0 is a geodesically complete indecomposable symmetric space.

(6) N+
1 is 0-curvature modeled on N+

0 , is geodesically complete, and is

homogeneous.

(7) N+
2 is 0-curvature modeled on N+

0 , is 1-curvature modeled on N+
1 , is

not 2-affine curvature homogeneous, and is geodesically complete.

(8) N+
3 is 0-curvature modeled on N+

0 , is not 1-curvature homogeneous, is

1-affine curvature modeled on N+
1 , is not 2-affine curvature homoge-

neous, and is geodesically complete.

Remark 3.2.1 By Theorem 3.2.1, certain manifolds of Definition 3.2.1

are geodesically incomplete and thus are not generalized plane wave man-

ifolds. Thus Lemma 3.2.1 does not follow from Theorem 2.2.1. All the

manifolds of Definition 3.2.1 are generalized Walker manifolds. The dis-

tribution Span{∂x̃} is a parallel totally isotropic distribution of maximal

dimension.

Here is a brief outline to the remainder of this section; we shall follow

the treatment in Gilkey and Nikčević (2005d). In Section 3.2.1, we study

the geodesics and curvature tensor of a manifold in this family. In Section

3.2.2, we study questions of geodesic completeness and of Ricci blowup. In
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Section 3.2.3, we turn our attention to curvature homogeneity and complete

the proof of Theorem 3.2.1.

3.2.1 Geodesics and curvature

Lemma 3.2.2 Let M be as in Definition 3.2.1.

(1) The possibly non-zero components of R, of ∇R, of ∇2R, and of ρ are:

R(∂x, ∂y)∂y = f ′′∂x̃, R(∂x, ∂y)∂x = −f ′′∂y,
R(∂x, ∂y, ∂y, ∂x) = f ′′, ρ(∂x, ∂x) = f ′′,
∇∂yR(∂x, ∂y)∂y = f ′′′∂x̃, ∇∂yR(∂x, ∂y)∂x = −f ′′′∂y,
∇R(∂x, ∂y, ∂y, ∂x; ∂y) = f ′′′, ∇∂y∇∂yR(∂x, ∂y)∂y = f ′′′′∂x̃,
∇∂y∇∂yR(∂x, ∂y)∂x = −f ′′′′∂y, ∇∂x∇∂xR(∂x, ∂y)∂y = −f ′f ′′′∂x̃,
∇∂x∇∂xR(∂x, ∂y)∂x = f ′f ′′′∂y, ∇2R(∂x, ∂y, ∂y, ∂x; ∂y, ∂y) = f ′′′′,
∇2R(∂x, ∂y, ∂y, ∂x; ∂x, ∂x) = −f ′f ′′′ .

(2) γ(t) = (x(t), y(t), x̃(t)) is a geodesic if and only if

(a) x(t) = x0 + x1t.

(b) y′′(t) = −x2
1f

′(y(t)).
(c) x̃(t) = x̃0 + tx̃′0 + 2x1

∫ t
0

∫ s
0 f

′(y(u))y′(u)duds.

Proof. The curvature tensor can be computed from Lemma 3.2.1. We

omit detailed calculation to establish Assertion (1) in the interests of

brevity.

By Lemma 3.2.1 (1), the geodesic equation becomes

x′′(t) = 0, y′′(t) = −f ′(y(t))x′(t)x′(t), x̃′′(t) = 2f ′(y(t))y′(t)x′(t) .

We solve the first equation to obtain the conclusion of Assertion (2a). The

remaining equations then become

y′′(t) = −x2
1f

′(y(t)) and x̃′′(t) = 2x1f
′(y(t))y′(t) .

Assertion (2b) now follows; once y is determined, we use the second relation

to determine x̃ and establish Assertion (2c). �

Assertions (1) and (5) of Theorem 3.2.1 will follow from:

Lemma 3.2.3 Let N±
0 be defined by f±(y) := ± 1

2y
2. Then:

(1) N±
0 is a geodesically complete indecomposable local symmetric space.

(2) For any P ∈ R3, exp
N+

0

P is neither surjective nor injective.
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(3) For every P ∈ R3, exp
N−

0

P is a global diffeomorphism from TPR3 to R3.

Proof. Since f(y) = ± 1
2y

2 is quadratic, ∇R = 0. Thus N+
0 and N−

0

are local symmetric spaces. Let {X,Y, X̃} be a basis for R3. Consider the

0-models M± := (R3, 〈·, ·〉, A±) where

〈X, X̃〉 = 〈Y, Y 〉 = 1, and A±(X,Y, Y,X) = ±1 .

Setting X = ∂x + f∂x̃, Y = ∂y, and X̃ = ∂x̃ then shows that M± is a 0-

model for N±
0 . Thus to show N±

0 is indecomposable, it suffices to establish

the corresponding assertion for M±.

Suppose to the contrary that R3 = V1 ⊕ V2 is an orthogonal direct sum

decomposition which decomposes A±. Choose the notation so dim(V1) = 2

and dim(V2) = 1. Since dim(V2) = 1, V2 ∈ ker(A±) = Span{∂x̃}. This

implies that the metric is totally isotropic on V2. This is not possible as

R3 = V1⊕V2 is an orthogonal direct sum decomposition. This contradiction

shows that N+
0 and N−

0 are indecomposable symmetric spaces; they are not

irreducible as Span{∂x̃} is a parallel distribution and hence invariant under

holonomy.

Suppose first M = N+
0 so f(y) = 1

2y
2. We apply Lemma 3.2.2 (2). The

geodesic equation y′′(t) = −x2
1f

′(y(t)) then becomes y′′ = −x2
1y(t). We

solve this equation with initial data y(0) = y0 and ẏ(0) = y1:

y(t) =

{
y0 + y′0t if x1 = 0,

y0 cos(x1t) + 1
x1
y′0 sin(x1t) if x1 6= 0 .

This shows that N+
0 is geodesically complete. Furthermore, a geodesic

with x(0) = x0 and x(1) = x0 + 2π has the form:

γ(t) = (x0 + 2πt, y0 cos(2πt) + 1
2πy

′
0 sin(2πt), x̃(t)) .

Thus y(1) = y(0) and the exponential map is not surjective; neither is it

injective as y′0 plays no role. This establishes the Assertions of the Lemma

concerning N+
0 .

Next, we study f(y) = − 1
2y

2 so y′′(t) = x2
1y(t). This yields

y(t) =

{
y0 + y′0t if x1 = 0,
1
2y0{ex1t + e−x1t} + 1

2x1
y′0{ex1t − e−x1t} if x1 6= 0 .

This shows that S− is geodesically complete. We take P := (x0, y0, x̃0) as

the initial point. Suppose Q := (x1, y1, x̃1) is given. The exponential map

is given by setting t = 1. Thus x(t) = x0 + t(x1 − x0). If x1 − x0 = 0, then
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set y(t) = y0 + t(y1 − y0). If x1 − x0 6= 0, we determine y′0 uniquely by

solving the equation:

y1 = 1
2y0{ex1−x0 + ex0−x1} + 1

2(x1−x0)
y′0{ex1−x0 − ex0−x1} .

Once x and y have been determined, we use Lemma 3.2.2 (2c) to solve for

x̃′0. This shows that N−
0 is geodesically complete and that the exponential

map is a diffeomorphism. �

3.2.2 Ricci blowup

Recall that a pseudo-Riemannian manifold M is said to exhibit Ricci blowup

if there exists a geodesic γ in M with domain [0, T ) for T < ∞ where

lim supt→T |ρ(γ̇, γ̇)| = ∞. Such a manifold is necessarily incomplete.

The Assertions of Theorem 3.2.1 concerning geodesic completeness and

Ricci blowup for the manifolds N±
i with i = 1, 2, 3 will follow from:

Lemma 3.2.4 Assume that f ′(y) > 0 for all y ∈ R.

(1) If ∃ C > 0 so f ′(y) ≤ C|y| for y ≤ −1, M is geodesically complete.

(2) If ∃ ε, δ > 0 so f ′(y) ≥ ε|y|1+δ for y ≤ −1, M has Ricci blowup.

Proof. We suppose that f ′ > 0 and that f ′(y) ≤ C|y| for y ≤ −1. Let

γ be a geodesic with ẋ(0) = x1. If x1 = 0, then γ extends for all time so

we assume x1 6= 0. Set h = −x2
1f

′. The geodesic equation given in Lemma

3.2.2 (2) then becomes y′′(t) = h(y(t)). Choose a maximal domain [0, T )

for the solution to this ordinary differential equation with initial condition

y(0) = y0 and y′(0) = y′0. If T <∞, Lemma 1.5.6 shows that

lim
y→T

y(t) = −∞ and lim sup
y→T

∣∣∣∣
h(y(t))

y(t)

∣∣∣∣ = ∞

which contracts the assumption that 0 < f ′ ≤ C|y|. Thus T = ∞ and M
is geodesically complete. Assertion (1) now follows.

Suppose f ′(y) > 0 for all y and that f ′(y) ≥ ε|y|1+δ for y ≤ −1.

Choose a geodesic with x(0) = 0, x′(0) = 1, y(0) = −1, and y′(0) = −1.

The geodesic equation then becomes

y′′ = −f ′(y) .

Thus by Lemma 1.5.7 for some finite T , limt→T y(t) = −∞. This shows

that M is geodesically incomplete.
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If |f ′′(y)| ≤ K on (−∞, 0], then f ′(y) ≤ K|y| + f ′(y(0)) on (−∞, 0]

which is false. Thus |f ′′(y)| is not bounded on (−∞, 0]. Since y(t) → −∞
as t → T , f ′′(y(t)) is not bounded on [0, T ). We have ρ(γ̇, γ̇) = f ′′(y(t)).
Consequently, M has Ricci blowup. �

3.2.3 Curvature homogeneity

We shall need a technical lemma related to the structure of ∇kR when the

defining function f is a pure exponential. Let

∇kR(~ξ) := ∇kR(ξ1, ξ2, ξ3, ξ4; ξ5, ..., ξ4+k) for ~ξ = (ξ1, ..., ξ4+k) .

We suppose ξi = ∂x or ξi = ∂y; there is no need to take ξi = ∂x̃ since

∇kR(~ξ) vanishes if any ξi = ∂x̃.

Lemma 3.2.5 Let Θ(~ξ) denote the number of times that ξi = ∂x. Let

M be as in Definition 3.2.1 where f = aeby. Then there exists a coefficient

γ(a, b; ~ξ) so

∇kR(~ξ) = γ(a, b; ~ξ)e
1
2Θ(~ξ)by .

Proof . We proceed by induction on k. We define

γ(a, b; ∂x, ∂y, ∂y, ∂x) = ab2,

γ(a, b; ∂x, ∂y, ∂y, ∂x; ∂y) = ab3,

γ(a, b; ∂x, ∂y, ∂y, ∂x; ∂y, ∂y) = ab4,

γ(a, b; ∂x, ∂y, ∂y, ∂x; ∂x, ∂x) = −a2b4 .

Lemma 3.2.5 for k ≤ 2 then follows from Lemma 3.2.2 if we introduce

the appropriate ± signs when considering the Z2 symmetries in the first

4-indices and if we set the other entries to zero.

We prove the Lemma inductively, the discussion given above shows it

holds when k = 0, 1, 2. By Eq. (1.2.d),

∇kR(~ξ) = ξk+4∇k−1R(ξ1, ..., ξk+3) (3.2.a)

−
k+3∑

i=1

∇k−1R(ξ1, ..., ξi−1,∇ξk+4
ξi, ξi+1, ..., ξk+3) . (3.2.b)

We distinguish two cases:

(1) Suppose ξk+4 = ∂y. Since ∇∂y ξi is a multiple of ∂x̃, the terms in

Eq. (3.2.b) vanish and only the term in Eq. (3.2.a) must be considered.
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Let ~η := (ξ1, ..., ξk+3). Then

∇kR(~ξ) = ∂y∇k−1R(~η) = ∂yγ(a, b; ~η)e
1
2Θ(~η)by

= bΘ(~η)
2 γ(a, b; ~η)e

1
2 Θ(~η)by .

This has the desired form since Θ(~η) = Θ(~ξ).

(2) Suppose that ξk+4 = ∂x. Since ξk+4∇k−1R(ξ1, ..., ξk+3) = 0, the term

in (3.2.a) vanishes. Replace ξi by ∂y in position i to define

~ηi := (ξ1, ..., ξi−1, ∂y, ξi+1, ..., ξk+3) .

Since ∇∂x∂y is a multiple of ∂x̃, we can ignore terms where ξi = ∂y.

Furthermore, as ∇∂x∂x = f ′∂y = abeby∂y, the terms in (3.2.b) yield

∇kR(~ξ) = −abeby
∑

i:ξi=∂x

∇k−1R(~ηi)

= −abeby
∑

i:ξi=∂x

γ~ηi(a, b)e
1
2 Θ(~ηi)by .

Since Θ(~ηi) = Θ(~ξ)−2, ebye
1
2Θ(~ηi) = e

1
2Θ(~η). Consequently this has the

desired form. �

We make the following

Definition 3.2.3 Assume that f ′′ 6= 0.

(1) Set α1 := f ′f ′′′

f ′′f ′′ .

(2) We say that a basis B = {X,Y, X̃} for R3 is normalized if:

(a) The non-zero components of g are g(X, X̃) = g(Y, Y ) = 1.

(b) The non-zero components of R are R(X,Y, Y,X) = sign(f ′′).
(c) We have ∇R(ξ1, ξ2, ξ3, ξ4;X) = 0 for all ξ1, ξ2, ξ3, ξ4.

(3) We say that a basis B = {X,Y, X̃} for R3 is affine normalized if the

non-zero components of R and ∇R are:

(a) R(X,Y )Y = sign(f ′′)X̃.

(b) R(X,Y )X = − sign(f ′′)Y .

(c) ∇YR(X,Y )Y = X̃.

(d) ∇YR(X,Y )X = −Y .

The invariant α1 of Definition 3.2.3 (1) is similar to the invariant α2 de-

scribed Lemma 2.3.1 and plays a similar role in our development. The re-

maining assertions of Theorem 3.2.1 concern curvature homogeneity; they

will follow from the following result.
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Lemma 3.2.6 Let M be as in Definition 3.2.1 where f ′′ 6= 0.

(1) Let ε := sign{f ′′}. Then M is 0-curvature modeled on N ε
0 .

(2) Assume additionally that f ′′′(y) 6= 0. Then:

(a) M is 1-affine curvature homogeneous.

(b) M is 1-curvature homogeneous if and only if f ′′ = aeby.

(c) α1 is an invariant of F2(M, P ).

(d) The following assertions are equivalent:

i. M is locally homogeneous.

ii. M is k-curvature homogeneous for all k.

iii. M is 2-curvature homogeneous.

iv. M is 2-affine curvature homogeneous.

v. f ′ = aeby.

Proof. We may define a basis normalized as in Definition 3.2.3 (2) and

establish Assertion (1) of Lemma 3.2.6 by setting

X := |f ′′|−1/2{∂x + f∂x̃}, Y := ∂y, X̃ := |f ′′|1/2∂x̃ . (3.2.c)

We construct a basis which is affine normalized as in Definition 3.2.3

(3) by rescaling the coordinate frame. Let a1, a2, and a3 be constants to

be determined. By Lemma 3.2.2,

R(a1∂x, a2∂y)a2∂y = a1a
2
2a

−1
3 f ′′a3∂x̃,

R(a1∂x, a2∂y)a1∂x = −a2
1f

′′a2∂y,

∇a2∂yR(a1∂x, a2∂y)a2∂y = a1a
3
2a

−1
3 f ′′′a3∂x̃,

∇a2∂yR(a1∂x, a2∂y)a1∂x = −a2
1a2f

′′′a2∂y .

Assume that f ′′(y) and f ′′′(y) never vanish. We define an affine normalized

basis and prove Assertion (2a) by setting

X := a1∂x, Y := a2∂y, X̃ := a3∂x̃ where

a1 := {|f ′′|}−1/2, a2 := |f ′′|{f ′′′}−1, a3 := a1a
2
2|f ′′| . (3.2.d)

We note for future reference that

∇X∇XR(X,Y )Y = a3
1a

2
2∇∂x∇∂xR(∂x, ∂y)∂y = −a3

1a
2
2f

′f ′′′∂x̃
= −f ′f ′′′{f ′′}−2X̃ .

(3.2.e)

We study the relevant symmetry group to construct additional invari-

ants of the 1-model. Let B = {X,Y, X̃} be the normalized basis defined in
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Eq. (3.2.c). Suppose that B1 = {X1, Y1, X̃1} is another normalized basis.

Expand:

X1 = a11X + a12Y + a13X̃,

Y1 = a21X + a22Y + a23X̃,

X̃1 = a31X + a32Y + a33X̃ .

Since R(ξ1, ξ2, ξ3, X̃1) = 0 for any ξ1, ξ2, ξ3, we have a31 = a32 = 0. Since

∇R(ξ1, ξ2, ξ3, ξ4;X1) = 0 for any ξ1, ξ2, ξ3, ξ4, a12 = 0. Thus

X1 = a11X + a13X̃, Y1 = a21X + a22Y + a23X̃, X̃1 = a33X̃ .

Because g(X1, X̃1) = 1, a33a11 = 1. As g(Y1, X̃1) = 0, a21 = 0. Since

g(X1, X1) = 0, a13 = 0. Consequently,

X1 = a11X, Y1 = a22Y + a23X̃, X̃1 = a−1
11 X̃ .

As g(X1, Y1) = 0, a23 = 0. Since g(Y1, Y1) = 1, a2
22 = 1. Because

R(X1, Y1, Y1, X1) = sign(f ′′), a2
11a

2
22 = 1. Therefore

X1 = a11X, Y1 = a22Y, X̃1 = a−1
11 X̃ where a2

11 = a2
22 = 1 .

In particular we may use Eq. (3.2.c) and Lemma 3.2.2 to see:

|∇R(X1, Y1, Y1, X1;Y1)| = |∇R(X,Y, Y,X ;Y )| = |f ′′′{f ′′}−1|

is an invariant of the 1-model. This is constant if and only if f ′′′ = cf ′′;
this means that f ′′ = aeby. Assertion (2b) now follows.

We now establish Assertion (2d); Assertion (2c) will follow from our

investigations. The following implications are clear:

(2d-i) ⇒ (2d-ii) ⇒ (2d-iii) ⇒ (2d-iv) .

We investigate the implication (2d-iv)⇒(2d-v) and we establish Asser-

tion (2c). Let B := {X,Y, X̃} be the affine normalized basis defined in

Eq. (3.2.d). Let

I0 := Spanξ1,ξ2,ξ3{R(ξ1, ξ2)ξ3} = Span{Y, X̃},
K0 := {η : R(η, ξ1)ξ2 = 0 for all ξ1, ξ2} = Span{X̃},
K1 := {η : ∇ηR(ξ1, ξ2)ξ3 = 0 for all ξ1, ξ2, ξ3} = Span{X, X̃} .
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Suppose that B1 := {X1, Y1, X̃1} is another affine normalized basis. Since

the spaces given above are invariantly defined, we may expand

X1 = a11X + a13X̃, Y1 = a22Y + a23X̃, X̃1 = a33X̃ .

We have R(X1, Y1)X1 = a2
11R(X,Y1)X is a multiple of Y . Since the basis

is normalized, it is also a multiple of Y1. Thus a23 = 0. We now compute

R(X1, Y1)Y1 = a11a
2
22a

−1
33 sign(f ′′)X̃1, R(X1, Y1)X1 = −a2

11 sign(f ′′)Y1,

∇Y1R(X1, Y1)Y1 = a11a
3
22a

−1
33 X̃1, ∇Y1R(X1, Y1)X1 = −a2

11a22Y1 .

Because the basis is normalized, a2
11 = 1, a22 = 1, a33 = a11. Consequently

Eq. (3.2.e) yields

∇X1∇X1R(X1, Y1)Y1 = a3
11a

2
22∇X∇XR(X,Y )Y

= −a3
11a

2
22f

′f ′′′{f ′′}−2X̃ = −a3
11a

2
22a

−1
33 f

′f ′′′{f ′′}−2X̃1

= −f ′f ′′′{f ′′}−2X̃1 .

This shows that f ′f ′′′{f ′′}−2 is an invariant of the affine 2-model and proves

Assertion (2c). Consequently if M is 2-affine curvature homogeneous, then

f ′f ′′′{f ′′}−2 = c .

We apply Lemma 1.5.5. Either f ′ = aeby or f ′ = a(y+b)c for some {a, b, c}.
This final choice is ruled out as f ′′′ and f ′′ are assumed to be globally

defined and non-zero. Thus we may conclude f ′ = aeby; this establishes

the implication:

(2d-iv) ⇒ (2d-v) .

Finally, we suppose that f ′ = aeby; we take f = a
b e
by. Consider the

normalized basis {X,Y, X̃} defined in Eq. (3.2.c):

X = |ab|−1/2e−by/2{∂x + a
b e
by∂x̃}, Y = ∂y, X̃ = |ab|1/2eby/2∂x̃ .

Let ∇kR(~η) = ∇kR(η1, η2, η3, η4; η5, ..., η4+k) for ~η = (η1, ..., η4+k) where

ηi = X or ηi = Y for 1 ≤ i ≤ 4 + k. Let ~ξ be the corresponding string

where X and Y are replaced by ∂x and ∂y. We set Θ(~η) = Θ(~ξ) to be the

number of times that X or equivalently ∂x appear. We apply Lemma 3.2.5
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to see:

∇kR(~η) = |ab|−Θ(η)/2e−Θ(~η)by/2∇kR(~ξ)

= |ab|−Θ(η)/2e−Θ(~η)by/2γ(a, b; ~ξ)eΘ(~ξ)by/2

= |ab|−Θ(η)/2γ(a, b; ~ξ) .

This shows that M is k-curvature homogeneous for all k; a local version

of Theorem 1.4.2 now shows that M is locally homogeneous as desired.

Consequently, (2d-v)⇒(2d-i). �

3.3 Signature (2, 2) Walker Manifolds

In this section, we present results which deal with 4-dimensional pseudo-

Riemannian manifolds of neutral signature (2, 2). In Section 3.3.1 we review

the basic structure theorem for Osserman algebraic curvature tensors of

signature (2, 2) which is due to Blažić, Bokan, and Rakić (2001a) and to

Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo (2002). We shall study a family

of Walker metrics of signature (2, 2) on R4 generalizing the examples of

Definition 2.3.2:

Definition 3.3.1 Let ψij(x1, x2, x3, x4) = ψji(x1, x2, x3, x4), where

i, j = 3, 4, define a smooth map from R4 to S2(R2). Let g = gψ be de-

fined by:

g(∂x1 , ∂x3) = g(∂x2 , ∂x4) = 1,

g(∂xi , ∂xj ) = ψij for i, j = 3, 4 .

Define a Hermitian almost complex structure J on M := (R4, g) by setting:

J∂x1 = ∂x2 , J∂x2 = −∂x1 ,

J∂x3 = −ψ34∂x1 + 1
2 (ψ44 − ψ33)∂x2 + ∂x4 ,

J∂x4 = 1
2 (ψ44 − ψ33)∂x1 + ψ34∂x2 − ∂x3 .

Here is a brief outline to Section 3.3. In Section 3.3.2, we present work

of Garćıa-Rı́o, Rakić, and Vázquez-Abal (2005) dealing with Kähler Osser-

man manifolds in this family. In Section 3.3.3, we present work of Dı́az-

Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006) giving Jordan Osserman

manifolds which are not nilpotent and whose Jacobi operator is not diago-

nalizable. In Section 3.3.4, we present work of Brozos-Vázquez, Garćıa-Rı́o,

and Vázquez-Lorenzo (2005) dealing with the conformal Jacobi operator;
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this yields conformal Osserman manifolds whose conformal Jacobi operator

has complex eigenvalues.

3.3.1 Osserman curvature tensors of signature (2, 2)

Zero is always an eigenvalue of the Jacobi operator since J(x)x = 0. If x

is spacelike or timelike, let J̃ (x) be the restriction of J (x) to x⊥; M is

spacelike Osserman if and only if the reduced Jacobi operator J̃ has constant

eigenvalues on S+(M). As discussed previously in Theorem 1.9.1, this

means equivalently that M is timelike Osserman and that J̃ has constant

eigenvalues on S−(M).

There is a complete algebraic classification of Osserman curvature ten-

sors of signature (2, 2) which is given by Blažić, Bokan, and Rakić (2001a)

and by Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo (2002). We may summa-

rize those results as follows:

Theorem 3.3.1 Let M be a 0-model of signature (2, 2). Then M is

Osserman if and only if one of the following four possibilities holds:

(1) Type I-a: The reduced Jacobi operator is diagonalizable with eigen-

values {α, β, γ}; J̃ (x) is conjugate to the following matrix for any

x ∈ S+(V, 〈·, ·〉):



α 0 0

0 β 0

0 0 γ



 .

This occurs if and only if there is an orthonormal basis {e1, e2, e3, e4}
for R4 so the non-zero components of A are given by:

A1221 = A4334 = α, A1331 = A4224 = −β,
A1441 = A3223 = −γ, A1234 = 1

3 (−2α+ β + γ),

A1423 = 1
3 (α+ β − 2γ), A1342 = 1

3 (α − 2β + γ) .

(2) Type I-b: The reduced Jacobi operator has 2 complex conjugate eigen-

values {α ±
√
−1β} and a real eigenvalue γ; J̃ (x) is conjugate to the

following matrix for any x ∈ S+(V, 〈·, ·〉):



α β 0

−β α 0

0 0 γ



 .
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This occurs if and only if there is an orthonormal basis {e1, e2, e3, e4}
for R4 so the non-zero components of A are given by:

A1221 = A4334 = α, A1331 = A4224 = −α,
A1441 = A3223 = −γ, A2113 = A2443 = −β,
A1224 = A1334 = β, A1234 = 1

3 (−α+ γ),

A1423 = 2
3 (α− γ), A1342 = 1

3 (−α+ γ) .

(3) Type II: The minimal polynomial for the reduced Jacobi operator has

α as a double root; J̃ (x) is conjugate to the following matrix for any

x ∈ S+(V, 〈·, ·〉):



±(α− 1

2 ) ± 1
2 0

∓ 1
2 ±(α+ 1

2 ) 0

0 0 β



 .

This occurs if and only if there is an orthonormal basis {e1, e2, e3, e4}
for R4 so the non-zero components of A are given by:

A1221 = A4334 = ±(α− 1
2 ), A1331 = A4224 = ∓(α+ 1

2 ),

A1441 = A3223 = −β, A2113 = A2443 = ∓ 1
2 ,

A1224 = A1334 = ± 1
2 , A1234 = 1

3 (±(−α+ 3
2 ) + β),

A1423 = 2
3 (±α− β), A1342 = 1

3 (±(−α− 3
2 ) + β) .

(4) Type III: The minimal polynomial for the reduced Jacobi operator has

α as a triple root; J̃ (x) is conjugate to the following matrix for any

x ∈ S+(V, 〈·, ·〉):



α 0 1√
2

0 α 1√
2

− 1√
2

1√
2

α


 .

This occurs if and only if there is an orthonormal basis {e1, e2, e3, e4}
for R4 so the non-zero components of A are given by:

A1221 = A4334 = α, A1331 = A4224 = −α,
A1441 = A3223 = −α, A2114 = A2334 = − 1√

2
,

A3114 = −A3224 = 1√
2
, A1223 = A1443 = A1332 = 1√

2
,

A1442 = − 1√
2
.

Let W be the associated Weyl algebraic curvature tensor discussed pre-

viously in Section 1.3.3. Let ? be the Hodge operator. We say A is self-

dual (respectively anti self-dual) if ?W = W (respectively if ?W = −W ).
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The following consequence can then be drawn from the classification given

in Theorem 3.3.1; we refer to Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-

Lorenzo (2005) for details:

Corollary 3.3.1 Let M be a 0-model of neutral signature (2, 2). The

following conditions are equivalent:

(1) M is Osserman.

(2) M is spacelike Jordan Osserman.

(3) M is timelike Jordan Osserman.

(4) A is either self-dual Einstein or anti self-dual Einstein.

We remark that the examples given in Chapter 2 show that (1), (2),

and (3) are different concepts in the higher signature setting.

3.3.2 Indefinite Kähler Osserman manifolds

We begin by recalling the following result of Blažić, Bokan, and Rakić

(2001a):

Theorem 3.3.2 Let M be a pseudo-Riemannian manifold of signature

(2, 2). The following conditions are equivalent:

(1) M is Osserman.

(2) M is locally isomorphic to one of the following manifolds:

(a) A manifold of constant sectional curvature.

(b) A Kähler manifold of constant holomorphic sectional curvature.

(c) A para-Kähler manifold of constant para-holomorphic sectional

curvature.

(d) A manifold whose Jacobi operator is nondiagonalizable, and its

characteristic polynomial has a triple zero α.

The authors note that such a manifold admits a foliation by 2-

dimensional totally geodesic isotropic submanifolds. Thus the study of

Kähler geometry is very relevant and one has Garćıa-Rı́o, Rakić, and

Vázquez-Abal (2005):

Theorem 3.3.3 Adopt the notation of Definition 3.3.1 to give the

pseudo-Riemannian manifold M := (R4, gψ) a Hermitian almost complex

structure J . Then M is Kähler Osserman if and only if there exist smooth

functions Ξ = Ξ(x3, x4) and Ψij = Ψij(x3, x4) so that:

(1) ψ33 = x1∂x4Ξ(x3, x4) + x2∂x3Ξ(x3, x4) + Ψ33(x3, x4).
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(2) ψ44 = −x1∂x4Ξ(x3, x4) − x2∂x3Ξ(x3, x4) + Ψ44(x3, x4).

(3) ψ34 = −x1∂x3Ξ(x3, x4) + x2∂x4Ξ(x3, x4) + Ψ34(x3, x4).

If ∂2
x4

Ξ + ∂2
x3

Ξ 6= 0, then the Jacobi operator is 3-step nilpotent.

3.3.3 Jordan Osserman manifolds which are not nilpotent

We follow the discussion in Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo

(2006) to present manifolds of signature (2, 2) which are Osserman but not

nilpotent and whose Jacobi operators are not diagonalizable. We specialize

the examples of Definition 3.3.1:

Definition 3.3.2 Let {x1, x2, x3, x4} be coordinates on M = R4 and let

f = f(x4) be non-constant. Let Mf := (R4, gf ) have neutral signature

(2, 2) where

gf (∂x1 , ∂x3) := 1, gf (∂x2 , ∂x4) := 1,

gf (∂x3 , ∂x3) := 4kx2
1 − 1

4kf(x4)
2, gf (∂x4 , ∂x4) := 4kx2

2,

gf (∂x3 , ∂x4) := 4kx1x2 + x2f(x4) − 1
4kf

′(x4) .

One then has that the curvatures are

R1313 = R2424 = −4k, R1324 = R1423 = −2k,

R1334 = kx2(4kx1 + f(x4)), R1434 = 4k2x2
2,

R2334 = 1
4f(x4)

2 − 4k2x2
1, R2434 = 1

2f
′(x4) − kx2(4kx1 + f(x4)),

R3434 = 1
4kf

′(x4)
2 + 2kx1x2f

′(x4) − 2kx2
2f(x4)

2

−x1f
′′(x4) − f(x4)

(
8k2x1x

2
2 − 5

2x2f
′(x4) − 1

4kf
′′(x4)

)
.

Set Pf := 24kf(x4)f
′(x4)x2 − 12kf ′′(x4)x1 + 3f(x4)f

′′(x4) + 4f ′(x4)
2 . We

refer to the paper cited above for the proof of the following result:

Theorem 3.3.4 [D́ıaz-Ramos, Garćıa-Ŕıo, Vázquez-Lorenzo].

(1) The manifold Mf is Osserman with eigenvalues {0, 4k, k, k}.
(2) The Jacobi operators are diagonalizable at P if and only if Pf (P ) = 0.

(3) Let O be an open subset of R4 where Pf 6= 0. Let O := (R3 ×O, gf ).

(a) O is spacelike and timelike Jordan Osserman.

(b) k is a double root of the minimal polynomial of the Jacobi operator.

(4) The manifold Mf is not 2-Osserman.

(5) The manifold Mf is not locally symmetric.
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(6) The manifold Mf is nilpotent Szabó. It is neither spacelike nor timelike

pointwise Jordan Szabó.

(7) The manifold Mf does not have vanishing scalar invariants.

It has been pointed out to us that this example seems to contradict

Theorem 3.3.2 since the reduced Jacobi operator of O has two different

eigenvalues and it is not diagonalizable if k 6= 0. Note that O is not locally

isometric to (a)-(d) in Theorem 3.3.2.

3.3.4 Conformally Osserman manifolds

Let W and W be the Weyl conformal curvature tensor and curvature op-

erator, respectively, for a pseudo-Riemannian manifold M as discussed in

Section 1.3.3. Then W is an algebraic curvature tensor in its own right, so

we can form the associated conformal Jacobi operator JW as discussed in

Section 1.7.3. One says that M is spacelike conformally Jordan Osserman

if the eigenvalues of JW are constant on S+
P (M) for each point P ∈ M ;

the eigenvalues being permitted to vary from point to point. We showed

in Theorem 1.9.9 that this is a conformally invariant notion. Examples of

such manifolds were given previously in Corollary 2.5.1. We now summarize

work of Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo (2005) giving

additional 4-dimensional neutral signature manifolds.

The following is an immediate consequence of Corollary 3.3.1:

Theorem 3.3.5 Let M be a pseudo-Riemannian manifold of neutral sig-

nature (2, 2). Then M is conformally Osserman if and only if there is a

choice of orientation for M such that it is self-dual or anti self-dual.

One can consider the following family of Walker manifolds

Definition 3.3.3 Let M := (R4, g) where g is defined by:

g(∂x1 , ∂x3) = g(∂x2 , ∂x4) := 1,

g(∂x3 , ∂x4) = ψ34(x1, x2, x3, x4) .

Let ψij/k = ∂xkψij and ψij/kl := ∂xk∂xlψij . One then has that:

R2334 = 1
4{ψ2

34/2 − 2ψ34/23}, R1314 = − 1
2ψ34/11,

R1334 = 1
4{ψ34/1ψ34/2 − 2ψ34/13}, R2324 = − 1

2ψ34/22,

R2434 = 1
4 (−ψ34/1ψ34/2 + 2ψ34/24}, R1324 = − 1

2ψ34/12,

R3434 = 1
2 (−ψ34ψ34/1ψ34/2 + 2ψ34/34}, R1423 = − 1

2ψ34/12,

R1434 = 1
4{−ψ34/1ψ34/1 + 2ψ34/14} .
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As the scalar curvature is given by τ = 2ψ34/12, these need not be general-

ized plane wave manifolds. We shall see presently they are not in general

complete. We refer to Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo

(2005) for the proof of the following result:

Theorem 3.3.6 Let M be as in Definition 3.3.3. Then M is Osserman

if and only if ψ34 has one of the following forms:

(1) ψ34 = ψ34(x3, x4).

(2) ψ34 = − 2
x4+αx1 + c(x3, x4).

(3) ψ34 = − 2
x3+αx2 + c(x3, x4).

(4) ψ34 = − 2
x4+a(x3)

x1 − 2
x3+b(x4)

x2 + c(x3, x4) where the functions a and

b satisfy the relation a′(x3 + b)2 + b′(x4 + a)2 = 2(x3 + b)(x4 + a) and

where the function c is arbitrary.

We note that if ψ34 = ψ34(x3, x4) is as in Assertion (1), then M belongs

to the family considered in Section 2.2. One also has that the following re-

sult (see Remark 4.4 of Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo

(2005)) showing all possible algebraic types are geometrically realizable:

Theorem 3.3.7 Let M be as in Definition 3.3.3.

(1) Let ψ34 = x2
1 − x2

2. Then M is conformally Osserman of type I-a with

eigenvalues {0, 0, 1
2 ,− 1

2}.
(2) Let ψ34 = x2

1 + x2
2. Then M is conformally Osserman of type I-b with

eigenvalues {0, 0,
√−1

2 ,−
√−1

2 }.
(3) Let ψ34 = x1x4 + x3x4. Then M is conformally nilpotent of order 2

and is Osserman of type II.

(4) Let ψ34 = x2
1. Then M is conformally nilpotent of order 3 and is

Osserman of type III.

(5) M is not Osserman in (1)-(4) above.

The Jordan normal form of the conformal Jacobi operator can change

depending on the point considered. Let PP be the minimal polynomial of

the conformal Jacobi operator. The following examples of nilpotent confor-

mally Osserman manifolds illustrate this behaviour. We refer to Remark

4.5 of Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo (2005):

Theorem 3.3.8 Let M be as in Definition 3.3.3 be defined by:
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(1) Let ψ34 = x2x
2
4 + x2

3x4. Then M is conformally Osserman and

PP =






λ3 if x4(P ) 6= 0,

λ2 if x4(P ) = 0, x3(P ) 6= 0,

λ if x3(P ) = x4(P ) = 0 .

(2) Let ψ34 = x2x
2
4 + x3x4. Then M is conformally Osserman and

PP =

{
λ3 if x4(P ) 6= 0,

λ2 if x4(P ) = 0 .

(3) Let ψ34 = x1x
2
3. Then M is conformally Osserman and

PP =

{
λ3 if x3(P ) 6= 0,

λ if x3(P ) = 0.

(4) Let ψ34 = x1x3 + x2x4. Then M is conformally Osserman and

PP =

{
λ2 if {x1x3 + x2x4}(P ) 6= 0,

λ if {x1x3 + x2x4}(P ) = 0 .

Let SpecP (M) be the spectrum of the conformal Jacobi operator on the

unit spacelike vectors for a conformally Osserman manifold. The eigenval-

ues can change. They can even change from real to complex. We refer to

Remark 4.5 of Brozos-Vázquez, Garćıa-Rı́o, and Vázquez-Lorenzo (2005):

Theorem 3.3.9 Let M be as in Definition 3.3.3. Then:

(1) If ψ34 = x4
1 + x2

1 − x4
2 − x2

2, then M is conformally Osserman and

SpecP =

{
0, 0,± 1

2

√
(6x2

1 + 1)(6x2
2 + 1)

}
.

(2) If ψ34 = x4
1 + x2

1 + x4
2 + x2

2, then M is conformally Osserman and

SpecP =

{
0, 0,± 1

2

√
−(6x2

1 + 1)(6x2
2 + 1)

}
.

(3) If ψ34 = x3
1 − x3

2, then M is conformally Osserman and

SpecP =
{
0, 0,± 3

2

√
x1x2

}
.
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3.4 Geodesic Completeness and Ricci Blowup

In this section, we study questions of geodesic completeness related to the

manifolds introduced in Section 3.3. Recall that M is said to be geodesi-

cally complete if all geodesics extend for infinite time and that M is said

to exhibit Ricci blowup if there exists a geodesic defined for t ∈ [0, T ) such

that limt→T |ρ(γ̇, γ̇)| = ∞. In Section 3.4.1, we study the geodesic equa-

tion for the manifolds of Definition 3.3.3. In Section 3.4.2, we examine

these questions for the manifolds of Section 3.3.4 which are conformally

Osserman.

3.4.1 The geodesic equation

We now study questions of geodesic completeness and Ricci blowup. Let

ψij(x1, x2, x3, x4) = ψji(x1, x2, x3, x4) for i, j = 3, 4 define a smooth map

from R4 to S2(R2). Following Definition 3.3.1, let M = (R4, g) where

gψ(∂x1 , ∂x3) = g(∂x2 , ∂x4) = 1,

gψ(∂xi , ∂xj ) = ψij for i, j = 3, 4 .

Let ψij/k := ∂xkψij . We begin by showing:

Lemma 3.4.1 Adopt the notation established above. The geodesic equa-

tion for M is:

(1) 0 = ẍ1 + ẋ1ẋ3ψ33/1 + ẋ1ẋ4ψ34/1 + ẋ2ẋ3ψ33/2 + ẋ2ẋ4ψ34/2

+ 1
2 ẋ3ẋ3(ψ33/3 + ψ34ψ33/2 + ψ33ψ33/1)

+ 1
2 ẋ4ẋ4(2ψ34/4 − ψ44/3 + ψ34ψ44/2 + ψ33ψ44/1)

+ẋ3ẋ4(ψ33/4 + ψ34ψ34/2 + ψ33ψ34/1).

(2) 0 = ẍ2 + ẋ1ẋ3ψ34/1 + ẋ1ẋ4ψ44/1 + ẋ2ẋ3ψ34/2 + ẋ2ẋ4ψ44/2

+ 1
2 ẋ3ẋ3(2ψ34/3 − ψ33/4 + ψ44ψ33/2 + ψ34ψ33/1)

+ 1
2 ẋ4ẋ4(ψ44/4 + ψ44ψ44/2 + ψ34ψ44/1)

+ẋ3ẋ4(ψ44/3 + ψ44ψ34/2 + ψ34ψ34/1).

(3) 0 = ẍ3 − 1
2 ẋ3ẋ3ψ33/1 − ẋ3ẋ4ψ34/1 − 1

2 ẋ4ẋ4ψ44/1.

(4) 0 = ẍ4 − 1
2 ẋ3ẋ3ψ33/2 − ẋ3ẋ4ψ34/2 − 1

2 ẋ4ẋ4ψ44/2.

Proof. Following the discussion in Garćıa-Rı́o, Rakić, and Vázquez-Abal

(2005) one has that:

∇∂x1
∂x3 = ∇∂x3

∂x1 = 1
2ψ33/1∂x1 + 1

2ψ34/1∂x2 ,

∇∂x1
∂x4 = ∇∂x4

∂x1 = 1
2ψ34/1∂x1 + 1

2ψ44/1∂x2 ,
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∇∂x2
∂x3 = ∇∂x3

∂x2 = 1
2ψ33/2∂x1 + 1

2ψ34/2∂x2 ,

∇∂x2
∂x4 = ∇∂x4

∂x2 = 1
2ψ34/2∂x1 + 1

2ψ44/2∂x2 ,

∇∂x3
∂x3 = 1

2 (ψ33/3 + ψ34ψ33/2 + ψ33ψ33/1)∂x1

+ 1
2 (2ψ34/3 − ψ33/4 + ψ44ψ33/2 + ψ34ψ33/1)∂x2

− 1
2ψ33/1∂x3 − 1

2ψ33/2∂x4 ,

∇∂x3
∂x4 = ∇∂x4

∂x3 = 1
2 (ψ33/4 + ψ34ψ34/2 + ψ33ψ34/1)∂x1

+ 1
2 (ψ44/3+ψ44ψ34/2+ψ34ψ34/1)∂x2− 1

2ψ34/1∂x3− 1
2ψ34/2∂x4 ,

∇∂x4
∂x4 = 1

2 (2ψ34/4 − ψ44/3 + ψ34ψ44/2 + ψ33ψ44/1)∂x1

+ 1
2 (ψ44/4+ψ44ψ44/2+ψ34ψ44/1)∂x2− 1

2ψ44/1∂x3− 1
2ψ44/2∂x4 .

The Lemma now follows. �

We shall use this in Section 3.4.2 to study the Conformally Osserman man-

ifolds discussed in Section 3.3.4 and the Jordan Osserman manifolds dis-

cussed in Section 3.3.3.

3.4.2 Conformally Osserman manifolds

In this section, we will examine which manifolds of Section 3.3.4 are geodesi-

cally complete and which are geodesically incomplete, and which exhibit

Ricci blowup. Assertion (1) of the following Lemma follows by specializ-

ing Lemma 3.4.1 to the manifolds given in Definition 3.3.3; Assertion (2)

follows from the work of Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo

(2006); we adopt the notation of Definition 3.3.3.

Lemma 3.4.2 Let M := (R4, g) where g(∂x1 , ∂x3) = g(∂x2 , ∂x4) = 1 and

where g(∂x3 , ∂x4) = ψ34(x1, x2, x3, x4). Then:

(1) The geodesic equation is:

0 = ẍ1 + ẋ1ẋ4ψ34/1 + ẋ2ẋ4ψ34/2 + ẋ3ẋ4ψ34ψ34/2 + ẋ4ẋ4ψ34/4,

0 = ẍ2 + ẋ1ẋ3ψ34/1 + ẋ2ẋ3ψ34/2 + ẋ3ẋ3ψ34/3 + ẋ3ẋ4ψ34ψ34/1,

0 = ẍ3 − ẋ3ẋ4ψ34/1, and 0 = ẍ4 − ẋ3ẋ4ψ34/2.

(2) The Ricci tensor is:

ρ13 = 1
2ψ34/12, ρ33 = 1

2{−ψ2
34/2 + 2ψ34/23},

ρ14 = 1
2ψ34/11, ρ24 = 1

2ψ34/12,

ρ23 = 1
2ψ34/22, ρ44 = 1

2{−ψ2
34/1 + 2ψ34/14},

ρ34 = 1
2{ψ34/1ψ34/2 + 2ψ34ψ34/12 − ψ34/13 − ψ34/24}.

We study the manifolds of Theorem 3.3.7, of Theorem 3.3.8, and of

Theorem 3.3.9. Only one of these manifolds is complete.
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Case 1: Suppose that ψ34/1 = p(x1) and that ψ34/4 = 0 where p(x1) ≥ x1

for x1 ≥ 1. This is the case for the warping functions of Theorem 3.3.7 (1,

2, 4) and of Theorem 3.3.9. We set x2(t) = 0, x3(t) = 0 and x4(t) = −t.
The geodesic equations then become:

ẍ1 − ẋ1ψ34/1 = 0, ẍ2 = 0, ẍ3 = 0, ẍ4 = 0 .

Thus the geodesic equations reduce to the ordinary differential equation.

ẍ1 = ẋ1p(x1) .

We suppose the associated manifold is complete and argue for a contra-

diction. Let γ(t) satisfy initial condition x1(0) = 1 and ẋ1(0) = 1. We

suppose γ(t) persists for all time. We then have ẍ1(0) ≥ 1. It now follows

that ẍ1(t) ≥ 1 for all t and that ẋ1(t) and x1(t) are increasing functions of

t. Let t1 = 0 and let tn = tn−1 + 3
n2 . We consider the Proposition:

Pn : x1(tn) ≥ n and ẋ1(tn) ≥ n2 .

Clearly P1 is true since x1(t1) = 1 and ẋ1(t1) = 1. We may estimate

x1(tn+1) ≥ x1(tn) + ẋ1(tn)
3
n2 ≥ n+ n2 3

n2 ≥ n+ 1,

ẋ1(tn+1) ≥ ẋ1(tn) + ẍ1(tn)
3
n2 ≥ n2 + x1(tn)ẋ1(tn)

3
n2

≥ n2 + n3 3
n2 ≥ n2 + 3n ≥ (n+ 1)2 .

Consequently, Proposition Pn holds for all n. Since
∑

3
n2 <∞,

T = lim
n→∞

tn

exists and is finite. This must be false as

x1(T ) = lim
n→∞

x1(t) = ∞ .

Consequently, γ persists only for finite time. Since

lim
t→T

x2(t) = 0, lim
t→T

x3(t) = 0, lim
t→T

x4(t) = −T,

we must have limt→T x1(T ) = ∞. We use Lemma 3.4.2 to compute the

Ricci tensor; only ρ44 is non-zero and we have:

ρ(γ̇, γ̇) = − 1
2p(x1)

2 ≤ − 1
2x

2
1 .

Consequently

lim
t→T

ρ(γ̇, γ̇) = −∞ .
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This shows that these manifolds exhibit Ricci blowup. They do not embed

as an open subset of a geodesically complete manifold; they are intrinsically

incomplete.

Case 2. Let ψ34 = x1x3 + x2x4 be the warping function of Theorem 3.3.8

(4). The geodesic equations then become:

(1) 0 = ẍ1 + ẋ1ẋ4x3 + ẋ2ẋ4x4 + ẋ3ẋ4(x1x3 + x2x4)x4 + x2ẋ4ẋ4.

(2) 0 = ẍ2 + ẋ1ẋ3x3 + ẋ2ẋ3x4 + ẋ3ẋ3x1 + ẋ3ẋ4(x1x3 + x2x4)x3.

(3) 0 = ẍ3 − ẋ3ẋ4x3.

(4) 0 = ẍ4 − ẋ3ẋ4x4.

We start with initial conditions x3(0) = ẋ3(1) = x4(1) = ẋ4(1) = 1. Sym-

metry implies that x3(t) = x4(t) = h(t) where h solves the equation

h′′(t) = h′(t)h′(t)h(t) .

We apply the same argument as that used in Case 1 to show that h → ∞
at finite time. We have h(t) and h′ are monotonically increasing as h′′ > 0.

Let t1 = 0 and tn = tn−1 + 3
n2 . Consider the Proposition:

Pn : h(tn) ≥ n and ḣ(tn) ≥ n2 .

Clearly P1 is true since h(t1) = 1 and ḣ(t1) = 1. We estimate

h(tn+1) ≥ h(tn) + ḣ(tn) 3
n2 ≥ n+ n2 3

n2 ≥ n+ 1,

ḣ(tn+1) ≥ ḣ(tn) + ḧ(tn) 3
n2 ≥ n2 + h(tn)ḣ(tn)ḣ(tn)

3
n2

≥ n2 + n5 3
n2 ≥ n2 + 3n ≥ (n+ 1)2 .

This shows that Proposition Pn is true for all n. The remainder of the

argument is the same as in Case 1 to show that x3(t) = x4(t) → ∞ as

t→ T for some finite time T . By Lemma 3.4.2, ρij = 0 unless 3 ≤ i, j ≤ 4.

Thus

ρ(γ̇, γ̇) = ρ33ẋ3ẋ3 + ρ44ẋ4ẋ4 + 2ρ34ẋ3ẋ4

= − 1
2x

2
4ẋ

2
3 − 1

2x
2
3ẋ

2
4 + 2ẋ3ẋ4(x3x4 − 1)

= − 1
2 (ẋ3x4 − x3ẋ4)

2 − 2ẋ3ẋ4 .

Since ẋ3 = ẋ4 → ∞, ρ(γ̇, γ̇) → −∞ and M exhibits Ricci blowup.

Case 3. ψ34 = x1x
2
3. This is the warping function of Theorem 3.3.8 (3).

The final two geodesic equations become:

ẍ3 = ẋ3ẋ4x
2
3 and ẍ4 = 0 .
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Setting x4 = t then yields the equation ẍ3 = ẋ3x
2
3. The same argument as

that given in Case 1 then shows there is some finite t so that x3(t) → ∞ as

t→ T . We compute

ρ(γ̇, γ̇) = 2ẋ3ẋ4ρ34 + ẋ4ẋ4ρ44 = −2ẋ3ẋ4x3 − 1
2 ẋ4ẋ4x

4
3 .

Thus limt→T ρ(γ̇, γ̇) = −∞ and M exhibits Ricci blowup.

Case 4. ψ34 = x2x
2
4 + x2

3x4 or ψ34 = x2x
2
4 + x3x4. These are the warping

functions of Theorem 3.3.8(1, 2). The final two geodesic equations become:

0 = ẍ3 and ẍ4 = ẋ3ẋ4x
2
4 .

The same analysis as that performed in Case 3 shows M is geodesically

incomplete. We take x3 = t so the equation becomes ẍ4 = ẋ4x
2
4. Thus

limt→T x4 = ∞ at some finite time. We have

ρ(γ̇, γ̇) = ẋ3ẋ3ρ33 + 2ẋ3ẋ4ρ34 − 1
2 ẋ3ẋ3ψ

2
34/2 − ẋ3ẋ4ψ34/24 .

This tends to −∞ as t→ T and thus M exhibits Ricci blowup.

Case 5. ψ34 = x1x4 +x3x4. This is the warping function of Theorem 3.3.7

(3). The geodesic equations in the last two variables are:

ẍ3 − ẋ3ẋ4x4 = 0 and ẍ4 = 0 .

Consequently x4 = a+ bt is linear. Set X3 := ẋ3; one then has x3 =
∫
X3.

Since Ẋ3 − b(a + bt)X3 = 0, X3 = ceb(at+b
1
2 t

2). This determines x3. The

equation for x1 takes the form:

ẍ1 + ẋ1ẋ4x4 + ẋ4ẋ4x1 = 0 .

By changing the parameter t, there are really only two cases to be consid-

ered. These are x4 = a and x4 = t. If x4 = a, we get the equation ẍ1 = 0

which has linear solutions. If x4 = t, we get the equation

ẍ1 + tẋ1 + x1 = 0 .

We set x1 := fe−
1
2 t

2

where f =
∫
ce

1
2 t

2

solves f ′′ − tf ′ = 0. Then

ẋ1 = (f ′ − tf)e−
1
2 t

2

,

ẍ1 = (f ′′ − 2tf ′ + t2f − f),

ẍ1 + tẋ1 + x1 = (f ′′ − 2tf ′ + t2f − f + tf ′ − t2f + f)e−
1
2 t

2

= 0 .

The final equation takes the form ẍ2 + F (x1, x3, x4, ẋ1, ẋ2, ẋ4) = 0 which

can be solved. Consequently, this manifold is geodesically complete.
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3.4.3 Jordan Osserman Walker manifolds

We adopt the notation of Section 3.3.3 and set

g(∂x1 , ∂x3) := 1, g(∂x2 , ∂x4) := 1,

g(∂x3 , ∂x3) = ψ33 := 4kx2
1 − 1

4kf(x4)
2, g(∂x4 , ∂x4) = ψ44 := 4kx2

2,

g(∂x3 , ∂x4) = ψ34 := 4kx1x2 + x2f(x4) − 1
4kf

′(x4) .

We suppose that k 6= 0 and that f(x4) does not vanish identically.

Choose ξ4 so f(ξ4) 6= 0. Choose ξ1 so 16k2ξ21 = f(ξ4)
2; normalize the

choice of sign so kξ1 > 0. As an ansatz, we set x1 = ξ1 and x4 = ξ4 are

constant. The geodesic equations in ẍ1 and ẍ4 then become ẍ1 = ẍ4 = 0

which are satisfied. The remaining geodesic equations then take the form:

0 = ẍ2 + F (x1, x2, x3, x4, ẋ2, ẋ3, ẋ4) = 0,

0 = ẍ3 − 4kx1ẋ3ẋ3 .

The arguments given above show this leads to blowup at finite time for

x3; thus this manifold is geodesically incomplete. Note that since we are

dealing with an Einstein manifold, we do not have Ricci blowup.

3.5 Fiedler Manifolds

In this section, we follow the discussion Fiedler and Gilkey (2003) and,

using a single warping function, define the class of Fiedler manifolds. As

noted earlier, the manifolds discussed in Sections 2.3, 2.4, 2.9, 2.10, and 3.2

are Fiedler manifolds so the results of this section apply to those examples.

Definition 3.5.1 Let (x, u1, ..., uν , y) be coordinates on Rν+2. Let

f ∈ C∞(Rν) and let Ξ = Ξab be an invertible symmetric ν × ν matrix

of signature (r, s). We say that M := (Rν+2, g) is a Fiedler manifold if g

is the pseudo-Riemannian metric of signature (r + 1, s+ 1) given by:

g(∂x, ∂x) := −2f(~u), g(∂x, ∂y) := 1, g(∂ua , ∂ub) := Ξab .

Since the Lorentzian manifolds of Definition 3.2.1 are Fiedler manifolds

and since these manifolds can exhibit Ricci blowup, Fiedler manifolds need

not be generalized plane wave manifolds.

One says that M is skew Tsankov at P if

R(x, y)R(z, w) = R(z, w)R(x, y) ∀x, y, z, w ∈ TPM .
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One says that M is skew Tsankov if this condition holds for all P ∈ M .

In Theorem 3.5.2, we shall show that Fiedler manifolds are skew Tsankov;

we will discuss other examples of skew Tsankov manifolds subsequently in

Chapter 6 when we shall conduct a systematic study of Stanilov–Tsankov

theory.

We say that a 0-model M0 = (V, 〈·, ·〉, A) is Jacobi nilpotent of order n if

J (ξ)n = 0 for all ξ ∈ V and if there exists η ∈ V so J (η)n−1 6= 0; since 0 is

the only eigenvalue of the Jacobi operator, M0 is necessarily Osserman. We

say that a pseudo-Riemannian manifold M = (M, g) is Jacobi nilpotent of

order n if J (x)n = 0 for all tangent vectors x and if there exists a point P of

M and a tangent vector y ∈ TPM so that J (y)n−1 6= 0. One uses the skew-

symmetric curvature operator or the Szabó operator to define the related

concepts of Ivanov–Petrova nilpotent and Szabó nilpotent, respectively.

In Section 3.5.1, we summarize the basic geometric properties of Fiedler

manifolds. In the remaining sections, we construct Fiedler manifolds which

are Jacobi or Szabó nilpotent of arbitrarily high orders. We also study other

geometric properties of these manifolds. The main result of this section is

the following:

Theorem 3.5.1 Let ν ≥ 1 be given.

(1) There exists a Fiedler manifold Mν+2 of dimension ν + 2 which is

Jacobi nilpotent of order ν.

(2) There exists a Fiedler manifold Nν+2 of dimension ν+2 which is Szabó

nilpotent of order ν.

We note that if M is Jacobi nilpotent of order 1, then by Lemma 1.7.1,

the Jacobi operator vanishes identically and hence M is flat. Similarly, if M
is Szabó nilpotent of order 1, then the Szabó operator vanishes identically

and one can show ∇R = 0. Thus Theorem 3.5.1 is trivial in these examples

so we shall always assume n ≥ 2; the case n = 2 is somewhat exceptional

and is discussed separately in Section 3.5.2.

3.5.1 Geometric properties of Fiedler manifolds

We summarize the relevant geometric properties of Fiedler manifolds in the

following result:

Theorem 3.5.2 Let M be a Fiedler manifold.

(1) M has signature (r + 1, s+ 1).
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(2) The possibly non-zero components of R, of ∇R, and of ∇2R are:

(a) R(∂x, ∂ua , ∂ub , ∂x) = ∂ua∂ub(f).

(b) ∇R(∂x, ∂ua , ∂ub , ∂x; ∂uc) = ∂ua∂ub∂uc(f).

(c) ∇2R(∂x, ∂ua , ∂ub , ∂x; ∂uc , ∂ud) = ∂ud∂ua∂ub∂uc(f).

(d) ∇2R(∂x, ∂ua , ∂ub , ∂x; ∂x, ∂x) = −∑d Ξcd∂udf · ∂ua∂ub∂uc(f).

(3) M is skew Tsankov.

(4) M is Ivanov–Petrova nilpotent of order ν ≤ 3.

Proof. Assertion (1) is immediate. We argue as follows to prove Asser-

tion (2). Since dΞ = 0, the potentially non-zero Christoffel symbols are:

g(∇∂x∂x, ∂ua) = ∂ua(f),

g(∇∂ua∂x, ∂x) = g(∇∂x∂ua , ∂x) = −∂ua(f) .

Let Ξab be the inverse matrix. Then

∇∂x∂x =
∑

ab

Ξab∂ua(f)∂ub , (3.5.a)

∇∂x∂ua = ∇∂ua∂x = −∂ua(f)∂y . (3.5.b)

The quadratic terms in the Christoffel symbols play no role in the calcu-

lation of R. Assertion (2a) now follows. Similarly, the Christoffel symbols

play no role in the computation of ∇R and Assertion (2b) follows from As-

sertion (2a). When we compute ∇2R, we use Eq. (3.5.a) in the expansion

of ∇2R(∂x, ∂ua , ∂ub , ∂x; ∂x, ∂x) to derive Assertion (2d).

The non-zero components of the curvature operator are:

R(∂x, ∂ua)∂ub = {∂ua∂ubf}∂y,
R(∂x, ∂ua)∂x = −

∑

b,c

Ξbc{∂ua∂ucf}∂ub .

Thus the only potentially non-zero quadratic terms in the curvature are

R(∂x, ∂ud)R(∂x, ∂ua)∂x = −
∑

b,c

Ξbc{∂ua∂ucf}{∂ud∂ubf}∂y .

Since this expression is symmetric in the roles of a and d, Assertion (3)

follows. Assertion (4) follows as R(π1)R(π2)R(π3) = 0 for any 2-planes π1,

π2, and π3. �
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3.5.2 Fiedler manifolds of signature (2, 2)

We begin our study of nilpotent Jacobi and nilpotent Szabó manifolds with

the following example; we change notation slightly to make it compatible

with the notation of Theorem 2.3.6.

Lemma 3.5.1 Let N+
1 be the Fiedler manifold of signature (2, 2) defined

by the metric g(∂x, ∂x) := −2ey and g(∂x, ∂x̃) = g(∂y, ∂ỹ) = 1. Then N+
1

is a homogeneous generalized plane wave manifold of signature (2, 2) which

is Jacobi nilpotent of order 2 and which is Szabó nilpotent of order 2.

Proof. We apply Theorem 2.3.6 to see N+
1 is a homogeneous generalized

plane wave manifold. Furthermore, by Theorem 3.5.2, the only non-zero

entries of R and of ∇R are given by:

R(∂x, ∂y, ∂y, ∂x) = ey and R(∂x, ∂y, ∂y, ∂x; ∂y) = ey .

We normalize the basis to set

X := e−y/2{∂x + ey∂x̃}, Y := ∂y, X̃ := ey/2∂x̃, Ỹ := ∂ỹ .

The non-zero entries in the metric tensor and in the curvature tensor are

then given by:

g(X, X̃) = g(Y, Ỹ ) = R(X,Y, Y,X) = ∇R(X,Y, Y,X ;Y ) = 1 .

This implies that

R(X,Y )Y = X̃, R(X,Y )X = −Ỹ ,
∇YR(X,Y )Y = X̃, ∇YR(X,Y )X = −Ỹ .

Consequently, if ξ is any tangent vector field,

J (ξ) Span{X,Y } ⊂ Span{X̃, Ỹ }, J (ξ) Span{X̃, Ỹ } = {0},
S(ξ) Span{X,Y } ⊂ Span{X̃, Ỹ }, S(ξ) Span{X̃, Ỹ } = {0} .

This shows J (ξ)2 = S(ξ)2 = 0. The Lemma now follows since J (Y ) and

S(Y ) are non-zero. �

3.5.3 Nilpotent Jacobi manifolds of order 2r

There are pseudo-Riemannian manifolds of arbitrary high nilpotency n. We

first suppose n = 2r is even; the odd case will be dealt with in Section 3.5.4.

The case n = 2 was dealt with in Lemma 3.5.1 so we shall assume n ≥ 4

and thus r ≥ 2.
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Theorem 3.5.3 Let r ≥ 2. Let (x, u1, ..., ur, v1, ..., vr, y) be coordinates

on R2r+2. Let ψ ∈ C∞(R) with ψ′′ > 0 and ψ′′′ > 0. Let M := (R2r+2, g)

be the Fiedler manifold defined by g(∂x, ∂y) = 1, g(∂ui , ∂vj ) = δij , and

g(∂x, ∂x) = −2u1v2 − ...− 2ur−1vr − 2ψ(ur).

(1) The possibly non-zero components of R, ∇R, and ∇2R are:

(a) R(∂x, ∂ur , ∂ur , ∂x) = ψ′′(ur).
(b) R(∂x, ∂ui , ∂vi+1 , ∂x) = 1 for 1 ≤ i < r.

(c) ∇R(∂x, ∂ur , ∂ur , ∂x; ∂ur ) = ψ′′′(ur).
(d) ∇2R(∂x, ∂ur , ∂ur , ∂x; ∂x, ∂x) = −ur−1ψ

′′′(ur).
(e) ∇2R(∂x, ∂ur , ∂ur , ∂x; ∂ur , ∂ur ) = ψ′′′′(ur).

(2) M is a generalized plane wave manifold of signature (r + 1, r + 1).

(3) Let ~X := (x1, u1), ~Y = (u2, ..., ur, v2, ..., vr), and ~Z = (v1, y). If ψ′′ 6= 0

and if φ is an isometry of M, then there exists A1 ∈ Al(2), a smooth

map A2 : R2 → Al(2r − 2), and a smooth map A3 : R2r → Al(2) so

that φ( ~X, ~Y , ~Z) = (A1
~X,A2( ~X)~Y ,A3( ~X, ~Y )~Z).

(4) M is 1-curvature homogeneous but not 2-curvature homogeneous.

(5) M is 2r-Jacobi nilpotent.

(6) M is indecomposable.

Proof. Assertion (1) follows from Theorem 3.5.2. We use Eqs. (3.5.a)

and (3.5.b) to see:

∇∂x∂x = u1∂u2 + ...+ ur−1∂ur + v2∂v1 + ...+ vr∂vr−1 + ψ′(ur)∂vr ,

∇∂x∂ui = ∇∂ui
∂x =

{−vi+1∂y if i < r,

−ψ′∂y if i = r,

∇∂x∂ui = ∇∂ui
∂x =

{
0 if i = 1,

−ui−1∂y if i > 1.

We take the coordinate ordering (x, u1, ..., ur, vr, ..., v1, y} to see that M is

a generalized plane wave manifold.

Adopt the notation of Assertion (3) and denote the corresponding dis-

tributions by

X := Span{∂x, ∂u1},
Y := Span{∂u2 , ..., .∂ur , ∂v2 , ..., ∂vr},
Z := Span{∂y, ∂v1} .

We verify that the assumptions of Lemma 2.2.2 are met as follows. Let

ξ1, ξ2 be coordinate vector fields in X , let η1, η2 be coordinate vector fields
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in Y , and let ζ1, ζ2 be coordinate vector fields in Z . Then:

∇ξ1ξ2 ∈ Y + Z , ∇ξ1η1 ∈ Z , ∇η1η2 ∈ Z ,
∇ξ1ζ2 = ∇η1ζ2 = ∇ζ1ζ2 = 0 .

Thus covariant differentiation has the proper triangular form. Furthermore,

since ψ′′ > 0, Assertions (1a) and (1b) imply that Z = ker{R}. Thus

Y + Z = ker{R}⊥. Consequently Z and Y + Z are preserved by any

isometry of M. We can now derive Assertion (3) from Lemma 2.2.2.

Let R2r+2 = Span{X,U1, ..., Ur, Vr, ..., V1, Y }. To prove Assertion (4),

we introduce the 1-model M1 := (V, 〈·, ·〉, A,A1) where:

〈X,Y 〉 := 1, 〈Ui, Vi〉 := 1, A(X,Ur, Ur, X) := 1,

A(X,Ui, Vi+1, X) := 1 for 1 ≤ i < r,

A1(X,Ur, Ur, X ;Ur) := 1 .

We show that M1 is a 1-model for M as follows. Let εi ∈ C∞(M). Define

a frame {X,Y, U1, ..., Ur, V1, ..., Vr} for T (R2r+2) by setting:

X := ε0{∂x − 1
2g(∂x, ∂x)∂y}, Y := ε−1

0 ∂y,

Ui = εi∂ui , Vi := ε−1
i ∂vi .

The non-zero entries in g are given by g(X,Y ) = 1 and g(Ui, Vi) = 1. By

Assertion (1), the non-zero entries in R and ∇R are

R(X,Ur, Ur, X) = ε20ε
2
rψ

′′,

R(X,Ui, Vi+1, X) = ε20εiε
−1
i+1 for 1 ≤ i < r,

∇R(X,Ur, Ur, X ;Ur) = ε20ε
3
rψ

′′′ .

We show that M1 is a 1-model for M by setting:

εr := ψ′′(ψ′′′)−1, ε0 := (ε2rψ
′′)−1/2,

εi := ε−2
0 εi+1 for 1 ≤ i < r .

We complete the proof of Assertion (4) by assuming to the contrary

that M is 2-curvature homogeneous and then arguing for a contradiction.

We introduce a topological space valued invariant of the 2-model of M by

setting:

KQ := {ξ ∈ R2r+2 : ∃ξi ∈ TQR2r+2 : ∇2R(ξ1, ξ2, ξ3, ξ4; ξ5, ξ) 6= 0} .
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We expand ξ = ξ0∂x + ξ1∂u1 + ...+ ξr∂ur + ξr+1∂vr + ...+ ξ2r∂v1 + ξ2r+1∂y.

By Assertion (1),

KQ =






{ξ ∈ R2r+2 : ξ20 + ξ2r 6= 0} if ψ′′′′ 6= 0 and ur−1 6= 0,

{ξ ∈ R2r+2 : ξr 6= 0} if ψ′′′′ 6= 0 and ur−1 = 0,

{ξ ∈ R2r+2 : ξ0 6= 0} if ψ′′′′ = 0 and ur−1 6= 0,

{0} if ψ′′′′ = 0 and ur−1 = 0 .

Since KQ is an invariant of the 2-model and M is assumed 2-curvature

homogeneous, KQ1 is diffeomorphic to KQ2 for any two points Q1 and Q2

of R2r+2.

Choose ur so ψ′′′(ur) 6= 0. Let

Q1 := (0, ..., 1, ur, 0, ...., 0) and Q2 := (0, ..., 0, ur, 0, ..., 0) .

Suppose first that ψ′′′′(ur) 6= 0. Then KQ1 is connected and KQ2 is not

connected; this is a contradiction. Suppose ψ′′′′(ur) = 0. Then KQ1 is

disconnected and KQ2 = {0}. This final contradiction shows that M is not

2-curvature homogeneous and completes the proof of Assertion (4).

To prove Assertion (5), it suffices to show that the associated 0-model

M0 is 2r-Jacobi nilpotent. Let 1 ≤ i < r. The non-zero entries of the

curvature operator are:

A(X,Ur)Ur = Y, A(X,Ur)X = −Vr,
A(X,Ui)Vi+1 = Y, A(X,Ui)X = −Ui+1,

A(X,Vi+1)Ui = Y, A(X,Vi+1)X = −Vi .

If ξ ∈ R2r+2, then:

J (ξ)X ∈ Span{U2, ..., Ur, V1, ..., Vr, Y },
J (ξ)Ur ∈ Span{Vr, Y }, J (ξ)Y = J (ξ)V1 = 0,

J (ξ)Vi+1 ∈ Span{Vi, Y }, J (ξ)Ui ∈ Span{Ui+1, Y } for 1 ≤ i < r .

Consequently

RangeJ (ξ) ⊂ Span{U2, ..., Ur, V1, ..., Vr, Y },
RangeJ (ξ)2 ⊂ Span{U3, ..., Ur, V1, ..., Vr, Y },...
RangeJ (ξ)r−1 ⊂ Span{Ur, V1, ..., Vr, Y },
RangeJ (ξ)r ⊂ Span{V1, ..., Vr , Y },
RangeJ (ξ)r+1 ⊂ Span{V1, ..., Vr−1, Y },...
RangeJ (ξ)2r−1 ⊂ Span{V1, Y },
RangeJ (ξ)2r ⊂ Span{0}.
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This shows that J is nilpotent of order at most 2r. To show that J is

nilpotent of order at least 2r, we exhibit a chain of length 2r

J (X) : U1 → U2 → ... → Ur → Vr → Vr−1 → ...→ V1 → 0 .

Assertion (5) now follows.

To prove Assertion (6), we suppose to the contrary that M0 is de-

composable and argue for a contradiction. Suppose there is a non-trivial

orthogonal decomposition

R2r+2 = W 1 ⊕W 2 and A = A1 ⊕A2 .

Clearly neither W 1 nor W 2 can be totally isotropic. Let X = X1 + X2

for X i ∈ W i. Then either J (X1) or J (X2) is nilpotent of order 2r; we

may assume without loss of generality that the notation is chosen so that

J (X1) is nilpotent of order 2r. This shows

dim(W 1) ≥ 2r so dim(W 2) = 1, 2 .

Suppose dim(W 2) = 1. Let W 2 = Span{ξ21}. Then A2 = 0 so

A(ξ21 , ·, ·, ·) = 0. Consequently ξ21 ∈ Span{V1, Y } is a null vector. This im-

plies W 2 is totally isotropic which is false. Thus dim(W 2) = 2. Let {ξ21 , ξ22}
be an orthonormal basis for W 2. If A2 = 0, then W 2 = Span{V1, Y } is

totally isotropic which is false. Thus A(ξ21 , ξ
2
2 , ξ

2
2 , ξ

2
1) 6= 0 so J (ξ21)ξ22 = aξ22

for a 6= 0. This contradicts the fact that J is nilpotent; this contradiction

completes the proof. �

Remark 3.5.1 If we drop the assumption that ψ′′ > 0, we may let S
be defined by taking ψ(ur) = u2

r. Then S is a symmetric space and M is

0-modeled on S.

3.5.4 Nilpotent Jacobi manifolds of order 2r + 1

We construct an example motivated by the discussion in Fiedler and Gilkey

(2003). We shall only define the symmetric space in the family and shall

omit the more general construction in the interests of brevity as our purpose

is to exhibit pseudo-Riemannian manifolds which are nilpotent Jacobi of

odd order 2r+1 of signature (r+1, r+2) for r ≥ 1. Other manifolds can be

defined by replacing −2tur by −2tψ(ur) where ψ′ 6= 0 in what follows; the

analysis would then follow a similar pattern to that described in Section

3.5.3.
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Theorem 3.5.4 Let (x, u1, ..., ur, t, v1, ..., vr, y) be coordinates on R2r+3

where r ≥ 1. Let M := (R2r+2, g) be the Fiedler manifold defined by

g(∂x, ∂y) = 1, g(∂ui , ∂vj ) = δij , g(∂x, ∂x) = −2tur − 2u1v2 − ...− 2ur−1vr,

and g(∂t, ∂t) = 1. Then M is a generalized plane wave indecomposable

symmetric space of signature (r + 1, r + 2) which is Jacobi nilpotent of

degree 2r + 1.

Proof. We give the proof in the case r ≥ 2; the case r = 1 follows

similarly where we set g(∂x, ∂x) = −2tu1. By Eqs. (3.5.a) and (3.5.b),

∇∂x∂x = ur∂t + t∂vr + u1∂u2 + v2∂v1 + ...+ ur−1∂ur + vr∂vr−1 ,

∇∂x∂ui = ∇∂ui
∂x = −

{
t∂y if i = r,

vi+1∂y if i < r,

∇∂x∂vi = ∇∂vi
∂x = −

{
0 if i = 1,

ui−1∂y if 1 < i,

∇∂x∂t = ∇∂t∂x = −ur∂y .

This has the proper form for a generalized plane wave manifold relative to

the coordinate ordering (x, u1, ..., ur, t, vr, ..., v1, y).

By Theorem 3.5.2, ∇R = 0 so M is a local symmetric space. Further-

more, the non-zero components of R are given by

R(∂x, ∂ur , ∂t, ∂x) = 1 and R(∂x, ∂ui , ∂vi+1 , ∂x) = 1 .

Let R2r+3 := Span{X,U1, ..., Ur, T, Vr, ..., V1, Y } and let M0 := (V, 〈·, ·〉, A)

where

〈X,Y 〉 = 1, 〈Ui, Vi〉 = 1, 〈T, T 〉 = 1,

A(X,Ur, T,X) = 1,

A(X,Ui, Vi+1, X) = 1 for 1 ≤ i < r .

Setting X = ∂x − 1
2g(∂x, ∂x)∂y, Y = ∂y, Ui = ∂ui , Vi = ∂vi , T = ∂t then

shows M0 is a 0-model for M. As we have adjusted the metric tensor, the

expression for curvature operator simplifies to become:

A(X,Ur)T = Y, A(X,Ur)X = −T,
A(X,T )Ur = Y, A(X,T )X = −Vr,
A(X,Ui)Vi+1 = Y, A(X,Ui)X = −Ui+1 for 1 ≤ i < r,

A(X,Vi+1)Ui = Y, A(X,Vi+1)X = −Vi for 1 ≤ i < r .

The Jacobi operator can now be studied:



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Other Pseudo-Riemannian Manifolds 215

J (ξ)X ∈ Span{T, U2, ..., Ur, V1, ..., Vr , Y },
J (ξ)T ∈ Span{Vr, Y },
J (ξ)Ur ∈ Span{T, Y },
J (ξ)Ui ∈ Span{Ui+1, Y } if i < r,

J (ξ)Vi+1 ∈ Span{Y, Vi} if i < r.

We also have J (ξ)V1 = J (ξ)Y = 0. Consequently,

Range{J (ξ)} ⊂ Span{U2, ..., Ur, T, Vr, ..., V1, Y },
Range{J (ξ)}2 ⊂ Span{U3, ..., Ur, T, Vr, ..., V1, Y },...
Range{J (ξ)}r−1 ⊂ Span{Ur, T, Vr, ..., V1, Y },
Range{J (ξ)}r ⊂ Span{T, Vr, ..., V1, Y },
Range{J (ξ)}r+1 ⊂ Span{Vr, ..., V1, Y },
Range{J (ξ)}r+2 ⊂ Span{Vr−1, ..., V1, Y },...
Range{J (ξ)}2r ⊂ Span{V1, Y },
Range{J (ξ)}2r+1 ⊂ Span{0}.

This shows M0 is nilpotent Jacobi of order at most 2r+1. To prove equality

holds, we take ξ = X and create a chain of length 2r + 1:

J (X) : U1 → U2 → ...→ Ur → T → Vr → Vr−1 → ...→ V1 → 0 .

We complete the proof by showing M0 is indecomposable; the proof fol-

lows the same lines as those given to establish a similar fact in the previous

section. Suppose we have a non-trivial orthogonal decomposition

R3+2r = W 1 ⊕W 2 and A = A1 ⊕A2 .

Let X = X1+X2. Then either J(X1) or J(X2) is nilpotent of order 2r+1;

assume the notation chosen so J(X1) nilpotent of order 2r + 1 and thus

dim(W 1) ≥ 2r + 1 so dim(W 2) ≤ 2. If A2 = 0, then

W 2 ⊂ ker(A) = Span{V1, Y }

is totally isotropic. As this is false, A2 6= 0 and thus dim(W 2) = 2. It now

follows that A2 has constant sectional curvature onW 2 and in particular the

Jacobi operator is not nilpotent on W 2, which is false. This contradiction

shows M0 is indecomposable. �
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3.5.5 Szabó nilpotent manifolds of arbitrarily high order

In this section, we complete the proof of Theorem 3.5.1 by studying the

Szabó operator. The case n = 2 is dealt with in Lemma 3.5.1. Thus we

shall assume n ≥ 3. Lemma 3.5.2 deals with n-even, and Lemma 3.5.3 deals

with n-odd. Our warping functions will be cubic polynomials. Throughout

the proof, we shall let ξ ∈ Rm and we shall let ? = ?(ξ) denote non-trivial

polynomials in the components of ξ; these polynomials are then non-zero

for generic ξ.

Lemma 3.5.2 Let {x, u1, ..., ur, vr, ...., v1, y} be coordinates on R2r+2 for

r ≥ 2. Let M be the Fiedler manifold defined by taking g(∂x, ∂y) = 1,

g(∂ui , ∂vi) = 1, and g(∂x, ∂x) = − 1
3u

3
1 −

∑
1≤a≤r−1 u

2
a+1va. Then M is a

generalized plane wave manifold of signature (r + 1, r + 1) which is Szabó

nilpotent of order 2r.

Proof. We use Eqs. (3.5.a) and (3.5.b) to see that

∇∂x∂x = 1
2u

2
1∂v1 +

r−1∑

a=1

{
1
2u

2
a+1∂ua + ua+1va∂va+1

}
.

The remaining covariant derivatives are all multiples of y with coefficients

which do not depend on y. Thus (x, ur, ..., u1, v1, ..., vr, y) gives M a gen-

eralized plane wave structure. Let 1 ≤ a ≤ r − 1. By Theorem 3.5.2, the

non-zero components of ∇R are:

∇R(∂x, ∂u1 , ∂u1 , ∂x; ∂u1) = 1,

∇R(∂x, ∂ua+1 , ∂ua+1 , ∂x; ∂va) = ∇R(∂x, ∂ua+1 , ∂va , ∂x; ∂ua+1) = 1.

Again, we set X := ∂x − 1
2g(∂x, ∂x)∂y, Ui := ∂ui , Vi := ∂vi , and Y = ∂y.

∇U1R(X,U1)U1 = Y, ∇U1R(X,U1)X = −V1,

∇VaR(X,Ua+1)Ua+1 = Y, ∇VaR(X,Ua+1)X = −Va+1,

∇Ua+1R(X,Ua+1)Va = −Y, ∇Ua+1R(X,Ua+1)X = Ua,

∇Ua+1R(X,Va)Ua+1 = −Y, ∇Ua+1R(X,Va)X = Va+1 .

We compute

S(ξ)X ∈ Span{U1, ..., Ur−1, V1, ..., Vr, Y },
S(ξ)Ua = ?(ξ)Ua−1 + Span{Va, Y } if 2 ≤ a ≤ r,

S(ξ)U1 = ?(ξ)V1 + Span{Y },
S(ξ)V1 = ?(ξ)V2 + Span{Y },
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S(ξ)Va−1 = ?(ξ)Va + Span{Y } if 2 ≤ a ≤ r,

S(ξ)Vr = S(ξ)Y = 0.

This pattern shows that S2r(ξ) = 0 for all ξ and that S2r−1(ξ) is non-zero

for generic ξ. �

We complete our discussion of the Szabó operator by considering the

case n = 2r.

Lemma 3.5.3 Let {x, ur, ..., u1, t, v1, ...., vr, y} be coordinates on R2r+3

for r ≥ 1. Let M := (R2r+5, g) be the Fiedler manifold defined by taking

g(∂x, ∂x) = −u2
1t −

∑
1≤a≤r−1 u

2
a+1va, g(∂x, ∂y) = 1, g(∂ui , ∂vi) = 1, and

g(∂t, ∂t) = 1. Then M is a generalized plane wave manifold of signature

(r + 2, r + 3) which is Szabó nilpotent of order 2r + 1.

Proof. We adopt the convention that the empty summation is zero and

omit the term u2
a+1va if r = 1. We use Eqs. (3.5.a) and (3.5.b) to see that

∇∂x∂x = u1t∂v1 + 1
2u

2
1∂t +

r−1∑

a=1

{
1
2u

2
a+1∂ua + ua+1va∂va+1

}
.

The remaining covariant derivatives are all multiples of y with coefficients

which do not depend on y. Thus (x, ur, ..., u1, ∂t, v1, ..., vr, y) gives M a

generalized plane wave structure.

Let 1 ≤ a ≤ r − 1. By Theorem 3.5.2, the non-zero components of ∇R
are:

∇R(∂x, ∂u1 , ∂u1 , ∂x; ∂t) = ∇R(∂x, ∂t, ∂u1 , ∂x; ∂u1) = 1,

∇R(∂x, ∂ua+1 , ∂ua+1 , ∂x; ∂va) = ∇R(∂x, ∂ua+1 , ∂va , ∂x; ∂ua+1) = 1.

Again, we introduce a suitable normalized basis and compute:

∇TR(X,U1)U1 = Y , ∇TR(X,U1)X = −V1,

∇U1R(X,T )U1 = Y , ∇U1R(X,T )X = −V1,

∇U1R(X,U1)T = Y , ∇U1R(X,U1)X = −T ,

∇VaR(X,Ua+1)Ua+1 = Y , ∇VaR(X,Ua+1)X = −Va+1,

∇Ua+1R(X,Ua+1)Va = Y , ∇Ua+1R(X,Ua+1)X = −Ua,
∇Ua+1R(X,Va)Ua+1 = Y , ∇Ua+1R(X,Va)X = −Va+1.

If ξ ∈ R2r+5, then:

S(ξ)X ∈ Span{Ur−1, ..., U1, T, V1, ..., Vr, Y },
S(ξ)Ua+1 = ?(ξ)Ua + Span{T, V1, ..., Vr , Y },
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S(ξ)U1 = ?(ξ)T + Span{V1, ..., Vr, Y },
S(ξ)T = ?(ξ)V1 + Span{Y },
S(ξ)Va = ?(ξ)Va+1 + Span{Y },
S(ξ)Vr = S(ξ)Y = 0.

From these computations it follows that S(ξ)2r+1 = 0 and that S(ξ)2rUr+1

is generically non-zero. The Lemma follows. �
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Chapter 4

The Curvature Tensor

4.1 Introduction

Chapter 4 treats other topics related to the Riemann curvature tensor. In

Section 4.2, we shall summarize the results from algebraic topology that

will be needed subsequently. Some basic results from bundle theory are

introduced in Sections 4.2.1 and 4.2.2. Clifford algebras in arbitrary sig-

natures are defined in Section 4.2.3; Section 4.2.4 treats Bott periodicity

in the context of Riemannian Clifford modules. In Section 4.2.5 we recall

work of Adams (1962) dealing with vector fields on spheres; this is used

in Section 4.2.6 to discuss the possible signatures of pseudo-Riemannian

metrics on spheres. In Section 4.2.7 we exhibit results of Szabó (1991)

concerning equivariant vector fields on spheres. In Section 4.2.8, we state

results of Gilkey (2002) generalizing earlier work by Glover, Homer, and

Stong (1982) concerning geometrically symmetric vector bundles.

Let Ψ ∈ S2(V ∗) and let Ψ1 ∈ S3(V ∗) be totally symmetric 2-tensors and

3-tensors, respectively. Following Eqs. (1.3.b) and (1.6.a), define an alge-

braic curvature tensor AΨ ∈ Alg0(V ) and an algebraic covariant derivative

curvature tensor A1,Ψ,Ψ1 ∈ Alg1(V ) by:

AΨ(x, y, z, w) : = Ψ(x,w)Ψ(y, z) − Ψ(x, z)Ψ(y, w),

A1,Ψ,Ψ1(x, y, z, w; v) : = Ψ1(x,w, v)Ψ(y, z) + Ψ(x,w)Ψ1(y, z, v)

− Ψ1(x, z, v)Ψ(y, w) − Ψ(x, z)Ψ1(y, w, v) .

In Section 4.3, we follow the discussion of Dı́az-Ramos, Fiedler, Garćıa-

Rı́o, and Gilkey (2004a) to show that the tensors AΨ and A1,Ψ,Ψ1 generate

the spaces Alg0(V ) and Alg1(V ). We also obtain an upper bound on the

number of such tensors of this form which are needed to express any fixed

A ∈ Alg0(V ) or A1 ∈ Alg1(V ). The primary technical tool which is used

219
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here is the embedding Theorem of Nash (1956).

In Section 4.4, we discuss some results of Gilkey and Ivanova (2001b)

and of Gilkey and Ivanova (2002b) for Jordan Osserman algebraic curvature

tensors. Theorem 4.4.1 shows that the Jordan normal form of a neutral sig-

nature spacelike and timelike Jordan Osserman algebraic curvature tensor

can be arbitrarily complicated. By contrast, Theorem 4.4.2 shows that if

p < q and if A is spacelike Jordan Osserman, then JA(x) is diagonalizable

if x ∈ S+(V, 〈·, ·〉); thus the Jordan normal form is trivial if the spacelike

directions dominate.

Let M1 := (V, 〈·, ·〉, A,A1) be a 1-model. The Szabó operator is an

analogue of the Jacobi operator which is defined by setting:

S(x) : y → A1(y, x;x)x .

We say that M1 is Szabó if the eigenvalues of S are constant on S+(V, 〈·, ·〉)
if q > 0 or, equivalently by Theorem 1.9.1, on S−(V, 〈·, ·〉) if p > 0.

Let M1 be Szabó. In Theorem 4.5.1 we present work of Szabó (1991)

showing that if M1 is Riemannian, then A1 = 0. We then present results of

Gilkey, Ivanova, and Stavrov (2003) and of Gilkey and Stavrov (2002) in the

pseudo-Riemannian setting showing in Theorem 4.5.2 that S is nilpotent

on the null cone N of V and, furthermore, that if M1 is Lorentzian, then

A1 = 0. There are non-trivial Szabó 1-models in the higher signature

setting. If M is as in Definition 2.5.1, we show in Theorem 4.5.3 that M
is Szabó. However such a manifold M is Jordan Szabó if and only if M is

symmetric.

In Section 4.6, we study topics in conformal geometry. Suppose given

a 0-model M = (V, 〈·, ·〉, A). If {ei} is an orthonormal basis for V , let

εi := 〈ei, ei〉. The Ricci tensor ρ, the scalar curvature τ , and the Weyl

tensor W are given by:

ρ(x, y) : =

m∑

i=1

εiA(x, ei, ei, y), τ :=

m∑

i=1

εiρ(ei, ei),

W (x, y, z, w) : = A(x, y, z, w) − 1
m−2{ρ(x,w)〈y, z〉

+ 〈x,w〉ρ(y, z) − ρ(x, z)〈y, w〉 − 〈x, z〉ρ(y, w)}
+ 1

(m−1)(m−2)τ{〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉} .

Since W is an algebraic curvature tensor in its own right, we can form

the Weyl 0-model MW := (V, 〈·, ·〉,W ) and let JW and RW be the asso-

ciated conformal Jacobi operator and conformal skew-symmetric curvature
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operator, respectively. In Sections 4.6.2 and 4.6.3, we study the spectral

geometry of the conformal Jacobi operator and in Section 4.6.4, we study

the spectral geometry of the conformal skew-symmetric curvature operator.

Let M = (V, 〈·, ·〉, A) be a 0-model. Let π be a spacelike or a timelike

k-plane. Let {e1, ..., ek} be an orthonormal basis for π. In Section 1.8.3 we

defined the Stanilov operator:

Θ(π) :=

m∑

i=1

m∑

j=1

A(ei, ej)A(ei, ej) .

In Section 4.7, we follow the treatment in Gilkey, Nikčević, and Videv

(2004) to discuss the spectral geometry of this operator.

We adopt the notation of Section 1.6.4. Let J be a Hermitian almost

complex structure on (V, 〈·, ·〉). Let MJ := {V, 〈·, ·〉, J, A} be a complex 0-

model which is Riemannian. Assume J and A are compatible; this means

by Lemma 1.6.6 that the operator JA(x, Jx) is self-adjoint and complex. In

Section 4.8, we study the spectral geometry of this operator; the geometry

of the complex Jacobi operator will be discussed in greater detail in Chapter

5.

4.2 Topological Results

4.2.1 Real vector bundles

We recall a few notions concerning vector bundles which we will use in what

follows. Let ρ : E → M be a real vector bundle over a smooth manifold

M . The fibers EP := ρ−1(P ) are real vector spaces which vary smoothly

with the point P ∈ M . A non-degenerate fiber metric on E is a collection

of non-degenerate inner products on each fiber which vary smoothly on M .

A bundle morphism ψ of E is a collection of smooth linear maps ψP of the

fibers EP which vary smoothly with P . We say ψ is invertible if each ψP
is invertible. We say ψ is self-adjoint if each ψP is self-adjoint.

Let V be a vector space with a non-degenerate inner product. We

can decompose V as a direct sum V + ⊕ V − of complementary orthogonal

subspaces, where V + is a maximal spacelike subspace and V − is a maximal

timelike subspace. There is a similar decomposition possible in the vector

bundle setting:

Lemma 4.2.1 Let E be a vector bundle over a smooth manifold M which

is equipped with a non-degenerate fiber metric. Then we can decompose E as
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a direct sum E+ ⊕E− of complementary orthogonal subbundles, where E+

is a maximal spacelike subbundle and E− is a maximal timelike subbundle.

Proof. As noted above, we can decompose each individual fiber as an

orthogonal direct sum of a maximal spacelike and a maximal timelike sub-

space. The main technical difficulty is to make the decompositions vary

smoothly with P ∈ M . Let 〈·, ·〉 denote the given indefinite fiber metric

on E. We can use a partition of unity to put an auxiliary positive definite

inner product (·, ·)e on E. Define a bundle morphism ψ of E by means

of the identity 〈v, w〉 = (ψv,w)e. Since each linear map ψP is self-adjoint

with respect to the positive definite inner product (·, ·)e on each fiber EP ,

ψP is diagonalizable and has only real eigenvalues. As the original inner

product 〈·, ·〉 is non-degenerate, each ψP is invertible. Let Eλ(ψP ) ⊂ EP
be the eigenspaces of ψP on EP . We define:

E−
P := ⊕λ<0Eλ(ψP ) and E+

P := ⊕λ>0Eλ(ψP ).

The subspaces E+
P and E−

P are orthogonal, they vary smoothly, and they

have constant rank. Thus they patch together to define smooth orthogonal

complementary subbundles E± of E. The subbundle E− is a maximal

timelike subbundle and the subbundle E+ is a maximal spacelike subbundle.

The Lemma now follows. �

4.2.2 Bundles over projective spaces

Let F denote either the field of real numbers R or the field of complex

numbers C. Let FPn−1 be the projective space of F-lines through the origin

in Fn:

FPn−1 =
{
Fn − {0}

}
/
{
F − {0}

}
.

Let 1k := FPn−1 × Fk be the trivial F-bundle of dimension k over FPn−1.

We take k = n and define the tautological line bundle L ⊂ 1n and the

orthogonal complement, the hyperplane bundle, L⊥ ⊂ 1n over FPn−1 by

setting:

L := {(π, ξ) ∈ FPn−1 × Fn : ξ ∈ π},
L⊥ := {(π, ξ) ∈ FPn−1 × Fn : ξ ⊥ π} .

These bundles play an important role in the classification of real and com-

plex line bundles.
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In the following Lemma, we show that no positive rank subbundle of

L⊥ embeds as a subbundle of 1k for k < n:

Lemma 4.2.2 Let F = R or F = C. Let E1 be a positive rank subbundle

of L⊥ over FPn−1. Then E1 is not isomorphic to a subbundle of 1k if k < n.

Proof. We suppose F = R; the argument is the same if F = C except

that the Chern classes are used instead of the Stiefel-Whitney classes and

other minor modifications are made in the argument.

The Stiefel-Whitney classes are cohomological invariants of real vector

bundles; we refer to the discussion in Milnor and Stasheff (1974) for further

details. Let w1 := w1(L) be the first Stiefel-Whitney class of L. The

cohomology ring of the projective space RPn−1 is the truncated polynomial

ring, see again Milnor and Stasheff (1974),

H∗(RPn−1; Z2) = Z2[w1]/(w
n
1 = 0).

To prove Lemma 4.2.2, we suppose the contrary. We assume that there

exist subbundles E1 of L⊥ and E2 of 1k of rank r > 0 so that E1 is iso-

morphic to E2, and argue for a contradiction. Since we may decompose

L⊥ = E1 ⊕E⊥
1 ,

w(E1)w(E⊥
1 ) = w(L⊥) = 1 + w1 + ...+ wn−1

1 .

In particular, wr(E1) = wr1. Furthermore, as E1 is isomorphic to E2, we

may conclude wr(E2) = wr1. As 1k = E2 ⊕ E⊥
2 , we have the following

factorization

1 = w(1k) = w(E2)w(E⊥
2 ) = (1 + ...+ wr1)w(E⊥

2 ) .

Since k < n, the truncation (wn1 = 0) in H∗(RPn−1; Z2) plays no role, so

we have the factorization

1 = (1 + ...+ wr1)w(E⊥
2 ) in Z2[w1],

which is impossible. �

4.2.3 Clifford algebras in arbitrary signatures

Let V be a vector space which is equipped with a non-degenerate inner

product 〈·, ·〉 of signature (p, q). The Clifford algebra Clif(V, 〈·, ·〉) is the

universal unital algebra generated by V subject to the Clifford commutation
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relations:

v ∗ w + w ∗ v = −2〈v, w〉1 .

One can also give a somewhat more formal definition. Let

T := R ⊕ V ⊕ {V ⊗ V } ⊕ ...⊕ {V ⊗ ...⊗ V } ⊕ ...

be the complete tensor algebra on V . Let I be the 2-sided ideal of T which

is generated by all elements of the form v ⊗ w + w ⊗ v + 2〈v, w〉1. Then

Clif(V, 〈·, ·〉) = T /I

and the Clifford product “∗” is induced from the tensor product ⊗.

The natural inclusion of V ⊂ T induces a natural inclusion of V in

Clif(V, 〈·, ·〉). Let {e1, ..., er} be an orthonormal basis for V . Let

I = {1 ≤ i1 < ... < ip ≤ m}

be a multi-index. Set eI := ei1 ∗ ... ∗ eip . The Clifford algebra Clif(V, 〈·, ·〉)
inherits a natural inner product and the resulting collection {eI} is an

orthonormal basis for Clif(V, 〈·, ·〉). In particular,

dim{Clif(V, 〈·, ·〉)} = 2dim(V ) .

4.2.4 Riemannian Clifford algebras

Let Mk(A) be the set of k×k matrices over a unital algebra A where A = R

or A = C or A = H denotes the real numbers, the complex numbers, or

the quaternions, respectively. Give Rn the usual positive definite Euclidean

inner product 〈·, ·〉e. Let Clif(n) := Clif(Rn, 〈·, ·〉e). One has the following

structure theorem due to Atiyah, Bott, and Shapiro (1964) which is closely

related to Bott Periodicity:

Theorem 4.2.1

Clif(0) = R, Clif(1) = C,

Clif(2) = H, Clif(3) = H ⊕ H,

Clif(4) = M2(H), Clif(5) = M4(C),

Clif(6) = M8(R), Clif(7) = M8(R) ⊕ M8(R),

Clif(8) = M16(R), Clif(k + 8) = M16(Clif(k)) .

Definition 4.2.1 The Adams number ν(m) is defined for powers of 2 by:

ν(1) = 0, ν(2) = 1, ν(4) = 3, ν(8) = 7
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and then inductively by setting ν(16m) = ν(m) + 8. If a is odd, one sets

ν(a2s) = ν(2s) .

We say that a collection F = {J1, ..., J`} of skew-symmetric real m×m

matrices is a Clifford family of rank ` on Rm if they satisfy the Clifford

commutation relations

JiJj + JjJi = −2δij .

Such a family defines a representation of Clif(`) on Rm. One can then draw

the following consequence from Theorem 4.2.1; we refer to Karoubi (1978)

for further details:

Corollary 4.2.1 There exists a Clifford family F of rank ` on Rm if and

only if ` ≤ ν(m).

Such a family played a central role in the proof of Lemma 1.7.2. These

families will also be central to the discussion of Chapter 5; we use Corollary

4.2.1 to establish the following estimate:

Lemma 4.2.3 Let F be a Clifford family of rank ` on a vector space of

dimension m. If ` ≥ 16, then m ≥ `(`− 1).

Proof. If a vector space V of dimension m admits a Clifford family of

rank `, work of Adams gives a lower bound for m in terms of the Adams

number. Let a(`) be this lower bound as described in Corollary 4.2.1. Let

b(`) = `(` − 1). The following table gives the values of `, of a(`), and of

b(`) for 6 ≤ ` ≤ 25:

` a(`) b(`) ` a(`) b(`) ` a(`) b(`) ` a(`) b(`)

6 8 30 7 8 42 8 16 56 9 32 72

10 64 90 11 64 110 12 128 132 13 128 156

14 128 182 15 128 210 16 256 240 17 512 272

18 1024 306 19 1024 342 20 2048 380 21 2048 420

22 2048 462 23 2048 506 24 4096 552 25 8192 600

It is clear a(`) ≥ b(`) for 16 ≤ ` ≤ 25. The Adams number a(`) is growing

exponentially; b(`) is growing quadratically. It now follows that a(`) ≥ b(`)

for all ` ≥ 16. �
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4.2.5 Vector fields on spheres

Let Sm−1 be the unit sphere in (Rm, (·, ·)e). We refer to work of Adams

(1962) for the proof of the following result:

Theorem 4.2.2 [Adams] Suppose given a non-trivial decomposition of

the tangent bundle T (Sm−1) = E0 ⊕ ... ⊕ E` as an orthogonal direct sum

of vector bundles of dimension µi := dim(Ei), where µ0 ≥ ... ≥ µ`. Then

µ1 + ...+ µ` ≤ ν(m).

Clifford algebras can be used to show this estimate is sharp. Suppose

that m is even. Let ν = ν(m). Then Theorem 4.2.1 implies Rm admits a

Cliff(ν) structure. Consequently, there exist ν skew-adjoint m×m matrices

{e1, ..., eν} satisfying the Clifford commutation relations. Let

Ei(x) := SpanR{eix} .

The Clifford commutation relations imply that {x, e1x, ..., eνx} forms an

orthonormal set. Consequently one has that:

Ei(x) ⊥ Ej(x) for i 6= j and Ei(x) ⊂ TxS
m−1 = {ξ : ξ ⊥ x} .

We set E0 := TSm−1∩{E1⊕ ...⊕Eν}⊥ to obtain a maximal decomposition

of the tangent space of the sphere

TSm−1 = E0 ⊕E1 ⊕ ...⊕Eν

and show Theorem 4.2.2 is sharp.

4.2.6 Metrics of higher signatures on spheres

We can apply Theorem 4.2.2 to study the question of constructing pseudo-

Riemannian metrics of higher signature on spheres:

Theorem 4.2.3 Let p+ q = m− 1 where p ≤ q. There exists a pseudo-

Riemannian metric of signature (p, q) on Sm−1 if and only if p ≤ ν(m).

Proof. Suppose p ≤ ν(m). If p = 0, there is nothing to show so we

suppose 1 ≤ p. Let {e1, ..., ep} be a family of skew-symmetric matrices on

Rm satisfying the Clifford commutation relations. We let

E−(x) := Span{e1x, ..., epx} and E+(x) := E−(x)⊥

relative to the standard Euclidean inner product 〈·, ·〉e on Rm. Decompose

tangent vectors vi ∈ TxS
m−1 in the form vi = vi,− + vi,+ for vi,± ∈ E±(x).
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Define a metric of signature (p, q) on Sm−1 by:

g(v1, v2) = −〈v1,−, v2,−〉e + 〈v1,+, v2,+〉e .

Conversely, let g be a metric of signature (p, q) on Sm−1 where p ≤ q.

By Lemma 4.2.1, we may decompose

T (Sm−1) = V− ⊕ V+

where g is negative definite on V− and positive definite on V+. The desired

estimate p ≤ ν(m) now follows from Theorem 4.2.2. �

4.2.7 Equivariant vector fields on spheres

In this section, we present a technical result of Szabó (1991) that we shall

need in Section 4.5.

Theorem 4.2.4

(1) Let ~s be a continuous tangent vector field on the sphere Sm−1. Then

there exists x ∈ Sm−1 so that ~s(x) = −~s(−x).
(2) Let A(x) be a continuous map from Sm−1 to the space of self-adjoint

linear maps of Rm. Assume that A(−x) = −A(x), that A(x)x = 0,

and that dim ker(A) is constant on Sm−1. Then A ≡ 0.

Proof. Suppose that Assertion (1) is false. Thus there exists a continuous

tangent vector field ~s on the sphere Sm−1 so that ~s(x) + ~s(−x) 6= 0 for all

x ∈ Sm−1. We argue for a contradiction. Set

f(x) := ~s(x)+~s(−x)
|~s(x)+~s(−x)| : Sm−1 → Sm−1 .

By assumption f(x) ⊥ x. We show f is a degree 1 map by constructing

the following homotopy fε connecting f to the identity map:

fε(x) = cos(ε)f(x) + sin(ε)x for ε ∈ [0, 1
2π] .

On the other hand, as f(x) = f(−x), f descends to induce a map [f ] from

real projective RPm−1 to Sm−1. This shows that the degree of f is even.

This contradiction establishes Assertion (1).

Suppose that A satisfies the hypotheses of Assertion (2). As A(x)x = 0,

A(x) preserves x⊥. We let Ã(x) denote the restriction of A(x) to x⊥.

Since Ã(x) is self-adjoint with respect to a positive definite inner product,

Ã(x) is diagonalizable. We let E−(x), E0(x), and E+(x) denote the span

of the eigenvectors with negative, zero, and positive eigenvalues. Since
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dim kerA(x) is constant, E−, E0, and E+ are vector bundles over Sm−1.

This gives a decomposition of the tangent bundle of the sphere:

T (Sm−1) = E− ⊕E0 ⊕E+.

Suppose that dimE+ > 0. Fix a point x0 ∈ Sm−1. Since Sm−1 − {x0}
is contractible, the vector bundle E+ is trivial over Sm−1−{x0} and we can

choose a continuous unit section s+ to E+ on Sm−1 − {x0}. Let ψ+ be a

continuous function on Sm−1 which vanishes only at x0. Then s1 := ψ+s+
is a continuous section to E+ which vanishes only at x0. The equivariance

property A(−x) = −A(x) shows that the section s2(x) := s1(−x) is a

continuous section to E− which vanishes only at −x0. As A(x) is self-

adjoint, E+ ⊥ E−. Let

s(x) := s1(x) + s2(x).

Since s1 vanishes only at x0 and s2 vanishes only at −x0, s is a nowhere

vanishing vector field on Sm−1. Since s(−x) = s(x), this contradicts As-

sertion (1). Thus, we conclude dimE+ = 0. Since E−(x) = E+(−x), we

also have dimE− = 0. Consequently, A ≡ 0. �

4.2.8 Geometrically symmetric vector bundles

We shall need the following result in Section 4.8 when we discuss complex

Ivanov-Petrova manifolds. We shall also need it in Section 5.2 when we

discuss complex Osserman manifolds. We refer to Gilkey (2001a) for the

proof and omit details as the methods are entirely algebraic topological in

nature; a slightly different treatment may be found in Gilkey (2002). It

generalizes earlier work by Glover, Homer, and Stong (1982).

We recall the notation of Section 4.2.2. Complex projective space CPn−1

is the set of complex lines in Cn. Let 1n be the trivial complex n-plane

bundle. The complex tautological line bundle L over CPn−1 is the sub-

bundle of 1n:

1n = CPn−1 × Cn and L = {(π, ξ) ∈ 1n : ξ ∈ π} .

We say that a sub-bundle E of 1n is a geometrically symmetric vector bundle

if τ ⊂ E(σ) implies that σ ⊂ E(τ) for any σ, τ ∈ CPn−1. The tautological

line bundle L is clearly geometrically symmetric since τ = σ in this instance.

The orthogonal complement L⊥ is also geometrically symmetric because

σ ⊥ τ ⇒ τ ⊥ σ.
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Theorem 4.2.5 Suppose given a decomposition 1n = ⊕Ei where the Ei
are complex vector bundles over CPn−1 of dimension ki. We choose the

ordering so that k0 ≥ ... ≥ k` ≥ 1. Suppose at least one of the vector

bundles Ei is geometrically symmetric and that ` ≥ 1. If n is odd, then

` = 1 and k1 = 1. If n is even, then ` = 1 and k1 = 1, 2 or ` = 2 and

k1 = k2 = 1.

Theorem 4.2.5 is sharp. The decomposition 1n = L⊥ ⊕ L where L is

the tautological line bundle provides an example with ` = 1 and k1 = 1 in

Theorem 4.2.5; the possibility ` = 0 can be realized by taking E0 := 1n. If

n = 2n̄, we can identify Cn = Hn̄ where the complex structure is given by

J = J1 and where {J1, J2, J3 := J1J2} give the usual quaternion structure

on H. We set

E1(x) := SpanC{x} = L ⊂ 1n,

E2(x) := SpanC{J2x} = J2{L} ⊂ 1n,

E0(x) := {E1(x) ⊕E2(x)}⊥ ⊂ 1n .

This yields an example of a decomposition where ` = 2 and k1 = k2 = 1; a

decomposition where ` = 1 and k1 = 2 can then be formed by combining

E1 and E2. Each of these vector bundles is geometrically symmetric.

4.3 Generators for the Spaces Alg
0

and Alg
1

In this section, we discuss work of Dı́az-Ramos, Fiedler, Garćıa-Rı́o, and

Gilkey (2004a) which was motivated by work of Dı́az-Ramos and Garćıa-

Rı́o (2004) and which gives generators for the spaces Alg0(V ) and Alg1(V )

of algebraic curvature tensors and algebraic covariant derivative tensors de-

fined in Section 1.3.1. Additionally, we shall complete the proof of Theorem

1.6.2 and give a different proof of Theorem 1.6.1 (1).

We recall the notational conventions established previously. Let V be

a finite dimensional real vector space. Let Sp(V ) ⊂ ⊗pV ∗ be the space

of totally symmetric p forms on V . If Ψ ∈ S2(V ) and if Ψ1 ∈ S3(V ), we

adopt the notation of Eqs. (1.3.b) and (1.6.a) to define AΨ ∈ Alg0(V ) and

A1,Ψ,Ψ1 ∈ Alg1(V ) by setting:

AΨ(x, y, z, w) : = Ψ(x,w)Ψ(y, z) − Ψ(x, z)Ψ(y, w),

A1,Ψ,Ψ1(x, y, z, w; v) : = Ψ1(x,w, v)Ψ(y, z) + Ψ(x,w)Ψ1(y, z, v)

− Ψ1(x, z, v)Ψ(y, w) − Ψ(x, z)Ψ1(y, w, v) .
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In a formal sense, one can think of Ψ1 as the covariant derivative of Ψ and

one can think of A1,Ψ,Ψ1 as the covariant derivative of AΨ. This analogy

is, of course, purely formal. It is, however, useful in motivating certain

formulas and will play an important role in the subsequent discussion.

Let A ∈ Alg0(V ). Suppose there exists a finite collection {Ψi}1≤i≤ν of

symmetric 2-tensors such that

A =

ν∑

i=1

λiAΨi

for some suitably chosen constants λi; by rescaling we may always assume

λi = ±1. We then set ν(A) to be the minimal ν so such a decomposition

exists; set ν(A) = ∞ if no such decomposition exists. Similarly, suppose

given A1 ∈ Alg1(V ). If there exist finite collections Ψ̃j ∈ S2(V ) and

Ψ̃1,j ∈ S3(V ) so that

A1 =

ν1∑

j=1

λ1,jA1,Ψ̃j ,Ψ̃1,j

for suitably chosen constants λ1,j , then we set ν1(A1) to be the minimal

number of terms possible; by rescaling the Ψ̃1,j , we may always assume

λ1,j = 1. We shall show presently that such decompositions always exist;

this means that ν(A) <∞ and ν(A1) <∞. Set

ν(m) := sup
A∈Alg0(V )

ν(A) and ν1(m) := sup
A1∈Alg1(V )

ν1(A1) .

Let [·] denote the greatest integer function. Theorem 1.6.1 (1) and Theorem

1.6.2 follow from the following result:

Theorem 4.3.1 Let m ≥ 2.

(1) [ 12m] ≤ ν(m) and [ 12m] ≤ ν1(m).

(2) ν(m) ≤ 1
2m(m+ 1) and ν1(m) ≤ 1

2m(m+ 1).

Remark 4.3.1 The bounds of Theorem 4.3.1 are, of course, not sharp.

For example, it is known, Dı́az-Ramos and Garćıa-Rı́o (2004), that ν(2) = 1

and ν(3) = 2.

We shall establish the lower bounds of Assertion (1) in Section 4.3.1.

The upper bound for ν(m) which is given in Assertion (2) is due to Dı́az-

Ramos and Garćıa-Rı́o (2004). In Section 4.3.2, we shall generalize their

approach to establish the following simultaneous “diagonalization” result

from which Theorem 4.3.1 (2) will follow as a Corollary:
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Theorem 4.3.2 Let V be an m-dimensional vector space. Suppose given

A ∈ Alg0(V ) and A1 ∈ Alg1(V ). Then there exist tensors Ψi ∈ S2(V ) and

Ψ1,i ∈ S3(V ) satisfying

A =

1
2m(m+1)∑

i=1

AΨi and A1 =

1
2m(m+1)∑

i=1

A1,Ψi,Ψ1,i .

The study of the tensors AΨ arose in the original instance from the

Osserman conjecture and related matters; we refer to Garćıa-Rı́o, Kupeli,

and Vázquez-Lorenzo (2002) and to Gilkey (2002) for a more extensive

discussion than is possible here.

We fix the following notational convention for the remainder of this

section. Let 〈·, ·〉 be an auxiliary positive definite inner product on V .

Given an algebraic curvature tensor A ∈ Alg0(V ) and an algebraic covariant

derivative curvature tensor A1 ∈ Alg1(V ), we let M1 := (V, 〈·, ·〉, A,A1) be

the associated 1-model. We use 〈·, ·〉 to raise indices and to define the

associated curvature operators A and A1 by means of the identities:

〈A(ξ1, ξ2)z, w〉 = A(ξ1, ξ2, z, w), and

〈A1(ξ1, ξ2, ξ3)z, w〉 = A1(ξ1, ξ2, z, w; ξ3) .

4.3.1 A lower bound for ν(m) and for ν1(m)

Theorem 4.3.1 (1) will follow from the following Lemma:

Lemma 4.3.1 Let m = 2m̄ or let m = 2m̄+ 1.

(1) If Ψ ∈ S2(V ) and if Ψ1 ∈ S3(V ), then for any ξ1, ξ2, ξ3 ∈ V one has:

Rank{AΨ(ξ1, ξ2)} ≤ 2 and Rank{A1,Ψ,Ψ1(ξ1, ξ2, ξ3)} ≤ 2 .

(2) If A ∈ Alg0(V ) and A1 ∈ Alg1(V ), then for any ξ1, ξ2, ξ3 ∈ V one has:

Rank{A(ξ1, ξ2)} ≤ 2ν(A) and Rank{A1(ξ1, ξ2, ξ3)} ≤ 2ν1(A1) .

(3) There exist A ∈ Alg0(V ), A1 ∈ Alg1(V ), and ξ1, ξ2, ξ3 ∈ V so:

Rank{A(ξ1, ξ2)} = 2m̄ and Rank{A1(ξ1, ξ2, ξ1)} = 2m̄ .

Proof. If Ψ ∈ S2(V ) and Ψ1 ∈ S3(V ), let ψ and ψ1(·) be the associated

self-adjoint endomorphisms characterized by the identities

〈ψx, y〉 = Ψ(x, y) and 〈ψ1(z)x, y〉 = Ψ1(x, y, z) .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

232 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Assertion (1) follows from the expression:

AΨ(ξ1, ξ2)y = {Ψ(ξ2, y)ψ}ξ1 − {Ψ(ξ1, y)ψ}ξ2, and

A1,Ψ,Ψ1(ξ1, ξ2, ξ3)y = {Ψ(ξ2, y)ψ1(ξ3) + Ψ1(ξ2, y, ξ3)ψ}ξ1
− {Ψ(ξ1, y)ψ1(ξ3) + Ψ1(ξ1, y, ξ3)ψ}ξ2 .

Let Bi := AΨi and let B1,j := A1,Ψ̃j ,Ψ̃1,j
. Set

A =

ν(A)∑

i=1

λiBi and A1 =

ν1(A1)∑

j=1

λ1,jB1,j .

Assertion (2) follows from Assertion (1) as

Rank{A(·)} = Rank





ν(A)∑

i=1

λiBi(·)



 ≤

ν(A)∑

i=1

Rank{Bi(·)} ≤ 2ν(A),

Rank{A1(·)} = Rank






ν1(A)∑

i=1

λ1,jB1,j(·)




 ≤
ν1(A)∑

i=1

Rank{B1,j(·)} ≤ 2ν1(A1) .

If dim(V ) = 2m̄, let {e1, ..., em̄, f1, ..., fm̄} be an orthonormal basis for

V ; if dim(V ) is odd, the argument is similar and we simply extend A and A1

to be trivial on the additional basis vector. Define the non-zero components

of Ψi ∈ S2(V ) and Ψ1,i ∈ S3(V ) by:

Ψi(ej , ek) = Ψi(fj , fk) = δijδik,

Ψ1,i(ej , ek, el) = Ψ1,i(fj , fk, fl) = δijδikδil;

Ψi(·, ·) and Ψ1,i(·, ·, ·) vanish if both an “e” and an “f” appear. Let

Bi := AΨi , B1,i := A1,Ψi,Ψ1,i ,

A :=

m̄∑

i=1

Bi, A1 :=

m̄∑

i=1

B1,i,

ξ1 := e1 + ...+ em̄, ξ2 := f1 + ...+ fm̄, ξ3 := ξ1 + ξ2 .

We may then complete the proof of Assertion (3) by computing:

A(ξ1, ξ2)ei = Ai(ei, fi)ei = −fi,
A(ξ1, ξ2)fi = Ai(ei, fi)fi = ei,

A1(ξ1, ξ2, ξ3)ei = A1,i(ei, fi, ei + fi)ei = −2fi,

A1(ξ1, ξ2, ξ3)fi = A1,i(ei, fi, ei + fi)fi = 2ei . ut
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4.3.2 Geometric realizability

Let 〈·, ·〉 be the standard Euclidean inner product on Rm. Assume given a

1-model M1 = (Rm, 〈·, ·〉, A,A1). We apply Lemma 1.6.2 to find the germ

of a Riemannian metric g on Rm such that:

(T0Rm, g(0), R(0),∇R(0)) = M1 .

We apply the Embedding Theorem of Nash (1956) to find the germ of a

map f : Rm → Rm+κ realizing the metric g. By writing the submanifold as

a graph over its tangent plane, we can choose coordinates (x, y) on Rm+κ

where x = (x1, ..., xm) and y = (y1, ..., yκ) so that

f(x) = (x, f1(x), ..., fκ(x)) where dfν(0) = 0 for 1 ≤ ν ≤ κ .

Since f∗(∂xi ) = (0, ..., 1, ..., 0, ∂xi f1, ...., ∂
x
i fκ), we have

gij(x) = δij +

κ∑

σ=1

∂xi fσ · ∂xj fσ .

As dgij(0) = 0, Lemma 1.6.2 can be applied. Let Ψσ
ij := ∂xi ∂

x
j fσ(0) for

1 ≤ σ ≤ κ represent the second fundamental forms. One has that:

Rijkl(0) = 1
2

κ∑

σ=1

{
(Ψσ

ijΨ
σ
kl + Ψσ

ilΨ
σ
kj) + (Ψσ

jiΨ
σ
lk + Ψσ

jkΨ
σ
li)

− (Ψσ
ijΨ

σ
lk + Ψσ

ikΨ
σ
lj) − (Ψσ

jiΨ
σ
kl + Ψσ

jlΨ
σ
ki)

}

=

κ∑

σ=1

{
Ψσ
ilΨ

σ
jk − Ψσ

ikΨ
σ
jl

}
.

This shows that

A =
κ∑

σ=1

AΨσ so ν(A) ≤ κ .

Let Ψσ
ijk := ∂xi ∂

x
j ∂

x
kfσ(0). One may compute similarly that:

Rijkl;n(0) = 1
2

κ∑

σ=1

{
(Ψσ

jinΨσ
lk + Ψσ

jknΨσ
li + Ψσ

jiΨ
σ
lkn + Ψσ

jkΨ
σ
lin

+Ψσ
jikΨ

σ
ln + Ψσ

jnΨ
σ
lik) + (Ψσ

ijnΨσ
kl + Ψσ

ilnΨ
σ
kj + Ψσ

ijΨ
σ
kln

+Ψσ
ilΨ

σ
kjn + Ψσ

ijlΨ
σ
kn + Ψσ

inΨ
σ
kjl) − (Ψσ

jinΨσ
kl + Ψσ

jlnΨσ
ki

+Ψσ
jiΨ

σ
kln + Ψσ

jlΨ
σ
kin + Ψσ

jilΨ
σ
kn + Ψσ

jnΨσ
kil) − (Ψσ

ijnΨσ
lk
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+Ψσ
iknΨ

σ
lj + Ψσ

ijΨ
σ
lkn + Ψσ

ikΨ
σ
ljn + Ψσ

ijkΨ
σ
ln + Ψσ

inΨσ
ljk)

}

=
κ∑

σ=1

{
Ψσ
ilnΨσ

jk + Ψσ
jknΨσ

il − Ψσ
iknΨσ

jl − Ψσ
ikΨ

σ
jln

}
.

Thus similarly

A1 =

κ∑

σ=1

A1,Ψσ ,Ψσ1
so ν1(A1) ≤ κ .

In the analytic category we may take κ ≤ 1
2m(m+1) in the Nash Embedding

Theorem. The desired upper bound of Theorem 4.3.2 now follows. ut

4.4 Jordan Osserman Algebraic Curvature Tensors

In this section, we present two results which deal with Jordan Osserman

algebraic curvature tensors. The first result is due to Gilkey and Ivanova

(2001b); it shows that in the neutral signature contex there are Jordan

Osserman algebraic curvature tensors with arbitrarily complicated Jordan

normal forms.

We adopt the following notational conventions. Let R(p,q) denote R(p+q)

with the canonical inner product of signature (p, q) given by:

〈x, y〉 := −x1y1 − ...− xpyp + xp+1yp+1 + ....+ xp+qyp+q .

If n ≤ p, we can choose a timelike embedding of Rn in R(p,q). Let End(Rk)

denote the vector space of linear endomorphisms of Rk; these are the k× k

matrices. If J ∈ End(Rn), extend J to be 0 on {Rn}⊥ to define a linear

map J ⊕ 0 ∈ End(R(p,q)); J ⊕ 0 is said to be the stabilization of J – it is

uniquely defined up to conjugacy. Relative to suitable bases, it takes the

following form in matrix notation:

J ⊕ 0 =

(
J 0

0 0

)
.

Theorem 4.4.1 Let J ∈ End(Rn). There exists ` = `(n) and a spacelike

and timelike Jordan Osserman algebraic curvature tensor A on R(`,`) so

that JA(x) is conjugate to ±J ⊕ 0 for any x ∈ S±(R(`,`)).

However, the situation is very different if p < q; in this setting, the

spacelike directions in a certain sense dominate the timelike directions as
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the following result of Gilkey and Ivanova (2002b) shows:

Theorem 4.4.2 Let A be a spacelike Jordan Osserman algebraic curva-

ture tensor on R(p,q), where p < q. Then JA(x) is diagonalizable for any

x ∈ S+(R(p,q)).

The remainder of this section is devoted to the proof of these results. In

Section 4.4.1, we establish Theorem 4.4.1 and in Section 4.4.2, we establish

Theorem 4.4.2.

4.4.1 Neutral signature Jordan Osserman tensors

Let so(R(r,s)) be the Lie-algebra of the associated orthogonal group on

R(r,s):

so(R(r,s)) = {T ∈ End(R(r,s)) : T + T ∗ = 0} .

We say that R(r,s) admits a Clif(R(p,q)) module structure if there exists a

linear map φ : R(p,q) → so(R(r,s)) so that

φ(v)φ(w) + φ(w)φ(v) = −2〈v, w〉 Id for all v, w ∈ R(p,q) .

This means, of course, that φ defines a representation of Clif(R(p,q)) into

the algebra of endomorphisms of R(p,q).

Lemma 4.4.1 Let (p, q) be given.

(1) There exists ` so that R(`,`) admits a Clif(R(p,q)) module structure.

(2) Let φ be a Clif(R(p,q)) module structure on R(`,`). Let x± ∈ S±(R(`,`)).

(a) v → φ(v)x+ is an isometric embedding of R(p,q) in R(`,`).

(b) v → φ(v)x− is a para-isometric embedding of R(p,q) in R(`,`).

Proof. Assertion (1) follows from standard results in the theory of Clif-

ford algebras, see, for example, Karoubi (1978). Since we are not interested

in optimal estimates, it is possible to give an elementary proof. We give

the exterior algebra Λ∗(Rp+q), with the canonical positive definite inner

product, a Clif(Rp+q) module structure by defining c(v) = ext(v) − int(v)

where ext(v) : θ → v ∧ θ is given by left exterior multiplication and where

int(v) is the dual, interior multiplication; c(v)2 = −|v|2 Id. Let {ei} be the

standard orthonormal basis for Rp+q and let φi := c(ei). We complexify

and let

V := Λ∗(Rp+q) ⊗R C .
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We extend the Euclidean inner product to be complex bilinear and we

extend φi to be complex linear. Let < denote the real part of a complex

number. We set

〈v, w〉 := <(v, w) and Φi :=

{√
−1φi for 1 ≤ i ≤ p,

φi for p < i ≤ p+ q.

Then 〈v, w〉 is a neutral signature metric on the underlying real vector space

and {Φi} is a collection of real endomorphisms satisfying

〈Φiv, w〉 = −〈v,Φiw〉,
ΦiΦj + ΦjΦi = 0 for i 6= j,

Φ2
i =

{
Id for 1 ≤ i ≤ p,

− Id for p < i ≤ p+ q .

This establishes Assertion (1); this trick of complexification plays a crucial

role in other arguments we have given.

Let φ give R(`,`) a Clif(R(p,q)) module structure. Let {ei} be an or-

thonormal basis for R(p,q) and let φi := φ(ei). Suppose i 6= j. We use the

Clifford commutation relations to compute:

〈φix, φjx〉 = −〈φjφix, x〉 = 〈φiφjx, x〉 = −〈φjx, φix〉

and consequently φix ⊥ φjx if i 6= j. One also has that

〈φix, φix〉 = −〈φiφix, x〉 = 〈ei, ei〉〈x, x〉 .

Assertion (2) now follows. �

We now establish Theorem 4.4.1. Let ψ ∈ so(R(`,`)) be skew-adjoint.

We adopt the notation of Eq. (1.3.b) and define:

Aψ(x, y)z := (ψy, z)ψx− (ψx, z)ψy − 2(ψx, y)ψz .

We then have

JAψ (x)y = 3〈y, ψx〉ψx . (4.4.a)

Let J ∈ End(Rn). Apply Lemma 1.5.4 to choose an inner product of

signature (p, q) on Rn so J is self-adjoint with respect to this inner product.

By choosing an orthonormal basis, we may identify Rn with R(p,q). Apply

Lemma 4.4.1 to choose a Clif(R(p,q)) module structure φ on R(`,`).
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Let {ei} be the standard orthonormal basis for R(p,q). Expand

Jei =
∑

j

Jijej .

Let ci and cij = cji be constants to be determined presently. Let φi := φ(ei)

and let

A :=
∑

i

ciAφi + 1
2

∑

i6=j
cijAφi+φj

be an algebraic curvature tensor on R(`,`). Let Ji be the Jacobi operator

defined by Aφi and let Jij be the Jacobi operator defined by Aφi+φj .

Let x ∈ S±(R(`,`)). We will show JA is conjugate to ±J ⊕ 0; this will

complete the proof of Theorem 4.4.1. Let fi := φix and let

π(x) := Span{f1, ..., fp+q} ∈ Grp,q(R
(`,`)).

By Lemma 4.4.1, {f1, ..., fp+q} is an orthonormal basis for π(x). By

Eq. (4.4.a), RangeJA(x) ⊂ π(x) and JA(x) = 0 on U := π(x)⊥. Expand

JA(x)fi =
∑

j

J̃ijfj .

Let i and j be distinct indices. Let εk := 〈ek, ek〉 = ±1. By Eq. (4.4.a):

Jifk =

{
3(x, x)εkfi if k = i,

0 if k 6= i,

Jijfk =

{
3(x, x)εk(fi + fj) if k = i, j,

0 if k 6= i, j,

J̃ij =

{
3(x, x)εi(ci +

∑
k 6=i cik) if i = j,

3(x, x)εicij if i 6= j.

We solve the relations J̃ij = (x, x)Jij for 1 ≤ i, j ≤ p+q to see that if i 6= j,

then:

cij := 1
3εiJij and ci := 1

3εi


Jii −

∑

j 6=i
Jij


 .

We have εi = ±1. Since J is self-adjoint we have that εjJij = εiJji so
1
3εiJij = 1

3εjJji. Consequently, cij = cji as required. It is now clear that

JA(x) is conjugate to (x, x)J ⊕ 0. This completes the proof of Theorem

4.4.1. ut
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4.4.2 Rigidity results for Jordan Osserman tensors

Before proving Theorem 4.4.2, we must recall some results from linear al-

gebra.

Let <(λ) and =(λ) be the real and imaginary parts of a complex number

λ. If J is a linear map of a real vector space V of dimension m, then let Jλ
be the real operator on V defined by:

Jλ :=

{
J − λ · Id if λ ∈ R,

(J − λ · Id)(J − λ̄ · Id) if λ ∈ C − R.
(4.4.b)

We define the generalized eigenspaces by setting

Eλ := ker{Jmλ } . (4.4.c)

Lemma 4.4.2 Let V be a vector space of signature (p, q) and let J be

a self-adjoint linear map of V . Then V can be decomposed as an orthogo-

nal direct sum V = ⊕=(λ)≥0Eλ. Furthermore, the induced metrics on the

generalized eigenspaces Eλ are non-degenerate.

Proof. Let λ and µ be complex numbers with λ 6= µ and λ 6= µ̄. Since

Jmλ is self-adjoint and vanishes on Eλ, we have

0 = (Jmλ xλ, xµ) = (xλ, J
m
λ xµ) for xλ ∈ Eλ and xµ ∈ Eµ.

Since J commutes with Jµ, J preserves Eµ. Since the eigenvalues of J on

Eµ are µ and µ̄, the linear maps J − λ · Id, J − λ̄ · Id, and hence Jλ are

isomorphisms of Eµ; thus Jmλ (Eµ) = Eµ. It now follows that

Eλ ⊥ Eµ and Eλ ∩ Eµ = {0}. (4.4.d)

Let V C := V ⊗C be the complexification of V . We extend J to V C to be

complex linear and set EC

λ := ker{(J − λ)m}. A complex vector space may

be decomposed as the direct sum of the generalized complex eigenspaces

defined by a linear transformation. Consequently,

V C = ⊕λEC

λ . (4.4.e)

As EC

λ ⊕ EC

λ̄
= Eλ ⊗ C, V = ⊕=(λ)≥0Eλ. By Eq. (4.4.d), the direct sum

given in Eq. (4.4.e) is orthogonal; thus, the induced metric on each Eλ is

non-degenerate. �

We continue our preparation for the proof of Theorem 4.4.2 by studying

vector bundles equipped with non-degenerate fiber metrics and self-adjoint

bundle morphisms which have constant Jordan normal form:
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Lemma 4.4.3 Let E be a vector bundle over a smooth manifold M which

is equipped with a non-degenerate fiber metric. Let J be a self-adjoint bun-

dle morphism of E which has constant Jordan normal form. Let λ be an

eigenvalue of J . If Jλ 6= 0 on Eλ, choose i ≥ 1 maximal so J iλ(Eλ) 6= 0.

Then J iλ(Eλ) is a totally isotropic subbundle of E of non-zero rank.

Proof. Assume that E and J satisfy the hypothesis of the Lemma. Set:

Eλ,i := J iλ(Eλ).

Since J has constant Jordan normal form, Eλ,i is a smooth vector bundle

overM . Fix a point P ofM and let v1 and v2 be vectors in the fiber Eλ,i(P ).

There exist vectors w1, w2 ∈ Eλ,i(P ) so v1 = J iλw1 and v2 = J iλw2. Note

that 2i ≥ i + 1, that Jλ is self-adjoint, and that J2i
λ = 0 on Eλ. We

demonstrate that Eλ,i is totally isotropic by computing:

(v1, v2) = (J iλw1, J
i
λw2) = (J2i

λ w1, w2) = 0 .

The Lemma now follows. �

We use Lemma 4.2.2 to establish the following Lemma. We adopt the

following notational conventions. Let V be a vector space of signature

(p, q). Decompose V = V + ⊕ V − as an orthogonal direct sum where V +

is a maximal spacelike subspace of dimension q and where V − is the com-

plementary maximal timelike subspace of dimension p. Let RP(V +) be the

associated projective space of lines through the origin in V +. Let

V± := RP(V +) × V ±

be the associated trivial vector bundles and let

V := V+ ⊕ V− = RP(V +) × V .

Let L⊥ ⊂ V+ be the orthogonal complement of the tautological line bundle.

Lemma 4.4.4 Let V = V + ⊕V − be a vector space of signature (p, q) for

p < q. There is no totally isotropic positive rank subbundle of L⊥ ⊕ V−.

Proof. We suppose, to the contrary, that there exists a totally isotropic

positive rank subbundle E of L⊥ ⊕ V−. Let π+ be orthogonal projection

on L⊥ and let π− be orthogonal projection on V−. Set

E+ := π+(E) ⊂ L⊥ and E− := π−(E) ⊂ V−.
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Note that kerπ+ = V− and kerπ− = L⊥. As E is totally isotropic, every

vector in E is null. Thus

E ∩ V− = E ∩ L⊥ = {0}.

Consequently, the projections π± define isomorphisms between E and E±.

Thus E+, which is a positive rank subbundle of L⊥, is isomorphic to E−,

which is subbundle of V−. This contradicts Lemma 4.2.2. �

Proof of Theorem 4.4.2. Let V = V +⊕V − be a vector space of signature

(p, q), where p < q, and where V + and V − are orthogonal maximal spacelike

and timelike subspaces of V , respectively. Let A be a spacelike Jordan

Osserman algebraic curvature tensor on V . Let x ∈ S+(V, 〈·, ·〉). Since

JA(x) is self-adjoint and since JA(x)x = 0, JA(x) preserves the orthogonal

complement x⊥; we let J̃A(x) denote the restriction of JA(x) to x⊥; this

is often called the reduced Jacobi operator. The Jacobi operator can be

represented in the form

JA(x) =

(
0 0

0 J̃A(x)

)
on x⊕ x⊥.

Thus to prove Theorem 4.4.2, it suffices to show that J̃A(x) is diagonaliz-

able.

If λ ∈ C, then let J̃λ and Eλ be defined by J̃A using Eqs. (4.4.b) and

(4.4.c), respectively. We may then use Lemma 4.4.2 to decompose

L⊥ ⊕ V− = ⊕=(λ)≥0Eλ over P(V +),

where the induced metric on each eigenbundle Eλ is non-degenerate. By

Lemma 4.4.4, Eλ does not contain a totally isotropic subbundle. Thus, by

Lemma 4.4.3, J̃λ = 0 on Eλ. Consequently J̃A is diagonalizable on Eλ if

λ ∈ R.

To complete the proof, we must show that all the eigenvalues are real.

Suppose, to the contrary, that there exists an eigenvalue λ of J̃A so that

=(λ) 6= 0; we argue for a contradiction. By Lemma 4.2.1, Eλ = E+
λ ⊕ E−

λ

decomposes as the orthogonal direct sum of maximal spacelike and timelike

subbundles. We define a bundle map I of Eλ by setting:

I := J̃A−<(λ) Id
=(λ) .

The definition of J̃λ given in Eq. (4.4.b) and the fact that J̃λ = 0 on Eλ then

imply that I2 = −id on Eλ. Since I is self-adjoint, I is a para-isometry of
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Eλ that interchanges the roles of spacelike and timelike vectors. Thus, I
defines an isomorphism between E+

λ and E−
λ .

Let π+ and π− be orthogonal projections on L⊥ and V−, respectively.

Since E+
λ contains no timelike vectors and since ker(π+) = V− is timelike,

kerπ+∩E+
λ = {0} and π+ is an isomorphism from E+

λ to π+(Eλ). Similarly,

π− is an isomorphism fromE−
λ to π−(Eλ). Thus π+(Eλ), which is a positive

rank subbundle of L⊥, is isomorphic to π−(E−
λ ), that is a subbundle of V−.

This contradicts Lemma 4.2.2. �

4.5 The Szabó Operator

Let M1 = (V, 〈·, ·〉, A,A1) be a 1-model. The Szabó operator S is charac-

terized by the identity:

〈S(x)y, z〉 = A1(y, x, x, z;x) .

The algebraic curvature tensor A plays no role and one can take A = 0

without loss of generality. One says that M1 is Szabó if the eigenvalues of

S are constant on S+(V, 〈·, ·〉) if q > 0 or, equivalently by Theorem 1.9.1,

on S−(V, 〈·, ·〉) if p > 0.

We have the following result of Szabó (1991):

Theorem 4.5.1 Let M1 = (V, 〈·, ·〉, A,A1) be a Riemannian Szabó 1-

model. Then A1 = 0.

Szabó used Theorem 4.5.1 to give an elementary proof that any local

2-point homogeneous Riemannian manifold is locally symmetric; of course

more is true as (M, g) is either a local rank 1 symmetric space or is flat in

this setting. This result motivates the study of this operator in the higher

signature setting; a proof is given in Section 4.5.1. In Section 4.5.1, we shall

also prove the following results of Gilkey, Ivanova, and Stavrov (2003) and

of Gilkey and Stavrov (2002):

Theorem 4.5.2 Let M1 = (V, 〈·, ·〉, A,A1) be a Szabó 1-model. Then:

(1) S is nilpotent on the null cone N .

(2) If M1 is Lorentzian, then A1 = 0.

Theorem 4.5.1 and Theorem 4.5.2 show that any Riemannian or

Lorentzian Szabó manifold is necessarily locally symmetric. In Section

4.5.2, we give examples of Szabó neutral signature pseudo-Riemannian man-

ifolds which are not locally symmetric.
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4.5.1 Szabó 1-models

Proof of Theorem 4.5.1. Since S(Z) = −S(−Z), since S(Z) is self-

adjoint, and since S(Z)Z = 0, we may apply Theorem 4.2.4 to see S ≡ 0.

By Lemma 1.8.1, A1 = 0. �

Proof of Theorem 4.5.2 (1). Let M1 = (V, 〈·, ·〉, A,A1) be a Szabó

1-model. To show that the Szabó operator S is nilpotent on the null cone

N , it suffices to show that Tr{S(n)k} = 0 for any n ∈ N .

Let k ∈ N. Since M1 is Szabó, there is a constant ck so Tr{S(x)k} = ck
for x ∈ S+(V, 〈·, ·〉). We rescale to see that

{
Tr{S(x)k}

}2
= c2k〈x, x〉3k

if x is spacelike. Since this polynomial identity holds on an open subset of

V , it holds on all V . Thus if n is a null vector, Tr{S(x)k}2 = 0 and hence

Tr{S(x)k} = 0 as desired. �

Theorem 4.5.2 (2) will follow from the following more general result:

Lemma 4.5.1 Let M1 = (V, 〈·, ·〉, A,A1) be a Lorentzian 1-model. If

Tr{S(·)2} is constant on S−(V, 〈·, ·〉), then A1 = 0.

Proof. We apply an argument similar to that used in Section 1.9.3 when

we discussed natural operators with bounded spectrum. Choose an or-

thonormal basis B := {e0, e1, ..., eq} for V , where e0 is timelike and ei is

spacelike for i > 0. Let θ be a real parameter. We define a new orthonormal

basis B(θ) by:

e0(θ) := cosh θ · e0 + sinh θ · e1, e1(θ) := sinh θ · e0 + cosh θ · e1,
ei(θ) := ei for i ≥ 2.

By assumption, there is a constant C so C = Tr{S(e0(θ))
2}. Since p = 1,

one may express:

C =

q∑

i=1

q∑

j=1

A1(ei(θ), e0(θ), e0(θ), ej(θ); e0(θ))
2.
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As cosh θ = 1
2 (eθ + e−θ) and sinh θ = 1

2 (eθ − e−θ), we may expand:

A1(ei(θ), e0(θ), e0(θ), ej(θ); e0(θ)) =

5∑

ν=−5

aij,νe
νθ,

C =

q∑

i=1

q∑

j=1

{aij,5}2e10θ +O(e9θ),

Ce−10θ =

q∑

i=1

q∑

j=1

{aij,5}2 +O(e−θ).

We take the limit as θ → ∞ to see
∑

ij{aij,5}2 = 0 and hence aij,5 = 0 for

all i, j. An analogous argument shows that aij,−5 = 0. We proceed in this

fashion to show that aij,ν = 0 for ν 6= 0. Consequently

A1(e2, e0(θ), e0(θ), e2; e0(θ)) = a22,0

is independent of θ. On the other hand, as there are three terms involving

θ, odd powers of eθ appear in this expression. Thus a22,0 = 0 so

A1(e2, e0, e0, e2; e0) = 0.

Similarly we conclude A1(ei, e0, e0, ei; e0) = 0 for any i ≥ 1. We polarize

to see A1(ei, e0, e0, ej ; e0) = 0 for any i, j; the vanishing being automatic

if i = 0 or j = 0. Thus S(e0) = 0. As e0 was arbitrary, S(·) = 0 on

S−(V, 〈·, ·〉). Rescaling and analytic continuation then imply S(·) = 0 on

V . By Lemma 1.8.1, A1 = 0. �

4.5.2 Balanced Szabó pseudo-Riemannian manifolds

We recall the notation of Definition 2.5.1:

Definition 4.5.1 Introduce coordinates {x1, ..., xp, x̃1, ..., x̃p} on R2p.

Let indices i, j, k range from 1 through p. Let ψij = ψji be a symmet-

ric 2-tensor field where ψij = ψij(x1, ..., xp) only depends on the first p

coordinates. Let M := (R2p, g) be the pseudo-Riemannian metric g of

signature (p, p) where

g(∂xi , ∂xj ) := ψij(x1, ..., xp) and g(∂xi , ∂x̃j ) := δij .
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By Lemma 2.5.1, this manifold is a generalized plane wave manifold.

Furthermore, the non-zero components of ∇R are given by:

∇R(∂xi , ∂xj , ∂xk , ∂xl ; ∂xn)

= − 1
2∂xn(ψil/jk + ψjk/il − ψik/jl − ψjl/ik) .

(4.5.a)

Theorem 4.5.3 Let M be as in Definition 4.5.1. Then M is Szabó.

Furthermore, if M is not symmetric, then M is neither spacelike Jordan

Szabó nor timelike Jordan Szabó.

Proof. Let X := Span{∂xi} and let X̃ := Span{∂x̃i}. Decompose a

tangent vector ξ ∈ TRm in the form ξ = ξX + ξX̃ where ξX ∈ X and

ξX̃ ∈ X̃ . By Eq. (4.5.a),

S(ξ) = S(ξX ) : X → X̃ → 0 .

Thus S is nilpotent so 0 is the only eigenvalue of S and M is Szabó.

Let M1(M, P ) := (TPRm, gP , RP ,∇RP ) be the 1-model of M at a

point P of R2p. Suppose that M1 is spacelike Jordan Szabó. We will show

this implies that ∇RP = 0. A similar argument can be used to prove that if

M1 is timelike Jordan Szabó, then ∇RP = 0. This will complete the proof

of the Theorem.

If M1(M, P ) is spacelike Jordan Szabó, then Rank{S(·)} = r > 0 is

constant on S+(TPM). Let V+ be any maximal spacelike subspace of

TPM and let V− := (V+)⊥ be the complementary timelike subspace. Let

ρ± be orthogonal projection on V±. If Z ∈ S+(V+), then we define:

Š(Z) := ρ+S(Z)ρ+.

We wish to show that Rank{Š(Z)} = r. Let {Z1, ..., Zr} be tangent

vectors at P so {S(Z)Z1, ...,S(Z)Zr} is a basis for Range(S(Z)). Use

the decomposition TPM = V+ + X̃ to decompose Zi = V +
i + X̃i, where

V +
i ∈ V+ and X̃i ∈ X̃ . Since X̃ ⊂ kerS(Z), S(Z)Zi = S(Z)V +

i and

thus {S(Z)V +
1 , ...,S(Z)V +

r } is a basis for Range(S(Z)). As kerρ+ = V− is

timelike, as X̃ is totally isotropic, and as Range(S(Z)) ⊂ X̃ , the vectors

{ρ+S(Z)ρ+V +
1 , ..., ρ+S(Z)ρ+V +

r }

are linearly independent. Consequently, Rank{Š(Z)} ≥ r. Since the reverse

inequality is immediate, we have as desired that

Rank{Š(Z)} = r for Z ∈ Sp−1 := S+(V+).
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Since S is self-adjoint and ρ+ is self-adjoint, Š(Z) is a self-adjoint map

of V+. Š(−Z) = −Š(Z), and Š(Z)Z = 0. Thus by Theorem 4.2.4, Š = 0.

This shows that r = 0. Hence, S(·) vanishes identically on S+(TPM).

Thus by analytic continuation, S = 0. Lemma 1.8.1 now shows ∇RP = 0

as desired. �

4.6 Conformal Geometry

In Section 4.6, we discuss the spectral geometry of the conformal Jacobi

operator and of the conformal skew-symmetric curvature operator. Section

4.6.1 contains a brief review of conformal geometry. In Section 4.6.2, we

discuss the spectral geometry of the conformal Jacobi operator. In Section

4.6.3, we discuss 4-dimensional conformal Osserman manifolds. In Section

4.6.4, we discuss the spectral geometry of the conformal curvature operator.

4.6.1 The Weyl model

Let M = (V, 〈·, ·〉, A) be a 0-model, let {ei} be an orthonormal basis for V ,

and let εi := 〈ei, ei〉. The Ricci tensor ρ = ρA, the scalar curvature τ = τA,

and the Weyl conformal curvature tensor W = WA are given by:

ρ(x, y) : =

m∑

i=1

εiA(x, ei, ei, y), τ :=

m∑

i=1

εiρ(ei, ei),

W (x, y, z, w) : = A(x, y, z, w) − 1
m−2{ρ(x,w)〈y, z〉 + 〈x,w〉ρ(y, z)}

+ 1
m−2{ρ(x, z)〈y, w〉 + 〈x, z〉ρ(y, w)}

+ 1
(m−1)(m−2)τ{〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉} .

Note that ρW = 0. Since W is an algebraic curvature tensor, we can

consider the associated Weyl 0-model

MW := (V, 〈·, ·〉,W ) .

We say that M is conformally Osserman if and only if MW is Osserman; the

other conformal properties are defined analogously. Note that by definition,

MW is Ricci flat.

If M is a pseudo-Riemannian manifold, let

MW (M, P ) := (TPM, gP ,WP )
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be the associated Weyl model. We say that M is conformally Osser-

man if MW is Osserman for every point P ∈ M ; the notions conformally

spacelike/timelike Jordan Osserman, conformally Ivanov–Petrova, and con-

formally spacelike/timelike/mixed Jordan Ivanov–Petrova are defined simi-

larly. These are conformal notions by Theorem 1.9.9; if M̃ = (M, efg) is

conformally equivalent to M, then M has one of these properties if and

only if M̃ has the corresponding property.

4.6.2 Conformally Jordan Osserman 0-models

The following Theorem of Blažić, Gilkey, Nikěcvić, and Simon (2005a) deals

with conformal geometry.

Theorem 4.6.1 If M is an Einstein 0-model, then M is conformally

Osserman (respectively conformally spacelike Jordan Osserman or confor-

mally timelike Jordan Osserman) if and only if M is Osserman (respectively

spacelike Jordan Osserman or timelike Jordan Osserman).

Proof. If M is Einstein, then there is a scalar λ = λ(m, τ) so that

W (x, y, z, w) = A(x, y, z, w) + λ{〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉},

JW (x)y =

{
0 if y = x,

{JA(x) + λ〈x, x〉 Id}y if y ⊥ x .

Thus apart from the trivial eigenvalue 0, the Jordan normal form of JW (x)

and JA(x) are simply shifted by adding a scalar multiple of the identity if

x is not a null vector. Theorem 4.6.1 is now immediate. �

The classification is complete in certain settings:

Theorem 4.6.2 Let M = (V, 〈·, ·〉, A) be a 0-model which either is odd-

dimensional and Riemannian or Lorentzian. Then M is conformally space-

like Jordan Osserman if and only if M is conformally flat.

Proof. If the associated Weyl model MW = (V, 〈·, ·〉,W ) is Osserman

and if m is odd, work of Chi (1988) shows that MW has constant sectional

curvature λ. Similarly if MW is Lorentzian, then MW has constant sec-

tional curvature λ by Blažić, Bokan, and Gilkey (1997a) and Garćıa-Rı́o,

Kupeli, and Vázquez-Abal (1997). Since MW has vanishing Ricci tensor,

λ = 0 and W = 0. This implies M is conformally flat. �

The classification is almost complete in Riemannian setting if m ≡ 2

mod 4 as well. We refer to Blažić and Gilkey (2004) for the proof of the
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following result and omit details in the interests of brevity:

Theorem 4.6.3 Let (M, g) be a conformally Osserman Riemannian

manifold of dimension m = 4k + 2 ≥ 10. Let P be a point of M where

WP 6= 0. Then there is an open neighborhood of P in M which is confor-

mally equivalent to an open subset of either complex projective space or its

negative curvature dual.

Any local rank 1 Riemannian symmetric space is necessarily conformally

Osserman since the group of local isometries acts transitively on the unit

sphere bundle. Based upon Theorems 4.6.2 and 4.6.3, we conjecture that

the converse holds; this is a corresponding counterpart to the Osserman

conjecture in this setting:

Conjecture 4.6.1 A connected Riemannian manifold M is conformally

Osserman if and only if M is locally conformally equivalent to a rank 1

symmetric space.

Theorem 2.5.1 and Theorem 2.7.3 show Conjecture 4.6.1 fails in the

higher signature setting.

4.6.3 Conformally Osserman 4-dimensional manifolds

One can say a bit more in the 4-dimensional setting. We follow the discus-

sion in Blažić and Gilkey (2005).

Theorem 4.6.4 Let M be a 4-dimensional Riemannian 0-model. The

following conditions are equivalent:

(1) M is conformally Osserman.

(2) M is self-dual or anti self-dual.

Let Φ be a skew-symmetric endomorphism of V with Φ2 = −1. Fol-

lowing Eq. (1.3.a), define an algebraic curvature tensor AΦ with associated

curvature operator

AΦ(x, y)z := 〈Φy, z〉Φx− 〈Φx, z〉Φy − 2〈Φx, y〉Φz .

We say that {Φ1,Φ2,Φ3} is a unitary quaternion structure on V if the Φi
are skew-adjoint and if the usual structure equations are satisfied:

ΦiΦj + ΦjΦi = −2δij id and Φ1Φ2Φ3 = − id .

Theorem 4.6.3 is a consequence of the following purely algebraic fact:
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Lemma 4.6.1 Let M = (R4, 〈·, ·〉, A) be a Riemannian 0-model. The

following assertions are equivalent:

(1) A is conformally Osserman.

(2) A is self-dual or anti self-dual.

(3) There exists a unitary quaternion structure on R4 so that

W = λ1AΦ1 + λ2AΦ2 + λ3AΦ3 where λ1 + λ2 + λ3 = 0.

Proof. We begin by showing that Assertion (1) implies Assertion (2) in

Lemma 4.6.1. Suppose M is conformally Osserman. Zero is always an

eigenvalue of JW since JW (x)x = 0. Let e1 be a unit vector. Since JW (·)
is symmetric, it has an orthonormal basis of real eigenvectors. Thus we

may extend e1 to an orthonormal basis {e1, e2, e3, e4} so that

JW (e1)e2 = ae2, JW (e1)e3 = be3, JW (e1)e4 = ce4 .

Since Tr(JW ) = 0, we have a+ b+ c = 0.

The argument given by Chi (1988) in his analysis of the 4-dimensional

setting was in part purely algebraic. This algebraic argument extends with-

out change to this setting to show that, after possibly replacing {e2, e3, e4}
by {−e2,−e3,−e4} that the non-vanishing components of the Weyl curva-

ture on this basis are given by:

W1221 = W3443 = −W1234 = a,

W1331 = W2442 = −W1342 = b,

W1441 = W2332 = −W1423 = c .

(4.6.a)

Let eij := ei ∧ ej where {ei} is the dual basis for (R4)∗. We consider the

following bases for Λ±
2 (R4):

f±
1 = e12 ± e34, f±

2 = e13 ∓ e24, f±
3 = e14 ± e23 .

Since W(epq) = 1
2Wpqije

ij ,

W(f−
1 ) = 0, W(f−

2 ) = 0, W(f−
3 ) = 0,

W(f+
1 ) = −2af+

1 , W(f+
2 ) = −2bf+

2 , W(f+
3 ) = −2cf+

3 .

Thus conformally Osserman algebraic curvature tensors are self-dual.

Next we show that Assertion (2) implies Assertion (3) in Lemma 4.6.1.

Suppose that A is a self-dual algebraic curvature tensor on R4. Let e1 be a

unit vector. Choose an orthonormal basis {e1, e2, e3, e4} for R4 so that

JW (e1)e2 = ae2, JW (e1)e3 = be3, JW (e1)e4 = ce4 .
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We then have

W1221 = a, W1231 = 0, W1241 = 0,

W1321 = 0, W1331 = b, W1341 = 0,

W1421 = 0, W1431 = 0, W1441 = c .

(4.6.b)

By replacing {e2, e3, e4} by {−e2,−e3,−e4} if necessary, we can assume

that {e1, e2, e3, e4} is an oriented orthonormal basis. We have

W(e12 − e34) = (W1212 −W3412)e
12 + (W1234 −W3434)e

34

+ (W1213 −W3413)e
13 + (W1214 −W3414)e

14

+ (W1223 −W3423)e
23 + (W1224 −W3424)e

24 .

Since W is self-dual, W(e12−e34) = 0. One may use Eq. (4.6.b) to see that

W3412 = W1212 = −a, W3434 = W1234 = −a, W3413 = W1213 = 0,

W3414 = W1214 = 0, W3423 = W1223 = 0, W3424 = W1224 = 0 .

We argue similarly using e13 + e24 and e14 − e23 to see that the formulas

of Eq. (4.6.a) hold. We define a unitary quaternion structure by defining

Φ3 := Φ1Φ2 where

Φ1 : e1 → e2, Φ1 : e2 → −e1, Φ1 : e3 → e4, Φ1 : e4 → −e3,
Φ2 : e1 → e3, Φ2 : e3 → −e1, Φ2 : e4 → −e2, Φ2 : e2 → e4 .

It is then immediate that the formulas of Eq. (4.6.a) hold for

W̃ := aWΦ1 + bWΦ2 + cWΦ3

and thus W = W̃ . Thus Assertion (2) of the Lemma implies Assertion (3).

Finally, if W is given by a unitary quaternion structure, then the dis-

cussion of Gilkey (1994) shows that W is Osserman. �

4.6.4 Conformally Jordan Ivanov–Petrova 0-models

The classification of Riemannian conformally Ivanov–Petrova 0-models is

complete if m 6= 3.

Theorem 4.6.5 Let M = (V, 〈·, ·〉, A) be a conformally Ivanov–Petrova

Riemannian 0-model of dimension m 6= 3. Then M is conformally flat.

Proof. If m = 2, then M is conformally flat. Suppose first m ≥ 5. We

apply Theorem 1.9.11 to see that there exists a self-adjoint isometry φ of V

with φ2 = Id so that W = λAφ where Aφ is the canonical curvature tensor
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given in Eq. (1.3.b) and whose associated curvature operator and Jacobi

operators are:

Aφ(x, y)z := 〈φy, z〉φx − 〈φx, z〉φy,
Jφ(x)y = 〈φx, x〉φy − 〈φx, y〉φx .

(4.6.c)

Decompose V = V + ⊕ V − into the ±1 eigenspaces of φ. Since W has

constant sectional curvature if φ = ± Id, the argument given to establish

Theorem 4.6.2 shows W = 0 if φ = ± Id. Thus we may assume that

a± := dim{V ±} ≥ 1. Let e± ∈ S(V ±) and let x ∈ S(V ). One has:

JW (x)y = λ〈φx, x〉φy if y ⊥ φx,

Tr{JW (e+)} = λ(a+ − 1 − a−),

Tr{JW (e−)} = λ(a− − 1 − a+) .

(4.6.d)

As W is Ricci flat, Tr{JW (x)} = 0 for any x ∈ V . Thus by Eq. (4.6.d),

(a+ − a− − 1)λ = 0 and (a− − a+ − 1)λ = 0 .

Adding these two equations implies −2λ = 0 and hence W = 0. This

establishes the Lemma except when m = 4.

We complete the proof of the Lemma by dealing with the exceptional

case m = 4. We follow the discussion in Ivanov and Petrova (1998) to see

that either W has the form given in Eq. (4.6.c), in which case the argu-

ment given above shows W = 0, or that there exists an orthonormal basis

{e1, e2, e3, e4} for V so that the non-zero components of W are:

W1212 = a1, W1234 = a2, W1313 = a2, W1324 = −a1,

W1414 = a2, W1423 = a1, W2323 = a2, W2314 = a1,

W2424 = a2, W2413 = −a1, W3434 = a1, W3412 = a2,

where a2 + 2a1 = 0. Since W is Ricci flat, ρW (e1, e1) = −2a2 − a1 = 0.

Consequently a1 = a2 = 0, which once again implies W = 0. �

There are analogous results in the higher signature setting, although

with slightly more restrictive hypotheses.

Theorem 4.6.6 Let M be a 0-model of signature (p, q) which is confor-

mally spacelike Jordan Ivanov–Petrova. Assume that one of the following

conditions holds:

(1) p = 1 and q ≥ 9.

(2) p = 2, q ≥ 10, and neither q nor q + 2 are powers of 2.

(3) 3 ≤ p ≤ 1
4q − 6 and {q, q + 1, ..., q + p} does not contain a power of 2.
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Then either M is conformally flat or the skew-symmetric curvature operator

A is nilpotent.

Proof. Theorem 1.9.15 shows that Rank{A(π)} = 2 for any spacelike 2-

plane π. By Theorem 1.9.13, there exists a normalizing constant λ so that

W = λAφ where Aφ is given by Eq. (4.6.c) and where one of the following

conditions holds:

(1) φ2 = Id and φ is a self-adjoint isometry of V .

(2) φ2 = − Id and φ is a self-adjoint para-isometry of V .

(3) φ2 = 0.

If φ2 = 0, then W (π) is always nilpotent. We complete the proof by showing

that either (1) or (2) imply λ = 0.

Suppose φ is a self-adjoint isometry of V with φ2 = Id. As in the proof

of Theorem 4.6.5, we decompose V = V + ⊕ V − into the ±1 eigenspaces of

φ. Again, set a± = dim{V ±} where a+ ≥ 1 and a− ≥ 1. These eigenspaces

are orthogonal with respect to the metric 〈·, ·〉 and thus the restriction of

the metric to each eigenspace is non-degenerate. Choose unit vectors e± in

V ± and let ε± := 〈e±, e±〉 6= 0. One may extend Eq. (4.6.d) to have

Tr{JW (e+)} = ε+λ(a+ − 1 − a−), and

Tr{JW (e−)} = ε−λ(a− − 1 − a+) .

We argue as in the proof of Theorem 4.6.5 to see that this implies λ = 0.

If φ is a para-isometry, we complexify. Replacing φ by φ̃ :=
√
−1φ and

applying the argument given above to the self-adjoint (complex) isometry

φ̃ to see that
√
−1λ = 0 and thus, again, W = 0. �

Remark 4.6.1 Examples of such manifolds are given in Theorem 2.5.1.

On the other hand, the manifolds of Theorem 2.7.3 are Ricci flat and provide

examples of conformally Ivanova–Petrova manifolds which are not of this

type.

4.7 Stanilov Models

We follow the notation introduced in Section 1.8.3. Let M = (V, 〈·, ·〉, A) be

a 0-model of signature (p, q). Let π be a spacelike or a timelike k-plane. Let

{e1, ..., ek} be an orthonormal basis for π. The Stanilov operator is defined
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by setting:

Θ(π) :=
∑

i,j

A(ei, ej)A(ei, ej) .

Let 1 < k < p+ q and let k ≤ q. We say that M is a spacelike k-Stanilov 0-

model if the eigenvalues of M are constant on the Grassmannian of spacelike

k-planes in V . The notions timelike k-Stanilov, spacelike Jordan k-Stanilov,

and timelike k-Jordan Stanilov are defined similarly.

One says that a pseudo-Riemannian manifold M has one of these prop-

erties if M(M, P ) has the appropriate property for all P ∈ M . Examples

of Stanilov manifolds were given previously in Theorem 2.5.1 and in Theo-

rem 2.7.3. In this section, we follow the treatment in Gilkey, Nikčević, and

Videv (2004) and present some theoretical results concerning these man-

ifolds. We begin by showing that Ivanov–Petrova models are k-Stanilov

under certain conditions.

Theorem 4.7.1 Let M be a spacelike Jordan Ivanov-Petrova model of

signature (p, q). Assume that one of the following conditions holds:

(1) p = 0 and q ≥ 5.

(2) p = 1 and q ≥ 9.

(3) p = 2, q ≥ 10, and neither q nor q + 2 are powers of 2.

(4) 3 ≤ p ≤ 1
4q − 6 and {q, q + 1, ..., q + p} does not contain a power of 2.

Let 2 ≤ k ≤ p+ q − 1. If k ≤ q, then M is k-spacelike Jordan Stanilov. If

k ≤ p, then M is k-timelike Jordan Stanilov.

Proof. The hypotheses of the Theorem permit the use of Theorem 1.9.13

to see that if π is a spacelike 2-plane, then Rank{A(π)} = 2. Thus by

Theorem 1.9.15, there exists a self-adjoint map φ so that A = cAφ, where

Aφ is as described in Section 1.6.3, and where φ2 = Id, φ2 = − Id, or φ2 = 0.

If φ2 = 0, then A(π)2 = 0 and hence Θ = 0. Thus we suppose φ2 = ε Id. If

{e1, e2} is an orthonormal basis for an oriented spacelike 2-plane π, then

A(e1, e2)x = c{〈φe2, x〉φe1 − 〈φe1, x〉φe2} .

Let ρπ be orthogonal projection on π and let x ⊥ φπ. Then

A(π) : φe2 → cεφe1, A(π) : φe1 → −cεφe2, A(π) : x → 0,

A(π)2 : φe2 → −c2φe2, A(π)2 : φe1 → −c2φe1, A(π)2 : x → 0 .

A(π)2 = −c2ρφπ .
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If πk is a spacelike k-plane, then

Θ(πk) = −2(k − 1)c2ρφπk .

This shows Θ(πk) has constant Jordan normal form and hence M is k-

spacelike Jordan Stanilov. The argument that M is k-timelike Jordan

Stanilov is essentially the same modulo an appropriate change of signs and

thus is omitted. �

The situation is particularly simple if k = 2:

Theorem 4.7.2 Any 2-Stanilov 0-model is Ivanov–Petrova.

Proof. There is nothing to prove if m = 2 so we assumem ≥ 3. Let M be

2-Stanilov. Let {λi(π)} be the eigenvalues of A(π) for an oriented 2-plane

π. Then {λ2
i (π)} are the eigenvalues of Θ(π). Since these eigenvalues are

independent of π, since the Grassmannian of oriented 2-planes is connected,

and since the eigenvalues vary continuously, we may conclude that A(π) also

has constant eigenvalues so M is Ivanov–Petrova. �

4.8 Complex Geometry

We adopt the notation of Section 1.6.4. Let M := {V, 〈·, ·〉, J, A} be a

Riemannian complex 0-model. This means that (V, 〈·, ·〉, A) is a Riemannian

0-model and that J is a unitary almost complex structure on V . We assume

that A and J are compatible; this means, by Lemma 1.6.6, that

JA(x, Jx) = A(x, Jx)J for all x ∈ V .

Thus this operator is complex linear and self-adjoint.

We say that M is complex Ivanov–Petrova if the eigenvalues of the op-

erator JA(·) are constant on the associated complex projective space or,

equivalently, if the eigenvalues of the operator JA(x, Jx) are constant on

S(V ). As this operator is self-adjoint, the eigenvalues are necessarily real.

Let {λi, µi} be the eigenvalues and multiplicities of JA(π) where we order

the multiplicities so µ0 ≥ ... ≥ µ` > 0. Since JA(π) is J-linear, the µi are

even.

Theorem 4.8.1 Let M = (V, 〈·, ·〉, J, A) be a complex Ivanov–Petrova

Riemannian 0-model with eigenvalue structure {λi, µi}. Assume ` > 0. If

m ≡ 2 mod 4, then ` = 1 and µ1 = 2. If m ≡ 0 mod 4, then either ` = 1

and µ1 = 2, 4 or ` = 2 and µ1 = µ2 = 2.
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Proof. We use methods of algebraic topology and follow the discussion in

Gilkey (2001a) to prove Assertion (1). Let m = 2n. Choose a unitary basis

for V to identify V = Cn and to identify 〈·, ·〉 with the standard Euclidean

inner product. Since A and J are compatible, the operator JA(x, Jx) is

both self-adjoint and complex. Let

Eλ(x) := {ξ : JA(x, JX)ξ = λξ}

be the associated eigenspaces. Since dimEλ(x) is constant on Sm−1, the

Eλ(x) patch together to define smooth real vector bundles over Sm−1. They

are in fact complex vector bundles which are well defined over CPn−1. They

define a decomposition of

1n = ⊕λEλ over CPn−1 .

The desired conclusion will follow from Theorem 4.2.5 if we can show that

any of the Eλ is geometrically symmetric.

Let λ be the maximal real eigenvalue. Let ξ ∈ Eλ(x) be a unit eigen-

vector. We then have λξ = JA(x, JX)ξ and thus

λ = 〈JA(x, Jx)ξ, ξ〉 = −〈A(x, Jx)ξ, Jξ〉
= A(x, Jx, Jξ, ξ) = A(ξ, Jξ, Jx, x)

= 〈JA(ξ, Jξ)x, x〉 .

Since λ is maximal, we may apply Lemma 1.5.1 to conclude that

A(ξ, Jξ)x = λx .

Consequently, x ∈ Eλ(ξ). This shows that Eλ is a geometrically symmetric

vector bundle as desired. �

These results are sharp as the following examples show. Let φ be a

skew-adjoint linear map. Let the associated skew-symmetric bilinear form

Φ ∈ Λ2(V ∗) be defined by Φ(v, w) := 〈φv, w〉. Use Eq. (1.3.a) to define:

Aφ(x, y, z, w) := Φ(x,w)Φ(y, z) − Φ(x, z)Φ(y, w)

−2Φ(x, y)Φ(z, w) .

This is an algebraic curvature tensor by Lemma 1.6.3; by Eq. (1.3.b), the

associated curvature operator is given by:

Aφ(x, y)z := 〈φy, z〉φx− 〈φx, z〉φy − 2〈φx, y〉φz .
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Example 4.8.1 Let V = Cn with the usual Hermitian almost complex

structure J . Let A = AJ and let M := {R2n, 〈·, ·〉, J, AJ}. Let x ∈ S(V ).

Then:

A(x, Jx)z = 〈JJx, z〉Jx− 〈Jx, z〉JJx− 2〈Jx, Jx〉Jz,
JA(x, Jx)z = 〈x, z〉x+ 〈Jx, z〉Jx+ 2z,

=

{
3z if z ∈ Span{x, Jx},
2z if z ⊥ Span{x, Jx} .

This shows M is complex Ivanov–Petrova. There are two distinct eigenval-

ues; one has multiplicity 2 and one has multplicity m− 2.

Example 4.8.2 Let V = Hn with the usual Hermitian quaternion

structure {J1, J2, J3} where J3 = J1J2 and J2
1 = J2

2 = − Id. Let

A = c1AJ1 + c2AJ2 . We show that M := {R2n, 〈·, ·〉, J1, A} is complex

Ivanov–Petrova by computing:

A(x, J1x)z = c1{〈J1J1x, z〉J1x− 〈J1x, z〉J1J1x− 2〈J1x, J1x〉J1z}
+ c2{〈J2J1x, z〉J2x− 〈J2x, z〉J2J1x− 2〈J2x, J1x〉J2z},

J1A(x, J1x)z = c1{〈x, z〉x+ 〈J1x, z〉J1x+ 2z}
− c2{〈J1J2x, z〉J1J2x+ 〈J2x, z〉J2x}

=





3c1z if z ∈ Span{x, J1x},
−2c2z if z ∈ Span{J2x, J3x},

2c1z if z ⊥ Span{x, J1x, J2x, J3x} .
This shows that M is complex Ivanov–Petrova. Furthermore, the possible

eigenvalue structures of Theorem 4.8.1 may be illustrated by choosing c1
and c2 appropriately.

Remark 4.8.1 In Chapter 5, we will show that the 0-models in these

two examples are also complex Osserman. These examples can be modified

by adding the algebraic curvature of constant sectional curvature c to shift

the eigenvalues. If we set

A = c0R0 + c1RJ

where c1 = 1
2λ1 and c0 = λ0 − 3c1, then

JA(πx) =

{
(c0 + 3c1)z if z ∈ Span{x, Jx},
2c0z if z ⊥ Span{x, Jx} .

=

{
λ1z if z ∈ Span{x, Jx},
λ0z if z ⊥ Span{x, Jx} .
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This has eigenvalue structure {(λ0,m − 2), (λ1, 2)}. We can also modify

Example 4.8.2 similarly.
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Chapter 5

Complex Osserman Algebraic

Curvature Tensors

5.1 Introduction

In Chapter 5, we give a partial classification of complex Osserman algebraic

curvature tensors which are given by Clifford families. The material of

Chapter 5 is joint work with and as well is coauthored by M. Brozos-

Vázquez.

Section 5.1 is both a statement of results and also serves as an outline

to the remaining sections in Chapter 5. In Section 5.1.1, we review material

concerning Clifford families. In Section 5.1.2, we define complex Osserman

models. Section 5.1.3 summarizes our classification results in the algebraic

context. Section 5.1.4 presents some geometric examples. Section 5.1.5

outlines the remainder of Chapter 5.

5.1.1 Clifford families

We shall work exclusively in the Riemannian setting in Chapter 5. We

recall some notation established previously. Fix a positive definite inner

product 〈·, ·〉 on a real vector space V of dimension m. We say that a linear

map J is a Hermitian almost complex structure on V if J is an isometry

of V with J2 = − id. The canonical curvature tensors discussed in Section

1.3.2 are given by:

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉,

and

AJ (x, y, z, w) := 〈x, Jw〉〈y, Jz〉 − 〈x, Jz〉〈y, Jw〉 − 2〈x, Jy〉〈z, Jw〉 .

It now follows that the associated Jacobi operators are given by:

257
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JA〈·,·〉
(x)y =

{
0 if y = x,

y if y ⊥ x,

JAJ (x)y =

{
0 if y ⊥ Jx,

3y if y = Jx .

(5.1.a)

We say that F = {J1, ..., J`} is a Clifford family of rank ` if each Ji
is a Hermitian almost complex structure and if the Clifford commutation

relations

JiJj + JjJi = −2δij Id

are satisfied. If Ψ = (ψij) belongs to the orthogonal group O(`), let

J̃i := ψi1J1 + ...+ ψilJl for 1 ≤ i ≤ `

define a new Clifford family F̃ := {J̃1, ..., J̃`} which will be said to be a

reparametrization of F . If ` = 3, then F = {J1, J2, J3} is said to be a

quaternion structure on V if J3 = J1J2; such structures exist if and only if

the dimension of V is divisible by 4. If

A = c0A〈·,·〉 + c1AJ1 + ...+ c`AJ`

with c1 6= 0, ..., c` 6= 0, then A is said to be given by a Clifford family of

rank `. Let (V, 〈·, ·〉, A) be a 0-model. We suppose m 6= 16. Work of Chi

and Nikolayevsky as discussed in Theorem 1.9.6 shows that M is Osserman

if and only if A is given by a Clifford family. Thus these tensors form a

very natural family of examples.

5.1.2 Complex Osserman tensors

We first review some notation that we have established previously. Let

CP(V ) = CP(V, 〈·, ·〉, J) be the projective space of complex lines in V . Let

πx := Span{x, Jx} ∈ CP(V ) for x ∈ S(V ). The map x → πx defines the

Hopf fibration S(V ) → CP(V ). The higher order Jacobi operator J (πx) is

given by setting

J (πx) := J (x) + J (Jx) .

We say that M = (V, 〈·, ·〉, J, A) is a complex 0-model if J is a Hermitian

almost complex structure on (V, 〈·, ·〉) and if A is an algebraic curvature

tensor. We say that J and A are compatible and that M is a compatible
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complex model if any of the following conditions, which are equivalent by

Lemma 1.6.6, is satisfied:

(1) J∗A = A.

(2) J (π) is complex linear for every π in CP(V ).

(3) R(π) is complex linear for every π in CP(V ).

We say that a complex 0-model M is complex Osserman if J and A are

compatible and if the eigenvalues of J are constant on CP(V ). Since the

eigenvalues are constant, the multiplicities are constant as well. If m = 2

and if M is a complex 0-model, then necessarily M is complex Osserman

since CP(V ) consists of a single point. We shall therefore assume m ≥ 4

for the remainder of Chapter 5.

5.1.3 Classification results in the algebraic setting

We have a complete classification if Rank(F) ≤ 3 except in a few cases.

Theorem 5.1.1 Let M = (V, 〈·, ·〉, J, A) be a complex 0-model. Assume

that A = c0A〈·,·〉 + c1AJ1 + ...+ c`AJ` is given by a Clifford family of rank

`. Assume ci 6= 0 for 1 ≤ i ≤ `.

(1) Let ` = 0. Then A = c0A〈·,·〉 and M is complex Osserman.

(2) Let ` = 1. Then:

(a) If c0 = 0, then M is complex Osserman if and only if JJ1 = ±J1J .

(b) If c0 6= 0, then M is complex Osserman if and only if J = ±J1 or

JJ1 = −J1J .

(3) Let ` = 2. If c0 6= 0, assume that dim(V ) ≥ 12. Then M is complex

Osserman if and only if there is a reparametrization {J̃i} of F with

A = c0A〈·,·〉 + c̃1AJ̃1
+ c̃2AJ̃2

so at least one of the following holds:

(a) J = J̃1J̃2.

(b) J = J̃1.

(c) c0 = 0, JJ̃1 = J̃1J , and JJ̃2 = −J̃2J .

(4) Let ` = 3. Then:

(a) If c0 = 0 and if dim(V ) ≥ 12, then M is complex Osserman if and

only if there is a reparametrization {J̃i} of F so J = J̃2J̃3 and so

A = c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
.

(b) If c0 6= 0 and if dim(V ) ≥ 16, then M is complex Osserman if

and only if there is a reparametrization {J̃i} of F so J = J̃1, so

J̃1J̃2J̃3 = Id, and so A = c0A〈·,·〉 + c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
.
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The work of Chi and of Nikolayevsky which was discussed in Theorem

1.9.6 also shows that the higher rank Clifford module structures do not arise

in the geometric setting. Still, it is worth examining the algebraic context.

We will prove the following results in the higher rank setting:

Theorem 5.1.2 Let M = (V, 〈·, ·〉, J, A) be a complex 0-model.

(1) Let A =
∑
i ciAJi be given by a Clifford family of rank ` ≥ 4 where

ci 6= 0 for 1 ≤ i ≤ `. If ` = 4, 5, assume that m ≥ 2`. If m ≥ 6,

assume that m ≥ `(`− 1). Then M is not complex Osserman.

(2) Let A = c0A〈·,·〉 +
∑

i ciAJi be given by a Clifford family of rank ` ≥ 4

where ci 6= 0 for 0 ≤ i ≤ `. If ` = 4, assume m ≥ 32. If ` = 5, 6, 7,

assume that m ≥ 2`. If ` ≥ 8, assume that m ≥ `(` − 1). Then M is

not complex Osserman.

Remark 5.1.1 It follows from Lemma 4.2.3 that if ` ≥ 16, then neces-

sarily m ≥ `(`− 1). Thus this condition plays no role if ` ≥ 16.

5.1.4 Geometric examples

There are examples of complex Osserman Riemannian manifolds. Recall

that M is a complex space form if M is an open subset of m-dimensional

complex projective space with the Fubini–Study metric or the negative

curvature dual.

Theorem 5.1.3

(1) Let (M, g) be an even-dimensional contractible manifold of constant

sectional curvature c. Let J be any Hermitian almost complex structure

on M . Then (M, g, J) is complex Osserman.

(2) Let (M, g) be a complex space form. Let J be the canonical almost

complex structure.

(a) (M, g, J) is complex Osserman.

(b) Suppose that m ≡ 0 mod 4 and M is contractible. Let K be a second

Hermitian almost complex structure on (M, g) with JK = −KJ .

Then (M, g,K) is complex Osserman.

Proof. Let (M, g) be a contractible manifold of constant sectional cur-

vature c0. Then R = c0Rg and the tangent bundle T (M) is trivial. Thus

we can choose a global orthonormal frame {e1, ..., em}. As m is even, we
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can define a Hermitian almost complex structure J by

Je2i = e2i−1 and Je2i−1 = −e2i .

Thus Hermitian almost complex structures exist. The desired conclusion

then follows from Theorem 5.1.1 (1).

If (M, g, J) is a complex space form, then R = c0{Rg + RJ}; see, for

example, Lemma 1.15.1 of Gilkey (2001a). Theorem 5.1.1 shows M is com-

plex Osserman. If M is contractible, we can choose a global orthonormal

frame {e1, Je1, ..., em̄, Jem̄} for T (M). If m ≡ 0 mod 4, then m̄ is even and

we can define K by setting

Ke2i = e2i−1, Ke2i−1 = −e2i,
KJe2i = −Je2i−1, KJe2i−1 = Je2i .

We set J̃1 = K, c1 = 0, J̃2 = J , c2 = c0, J̃3 = J̃1J̃2, and c3 = 0. Theorem

5.1.1 (2) then implies that (M, g,K) is complex Osserman. �

5.1.5 Chapter outline

The remainder of Chapter 5 is devoted to the proof of Theorem 5.1.1 and

of Theorem 5.1.2. In Section 5.2, we establish some technical preliminaries.

We give criteria to ensure that a 0-model is complex Osserman, we examine

the eigenvalue structure of a complex Osserman 0-model, we give some

examples of complex Osserman 0-models, and we establish some additional

useful observations of a technical nature. We then consider Clifford families

of low rank. Assertions (1) and (2) of Theorem 5.1.1 are proved in Section

5.3, Assertion (3) of Theorem 5.1.1 is proved in Section 5.4, and we complete

the proof of Theorem 5.1.1 in Section 5.5 by establishing Assertion (4). In

Section 5.6 and in Section 5.7 we establish Theorem 5.1.3 which deals with

the higher rank case. Section 5.6 deals with the case A =
∑

i ciAJi and

Section 5.7 deals with the case A = c0A〈·,·〉 +
∑

i ciAJi .

5.2 Technical Preliminaries

In this section, we present some results we shall need subsequently. In

Section 5.2.1, we give necessary and sufficient conditions that a complex

model M = (V, 〈·, ·〉, J, A) is complex Osserman in terms of the eigenspaces

of the complex Jacobi operator. In Section 5.2.2, we use methods from alge-

braic topology to control the eigenvalue structure. In Section 5.2.3, we give
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examples of complex Osserman 0-models that show the results of Section

5.2.2 are sharp. In Section 5.2.4, we discuss reparametrization of a Clifford

family. In Section 5.2.5, we examine the dual Clifford family associated

to a rank 3 Clifford family. In Section 5.2.6 we study complex 0-models

given by Clifford families where J and A are compatible and where certain

additional hypotheses are imposed on J . In Section 5.2.7, we present some

technical results which deal with linear independence of endomorphisms

defined by a Clifford family. We conclude in Section 5.2.8 by establishing

some additional technical results concerning Clifford families.

5.2.1 Criteria for complex Osserman models

Let Spec{J (πx)} ⊂ R be the set of eigenvalues of the complex Jacobi

operator:

Spec{J (πx)} := {λ ∈ R : det{J (πx) − λ Id} = 0} .

Let Eλ(πx) be the associated eigenspaces:

Eλ(πx) := {v ∈ V : J (πλ)v = λv} .

We then have an orthogonal direct sum decomposition for any πx ∈ CP(V ):

V = ⊕λ∈Spec{J (πx)}Eλ(πx) .

The following result will be central to our discussion.

Lemma 5.2.1 A complex 0-model M = (V, 〈·, ·〉, J, A) is complex Osser-

man if and only if the following two conditions are satisfied:

(1) JEλ(πx) = Eλ(πx) for all πx ∈ CP(V ) and for all λ ∈ Spec{J (πx)}.
(2) Spec{J (πx)} = Spec{J (πy)} for all πx, πy ∈ CP(V ).

Proof. If M is complex Osserman, then A and J are compatible and Con-

dition (1) holds. Furthermore, the eigenvalue structure is independent of π

and Condition (2) holds. This establishes one implication of the Lemma.

Conversely, if Condition (1) holds, then all the eigenspaces Eλ are preserved

by J . This implies that JJ (πx) = J (πx)J and consequently by Lemma

1.6.6, J and A are compatible. Assumption (2) then implies M is complex

Osserman. �
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5.2.2 Controlling the eigenvalue structure

If M is complex Osserman, let ~λ = (λ0, ..., λκ) and ~µ = (µ0, ..., µκ) be

the associated eigenvalues λi and eigenvalue multiplicities µi := dim(Eλi )

where the eigenvalues are ordered so that µ0 ≥ µ1 ≥ ... ≥ µκ > 0. The

following result is based on Theorem 4.2.5.

Theorem 5.2.1 Let M = (V, 〈·, ·〉, J, A) be a complex Osserman 0-model.

Assume that κ ≥ 1 so there are at least 2 distinct eigenvalues. Then:

(1) If m ≡ 2 mod 4, then κ = 1 and µ1 = 2.

(2) If m ≡ 0 mod 4, then one of the following alternatives holds:

(a) κ = 1 and µ1 = 2.

(b) κ = 1 and µ1 = 4.

(c) κ = 2 and µ1 = µ2 = 2.

Proof. Recall that a sub-bundle E of the trivial bundle V := CP(V )×V

over CP(V ) is said to be a geometrically symmetric vector bundle if for all

σ, τ ∈ CP(V ), τ ⊂ E(σ) implies that σ ⊂ E(τ).

The proof we shall give is similar to the proof of Theorem 4.8.1. By

Lemma 5.2.1, the eigenspacesEλi(π) have constant rank and patch together

to define smooth vector bundles Eλi over V which give an orthogonal direct

sum decomposition

V = Eλ0 ⊕ ...⊕Eλκ .

Furthermore, since the eigenbundles are invariant under J , they inherit nat-

ural complex structures so the decomposition given above is in the category

of complex vector bundles. The desired conclusion will follow from Theo-

rem 4.2.5 if we can show that one of the eigenbundles Eλi is geometrically

symmetric.

Let λ be the maximal eigenvalue. Let x, y ∈ S(V ). We must show

y ∈ Eλ(πx) implies x ∈ Eλ(πy). We have J (πx) = J (x) + J (Jx) and

J (πy) = J (y) + J (Jy). Since A and J are compatible,

λ = 〈J (πx)y, y〉 = A(y, x, x, y) +A(y, Jx, Jx, y)

= A(x, y, y, x) +A(x, Jy, Jy, x) = 〈J (πy)x, x〉 .

Since λ is the maximal eigenvalue, Lemma 1.5.1 shows J (πy)x = λx. �
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If A = c0A0 + c1AJ1 + ... + c`AJ` is given by a Clifford family, we

introduce the reduced complex Jacobi operator

J̃ (πx) := J (πx) − 2c0 Id .

Corollary 5.2.1 Let M = (V, 〈·, ·〉, J, A) be a complex Osserman model

which is given by a Clifford family of rank `. Assume that m > 2` + 6.

Then Rank{J̃ (πx)} ≤ 4.

Proof. We compute that

J (πx)y = 2c0y +
∑̀

i=1

3ci{〈y, Jix〉Jix+ 〈y, JiJx〉JiJx}

− c0{〈y, x〉x+ 〈y, Jx〉Jx} .

Consequently

J (πx)y = 2c0y for y ⊥ Span{x, Jx, J1x, ..., J`x, J1Jx, ..., J`Jx} .

This implies that 2c0 is an eigenvalue of multiplicity at least m − 2` − 2.

Thus if m > 2` + 6, then 2c0 is the dominant eigenvalue and the other

eigenvalues have multiplicity at most 4. The Corollary now follows since

J̃ (πx) is defined by shifting the spectrum appropriately. �

5.2.3 Examples of complex Osserman 0-models

If m ≡ 0 mod 2, then there exists a Hermitian almost complex structure J1

on V . If m ≡ 0 mod 4, then there exists a quaternion structure on V ; this

means that there is a Clifford family {J1, J2, J3} so that J3 = J1J2. The

following result shows that Theorem 5.2.1 is sharp.

Theorem 5.2.2 Let A = c0A〈·,·〉 + c1AJ1 + ...+ c`AJ` where F = {Ji} is

a Clifford family. Let M := (V, 〈·, ·〉, J1, A) be a complex 0-model. Not all

the ci need be non-zero.

(1) If ` = 1, then M is complex Osserman. Furthermore:

(a) If (c0, c1) = (3, 1), then κ = 0 and ~µ = (m).

(b) If (c0, c1) = (0, 1), then κ = 1 and ~µ = (m− 2, 2).

(2) If ` = 3 and if J3 = J1J2, then M is complex Osserman. Furthermore:

(a) If (c0, c1, c2, c3) = (3, 1, 0, 0), then κ = 0 and ~µ = (m).

(b) If (c0, c1, c2, c3) = (0, 1, 0, 0), then κ = 1 and ~µ = (m− 2, 2).

(c) If (c0, c1, c2, c3) = (0, 2, 1, 1), then κ = 1 and ~µ = (m− 4, 4).
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(d) If (c0, c1, c2, c3) = (0, 2, 2, 2), then κ = 2 and ~µ = (m− 4, 2, 2).

Proof. Suppose that A = c0A〈·,·〉 + c1AJ1 and that J = J1. By

Eq. (5.1.a),

J (πx)y =

{
2c0y if y ⊥ πx,

(c0 + 3c1)y if y ∈ πx .

Lemma 5.2.1 implies M is complex Osserman. The eigenvalues are distinct

if and only if 3c1 6= c0; Assertion (1) follows.

Next let A = c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3 , let π̃x := Span{J2x, J3x},
and let J = J1. Assume that J1J2 = J3. By Eq. (5.1.a),

J (πx)y =






2c0y if y ⊥ πx, y ⊥ π̃x,

(c0 + 3c1)y if y ∈ πx,

(2c0 + 3c2 + 3c3)y if y ∈ π̃x .

Assertion (2) now follows similarly. �

5.2.4 Reparametrization of a Clifford family

Let F = {J1, ..., J`} be a Clifford family. If Ψ = (ψij) belongs to the

orthogonal group O(`), we defined the reparametrization F̃ = {J̃1, ..., J̃`}
of F by setting J̃i := ψi1J1 + ...+ ψilJl for 1 ≤ i ≤ `.

Lemma 5.2.2 Suppose that F̃ is a reparametrization of the Clifford fam-

ily F . Then AJ1 + ...+AJ` = AJ̃1
+ ...+AJ̃` .

Proof. Let A = AJ1 + ... + AJ` and let Ã = AJ̃1
+ ... + AJ̃` . We use

Eq. (5.1.a) to see that

JA(y) =

{
0 if y ⊥ Span{J1x, ..., J`x},

3y if y ∈ Span{J1x, ..., J`x} .

This shows that JA = JÃ and hence A = Ã by Lemma 1.7.1. �

5.2.5 The dual Clifford family

Let F = {J1, J2, J3} be a Clifford family on V . The dual Clifford family

F∗ is given by:

F∗ := {J∗
1 := J2J3, J

∗
2 := J3J1, J

∗
3 = J1J2} .
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The dual structure is a skew-quaternion structure since J∗
1 J

∗
2J

∗
3 = − Id; F∗

is a reparametrization of F if and only if J1J2 = ±J3. Set

Θ := J1J2J3, V± := {x ∈ V : Θx = ∓x}, and

N :=
{

1√
2
(x+ + x−) : x± ∈ S(V±)

}
.

(5.2.a)

Lemma 5.2.3 Let F = {J1, J2, J3} and let F∗ = {J∗
1 , J

∗
2 , J

∗
3 } be a Clif-

ford family and the associated dual Clifford family. Assume J1J2 6= ±J3 so

N is non-empty.

(1) If x ∈ N , then {x, J1x, J2x, J3x, J
∗
1x, J

∗
2x, J

∗
3x,Θx} is an orthonormal

set.

(2) If F̃ is a reparametrization of F , then F̃∗ is a reparametrization of F∗.

Proof. Suppose that J1J2 6= ±J3 so N is non-empty. Let x ∈ N . Asser-

tion (1) follows from the decomposition:

x = 1√
2
(x+ + x−), Θx = 1√

2
(x+ − x−) ,

J1x = 1√
2
(J1x+ + J1x−), J∗

1x = 1√
2
(J1x+ − J1x−) ,

J2x = 1√
2
(J2x+ + J2x−), J∗

2x = 1√
2
(J2x+ − J2x−) ,

J3x = 1√
2
(J3x+ + J3x−), J∗

3x = 1√
2
(J3x+ − J3x−) .

Let the orthonormal basis {~v1, ~v2, ~v3} for R3 define a reparametrization

J̃i := ~vi · (J1, J2, J3) = vi1J1 + vi2J2 + vi3J3 .

Let vi × vj denote the cross product on R3. Then

J̃∗
1 = (~v2 × ~v3) · (J∗

1 , J
∗
2 , J

∗
3 ),

J̃∗
2 = (~v3 × ~v1) · (J∗

1 , J
∗
2 , J

∗
3 ),

J̃∗
3 = (~v1 × ~v2) · (J∗

1 , J
∗
2 , J

∗
3 ) .

Since {~v2 × ~v3, ~v3 × ~v1, ~v1 × ~v2} is also an orthonormal basis for R3,

{J̃∗
1 , J̃

∗
2 , J̃

∗
3 } is a reparametrization of F∗. �

5.2.6 Compatible complex models given by Clifford families

Lemma 5.2.4 Let M := (V, 〈·, ·〉, J, A := c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3)

be a complex Osserman 0 model which is given by a Clifford family of rank

at most 3; we permit some of the ci to be zero. Assume J and A are

compatible.
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(1) Suppose that Jx = (a1J1 + a2J2 + a3J3)x for some x ∈ S(V ). Then

(ci − cj)aiaj = 0 for i < j.

(2) Suppose that J1J2 6= ±J3 so N is non-empty. Also suppose that Jx

belongs to Span{J1x, J2x, J3x, J
?
1x, J

?
2x, J

?
3x} for all x ∈ N . Then

either J ∈ Span{J∗
1 , J

∗
2 , J

∗
3 } or J ∈ Span{J1, J2, J3}.

Proof. Let Jx = (a1J1 + a2J2 + a3J3)x for some x ∈ S(V ). One has:

JA(x, Jx)x = −JJ (x)Jx

= −J(c0Jx+3c1〈Jx, J1x〉J1x+3c2〈Jx, J2x〉J2x+3c3〈Jx, J3x〉J3x)

= c0x− 3c1a1JJ1x− 3c2a2JJ2x− 3c3a3JJ3x,

A(x, Jx)Jx = J (Jx)x

= c0x+ 3c1〈x, J1Jx〉J1Jx+ 3c2〈x, J2Jx〉J2Jx+ 3c3〈x, J3Jx〉J3Jx

= c0x− 3c1a1J1Jx− 3c2a2J2Jx− 3c3a3J3Jx.

Since J and A are compatible, JA(x, Jx)x = A(x, Jx)Jx so

0 = (c1 − c2)a1a2J1J2x+ (c1 − c3)a1a3J1J3x+ (c2 − c3)a2a3J2J3x .

Since {J1J2x, J1J3x, J2J3x} is an orthonormal set, Assertion (1) follows.

Let J1J2 6= J3 so N is non-empty. Assume we may decompose

Jx =
3∑

i=1

(ai(x)Ji + a∗i (x)J
∗
i )x

for every x ∈ N ; the coefficients are uniquely determined and vary contin-

uously by Lemma 5.2.3 (1). We generalize the discussion given to establish

Assertion (1). Let x ∈ N . We compute:

JA(x, Jx)x = −JJ (x)Jx = −J
{
c0Jx+ 3

3∑

i=1

ci〈Jx, Jix〉Jix
}
,

A(x, Jx)Jx = J (Jx)x = c0x+ 3

3∑

i=1

ci〈x, JiJx〉JiJx .

Since J and A are compatible, JA(x, Jx)x = A(x, Jx)Jx so

0 =

3∑

i=1

ci〈Jx, Jix〉(JJi − JiJ)x

= c1a1(x){a2(x)(J2J1 − J1J2) + a3(x)(J3J1 − J1J3)

+a∗2(x)(J3J1J1 − J1J3J1) + a∗3(x)(J1J2J1 − J1J2J1)}x
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+c2a2(x){a1(x)(J1J2 − J2J1) + a3(x)(J3J2 − J2J3)

+a∗1(x)(J2J3J2 − J2J2J3) + a∗3(x)(J1J2J2 − J2J1J2)}x
+c3a3(x){a1(x)(J1J3 − J3J1) + a2(x)(J2J3 − J3J2)

+a∗1(x)(J2J3J3 − J3J2J3) + a∗2(x)(J3J1J3 − J3J3J1)}x.

By Lemma 5.2.3 (1), {J1x, J2x, J3x, J
∗
1x, J

∗
2x, J

∗
3x} is an orthonormal set.

Consequently the relations derived above yield:

(c1 − c2)a1(x)a2(x) = 0, c1a1(x)a
∗
2(x) − c2a2(x)a

∗
1(x) = 0,

(c2 − c3)a2(x)a3(x) = 0, c2a2(x)a
∗
3(x) − c3a3(x)a

∗
2(x) = 0,

(c3 − c1)a3(x)a1(x) = 0, c3a3(x)a
∗
1(x) − c1a1(x)a

∗
3(x) = 0 .

(5.2.b)

Our first step is to establish the dichotomy that

Jx ∈ Span{J1x, J2x, J3x} or

Jx ∈ Span{J∗
1x, J

∗
2x, J

∗
3x} if x ∈ N .

(5.2.c)

If Jx /∈ Span{J∗
1x, J

∗
2x, J

∗
3x} we must show Jx ∈ Span{J1x, J2x, J3x};

this is independent of reparametrization. Since Jx /∈ Span{J∗
1x, J

∗
2x, J

∗
3x},

ai(x) 6= 0 for some i; we may suppose without loss of generality a1(x) 6= 0.

We apply Eq. (5.2.b). If c1 6= c3 and c2 6= c3, then we have a2(x) = 0

and a3(x) = 0. If c1 = c2 but c1 6= c3, then a3(x) = 0 and we can

reparametrize F (and thereby F∗ as well by Lemma 5.2.3) to have that

a2(x) = a3(x) = 0. Finally, if c1 = c2 = c3, we can reparametrize F
and F∗ so a2(x) = a3(x) = 0. Thus after a suitable reparametrization

of F , we may assume a2(x) = a3(x) = 0. By Eq. (5.2.b) we then have

a∗2(x) = a∗3(x) = 0 and thus

Jx = a1(x)J1x+ a∗1(x)J
∗
1x .

As Jx is a unit vector, a1(x)
2 + a∗1(x)

2 = 1. We expand

Jx = a1(x)
1√
2
(J1x+ + J1x−) + a∗1(x)

1√
2
(J1x+ − J1x−)

= 1√
2
(Jx+ + Jx−) .

This shows Jx+ = (a1(x) + a∗1(x))J1x+ so (a1(x) + a∗1(x))
2 = 1 as

well. This implies a1(x)a
∗
1(x) = 0 and thus a1(x) = ±1 and hence

Jx ∈ Span{J1x, J2x, J3x}. This establishes Eq. (5.2.c).
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Since Jx is a continuous function of x, since N is connected, and since

Span{J1x, J2x, J3x} ⊥ Span{J∗
1x, J

∗
2x, J

∗
3x}, Eq. (5.2.c) implies

either Jx ∈ Span{J1x, J2x, J3x} ∀x ∈ N
or Jx ∈ Span{J∗

1x, J
∗
2x, J

∗
3x} ∀x ∈ N .

Let G := {G1, G2, G3} where G = F or where G = F∗ is the Clifford family

of rank 3 so that Jx ∈ Span{G1x,G2x,G3x} for all x ∈ N . Expand

1√
2
J(x+ + x−) = 1√

2

3∑

i=1

âi(
1√
2
(x+ + x−)){Gix+ +Gix−} .

This implies

Jx+ =

3∑

i=1

âi(
1√
2
(x+ + x−))Gix+, (5.2.d)

Jx− =

3∑

i=1

âi(
1√
2
(x+ + x−))Gix− . (5.2.e)

By Eq. (5.2.d), âi(
1√
2
(x+ + x−)) is independent of x−; by Eq. (5.2.e),

âi(
1√
2
(x+ + x−)) is independent of x+. Thus âi is a constant and

Jx± =

3∑

i=1

âiGix± ∀x± ∈ V± .

Since V = V+ ⊕ V−, we conclude Jv =
∑

i âiGiv for all v ∈ V . �

5.2.7 Linearly independent endomorphisms

If {T1, ..., Tκ} are linearly independent linear maps from a vector space V

to another vector space W , it does not necessarily follow that there exists

x ∈ V so that {T1x, ..., Tκx} are linearly independent vectors in W ; it is

clearly necessary that dim(W ) ≥ κ for this to be possible. The following

Lemma gives conditions under which the condition of linear independence as

linear transformations can manifest itself as linear independence of vectors.

Lemma 5.2.5 Let T := {T1, ..., Tκ} be a collection of linear maps from

a vector space V of dimension m to a vector space W . Assume there exists

N ∈ N so that if (a1, ..., aκ) is any collection of real constants, not all of

which are zero, dim{Range(a1T1 + ...+ aκTκ)} ≥ N . Then:
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(1) If N ≥ κ, there exists x in V so {T1x, ..., Tκx} is a set of κ linearly

independent vectors.

(2) If N ≥ 2κ, there exist x and y in V so {T1x, ..., Tκx, T1y, ..., Tκy} is a

set of 2κ linearly independent vectors.

(3) Suppose that Tz ∈ Span{T1z, ..., Tκz} for all z in V and that there exist

x, y ∈ V so {T1x, ..., Tκx, T1y, ..., Tκy} is a set of 2κ linearly indepen-

dent vectors. Then T belongs to Span{T1, ..., Tκ}.

Proof. Suppose N ≥ κ. For each x in V , choose r(x) minimal so

{T1x, ..., Trx} is a set of r linearly independent vectors but {T1x, ..., Tr+1x}
is a linearly dependent set; if T1x = 0, we set r(x) = 0. Choose x in V

so r(x) is maximal. If r(x) = κ, then Assertion (1) holds. We therefore

assume r = r(x) < κ and argue for a contradiction. Note that since T1 6= 0

we have r(x) ≥ 1. Let

S := a1T1 + ...+ arTr + Tr+1

where the constants (a1, ..., ar) are chosen so Sx = 0. By hypothesis, we

have that dim{Range(S)} ≥ N ≥ κ. Since r < κ, we can find z in V

so {T1x, ..., Trx, Sz} is a linearly independent set of r + 1 vectors. By

continuity, there exists ε > 0 small so that {T1(x + εz), ..., Tr(x + εz), Sz}
is a linearly independent set. Since

Tr+1(x + εz) = S(x+ εz) − a1T1(x+ εz) − ...− arTr(x + εz)

= εS(z) − a1T1(x+ εz) − ...− arTr(x + εz),

one has that {T1(x+ εz), ..., Tr(x+ εz), Tr+1(x+ εz)} is a linearly indepen-

dent set of r + 1 vectors. Thus r(x + εz) ≥ r + 1 which contradicts the

choice of x. This contradiction establishes Assertion (1).

Suppose N ≥ 2κ. By Assertion (1), choose x in V so {T1x, ..., Tκx} is

a linearly independent set of κ vectors. Let W0 := Span{T1x, ..., Tκx} and

let π : W →W/W0 be the natural projection. Let T̄i := πTi : V →W/W0.

If (a1, ..., aκ) are constants not all of which are zero, then

dim
{
Range{a1T̄1 + ...+ aκT̄κ}

}
≥ N − dimW0 = N − κ .

Since N − κ ≥ κ, we can apply Assertion (1) to the family {T̄1, ..., T̄k}
to choose y in V so that {T̄1y, ..., T̄ky} is a linearly independent set of κ

vectors. The pair {x, y} now satisfies the conclusions of Assertion (2).

Suppose the hypotheses of Assertion (3) hold. Choose x and y in V

so {T1x, ..., Tκx, T1y, ..., Tκy} is a set of 2κ linearly independent vectors.

There then exist small neighborhoods Ox and Oy of x and y, respectively,
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so that if x1 ∈ Ox and y1 ∈ Oy, then {T1x1, ..., Tκx1, T1y1, ..., Tκy1} is a

linearly independent set. We may expand

Tx1 =

κ∑

i=1

ai(x1)Tix1, T y1 =

κ∑

i=1

ai(y1)Tiy1,

T (x1 + y1) =

κ∑

i=1

ai(x1 + y1)Ti(x1 + y1) .

The condition of linear independence permits to equate coefficients and to

conclude

ai(x1) = ai(x1 + y1) = ai(y1) .

Consequently ai := ai(x1) = ai(y1) is independent of the choice of x1 ∈ Ox

or of y1 ∈ Oy. We therefore have Tx1 =
∑
i aiTix1 on Ox. Since this

polynomial identity holds on an open subset of V , it holds on all of V so

T =
∑
i aiTi. �

We apply Lemma 5.2.5 in three different situations. We begin with:

Lemma 5.2.6 Let F := {J1, ..., J`} be a Clifford family on a vector space

V of dimension m.

(1) Let T =
∑

i aiJi where at least one of the coefficients is non-zero. Then

dim {Range{T}} = m.

(2) If m ≥ `, then there exists x in V so {Jix} is a linearly independent

set of ` vectors.

(3) If m ≥ 2`, then there exist x and y in V so {Jix, Jiy} is a linearly

independent set of 2` vectors.

(4) If m ≥ 2` and if Jx ∈ Span{Jix} for all x ∈ V , then J ∈ Span{Ji}.

Proof. Let T =
∑

i aiJi where not all the coefficients ai vanish. We have

T 2 = −∑i a
2
i id. Thus T is invertible and (1) follows. We take N = m.

Assertions (2), (3), and (4) then follow from Lemma 5.2.5. �

Next we apply Lemma 5.2.5 to the family {JiJj}i<j :
Lemma 5.2.7 Let F := {J1, ..., J`} be a Clifford family on a vector space

V of dimension m.

(1) Let T =
∑
j,k ajkJjJk where ajk = −akj and where at least one of the

coefficients is non-zero. Then dim {Range{T}} ≥ 1
2m.

(2) If m ≥ `(`−1), then there exists x in V so {JjJkx} is a set of 1
2`(`−1)

linearly independent vectors.
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(3) If m ≥ 2`(`− 1), then there exist x and y in V so {JjJkx, JjJky} is a

set of `(`− 1) linearly independent vectors.

(4) If m ≥ 2`(` − 1) and if Jx ∈ Span{JiJjx}i<j for all x ∈ V , then

J ∈ Span{JiJj}.

Proof. To prove Assertion (1), we suppose to the contrary

dim {Range{T}} < 1
2m. Let K := ker{T}. Then dim{K} > 1

2m. Choose

indexes u and v so auv 6= 0. Since 2 dim{K} > m, we may choose

x ∈ S(K ∩ JuK). We establish the desired contradiction by noting:

0 = 〈Tx, JvJux〉 + 〈JuTJux, JvJux〉
=
∑

jk

ajk〈(JjJk + JuJjJkJu)x, JvJux〉

= 4
∑

i6=u
aiu〈JiJux, JvJux〉 = 4avu 6= 0 .

This contradiction establishes Assertion (1). Assertions (2), (3), and (4)

then follow as in the proof of Lemma 5.2.6 from Lemma 5.2.5. �

Remark 5.2.1 The estimate of Lemma 5.2.7 is sharp. Let ` ≥ 4 and let

α := J1J2J3J4. Then α2 = Id so we can decompose V = V+ ⊕ V− into the

±1 eigenspaces of α. Since J1 anti-commutes with α, J1 intertwines V+

and V− so dimV+ = dimV− = 1
2m. Thus

dim ker{J1J2 ± J3J4} = dim ker{J3J4(J1J2 ± J3J4)}
= dim ker{α∓ Id} = dimV± = 1

2m,

dim Range{J1J2 ± J3J4} = m− 1
2m = 1

2m.

5.2.8 Technical results concerning Clifford algebras

Let F = {J1, ..., J`} be a Clifford family of rank ` on a vector space V of

dimension m. We set Jij := JiJj , Jijk := JiJjJk, and Jijkn := JiJjJkJn.

In Section 5.2.8, we study the cases ` = 4, ` = 5, ` = 6, and ` = 7.

Lemma 5.2.8 Let F := {J1, ..., J4} be a Clifford family of rank 4 on a

vector space V of dimension m. Then:

(1) If m ≥ 8, there exists x ∈ S(V ) so that 〈J123y, y〉 = 1, so that

〈Jijky, y〉 = 0 if {i, j, k} is not a permutation of {1, 2, 3}, and so that

{Jijx}i<j is an orthonormal set of 6 vectors.

(2) If m ≥ 16, there exist x, y ∈ S(V ) so that {Jijx, Jijy}i<j is an or-

thonormal set of 12 vectors.
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(3) If m ≥ 16, there exists z ∈ S(V ) so that {JI} is an orthonormal set of

16 vectors where I ranges over all possible multi-indices.

(4) If m ≥ 32, there exists x, y ∈ S(V ) so that {Jix, Jjkx, Jiy, Jjky}j<k is

an orthonormal set of 20 vectors.

Assertion (1) is a bit technical. It, and a similar result for rank 5 Clifford

structures to be established presently in Lemma 5.2.9, will be used in the

proof of Lemma 5.6.2 when we generalize Lemma 5.2.4 (1) to the higher

rank setting.

Proof. In studying 〈Jijkx, x〉, we may assume all 3 indices are distinct

since if at least 2 indices agree, Jijk = ±Ja and x ⊥ Jax. Since J123 is

self-adjoint and since J2
123 = Id, there is an orthonormal decomposition

of V = V+ ⊕ V− into the ± eigenvalues of J123. The eigenspaces V± are

preserved by J1, J2, and J3 since these commute with J123. However, since

J4 anti-commutes with J123, J4 intertwines V+ and V−. Thus

dim(V+) = dim(V−) = 1
2m.

Choose x+ ∈ S(V+). Then 〈J123x+, x+〉 = 1. If {i, j, k} are distinct in-

dices which do not form a permutation of {1, 2, 3}, then Jijkx+ ∈ ∆− so

〈Jijkx+, x+〉 = 0.

Let i < j and k < n. Then 〈Jijx+, Jknx+〉 = −〈Jijknx+, x+〉. If exactly

2 indices agree, this vanishes since 〈Jabx+, x+〉 = 0 for a < b. If all 4 indices

are different, then Jijkn = ±J1234 so 〈J1234x+, x+〉 = 0 as J1234x+ ∈ V−.

Assertion (1) now follows.

We have {J14x+, J24x+, J34x+} ⊂ V−. Since m ≥ 16, dim(V+) ≥ 8 so

we may choose y+ ∈ V+ with y+ ⊥ {x+, J12x+, J13x+, J23x+}; {x+, y+}
then satisfy the conditions of Assertion (2). Finally z = (x+ + J4y+)/

√
2

satisfies the conditions of Assertion (3). Doubling the dimension permits

to derive Assertion (4) from Assertion (3). �

Next we study rank 5 Clifford families.

Lemma 5.2.9 Let F := {J1, ..., J5} be a Clifford family of rank 5 on a

vector space of dimension m.

(1) If m ≥ 16, there exists x ∈ S(V ) so x ⊥ Jijkx for all i, j, k and so

J12x ⊥ Span{Jijx}i<j,(i,j)6=(1,2).

(2) If m ≥ 16, there exists x ∈ S(V ) so 〈x, J123x〉 = 1 and so x ⊥ JiJjJkx

if {i, j, k} is not a permutation of {1, 2, 3}.
(3) If m ≥ 16, there exists x ∈ S(V ) so {Jijx}i<j is an orthonormal set.
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(4) If m ≥ 32, there exists x, y ∈ S(V ) so {Jijx, Jijy}i<j is an orthonormal

set.

Proof. Since x ⊥ Jix, we may assume 1 ≤ i < j < k ≤ 5 in proving

Assertion (1). Because J2
123 = J2

145 = Id and because J123J145 = J145J123,

we can decompose

V = V++ ⊕ V+− ⊕ V−+ ⊕ V−−

into the simultaneous eigenspaces of J123 and J145. Since J2 anti-commutes

with J145 and commutes with J123 and since J4 anti-commutes with J123

and commutes with J145, they intertwine these spaces so all these spaces

have the same dimension; since m ≥ 16, dim{V~ε} ≥ 4 for any choice of

signs ~ε = (ε1, ε2). Let x ∈ V~ε. We have

J124x = ±J124J123J145x = ±J135x ∈ V−ε1,−ε2 ,

J125x = ±J125J123J145x = ±J134x ∈ V−ε1,−ε2 ,

{J234x, J235x} ⊂ V−ε1,ε2 ,

{J245x, J345x} ⊂ Vε1,−ε2 ,

{J123x, J145x} ⊂ Vε1,ε2 .

Since dimV~ε ≥ 4, we may choose x++ ∈ S(V++) and x−− ∈ S(V−−) so

that Jijkx++ ⊥ x−− for i, j, k distinct. Let x = (x++ + x−−)/
√

2 ∈ S(V ).

Since

{J1234x, J1235x, J1245x} ⊂ V+− ⊕ V−+

we have x ⊥ J1234x, x ⊥ J1235x, and x ⊥ J1245x. Since x ⊥ Jijx for i 6= j,

we may conclude

J12x ⊥ Span{Jijx}i<j,(i,j)6=(1,2) .

Furthermore Jijkx ⊥ x except possibly for J123 and J145. We complete the

proof of Assertion (1) by checking:

〈x, J123x〉 = 〈x, J145x〉 = 1
2 − 1

2 = 0 .

To prove Assertion (2), we choose x++ in S(V++) and x+− in S(V+−) so

that Jijkx++ ⊥ x+− for i, j, k distinct. Let x = (x++ + x+−)/
√

2 ∈ S(V ).

As Jijkx ⊥ x except possibly for J123 and J145, Assertion (2) follows since:

〈x, J123x〉 = 1
2 + 1

2 = 1, and 〈x, J145x〉 = 1
2 − 1

2 = 0 .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Complex Osserman Algebraic Curvature Tensors 275

Let i < j and k < l. To prove Assertion (3), we must choose x so

x ⊥ Jijklx unless (i, j) = (k, l). Since x ⊥ Juvx for u < v, we may assume

i, j, k, l distinct. Let x ∈ Vε1,ε2 . Then

J1234x ∈ V−ε1 ,ε2 , J1235x ∈ V−ε1,ε2 ,
J1245x ∈ Vε1 ,−ε2 , J1345x ∈ Vε1,−ε2 ,
J2345x = −ε1ε2x ∈ Vε1,ε2 .

Choose x++ ∈ V++ and x−+ ∈ V−+ so

Jijknx++ ⊥ x−+ for all i, j, k, n .

Consequently

x := (x++ + x−+)/
√

2

satisfies the conditions of Assertion (3). If dim(V ) ≥ 32, we can also choose

y++ ∈ V++ and y−+ ∈ V−+ so Jijkny~ε ⊥ x~% and setting

y := (y++ + y+−)/
√

2

then yields a pair {x, y} which satisfies the conditions of Assertion (4). �

We will use the following Lemma for rank 6 and rank 7 Clifford algebras;

the estimate m ≥ 2` is significantly worse than the polynomial estimates

obtained in Section 5.2.7.

Lemma 5.2.10 Let F = {J1, ..., J`} be a Clifford family of rank ` = 6 or

` = 7 on a vector space of dimension m ≥ 2`.Then there exists x ∈ S(V )

so that x ⊥ Jijkx for any i, j, k and so that {Jijx}i<j is an orthonormal

set of 1
2`(`− 1) elements.

Proof. Suppose first that ` = 6. Let A := Clif(R6). By Theorem

4.2.1, A = M8(R). Thus there is only one irreducible A module of di-

mension 8 and any two A modules of dimension m are isomorphic. If

ξ ∈ R6, let ext(ξ) denote exterior multiplication and let int(ξ) denote the

dual operator interior multiplication on the exterior algebra Λ(R6). We set

c(ξ) := ext(ξ) − int(ξ) to define a Clifford module structure on Λ(R6). Let

{e1, ..., e6} be the standard orthonormal basis for R6 and set Ji := c(ei). If

1 ≤ i1 < ... < ip ≤ 6, then

Ji1 ...Jip1 = ei1 ∧ ... ∧ eip
so {JI1} forms an orthonormal family. Since dim{Λ(R6)} = 64, (V,F)

contains (Λ(R6),F) as a submodule. The Lemma now follows if ` = 6.
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If ` = 7, let α := J1...J7. Because α2 = Id, we may decompose

V = V+ ⊕ V−

into the ±1 eigenspaces of α. Since the Ji commute with α, the spaces V±
are A modules. Since dim(V ) ≥ 128, either dim(V+) or dim(V−) is at least

64. By replacing J1 by −J1, we may assume without loss of generality that

dim(V+) ≥ 64. This means that J7 = −J1...J6. The argument given above

shows we may find x so {JIx} forms an orthonormal set as I ranges over

all collections of indices less than 7. Thus

{JIx, JKJ7x}|I|≤3,|K|≤2

is an orthonormal set where I and J consist of indices less than 7 since

JKJ7 = JK̄ where K̄ consists of the complementary set of at least 5 indices

less than 7. �

5.3 Clifford Families of Rank 1

Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉+ c1AJ1) be a complex 0-model. If c1 = 0,

then A = c0A〈·,·〉 and M is complex Osserman by Theorem 5.2.2. This

establishes Assertion (1) of Theorem 5.1.1 when the Clifford family has

rank 0. We therefore suppose c1 6= 0 so the rank is 1. We have the following

examples:

Lemma 5.3.1 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉 + c1AJ1) be a complex

0-model which is given by a Clifford family of rank 1 with c1 6= 0.

(1) If c0 = 0 and if JJ1 = JJ1 or JJ1 = −J1J , M is complex Osserman.

(2) If c0 6= 0 and if J = ±J1 or if JJ1 = −J1J , M is complex Osserman.

Proof. Suppose that c0 = 0 and JJ1 = ±J1J . If x ∈ S(V ), then we have

that J1x ⊥ J1Jx. By Eq. (5.1.a),

c1JA(πx)y =

{
0 if y ⊥ Span{J1x, J1Jx},

3c1y if y ∈ Span{J1x, J1Jx} .

Thus Spec{JA(πx)} = {0, 3c1} is independent of x ∈ S(V ). We have

E3c1(πx) = J1πx and E0(πx) = J1π
⊥
x .
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Since JJ1 = ±J1J , JJ1πx = J1πx and JJ1π
⊥
x = J1π

⊥
x . Thus the

eigenspaces are J-invariant. Lemma 5.2.1 now implies M is complex Os-

serman.

Suppose c0 6= 0. If J = ±J1, then we may use Theorem 5.2.2 (1) to see

M is complex Osserman. If JJ1 = −J1J , then {J, J1} is a Clifford family.

Furthermore, A = c0R0 + 0RJ + c1RJ1 . Theorem 5.2.2 (2) then shows M

is complex Osserman. �

We complete our study of the case ` = 1 and establish Assertion (2) of

Theorem 5.1.1 by showing:

Lemma 5.3.2 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉 + c1AJ1) be a complex

Osserman 0-model which is given by a Clifford family of rank 1 with c1 6= 0.

(1) If c0 = 0, then JJ1 = JJ1 or JJ1 = −J1J .

(2) If c0 6= 0, then J = ±J1 or JJ1 = −J1J .

Proof. Since A〈·,·〉 and J are compatible and since A and J are com-

patible, AJ1 and J are compatible. If x ∈ S(V ), then {J1x, J1Jx} is an

orthonormal set. By Eq. (5.1.a),

JA〈·,·〉
(πx)y = 2y − 〈y, x〉x − 〈y, Jx〉Jx,

JAJ1 (πx)y = 3〈y, J1x〉J1x+ 3〈y, J1Jx〉J1Jx .
(5.3.a)

Thus Range{JAJ1 (π)} = Span{J1x, J1Jx}. As both J and J1 are Hermi-

tian almost complex structures on this 2-dimensional space,

JJ1x = εxJ1Jx for εx = 〈JJ1JJ1x, x〉 = ±1 .

Since the map x → εx is continuous, since S(V ) is connected, and since

εx = ±1, εx is constant. Therefore either J1J = JJ1 or J1J = −JJ1. This

proves Assertion (1).

Suppose c0 6= 0. We argue as above to see J1J = ±JJ1. To complete

the proof of Assertion (2), we must deal with the case JJ1 = J1J . We

suppose J1 6= ±J and argue for a contradiction. Since (JJ1)
2 = Id, there

is a non-trivial decomposition of V of the form

V = V+ ⊕ V− where J1 = ±J on V± .

Let x± ∈ S(V±). Since Jx± = ±J1x±, Eq. (5.3.a) yields:

JR(πx±)y =

{
(c0 + 3c1)y if y ∈ πx± ,

2c0y if y ⊥ πx± .
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This shows that:

if c0 6= 3c1 then ~λ = (2c0, c0 + 3c1), and ~µ = (m− 2, 2),

if c0 = 3c1 then ~λ = (2c0), and ~µ = (m) .
(5.3.b)

Let x = (x+ + x−)/
√

2 ∈ S(V ). The following vectors

x = (x+ + x−)/
√

2, Jx = (Jx+ + Jx−)/
√

2,

J1x = (Jx+ − Jx−)/
√

2, J1Jx = (−x+ + x−)/
√

2,

form an orthonormal set. We use Eq. (5.3.a) to see:

J (πx)y =





2c0y if y ⊥ {x, J1x, Jx, J1Jx},
c0y if y ∈ Span{x, Jx},

(2c0 + 3c1)y if y ∈ Span{J1x, J1Jx} .

This shows that:

if c0 6= −3c1 then ~λ = (2c0, c0, 2c0 + 3c1), and ~µ = (m− 4, 2, 2),

if c0 = −3c1 then ~λ = (2c0, c0), and ~µ = (m− 4, 4) .
(5.3.c)

It follows from Eqs. (5.3.b) and (5.3.c) that J (πx±) and J (πx) do not have

the same eigenvalues and eigenvalue multiplicities. This contradicts the

assumption that M is complex Osserman and establishes Assertion(2). �

5.4 Clifford Families of Rank 2

Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉 + c1AJ1 + c2AJ2) be a complex 0-model

which is given by a Clifford family of rank 2 for c1 6= 0 and c2 6= 0. As-

sertion (3) of Theorem 5.1.1 will follow from the results of this section. By

Eq. (5.1.a),

JA(πx)y = c0{2y − 〈y, x〉x− 〈y, Jx〉Jx}
+ 3c1〈y, J1x〉J1x+ 3c1〈y, J1Jx〉J1Jx (5.4.a)

+ 3c2〈y, J2x〉J2x+ 3c2〈y, J2Jx〉J2Jx .

One implication of Theorem 5.1.1 (3) is provided by the following result:

Lemma 5.4.1 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉 + c1AJ1 + c2AJ2) be a

complex 0-model which is given by a Clifford family of rank 2 where c1 6= 0

and c2 6= 0. Then M is complex Osserman if any of the following holds:

(1) J = J1J2.
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(2) J = J1.

(3) c0 = 0, JJ1 = J1J , and JJ2 = −J2J .

Proof. Let J3 := J1J2. Then {J1, J2, J3} is a Clifford family of rank 3.

By Theorem 5.2.2 (2),

M := (V, 〈·, ·〉, Ji, c0A〈·,·〉 + c1AJ1 + c2AJ2 + c3AJ3)

is complex Osserman for i = 1, 2, 3. Assertions (1) and (2) follow by setting

c3 = 0 and by choosing i = 3 or i = 1.

Suppose that c0 = 0, that JJ1 = J1J , and that JJ2 = −J2J . Let

x ∈ S(V ); the vectors {J1x, J1Jx, J2x, J2Jx} form an orthonormal set.

Thus by Eq. (5.4.a),

JA(πx)y =






3c1y if y ∈ Span{J1x, J1Jx},
3c2y if y ∈ Span{J2x, J2Jx},

0 if y ⊥ {J1x, J1Jx, J2x, J2Jx} .

This shows that the spectrum of JA(πx) is independent of x. Furthermore

the eigenspaces are invariant under J as

Span{Jix, JiJx} = Span{Jix, JJix} for i = 1, 2 .

Consequently by Lemma 5.2.1, M is complex Osserman. �

5.4.1 The tensor c1AJ1 + c2AJ2

We begin our study of the case c0 = 0 with the following technical Lemma.

Let r := Rank{JA(π)}; this is independent of the particular π ∈ CP(V ) if

M is complex Osserman.

Lemma 5.4.2 Let M := (V, 〈·, ·〉, J, A := c1AJ1 + c2AJ2) be a complex

Osserman 0-model which is given by a Clifford family of rank 2 where c1 6= 0

and c2 6= 0. Define αx := 〈J1J2x, Jx〉 ∈ [−1, 1]. Then

(1) The function αx is constant on S(V ).

(2) If r = 4, then α 6= ±1.

(3) If r < 4, then α = ±1.

(4) If α = 0, then J1J2J + JJ1J2 = 0.

(5) If α = ±1, then J = ±J1J2.

Proof. We have by definition that:

αx = 〈J1J2x, Jx〉 = 〈J1x, J2Jx〉 = −〈J2x, J1Jx〉 .
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By Eq. (5.4.a) one has that:

Range{JA(πx)} ⊂ Span{J1x, J2Jx, J2x, J1Jx},
JA(πx)J1x = 3c1J1x+ 3αxc2J2Jx,

JA(πx)J2Jx = 3αxc1J1x+ 3c2J2Jx,

JA(πx)J1Jx = 3c1J1Jx+ 3αxc2(−J2x),

JA(πx)(−J2x) = 3αxc1J1Jx+ 3c2(−J2x).

This shows that the spaces

V1(x) := Span{J1x, J2Jx} and

V2(x) := V1(Jx) = Span{J1Jx,−J2x}

are invariant under JA(πx). Clearly

Range{JA(πx)} ⊂ V1(x) ⊕ V2(x) and

V1(x) ⊥ V2(x) .

Suppose that r = 4. This implies that:

dim{V1(x)} = 2, dim{V2(x)} = 2, and

Range{JA(πx)} = V1(x) ⊕ V2(x) .

Furthermore, relative to the given bases we have

JA(πx)|V1(x) = JA(πx)|V2(x) =

(
3c1 3αxc1

3αxc2 3c2

)
(5.4.b)

det
{
JA(πx)|Range{JA(πx)}

}
=
{
9c1c2(1 − α2

x)
}2

.

Since the eigenvalues of JA(π) are constant, det{JA(π)} is constant. This

implies that α := αx is independent of x. Furthermore, r = 4 implies

α2 6= 1. This establishes Assertions (1) and (2) if r = 4.

Suppose next r = 2. We note J1J2 : V1(x) ↔ V2(x) and hence

dim{V1(x)} = dim{V2(x)} .

If dim{V1(x)} = dim{V2(x)} = 2, then α2
x = 1 by Eq. (5.4.b). On the other

hand, if

dim{V1(x)} = dim{V2(x)} = 1,

then J1x is a multiple of J2Jx. As these are unit vectors, J1x = ±J2Jx and

again α2
x = 1. Suppose finally r = 0. This is not possible if dim{V1(x)} = 2
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by Eq. (5.4.b) since c1 6= 0. Thus

dim{V1(x)} = dim{V2(x)} = 1

so again α2
x = 1. As αx varies continuously, α = αx is constant and takes

the value ±1. This completes the proof of Assertion (1) and also completes

the proof of Assertion (3).

Suppose α = 0. Let Θ := JJ1J2. As α = 0, (Θx, x) = 0 for all x. We

polarize to see

(Θξ1, ξ2) + (Θξ2, ξ1) = 0 for all ξi ∈ V

so Θ + Θ∗ = 0. Assertion (4) follows since

Θ∗ = −J2J1J = J1J2J .

Since J1J2x and Jx are unit vectors, α = ±1 implies J1J2x = ±Jx. This

proves Assertion (5). �

The case J = ±J1J2 leads to Case (3a) of Theorem 5.1.1. We therefore

assume α 6= ±1 and continue our analysis. If α 6= 0 or c1 6= c2, then the

following Lemma shows that we obtain Case (3c) of Theorem 5.1.1:

Lemma 5.4.3 Let M := (V, 〈·, ·〉, J, c1AJ1 + c2AJ2) be a complex Osser-

man 0-model which is given by a Clifford family of rank 2 where c1 6= 0

and c2 6= 0. Let α 6= ±1. Assume either α 6= 0 or c1 6= c2. Then either

J1J = JJ1 and J2J = −JJ2 or J1J = −JJ1 and J2J = JJ2.

Proof. The operator JA(π) is self-adjoint and hence diagonalizable. It

also has rank 4. Since either α 6= 0 or c1 6= c2, we may apply Eq. (5.4.b)

to see that JA is not a scalar multiple of the identity on V1(x). Thus the

eigenvalues of JA are not equal on V1(x). As J defines an almost complex

structure and preserves the eigenspaces of JA(πx), J maps V1(x) to V2(x).

Let

e1(x) := J1x, e2(x) := (
√

1 − α2)−1{J2Jx− αJ1x},
f1(x) := J1Jx, f2(x) := (

√
1 − α2)−1{−J2x− αJ1Jx}

define, respectively, an orthonormal basis for V1(x) and an orthonormal

basis for V2(x) = V1(Jx). Note that f1(x) = e1(Jx) and f2(x) = e2(Jx).

Relative to these bases, the action of JA(πx) on Vi(x) is given by the matrix

ΘJ :=

(
3c1 + 3α2c2 3α

√
1 − α2c2

3α
√

1 − α2c2 3(1− α2)c2

)
.
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Furthermore, using this identification of V1(x) and V2(x) with R2, we may

express J as an orthogonal matrix Ψx which commutes with the matrix

ΘJ . There exists an θx and a sign δx = ±1 so that:

Ψx :=

( 〈Je1(x), f1(x)〉 〈Je2(x), f1(x)〉
〈Je1(x), f2(x)〉 〈Je2(x), f2(x)〉

)

=

(
cos θx sin θx

−δx sin θx δx cos θx

)
.

(5.4.c)

Let {v1, v2} be unit eigenvectors for ΘJ corresponding to the two dis-

tinct eigenvalues. Then Ψxvi = δi(x)vi where δi(x) = ±1. As δi(x) varies

continuously, δi is constant; thus Ψ = Ψx, θ = θx, and δ = δ1δ2 are inde-

pendent of x. Furthermore, the inner products 〈Jei(x), fj(x)〉 are constant

and

〈Je1(x), f1(x)〉 = det{Ψ}〈Je2(x), f2(x)〉
where δ = det{Ψ} = ±1 .

Suppose that det(Ψ) = 1. Then δ1 = δ2 = ±1 so Ψ = ± Id. This implies

JJix = δiJiJx so JJ1J2x = J1J2Jx .

Since (JJ1J2)
2 = Id, we can find x so JJ1J2x = ±x and consequently

α = αx = ±1. This is false as we assumed α 6= ±1. Consequently δ1δ2 = −1

so

〈Je1(x), f1(x)〉 = −〈Je2(x), f2(x)〉 . (5.4.d)

Since α is constant, we replace x by J2x, J1x, and by J1Jx to see:

α = 〈J1J2x, Jx〉 = −〈J2x, J1Jx〉 = 〈J1x, J2Jx〉,
α = 〈J1J2J2x, JJ2x〉 = −〈J1x, JJ2x〉,
α = 〈J1J2J1x, JJ1x〉 = 〈J2x, JJ1x〉,
α = 〈J2Jx, JJ1Jx〉 = −〈JJ2Jx, J1Jx〉 .

(5.4.e)

Let {J2x, ξx} be an orthonormal basis for V2(x). We may use Eq. (5.4.e) to

choose

ξx := (1 − α2)−1/2{J1Jx+ αJ2x} .
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Since 〈JJ1x, J2x〉 = α, there is a sign ε1 = ±1, which by continuity is

independent of x, so 〈JJ1x, ξx〉 = ε1
√

1 − α2. Thus:

〈JJ1x, J1Jx〉 = 〈JJ1x, (1 − α2)1/2ξx − αJ2x〉
= ε1(1 − α2) − α2 .

If ε1 = −1, then 〈JJ1x, J1Jx〉 = −1. Consequently

JJ1 = −J1J and cos θx = −1

in Eq. (5.4.c). Thus Ψ = diag(−1, 1). Since JJA(πx) = JA(πx)J ,

(−1 0

0 1

)(
3c1 + 3α2c2 3α

√
1 − α2c2

3α
√

1 − α2c2 3(1 − α2)c2

)

=

(
3c1 + 3α2c2 3α

√
1 − α2c2

3α
√

1 − α2c2 3(1− α2)c2

)(−1 0

0 1

)
.

This implies

−3α
√

1 − α2c2 = 3α
√

1 − α2c2 .

Since c2 6= 0 and since α 6= ±1, this shows that α = 0. Thus by Lemma

5.4.2 (4), JJ1J2 = −J1J2J . Thus J2J = JJ2. This is one of the possibilities

given in the Lemma.

After applying a similar argument to J2, we have ε1 = ε2 = 1 so

〈JJ1x, J1Jx〉 = 〈JJ2x, J2Jx〉 = 1 − 2α2 . (5.4.f)

We argue for a contradiction. It is implied by Eqs. (5.4.e), and (5.4.f) that:

〈Je1(x), f1(x)〉 = 〈JJ1x, J1Jx〉 = 1 − 2α2,

〈Je2(x), f2(x)〉 = (1 − α2)−1〈JJ2Jx− αJJ1x,−J2x− αJ1Jx〉
= (1 − α2)−1{〈J2Jx, JJ2x〉 + α2〈JJ1x, J1Jx〉

+α〈JJ1x, J2x〉 − α〈JJ2Jx, J1Jx〉}
= (1 − α2)−1{(1 − 2α2) + α2(1 − 2α2) + 2α2} = 2α2 + 1 .

Applying Eq. (5.4.d) then yields the identity:

−(1 − 2α2) = 2α2 + 1 .

This is not possible; this contradiction completes the proof. �
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We deal with the remaining case α = 0 and c1 = c2 6= 0.

Lemma 5.4.4 Let M := (V, 〈·, ·〉, J, A := c1AJ1 + c2AJ2) be a complex

Osserman 0 model which is given by a Clifford family of rank 2 where

c1 = c2 6= 0 and α = 0. Then there exists a reparametrization F̃ of F so

A = c1(AJ̃1
+AJ̃2

), so J̃1J = JJ̃1, and so J̃2J = −JJ̃2.

Proof. Since α = 0, Rank{JA(πx)} = 4 and {J1x, J1Jx, J2x, J2Jx} is

an orthonormal set. Lemma 5.4.2 (4) implies JJ1J2 = −J1J2J . Set

Θ1 := JJ1 and Θ2 = JJ2 .

Then

Θ1Θ
∗
1 = JJ1J1J = id, Θ2Θ

∗
2 = JJ2J2J = id,

Θ1Θ
∗
2 + Θ2Θ

∗
1 = JJ1J2J + JJ2J1J = 0, (5.4.g)

Θ1Θ2 = JJ1JJ2 = JJ1JJ1J2J1 = −JJ1J1J2JJ1 = Θ2Θ1 .

We have that

Range{JA(πx)} = Span{J1x, J2x, J1Jx, J2Jx} .

This subspace is J invariant. Since α = 0, Eq. (5.4.e) yields JJ1x ⊥ J2x

and JJ1x ⊥ J1x. Consequently:

JJ1x = 〈JJ1x, J1Jx〉J1Jx+ 〈JJ1x, J2Jx〉J2Jx,

1 = 〈JJ1x, JJ1x〉 = 〈Θ2
1x, x〉2 + 〈Θ2Θ1x, x〉2 . (5.4.h)

By Eq. (5.4.g), Θ1 and Θ2 are commuting orthogonal maps. Let

V = V+ ⊕ V− ⊕ V1 ⊕ ...⊕ Vk

be a decomposition of Θ1 where Θ1 = ± Id on V± and where Θ1 is a rotation

through an angle between 0 and π on each Vi.

Suppose k ≥ 1 so that Θ has a non-trivial rotation angle 0 < θ1 < π.

The maps Θ1 and Θ2 commute. We can simultaneously diagonalize the

complexification of Θ1 and Θ2 on V1 ⊗ C. Over the reals, this means we

can find a 2-dimensional subspace of V1 which is spanned by an orthonormal

set {x1, x2} which is invariant under Θ1 and Θ2. We may choose {x1, x2}
so that

Θ1x1 = cos(θ1)x1 + sin(θ1)x2,

Θ1x2 = − sin(θ1)x1 + cos(θ1)x2 .
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If Θ2 is a reflection on this subspace, we could further normalize the basis

so that Θ2x1 = x1 and Θ2x2 = −x2. The identity Θ2Θ1x1 = Θ1Θ2x1

would then imply sin(θ1) = 0 which is false. Thus Θ2 is a rotation on this

subspace and hence there exists θ2 ∈ [0, 2π] so that:

Θ2x1 = cos(θ2)x1 + sin(θ2)x2,

Θ2x2 = − sin(θ2)x1 + cos(θ2)x2 .

We compute:

Θ1Θ
∗
2x1 = cos(θ1 − θ2)x1 + sin(θ1 − θ2)x2,

Θ2Θ
∗
1x1 = cos(θ2 − θ1)x1 + sin(θ2 − θ1)x2 .

As Θ1Θ
∗
2 + Θ2Θ

∗
1 = 0 by Eq. (5.4.g), cos(θ1 − θ2) = 0. Thus θ2 = θ1 ± π

2 so

JJ2x1 = Θ2x1 = ∓ sin θ1x1 ± cos θ1x2,

JJ2x2 = Θ2x2 = ∓ cos θ1x1 ∓ sin θ1x2 .

Set

J̃1 := cos θ1J1 ∓ sin θ1J2 and J̃2 = ± sin θ1J1 + cos θ1J2 .

This yields a reparametrization of F . The curvature tensor is unchanged;

by Lemma 5.2.2

A = c1{AJ1 +AJ2} = c1{AJ̃1
+AJ̃2

} .

Furthermore,

Θ̃1x1 = cos θ1Θ1x1 ∓ sin θ1Θ2x1

= cos(θ1){cos(θ1)x1 + sin(θ1)x2}
∓ sin(θ1){∓ sin(θ1)x1 ± cos(θ1)x2}
= x1 .

Consequently, Θ̃1 has the eigenvalue +1. We note that if −1 is an eigenvalue

of Θ1, then setting J̃1 = −J1 and J̃2 = J2 yields a reparametrization so 1

is an eigenvalue of Θ̃1.

The argument given above shows that after a possible reparametriza-

tion, that we may assume dim(V+) > 0; this means that +1 is an eigenvalue

of Θ1. Suppose Θ1 has an additional non-trivial rotation angle 0 < θ1 < π

on V1. Choose x+ so Θ1x+ = x+ and choose x1 in the rotation block V1

corresponding to θ1. Let

x = (x+ + x1)/
√

2 .
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Since Θ1 = Id on V+, Θ∗
1 = Θ1 so Θ∗

2 = −Θ2 on V+. Furthermore Θ1 is

given by a rotation of θ1 and Θ2 is given by a rotation of θ1 ± π
2 on V1.

Thus

〈Θ2
1x+, x+〉 = 1, 〈Θ1Θ2x+, x+〉 = 0,

〈Θ2
1x1, x1〉 = cos(2θ1), 〈Θ1Θ2x1, x1〉 = ∓ sin(2θ1) .

We may now apply Eq. (5.4.h) to compute:

1 = 〈Θ2
1x, x〉2 + 〈Θ1Θ2x, x〉2

= 1
4{(1 + cos(2θ1))

2 + (0 ∓ sin(2θ1))
2}

= 1
4{2 + 2 cos(2θ1)} .

This implies cos(2θ1) = 1; this is not possible for 0 < θ1 < π. Consequently

Θ1 has only the eigenspaces ±1. Since J = ±J1 on V∓, we have JJ1 = J1J .

Since JJ1J2 = J1J2J , JJ2 = −J2J . �

5.4.2 The tensor c0A〈·,·〉 + c1AJ1 + c2AJ2

We complete the proof of Assertion (3) of Theorem 5.1.1 by considering the

case c0 6= 0. This will complete our study of the rank 2 case.

Lemma 5.4.5 Let M := (V, 〈·, ·〉, J, A := c0A〈·,·〉 + c1AJ1 + c2AJ2) be a

complex Osserman 0 model which is given by a Clifford family of rank 2

where c0 6= 0, c1 6= 0 and c2 6= 0. If dim{V } ≥ 12, then there exists a

reparametrization of F so that A = c0A〈·,·〉 + c̃1AJ̃1
+ c̃2AJ̃2

and so that

either J = J̃1 or J = J̃1J̃2.

Proof. Let

W := Span{x, J1x, J2x, Jx, J1Jx, J2Jx} .

Suppose first dimR(W ) = 6. We argue for a contradiction. Set

J̃ (πx) := JA(πx) − 2c0 id, α := 〈J1J2x, Jx〉,
α1 := 〈J1x, Jx〉, α2 := 〈J2x, Jx〉 .

We change notation slightly and assume R := c0A〈·,·〉 + 1
3c1AJ1 + 1

3c2AJ2

to simplify the computations. We have

J̃ (πx)x = −c0x− c1α1J1Jx− c2α2J2Jx,

J̃ (πx)Jx = −c0Jx+ c1α1J1x+ c2α2J2x,

J̃ (πx)J1x = −c0α1Jx+ c1J1x+ c2αJ2Jx,
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J̃ (πx)J2x = −c0α2Jx− c1αJ1Jx+ c2J2x,

J̃ (πx)J1Jx = c0α1x+ c1J1Jx− c2αJ2x,

J̃ (πx)J2Jx = c0α2x+ c1αJ1x+ c2J2Jx,

J̃ (πx)ξ = 0 if ξ ∈ W⊥.

As {x, Jx, J1x, J2x, J1Jx, J2Jx} is a basis for W ; the matrix of J̃ (x)|W is

given relative to this basis by:

M =




−c0 0 0 0 c0α1 c0α2

0 −c0 −c0α1 −c0α2 0 0

0 c1α1 c1 0 0 c1α

0 c2α2 0 c2 −c2α 0

−c1α1 0 0 −c1α c1 0

−c2α2 0 c2α 0 0 c2




.

One then has

det(M) = c20c
2
1c

2
2(−1 + α2 + α2

1 + α2
2)

2 .

Since dim{W⊥} ≥ 6 and since J̃ = 0 on W⊥, we may apply Corollary

5.2.1 to see 0 is an eigenvalue of multiplicity m − 6. Consequently 0 is

an eigenvalue of J̃ on W and det(M) = 0. Since c0c1c2 6= 0, we have

α2 + α2
1 + α2

2 = 1. Since α, α1, and α2 are the Fourier coefficients of Jx

with respect to an orthonormal set {J1J2x, J1x, J2x}, we have

Jx = αJ1J2x+ α1J1x+ α2J2x .

It now follows that dim(W ) = 4 which is a contradiction. Consequently

dim{W} ≤ 5 so

Span{x, J1x, J2x} ∩ Span{Jx, J1Jx, J2Jx} 6= {0} .

Thus we can find ~ξ = (ξ0, ξ1, ξ2) so that ξ20 + ξ21 + ξ22 = 1 with

(ξ0 + ξ1J1 + ξ2J2)Jx ∈ Span{x, J1x, J2x} . (5.4.i)

Set J3 := J1J2 to define a quaternion structure H on V . Then Eq. (5.4.i)

implies Jx ∈ Hx. Consequently for any unit vector x, there exist constants

ai(x) so that

Jx = a1(x)J1x+ a2(x)J2x+ a3(x)J3x .

Since m ≥ 12, we can apply Lemma 5.2.6 (4) to see

J = a1J1 + a2J2 + a3J3 .
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Note that A and J are compatible. Since c1 6= 0, c2 6= 0, and c3 = 0,

Lemma 5.2.4 implies

(c2 − c3)a2a3 = (c1 − c3)a1a3 = 0 so a1a3 = a2a3 = 0 .

Thus if a3 6= 0, a1 = a2 = 0 so J = ±J3 as desired. If a3 = 0, then

J = a1J1 + a2J2. Furthermore, the relation (c1 − c2)a1a2 = 0 shows either

a1 = 0, or a2 = 0, or c1 = c2. If a1 = ±1, we are done. If a1 = 0, then

a2 = ±1 and we simply interchange the roles of J1 and J2. If a1 6= 0 and

a2 6= 0, then c1 = c2 and we may reparametrize the family by taking

J̃1 := a1J1 + a2J2 and J̃2 := a2J1 − a1J2

and still have A = c0A〈·,·〉 + c1AJ̃1
+ c1AJ̃2

and J = J̃1. �

5.5 Clifford Families of Rank 3

In this section, we complete the proof of Theorem 5.1.1 by studying a

complex 0-model where the algebraic curvature tensor is given by a Clifford

family of rank 3. We establish one implication of Theorem 5.1.1 (4) by

giving the following cases where M is complex Osserman:

Lemma 5.5.1 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3)

be a complex 0-model which is given by a Clifford family of rank 3 where

c1 6= 0, c2 6= 0, and c3 6= 0.

(1) Let c0 = 0. If J = J2J3, then M is complex Osserman.

(2) If J1J2J3 = Id and if J = J1, then M is complex Osserman.

Proof. Suppose that c0 = 0 and that J = J2J3. By Eq. (5.1.a),

J (πx)y =





3c1y if y ∈ Span{J1x, J1J2J3x},
3(c2 + c3)y if y ∈ Span{J2x, J3x},
0 if y ⊥ Span{J1x, J1J2J3x, J2x, J3x} .

Assertion (1) now follows from Lemma 5.2.1. Assertion (2) follows from

Theorem 5.2.2 (2). �

5.5.1 Technical results

Recall that we defined the dual family

F∗ := {J∗
1 := J2J3, J

∗
2 := J3J1, J

∗
3 = J1J2} .
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Adopt the notation of Eq. (5.2.a) to define V±, and N .

Lemma 5.5.2 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3)

be a complex Osserman 0-model which is given by a Clifford family of rank

3 where c1 6= 0, c2 6= 0, and c3 6= 0.

(1) If J ∈ Span{J1, J2, J3}, then there exists a reparametrization of F so

A = c0A〈·,·〉 + c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
and so J = J̃1.

(2) Suppose J1J2 6= ±J3. Then J 6= J1. If c0 6= 0, then J 6= J2J3.

Proof. Expand J = a1J1 + a2J2 + a3J3. By reparametrizing F , we can

permute the indices. Thus all indices play the same role. We suppose

a1 6= 0. Assertion (1) is immediate if a2 = a3 = 0. Suppose a2 6= 0 but

a3 = 0. Then J = a1J1 + a2J2 and, by Lemma 5.2.4 (1), c1 = c2. Define a

reparametrization

J̃1 := J = a1J1 + a2J2, J̃2 := −a2J1 + a1J2, J̃3 := J3 .

Assertion (1) then follows from Lemma 5.2.2. Finally, suppose a1 6= 0,

a2 6= 0, and a3 6= 0. By Lemma 5.2.4, c1 = c2 = c3. The desired conclusion

will then follow from Lemma 5.2.2 after choosing any α ∈ O(3) so αJ1 = J .

To prove Assertion (2), we suppose that M is complex Osserman and

that J1J2 6= ±J3. Suppose first that J = J1. We argue for a contradiction.

Choose x± ∈ V± so J1J2J3 = ±x±. Then:

J (πx±)y =






(c0 + 3c1)y if y ∈ Span{x±, J1x±},
(2c0 + 3c2 + 3c3)y if y ∈ Span{J2x±, J3x±},
2c0y if y ⊥ Span{x±, J1x±, J2x±, J3x±} .

(5.5.a)

On the other hand, if we let x := 1√
2
(x+ +x−) ∈ N , then the orthogonality

relations of Lemma 5.2.3 (1) imply:

J (πx) =





(c0 + 3c1)y if y ∈ Span{x, J1x},
(2c0 + 3c2)y if y ∈ Span{J1J2x, J2x},
(2c0 + 3c3)y if y ∈ Span{J1J3x, J3x},
2c0y if y ⊥ Span{x, J1x, J2x, J3x, J1J2x, J1J3x} .

(5.5.b)

Since Spec{J (πx+)} = Spec{J (πx)}, and since the multiplicities must be

the same, either 2c0 = 2c0 + 3c2 and c2 = 0 or 2c0 = 2c0 + 3c3 and c3 = 0.

This is false.

Finally, assume that c0 6= 0, and that J = J2J3. Let x± and x be

as above. Since J = ±J1 on V±, Eq. (5.5.a) continues to hold. However
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Eq. (5.5.b) must be replaced by

J (πx±) =





c0y if y ∈ Span{x, J2J3x},
(2c0 + 3c1)y if y ∈ Span{J1x, J1J2J3x},
(2c0 + 3c2 + 3c3)y if y ∈ Span{J2x, J3x},
2c0y if y ⊥ Span{x, J1x, J2x, J3x, J1J2J3x, J2J3x} .

Since Spec{J (πx+)} = Spec{J (πx)}, since the multiplicities must be the

same, either the following unordered sets must be equal:

{c0 + 3c1, 2c0} = {c0, 2c0 + 3c1} .

This is not possible as c0 6= 0 and c1 6= 0. This contradiction completes the

proof. �

We continue our study of the rank 3 case.

Lemma 5.5.3 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3)

be a complex 0-model which is given by a Clifford family of rank 3 where

c1 6= 0, c2 6= 0, and c3 6= 0. Assume that J1J2 6= ±J3 and that

Jx ∈ Span{J1x, J2x, J3x, J̃1x, J̃2x, J̃3x} if x ∈ N .

Then c0 = 0 and there exists a reparametrization of F so that J = J2J3

and so that A = c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
.

Proof. We apply Lemma 5.2.4 to see either that J ∈ Span{J1, J2, J3} or

that J ∈ Span{J∗
1 , J

∗
2 , J

∗
3 }. Suppose J ∈ Span{J1, J2, J3}. We can apply

Lemma 5.5.2 (1) to reparametrize F and assume that J = J1. We may

then use Lemma 5.5.2 (2) to rule out this possibility.

Thus we may suppose that J = a∗1J
∗
1 + a∗2J

∗
3 + a∗3J

∗
3 . Restrict the

structures to define:

F± := {J1|V± , J2|V± , J3|V±},
M± := (V±, 〈·, ·〉|V± , J |V± , A|V±) .

We then have J = ±{a1J1 + a2J2 + a3J3} on V±. The argument given to

prove Lemma 5.5.2 (1) shows we can reparametrize F so that J = ±J1 on

V± where the signs must differ. This ensures that J = J∗
1 on V . By Lemma

5.5.2 (2), c0 = 0. �
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5.5.2 The tensor A = c1AJ1 + c2AJ2 + c3AJ3

Lemma 5.5.4 Let M = (V, 〈·, ·〉, J, A := 1
3 (c1AJ1 + c2AJ2 + c3AJ3)) be

a complex Osserman 0-model which is given by a Clifford family of rank

3 where c1 6= 0, c2 6= 0, and c3 6= 0. Assume m ≥ 12. Then there is

a reparametrization of F so that either J = J̃1 or J = J̃∗
1 and so that

A = 1
3 (c̃1AJ̃1

+ c̃2AJ̃2
+ c̃3AJ̃3

).

Proof. Set αij = 〈JiJjx, Jx〉. By Eq. (5.1.a),

JR(πx)J1x = c1J1x+ c2α12J2Jx+ c3α13J3Jx,

JR(πx)J2x = c2J2x− c1α12J1Jx+ c3α23J3Jx,

JR(πx)J3x = c3J3x− c1α13J1Jx− c2α23J2Jx,

JR(πx)J1Jx = c1J1Jx− c2α12J2x− c3α13J3x,

JR(πx)J2Jx = c2J2Jx+ c1α12J1x− c3α23J3x,

JR(πx)J3Jx = c3J3Jx+ c1α13J1x+ c2α23J2x.

Let W (x) := Span{J1x, J2x, J3x, J1Jx, J2Jx, J3Jx} = Range{J (πx)}. If

dim(W ) = 6, then the matrix associated to JR(πx) in W is

M =




c1 0 0 0 c1α12 c1α13

0 c2 0 −c2α12 0 c2α23

0 0 c3 −c3α13 −c3α23 0

0 −c1α12 −c1α13 c1 0 0

c2α12 0 −c2α23 0 c2 0

c3α13 c3α23 0 0 0 c3




.

Computing the determinant yields

det(J (πx)|W ) = (−1 + α2
12 + α2

13 + α2
23)

2c21c
2
2c

2
3 .

Since dim{V } ≥ 12 and since J (πx) = 0 on W⊥, the eigenvalue 0

has multiplicity at least 6. Thus by Theorem 5.2.1, the eigenvalue 0 has

multiplicity at least m− 4. Consequently 0 is an eigenvalue of M and thus

det(M) = 0. This shows

α2
12 + α2

13 + α2
23 = 1 .

As {J1J2x, J1J3x, J2J3x} is an orthonormal set and as the coefficients

{α12, α13, α23} are the Fourier coefficients of a unit vector,

Jx ∈ Span{J1J2x, J1J3x, J2J3x} = Span{J∗
1x, J

∗
2x, J

∗
3x} .
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ConsequentlyW (x) = Span{J1x, J2x, J3x, J1J2J3x} so dim(W ) < 6, which

is a contradiction.

Suppose on the other hand that dim(W ) ≤ 5. We then have:

dim {Span{J1x, J2x, J3x} ∩ Span{J1Jx, J2Jx, J3Jx}}
≥ 3 + 3 − 5 > 0 .

This implies that we have a unit vector (a1, a2, a3) so that

(a1J1 + a2J2 + a3J3)Jx ∈ Span{J1x, J2x, J3x} .

Since (a1J1 + a2J2 + a3J3)
2 = − Id,

Jx ∈ (a1J1 + a2J2 + a3J3) Span{J1x, J2x, J3x}
= Span{x, J1J2x, J1J3x, J2J3x} .

Since Jx ⊥ x, this implies

Jx ∈ Span{J∗
1x, J

∗
2x, J

∗
3x} .

Since m ≥ 2` = 6, Lemma 5.2.6 shows that J ∈ Span{J∗
1 , J

∗
2 , J

∗
3 }.

Suppose J1J2 = ±J3. Then J ∈ Span{J1, J2, J3} and Lemma 5.5.2 may

be used to reparametrize the family F so J = J1. On the other hand,

if J1J2 6= ±J3, then Lemma 5.5.3 may be used to reparametrize F so

J = J2J3. �

We use Lemma 5.5.4 to complete the proof of Theorem 5.1.1 (4a). We

reparametrize the family if necessary. If J = J∗
1 , we have J = J2J3 as

desired. If J = J1, then Lemma 5.5.2 (2) implies J1J2 = ±J3 and again

yields the desired conclusion. ut

5.5.3 The tensor A = c0A〈·,·〉 + c1AJ1 + c2AJ2 + c3AJ3

Assertion (4.b) of Theorem 5.1.1 will follow from the following result.

Lemma 5.5.5 Let M = (V, 〈·, ·〉, J, A := c0A〈·,·〉+c1AJ1 +c2AJ2 +c3AJ3)

be a complex Osserman 0-model which is given by a Clifford family of rank

3 where c0 6= 0, c1 6= 0, c2 6= 0, and c3 6= 0. Assume that m ≥ 16. Then

J1J2 = ±J3 and there is a reparametrization of F so that J = J̃1 and

A = c0A〈·,·〉 + c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
.

Proof. We change notation slightly and let

A = c0A〈·,·〉 + 1
3 (c1AJ1 + c2AJ2 + c3AJ3) .



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Complex Osserman Algebraic Curvature Tensors 293

Let V± := {x ∈ V : J1J2J3x = ±x}. We wish to show

Jx ∈ Span{J1x, J2x, J3x} for x ∈ V± . (5.5.c)

We suppose x ∈ V+, the analysis is similar if x ∈ V−. Set α1 := 〈J1x, Jx〉,
α2 := 〈J2x, Jx〉, and α3 := 〈J3x, Jx〉. Then:

JR(πx)x = c0x− c1α1J1Jx− c2α2J2Jx− c3α3J3Jx,

JR(πx)Jx = c0Jx+ c1α1J1x+ c2α2J2x+ c3α3J3x,

JR(πx)J1x = −c0α1Jx+ (2c0 + c1)J1x+ c2α3J2Jx− c3α2J3Jx,

JR(πx)J2x = −c0α2Jx+ (2c0 + c2)J2x− c1α3J1Jx+ c3α1J3Jx,

JR(πx)J3x = −c0α3Jx+ (2c0 + c3)J3x+ c1α2J1Jx− c2α1J2Jx,

JR(πx)J1Jx = c0α1x+ (2c0 + c1)J1Jx− c2α3J2x+ c3α2J3x,

JR(πx)J2Jx = c0α2x+ (2c0 + c2)J2Jx+ c1α3J1x− c3α1J3x,

JR(πx)J3Jx = c0α3x+ (2c0 + c3)J3Jx− c1α2J1x+ c2α1J2x.

We set W := {x, Jx, J1x, J2x, J3x, J1Jx, J2Jx, J3Jx}. We suppose

dim(W ) = 8 and argue for a contradiction. Relative to this basis, the

matrix of J (πx) becomes:

M =




c0 0 0 0 0 c0α1 c0α2 c0α3

0 c0 −c0α1 −c0α2 −c0α3 0 0 0

0 c1α1 2c0 + c1 0 0 0 c1α3 −c1α2

0 c2α2 0 2c0 + c2 0 −c2α3 0 c2α1

0 c3α3 0 0 2c0 + c3 c3α2 −c3α1 0

−c1α1 0 0 −c1α3 c1α2 2c0 + c1 0 0

−c2α2 0 c2α3 0 −c2α1 0 2c0 + c2 0

−c3α3 0 −c3α2 c3α1 0 0 0 2c0 + c3




.

We then have

det(M − 2c0 Id) = c20c
2
1c

2
2c

2
3(−1 + α2

1 + α2
2 + α2

3)
4 .

We have dim(V ) ≥ 16 and thus dim(W⊥) ≥ 6. Thus 0 is an eigenvalue

of multiplicity at least 6 and thus, by Theorem 5.2.1 (or, equivalently, by

Corollary 5.2.1), zero is an eigenvalue of multiplicity at least m − 4 for

the reduced complex Jacobi operator. Consequently 0 is an eigenvalue of

M − 2c0 Id so det(M − 2c0 Id) = 0. Consequently

1 = α2
1 + α2

2 + α2
3 so Jx ∈ Span{J1x, J2x, J3x} .

This shows that W = Span{x, J1x, J2x, J3x} so dim(W ) = 4 which is false.
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We have shown that dim(W ) ≤ 7. We set

U1 := Span{x, J1x, J2x, J3x},
U2 := Span{Jx, J1Jx, J2Jx, J3Jx} .

Then dim(U1) = 4 and dim(U2) = 4. Since

dim(U1) + dim(U2) > dim(W ) ,

U1 ∩U2 6= {0}. Thus there exist constants ai with a2
0 + a2

1 + a2
2 + a2

3 = 1 so

(a0 + a1J1 + a2J2 + a3J3)Jx ∈ Span{x, J1x, J2x, J3x} .

Multiplying this relation by (a0 − a1J1 − a2J2 − a3J3) yields

Jx ∈ Span{x, J1x, J2x, J3x} if x ∈ V± .

Since Jx ⊥ x, this establishes Eq. (5.5.c).

If J1J2 = ±J3, then V = V+ or V = V− so

Jx ∈ Span{J1x, J2x, J3x} for all x ∈ V .

Lemma 5.2.6 then shows J ∈ Span{J1, J2, J3} and the desired conclusion

then follows from Lemma 5.5.2. If on the other hand J1J2 6= ±J3, then N
is non-empty. Let x = (x++ x−)/

√
2 ∈ N . Expand

Jx± = a±1 J1x± + a±2 J2x± + a±3 J3x± .

Set ai := (a+
i + a−i )/2 and a∗i := (a+

i − a−i )/2. Since J∗
i x± = ±Jix±,

3∑

i=1

(aiJi + a∗i J
∗
i )x = 1√

2

3∑

i=1

{(ai + a∗i )Jix+ + (ai − a∗i )Jix−}

= 1√
2
(Jx+ + Jx−) = Jx .

Consequently

Jx ∈ Span{J1x, J2x, J3x, J
∗
1x, J

∗
2x, J

∗
3x} for all x ∈ N .

Lemma 5.5.3 then shows c0 = 0 which is false. �
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5.6 Tensors A = c1AJ1 + ... + c`AJ`
for ` ≥ 4

This section is devoted to the proof of Assertion (1) of Theorem 5.1.2. Let

M := (V, 〈·, ·〉, J, A = c1AJ1 + ...+ c`AJ`)

be a complex Osserman 0-model on a vector space V of dimension m which

is given by a Clifford family F := {J1, ..., J`} . We shall suppose that ci 6= 0

for all i and that ` ≥ 4 throughout this section. We begin by using Theorem

5.2.1 in an essential way to show:

Lemma 5.6.1 Let M := (V, 〈·, ·〉, J, A = c1AJ1 + ...+c`AJ`) be a complex

Osserman 0-model which is given by a Clifford family of rank ` ≥ 4 where

ci 6= 0 for all i. If ` = 4 or if ` = 5, assume that m ≥ 2`. If m ≥ 6, assume

that m ≥ `(`− 1).

(1) If x ∈ S(V ), then Rank{JA(πx)} ≤ 4.

(2) If x ∈ S(V ), then Jx ∈ Spani≤4,i<j{JiJjx}.
(3) ` = 4 or ` = 5.

Proof. Since c0 = 0, J (πx) = J̃ (πx). We note:

` = 4 ⇒ m− 2` ≥ 16− 8 > 4,

` ≥ 5 ⇒ m− 2` ≥ 32− 10 > 4,

` ≥ 6 ⇒ m− 2` ≥ `(`− 3) > 4 .

Thus by Corollary 5.2.1, 0 is an eigenvalue of multiplicity at least m − 4.

This establishes Assertion (1).

Let αi = αi(x) := 〈Jix, J1Jx〉. Set

U(x) := Span{J1x, ..., J`x, J1Jx},
V (x) := Span{J2Jx, ..., J`Jx},
W (x) := U(x) + V (x) ⊃ Range{JA(πx)} .

Let ρ be projection on W (x)/V (x). We may express:

ρJA(πx)Jix = ρ{3ciJix+ 3c1αiJ1Jx}, (5.6.a)

ρJA(πx)J1Jx = ρ

{
∑

i

3ciαiJix+ 3c1JJ1x

}
.

If dim{U(x)} ≤ `, then J1Jx ∈ Spani{Jix} since {Jix} is an orthonor-

mal set. Consequently, Jx ∈ Spani{J1Jix}. As {x, J1J2x, ..., J1J`x} is an
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orthonormal set and as Jx ⊥ x, this implies Jx ∈ Span1<i{J1Jix} which

establishes Assertion (2) in this special case.

We therefore assume dim{U(x)} = `+1. We use Eq. (5.6.a) to see that

ρJA(πx) = ρM on U(x) where M is the following matrix:

M := 3




c1 0 0 ... 0 c1α1

0 c2 0 ... 0 c1α2

0 0 c3 ... 0 c1α3

... ... ... ... ...

0 0 0 ... c` c1α`
c1α1 c2α2 c3α3 ... c`α` c1




.

We have det(M) = 3`+1c21c2...c`(1 − α2
1 − ... − α2

` ). Since the αi are

the Fourier coefficients of J1Jx relative to the orthonormal basis {Jix} and

since by hypothesis J1Jx /∈ Spani{Jix}, α2
1 + ...+α2

` < 1. This shows that

M is invertible. Consequently

dim{ρU(x)} = dim{ρMU(x)} = dim{ρJA(πx)U(x)}
≤ Rank{JA(πx)} ≤ 4 .

We may now use the short exact sequence

0 → V (x) →W (x) →W (x)/V (x) = ρU(x) → 0

to see that

dim{W (x)} = dim{V (x)} + dim{ρU(x)} ≤ (`− 1) + 4 = `+ 3 .

We can now estimate:

dim
{

Span{J1x, J2x, J3x, J4x} ∩ Spani{JiJx}
}

= 4 + `− dim(W ) ≥ 4 + `− (`+ 3) > 0 .

Thus we have unit vectors ~a,~b so

a1J1x+ a2J2x+ a3J3x+ a4J4x = b1J1Jx+ ...+ b`J`Jx .

We invert this relation by multiplying by (b1J1 + ...+ b`J`) to see

Jx ∈ Rx⊕ Spani≤4,i≤j{JiJjx} .

Since this is an orthogonal direct sum and since Jx ⊥ x, we may take i < j

and establish Assertion (2) in this case as well.

Suppose that ` ≥ 6; we argue for a contradiction. As by assumption

m ≥ `(` − 1), Lemma 5.2.7 (2) shows there exists x so {JiJjx}i<j forms
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a linearly independent set of 1
2 `(` − 1) vectors. We use Assertion (2) of

Lemma 5.6.1 to expand

Jx =

6∑

i=1

∑

i<j

cij(x)JiJjx;

the coefficients cij are uniquely determined. Since in fact, the sum may be

restricted to i ≤ 4, we have c56(x) = c5j(x) = c6j(x) = 0 for j ≥ 7. By

permuting the roles of the indices {1, 2, 3, 4, 5, 6} we conclude that all the

coefficients are 0 which is false. �

The following Lemma is a crucial one; it will also be applied presently

in Section 5.7; this is the crucial stage where we use the assumption m ≥ 32

if ` = 5 rather than just m ≥ 16.

Lemma 5.6.2 Let M := (V, 〈·, ·〉, J, A = c1AJ1 + ...+c`AJ`) be a complex

0-model which is given by a Clifford family of rank ` = 4 or ` = 5 where

ci 6= 0 ∀i and where m ≥ 2`. Assume that A and J are compatible and

that Jx ∈ Spani<j{JiJjx} for all x ∈ V . Then we can reparametrize F so

A =
∑

i c̃iAJ̃i and so J = J̃1J̃2.

Proof. We have by assumption that Jx ∈ Span{JiJjx} for all x.

By Lemma 5.2.8 (2) and Lemma 5.2.9 (4), there exist x, y ∈ S(V ) so

{JiJjx, JiJjy}i<j is a collection of `(` − 1) orthonormal vectors. Thus

Lemma 5.2.5 (3) shows we may expand

J =
∑

ij

aijJiJj where aij = −aji .

We now apply an argument similar to that which was used to establish

Lemma 5.2.4 (1). By Lemma 5.2.8 (1) and by Lemma 5.2.9 (2), we may

choose x so 〈J1J2J3x, x〉 = 1 and so 〈JiJjJkx, x〉 = 0 if {i, j, k} is not a

permutation of {1, 2, 3}. We compute:

JA(x, Jx)x = −JJA(x)Jx = −3J
∑

ij

∑

k

aijck〈JiJjx, Jkx〉Jkx

= 6J(a23c1J1x+ a31c2J2x+ a12c3J3x),

A(x, Jx)Jx = JA(Jx)x = 3
∑

ij

∑

k

aijck〈x, JkJiJjx〉JkJx

= 6(a23c1J1 + a31c2J2 + a12c3J3x)Jx .
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Since J and A are compatible, 0 = A(x, Jx)Jx − JA(x, Jx)x. Therefore:

0 = {a23c1(J1J − JJ1) + a31c2(J2J − JJ2) + a12c3(J3J − JJ3)}x .

We take the inner product with J1x to see

0 = a12a13(c2 − c3) .

We permute the indices to see that if {i, j, k} are distinct, then

0 = aijaik(cj − ck) . (5.6.b)

Since J is an almost complex structure, J2x = −x. If x ∈ S(V ), then

−x = −
∑

i<j

a2
ijx+ 2

∑

i<j

∑

k

aikajkJiJjx (5.6.c)

+ 2
∑

i<j<k<n

(aijakn + ainajk − aikajn)JiJjJkJnx .

We replace x by J1x and then multiply the equation by J1 to see

x =
∑

i<j

a2
ijx+ 2J1

∑

i<j

∑

k

aikajkJiJjJ1x (5.6.d)

+ 2J1

∑

i<j<k<n

(aijakn + ainajk − aikajn)JiJjJkJnJ1x .

We add Eqs. (5.6.c) and (5.6.d). Because

J1JiJjJ1 = −JiJj , and

J1JiJjJkJlJ1 = −JiJjJkJl for i > 1 ,

these terms cancel and after multiplying the result by J1 we obtain

0 =
∑

1<j

∑

k

a1kajkJjx (5.6.e)

+
∑

1<j<k<l

(a1jakn − a1najk + a1kajn)JjJkJnx .

We apply Lemma 5.2.8 (1) and Lemma 5.2.9 (2) to see that there exists x

so 〈JjJkJnx, x〉 6= 0 only for j = 2, k = 3, n = 4. Taking the inner product

of Eq. (5.6.e) with such an x shows

0 = a12a34 + a14a23 − a13a24 .
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We can then permute the indices to conclude that

0 = aijakn + ainajk − aikajn for i < j < k < n . (5.6.f)

Consequently

−x =
∑

i<j

a2
ijx+ 2

∑

i<j

∑

k

aikajkJiJjx .

Taking the inner product with x yields the identity
∑

i<j a
2
ij = 1 so

0 = 2
∑

i<j

∑

k

aikajkJiJjx = 0 .

By Lemmas 5.2.8 (2) and 5.2.9 (3), we can choose x so {JiJjx}i<j is an

orthonormal set. Consequently:
∑

k

aikajk = 0 for i 6= j . (5.6.g)

By permuting the indices, we may suppose that a12 6= 0. We apply

Eq. (5.6.b) to see that if c2 6= c3, then a13 = 0. If, however, c2 = c3, then

we can set

J̃2 := cos θJ2 + sin θJ3, J̃3 := − sin θJ2 + cos θJ3,

J2 = cos θJ̃2 − sin θJ̃3, J3 = sin θJ̃2 + cos θJ̃3,

ã12 = cos θa12 + sin θa13, ã13 = − sin θa12 + cos θa13 .

Choose θ so ã13 = 0. This yields a13 = sin θa12/ cos θ. This then yields

ã12 =
a12

cos θ
6= 0 .

The arguments establishing Eqs. (5.6.b), (5.6.f), and (5.6.g) are un-

changed by reparametrization; thus these equations continue to hold. We

argue similarly to choose a reparametrization so a1i = 0 for i ≥ 3. We take

i = 1 and j ≥ 3 in Eq. (5.6.g) to see

0 =
∑

k

a1kajk = a12aj2

and hence aj2 = 0 for j ≥ 3 as well. We now set i = 1, j = 2, and 3 ≤ k < n

in Eq. (5.6.f) to see

0 = a12akn − a1na2k + a1ka2n = a12akn .

This shows that all the aij = 0 except a12. �
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In light of Lemma 5.6.1 (1) and Lemma 5.6.2, we may complete the

proof of Theorem 5.1.2 by showing:

Lemma 5.6.3 Let M := (V, 〈·, ·〉, J, A = c1AJ1 + ...+c`AJ`) be a 0-model

which is given by a Clifford family of rank ` = 4 or ` = 5 where ci 6= 0 ∀i,
and where m ≥ 2`. Then M is not complex Osserman.

Proof. Assume to the contrary that M is complex Osserman. We apply

Lemma 5.6.2 to assume without loss of generality that J = J1J2. Suppose

that ` = 4. We may decompose V = V+ ⊕ V− where

V± := {x : J1J2J3x = ±x} .

Then V+ and V− are preserved by J1, by J2, and by J3 while V+ and V−
are intertwined by J4. Let x ∈ V+. Then

{x, J3x, J1x, J2x, J4x, J1J2J4x}

is an orthonormal set. Consequently

JR(πx)y =





3c3y if y ∈ Span{x, J3x},
(3c1 + 3c2)y if y ∈ Span{J1x, J2x},
3c4y if y ∈ Span{J4x, J1J2J4x},
0 if y ⊥ {x, J3x, J1x, J2x, J4x, J1J2J4x} .

On the other hand, since (J1J2J3J4)
2 = Id, we may choose z so

J1J2J3J4z = ±z. Then

JR(πz)y =





3(c1 + c2)y if y ∈ Span{J1x, J2x},
3(c3 + c4)y if y ∈ Span{J3x, J4x},
0 if y ⊥ {J1x, J2x, J3x, J4x} .

As J (πx) and J (πz) have different eigenvalue structures, M is not complex

Osserman. This completes the proof if ` = 4.

Suppose ` = 5. By Lemma 5.2.9 (3), we may choose x ∈ S(V ) so that

{JiJjx} is an orthonormal set. These vectors are all orthogonal to x as

well. Multiplying by J1 then yields that

{J1x, J2x, J3x, J1J2J3x, J4x, J1J2J4x, J5x, J1J2J5x}
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is an orthonormal set. We may then compute:

JR(πx)y =






(3c1 + 3c2)y if y ∈ Span{J1x, J2x},
3c3y if y ∈ Span{J3x, J1J2J3x},
3c4y if y ∈ Span{J4x, J1J2J4x},
3c5y if y ∈ Span{J5x, J1J2J5x} .

Since c3, c4, and c5 are all non-zero, JA(πx) has rank at least 6. This

contradicts Lemma 5.6.1 (1). �

5.7 Tensors A = c0A〈·,·〉 + c1AJ1 + ... + c`AJ`
for ` ≥ 4

This section is devoted to the proof of Assertion (2) of Theorem 5.1.2. Let

M := (V, 〈·, ·〉, J, A = c0A〈·,·〉 + c1AJ1 + ...+ c`AJ`)

be a complex Osserman 0-model on a vector space V of dimension m which

is given by a Clifford family F := {J1, ..., J`}. We shall suppose that ci 6= 0

∀i and that ` ≥ 4. We begin our study by establishing an analog of Lemma

5.6.1 and reducing ourselves to considering the cases ` = 4 and ` = 5.

Lemma 5.7.1 Let M := (V, 〈·, ·〉, J, A = c0A〈·,·〉 + c1AJ1 + ... + c`AJ`)

be a complex Osserman 0 model which is given by a Clifford family of rank

` ≥ 4 where ci 6= 0 ∀i. If ` = 4, assume m ≥ 32. If 5 ≤ ` ≤ 7, assume

m ≥ 2`. If ` ≥ 8, assume m ≥ `(`− 1). Set J̃x := J (πx) − 2c0 Id.

(1) dim Rank{J̃x} ≤ 4.

(2) If x ∈ V , then Jx ∈ Span{Jix, JjJkx}j<k.
(3) Let ` ≥ 6. If x ∈ V , then Jx ∈ Span{JiJjx}i≤6,i<j .

(4) Either ` = 5 and J /∈ Span{JiJj}i<j or ` = 4.

Proof. Set J̃x := J (πx) − 2c0 id. Then:

J̃xy = −c0〈y, x〉x− c0〈y, Jx〉Jx

+3
∑̀

i=1

ci{〈y, Jix〉Jix+ 〈y, JiJx〉JiJx} .
(5.7.a)

Thus dim{Range{J̃x}} ≤ 2`+2 so 0 is an eigenvalue of multiplicity at least

m− 2`− 2. We observe:

4 ≤ ` ≤ 7 ⇒ m− 2`− 2 ≥ 2` − 2`− 2 > 4,

` ≥ 8 ⇒ m− 2`− 2 ≥ `(`− 3) − 2 > 4 .
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Corollary 5.2.1 yields 0 is an eigenvalue of multiplicity at least m − 4 for

J̃x. Assertion (1) now follows.

To prove Assertion (2), we use Eq. (5.7.a) to compute:

J̃xx = −c0x+
∑

i

3ci〈x, JiJx〉JiJx,

J̃xJx = −c0Jx+
∑

i

3ci〈Jx, Jix〉Jix, (5.7.b)

J̃xJix = 3ciJix+
∑

j

3cj〈Jix, JjJx〉JjJx− c0〈Jix, Jx〉Jx .

Let

M := diag(−c0, 3c1, ..., 3c`),
U(x) := Span{x, J1x, ..., J`x},
V (x) := Span{Jx, J1Jx, ..., J`Jx},
W (x) := U(x) + V (x) ⊃ Range{J (πx)} .

Let ρ be projection on W (x)/V (x). Then ρJ̃x = ρM on U . Since M is

invertible, we then have

dim{ρU(x)} = dim{ρJ̃xU(x)} ≤ 4,

dim{W (x)} ≤ 4 + `+ 1,

dim{U(x) ∩ V (x)} ≥ `+ 1 + `+ 1 − `− 5 = `− 3 > 0 .

Thus there exists a non-trivial relationship

(a0 + a1J1 + ...+ a`J`)Jx = (b0 + b1J1 + ...+ b`J`)x .

We invert this relationship to see Jx ∈ Spanj<k{x, Jix, JjJkx}; eliminating

the orthogonal summand Span{x} establishes Assertion (2) by showing:

Jx ∈ Span{Jix, JjJkx}j<k .

Suppose that ` ≥ 6. We can estimate similarly that:

dim
{

Span{J1x, ..., J6x} ∩ Span{J1Jx, ..., J`Jx}
}

≥ 6 + `− dim(W ) ≥ 6 + `− (5 + `) > 0 .

Thus we have a non-trivial relationship from which Assertion (3) will follow

after eliminating the orthogonal summand Span{x}:

(a1J1 + ...+ a`J`)Jx = (b1J1 + ...+ b6J6)x .
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Suppose ` ≥ 8; we argue for a contradiction. As m ≥ `(`− 1), Lemma

5.2.7 (2) shows there is x ∈ V so that {JiJjx} forms a linearly independent

set with 1
2`(`− 1) elements. We use Assertion (3) to expand

Jx =

`−1∑

i=1

∑̀

j=i+1

cij(x)JiJjx;

the coefficients cij are uniquely determined. Since in fact, the sum may

be restricted to i ≤ 6 by Assertion (3), we have c78(x) = 0. By permut-

ing the indices, we conclude that all the coefficients are 0 which is false.

Consequently,

4 ≤ ` ≤ 7 .

If ` = 6, then m ≥ 64 > 60 = 12 · 5. On the other hand, if ` = 7, then

m ≥ 128 > 84 = 14 · 6. Thus m ≥ 2`(`− 1). By Lemma 5.7.1 (3),

Jx ∈ Spani<j{JiJjx} .

Thus by Lemma 5.2.7 (4),

J ∈ Span{JiJj} if ` = 6, 7 .

Alternatively, if ` = 5, simply assume that J ∈ Spani<j{JiJj}. Thus we

may expand

J =
`−1∑

i=1

∑̀

j=i+1

aijJiJj .

By Lemma 5.2.9 and by Lemma 5.2.10, we may choose x so that

x ⊥ JiJjJkx ∀ i, j, k,

{J4J5x} ⊥ Span{JiJjx}i<j,(i,j)6=(4,5) .

Fix such an x. Since 〈x, JiJx〉 = 0 and 〈Jx, Jix〉 = 0, Eq. (5.7.b) yields

J̃xx = −c0x, J̃xJx = −c0Jx,

J̃xJix = 3ciJix+
∑̀

i=1

3cj〈Jix, JjJx〉JjJx .

Thus Z(x) := Span{x, Jx} is a 2-dimensional subspace which is invari-

ant under J̃x. Consequently Rank{J̃x|Z(x)⊥} ≤ 2. We clear the previous
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notation. Define

U(x) := Span{J1x, ..., J`x},
V (x) := Span{J1Jx, ..., J`Jx},
W (x) := U(x) + V (x) ⊂ Z(x)⊥ .

Let ρ be the projection on W (x)/V (x). We argue as above to see

dim{ρU(x)} = dim{ρJ̃x} ≤ 2 so dim{W (x)} ≤ 2 + ` .

Thus there exists a non-trivial relationship

(a1J1 + a2J2 + a3J3)x = (b1J1 + b2J2 + ...+ b`J`)Jx .

This shows that

Jx ∈ Span{JiJjx}i≤3,i<j .

Since J4J5x ⊥ Spani≤3,i<j{JiJj}x, we may conclude that a45 = 0. We can

permute the indices to see aij = 0 for all i, j which is impossible. This

shows we have the two possibilities enumerated in Assertion (4). �

We can now eliminate the case ` = 5.

Lemma 5.7.2 Let M := (V, 〈·, ·〉, J, A = c0A〈·,·〉 + c1AJ1 + ...+ c5AJ5) be

a complex 0 model which is given by a Clifford family of rank ` = 5 where

ci 6= 0 ∀i and where m ≥ 32. Then M is not complex Osserman.

Proof. We suppose to the contrary that M is complex Osserman and

argue for a contradiction. Let

C := {x ∈ V : Jx ∈ Span{Jix}}
= {x : Jx ∧ J1x ∧ ... ∧ J5x = 0} .

(5.7.c)

Clearly C is closed. We wish to show C is nowhere dense. Suppose

to the contrary that C contains a non-empty open subset of V . We argue

for a contradiction. Since Eq. (5.7.c) is defined by a series of polynomial

identities, this would imply that Eq. (5.7.c) holds identically and therefore

that Jx ∈ Span{Jix} for all x ∈ V . Since m ≥ 2`, Lemma 5.2.6 (4) implies

J =
∑

i aiJi. By Lemma 5.2.9 (3), we may choose x so {JiJjx}i<j is a



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

Complex Osserman Algebraic Curvature Tensors 305

linearly independent set. We then have

J̃xx = −c0Jx−
∑

i

3ciaiJiJx,

J̃xJx = −c0Jx+
∑

i

3ciaiJix,

0 = J̃xx+ JJ̃xJx = −
∑

i

3ciai(JiJx− JJix)

= −
∑

i6=j
6ciaiajJiJjx .

This leads to the relation (ci − cj)aiaj = 0. We choose the notation so

a1 6= 0. Then if aj 6= 0, cj = c1. Thus we may reparametrize the family

in question so that J = J1. By Lemma 5.2.9 (1), we may choose x so

x ⊥ JiJjJkx. It now follows from Eq. (5.7.b) that:

J̃xx = (3c1 − c0)x,

J̃xJ1x = (3c1 − c0)x,

J̃xJix = 3ciJix for i = 2, 3, 4, 5,

J̃xJiJ1x = 3ciJiJ1x for i = 2, 3, 4, 5 .

Because Jijkx ⊥ x for all i, j, k,

{J2x, J3x, J4x, J5x, J1J2x, J1J3x, J1J4x, J1J5x}

is an orthonormal set of 8 elements. Thus Rank{J̃x} ≥ 8 which is false.

This contradiction shows C is a closed nowhere dense set.

Let x ∈ Cc. Let αi := 〈Jix, Jx〉 be the Fourier coefficients. Since

Jx /∈ Span{Jix}, we sum the Fourier coefficients to see

5∑

i=1

a2
i < 1 .

Introduce the spaces

U(x) := Span{J1x, ..., J5x, Jx},
V (x) := Span{J1Jx, ..., J5Jx},
W (x) := U(x) + V (x) .
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Let ρ be projection from W (x) to W (x)/V (x). By Eq. (5.7.b)

ρJ̃xJix = ρ(3ciJix− c0αiJx),

ρJ̃xJx =
∑

i

3ciαiJix− c0Jx .

Consider

M :=




3c1 0 0 0 0 −c0α1

0 3c2 0 0 0 −c0α2

0 0 3c3 0 0 −c0α3

0 0 0 3c4 0 −c0α4

0 0 0 0 3c5 −c0α5

3c1α1 3c2α2 3c3α3 3c4α4 3c5α5 −c0




.

Then

det(M) = −c0c1c2c3c4c5(1 − α2
1 − ...− α2

5) 6= 0 .

Thus we can invert this matrix to see

dim{Range ρ} = dim{Range ρJ̃x} ≤ 4,

dim{W (x)} = dim ker(ρ) + dim Range(ρ) ≤ 5 + 4 = 9,

dim
{

Span{J1x, ..., J5x} ∩ Span{J1Jx, ..., J5Jx}
}
≥ 10− 9 > 0 .

Thus Jx ∈ Span{JiJjx}i<j on an open dense subset of V . We now use

in a crucial fashion the assumption that m ≥ 32. Since C is a nowhere

dense closed set, Lemma 5.2.5 (3) and Lemma 5.2.9 can be applied to see

that J ∈ Spani<j{JiJj}. This contradicts Lemma 5.7.1 (4) and thereby

completes the proof. �

We conclude our study by considering the case ` = 4.

Lemma 5.7.3 Let M := (V, 〈·, ·〉, J, A = c0A〈·,·〉 + c1AJ1 + ...+ c4AJ4) be

a complex 0 model which is given by a Clifford family of rank ` = 4 where

ci 6= 0 ∀i and where m ≥ 32. Then M is not complex Osserman.

Proof. Again, we suppose to the contrary that M is complex Osserman.

Since m ≥ 32, Lemma 5.2.8 (4) shows there exist vectors x, y ∈ V so that

{Jix, Jjkx, Jiy, Jjky}j<k
forms a linearly independent set of 20 vectors. By Lemma 5.7.1 (2),

Jx ∈ Span{Jix, Jjkx}j<k for all x ∈ V .
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Consequently by Lemma 5.2.5 (3) there exist coefficients ai and ajk so that

J =

4∑

i=1

aiJi +

3∑

j=1

4∑

k=j+1

ajkJjk .

Suppose first that ai 6= 0 for some i. By permuting the indices if need

be, we may assume without loss of generality that a1 6= 0. We shall argue

for a contradiction. By Lemma 5.2.8 (3), we may choose x so {JIx} is an

orthonormal set of 16 vectors. We set aji = −aij . We compute:

J̃xx = −c0x+

4∑

i=1

ci〈x, JiJx〉JiJx = −c0x− 3

4∑

i=1

ciaiJiJx,

J̃xJx = −c0Jx+ 3

4∑

i=1

ciaiJix .

Since J and A are compatible, 0 = J̃xx+ JJ̃xJx. Consequently:

0 = −3
4∑

i,j=1

ciaiaj(Jij − Jji)x (5.7.d)

−3

4∑

i=1

3∑

j=1

4∑

k=j+1

ciaiajk{Jijk − Jjki}x . (5.7.e)

These relations decouple and the summation in Eq. (5.7.d) leads to the

identity (ci − cj)aiaj = 0. We have assumed a1 6= 0. Thus if aj 6= 0, we

have c1 = cj . This permits us to reparametrize the family to assume

J = a1J1 +
∑

ij

aijJij .

The summation in Eq. (5.7.e) shows

∑

j<k

ajk{J1jk − Jjk1}x = 0 .

This implies a1j = 0 for j = 2, 3, 4. Consequently we have

J = a1J1 + a23J23 + a24J24 + a34J34 .

Squaring this relation and setting J2x = −x then yields

2a1a23J123x+ 2a1a24J124x+ 2a1a34J134x = 0 .
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Thus a23 = a24 = a34 = 0. This shows J = ±J1. Consequently:

J̃xJ2x = c2J2x, J̃xJ3x = c3J3x, J̃xJ4x = c4J4x,

J̃xJ2Jx = c2J2Jx, J̃xJ3Jx = c3J3Jx, J̃xJ4Jx = c4J4Jx .

This implies Rank{J̃x} ≥ 6 which is false. This contradiction shows that

J =
∑

i<j

aijJiJj .

Let A1 = c1AJ1 + c2AJ2 + c3AJ3 + c4AJ4 . Since c0A〈·,·〉 is compatible

with any almost complex structure J , A1 and J are compatible. We can

use Lemma 5.6.2 to reparametrize the family F so that

J = J̃1J̃2 and A1 = c̃1AJ̃1
+ c̃2AJ̃2

+ c̃3AJ̃3
+ c̃4AJ̃4

.

Thus without loss of generality, we may assume that J = J1J2. Again, we

choose x so {JIx} is an orthogonal set of 16 vectors. We may then compute:

J̃xx = c0x, J̃xJ1J2x = c0J1J2x,

J̃xJ3x = 3c3J3x, J̃xJ1J2J3x = c0J1J2J3x,

J̃xJ4x = 3c4J4x, J̃xJ1J2J4x = c0J1J2J4x .

This shows Rank{J̃x} ≥ 6 which is false. This final contradiction shows

` 6= 4 and completes the proof of Theorem 5.1.2. �
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Chapter 6

Stanilov–Tsankov Theory

6.1 Introduction

In Chapter 6, we study commutativity properties of the Jacobi operator

and of the skew-symmetric curvature operator. M. Brozos-Vázquez is a

coauthor on this section and, except as will be noted via explicit references,

the material of this section is joint work with M. Brozos-Vázquez. It is a

pleasure to acknowledge the foundational contributions of Prof. Stanilov

who originally posed many of the questions being studied in this section. It

is also a pleasure to acknowledge the contributions of Prof. Tsankov who

proved the results which motivated much of our investigations. Professors

Nikčević and Videv also contributed to the development of the material of

this section.

Let M = (V, 〈·, ·〉, A) be a 0-model. Let A be the associated curvature

operator. The Jacobi operator Jx = J (x) is given by:

Jxz = J (x)z := A(z, x)x .

The Jacobi operator is quadratic in x and can be polarized to define a

bilinear operator Jxy = J (x, y) by setting

Jxyz = J (x, y)z := 1
2{A(z, x)y + A(z, y)x} .

This operator was first introduced and studied by Videv (1993). Note that

Jx = Jxx, Jxyy = − 1
2Jyx,

Jcos θx+sin θy = cos2 θJx + 2 cos θ sin θJxy + sin2 θJy .
(6.1.a)

If {e1, e2} is an oriented orthonormal basis for an oriented non-degenerate

309
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2-plane π, the skew-symmetric curvature operator Aπ = A(π) is given by:

Aπz = A(π)z := A(e1, e2)z .

Let ρ be the Ricci operator. We begin by stating the basic definitions

in the subject:

Definition 6.1.1 Let M = (V, 〈·, ·〉, A) be a 0-model.

(1) M is Jacobi Tsankov if JxJy = JyJx for all x, y ∈ V .

(2) M is orthogonally Jacobi Tsankov if JxJy = JyJx for all x, y ∈ V with

x ⊥ y.

(3) M is skew Tsankov if AπAσ = AσAπ for all non-degenerate oriented

2-planes π and σ.

(4) M is orthogonally skew Tsankov if AπAσ = AσAπ for all non-

degenerate oriented 2-planes π and σ with π ⊥ σ.

(5) M is Stanilov–Tsankov if Ax1x2Jx3 = Jx3Ax1x2 for all xi ∈ V .

(6) M is Jacobi Videv if Jxρ = ρJx for all x ∈ V .

(7) M is skew Videv if Rxyρ = ρRxy for all x, y ∈ V .

If M = (M, g) is a pseudo-Riemannian manifold, then M is said to have

one of the properties discussed above if and only if the associated model

M(M, P ) = (TPM, gP , RP ) has this property for all points P of M .

Here is a brief outline to this introductory section. In Section 6.1.1,

we discuss Jacobi Tsankov theory; this relates to the Jacobi operator. We

sketch some of the results in this field which will be described in further

detail in Sections 6.2, 6.3, and 6.4. Section 6.1.2 deals with the skew-

symmetric curvature operator; we introduce some of the basic material in

this area that will be treated more extensively in Section 6.4. Section 6.1.3

deals with Stanilov–Videv manifolds. We present the two main results in

this area and refer to the literature for further details as we shall not pursue

this matter further. Section 6.1.4 presents some foundational material re-

lating to Jacobi Videv manifolds and models and serves as an introduction

to the more complete discussion in Section 6.6.

6.1.1 Jacobi Tsankov manifolds

The notation “Jacobi Tsankov” is motivated by the seminal paper of

Tsankov (2005) which studied hypersurfaces with these properties. Let

L denote the second fundamental form of a hypersurface M in Rm+1 and
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let {λ1, ..., λn} be the eigenvalues of the associated shape operator or Wein-

garten operator. Tsankov showed:

Theorem 6.1.1 [Tsankov] A hypersurface in Rm+1 is orthogonally Ja-

cobi Tsankov if and only if either λ1 = ... = λn or λ1 = ... = λn−1 = 0.

In Sections 6.2, 6.3, and 6.4, we shall present results of Brozos-Vázquez,

Gilkey, and Nikčević (2006), of Brozos-Vázquez and Gilkey (2005), and of

Brozos-Vázquez and Gilkey (2006). In Section 6.2, we study these questions

in the Riemannian setting. Theorem 6.2.1 contains a complete classification

of Riemannian Jacobi Tsankov 0-models and of Riemannian orthogonally

Jacobi Tsankov 0-models. A corresponding classification in the geometric

context is provided by Theorem 6.2.2.

In Section 6.3, we turn to the pseudo-Riemannian setting. Let M be a

pseudo-Riemannian Jacobi Tsankov 0-model. In Theorem 6.3.1, we show

J 2
x = 0 for all x ∈ V . This implies M is Osserman and shows A = 0 if M is

Lorentzian. In Theorem 6.3.2, we show there exist 0-models with J 2
x = 0

for all x which are not Jacobi Tsankov. In Theorem 6.3.3 we show that

if m ≤ 13 and if M is Jacobi Tsankov, then JxJy = 0 for all x, y ∈ V .

In Theorem 6.3.4, we classify all indecomposable 0-models satisfying the

condition JxJy = 0 for all x, y.

In Section 6.4, we show the condition dim(V ) ≤ 13 in Theorem 6.3.3

is sharp; there is a 14-dimensional 0-model of signature (8, 6) which is

Jacobi-Tsankov but which does not satisfy JxJy = 0 for all x, y. This

model is geometrically realizable and we examine the properties of various

geometrical realizations.

6.1.2 Skew Tsankov manifolds

One can raise similar questions for the skew-symmetric curvature operator.

The following result of Tsankov (2005) is seminal in the subject.

Theorem 6.1.2 [Tsankov] A hypersurface in Rm+1 is orthogonally skew

Tsankov if and only if |λ1| = ... = |λm|, or λ1 = ... = λm−1 = 0 and

λm 6= 0, or λ1 = ... = λm−2 = 0, and λm−1 6= 0 and λn 6= 0.

We have additional examples provided by our previous discussion:

Theorem 6.1.3

(1) If M is the neutral signature generalized plane wave manifold of Defi-

nition 2.5.1, then M is skew Tsankov and Jacobi Tsankov.
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(2) Let M be as in Definition 2.7.1. If s = 2, then M is skew Tsankov.

Proof. Let M be as in Definition 2.5.1. Adopt the notation established

in Section 2.5. By Lemma 2.5.1, Aξ1ξ2Aξ3ξ4 = 0 for all ξi ∈ TM and

Jη1Jη2 = 0 for all ηi ∈ TM .

Let M be as in Definition 2.7.1 with s = 2. Adopt the notation

established in Section 2.7. The only non-zero quadratic curvatures are

AUiUjAUkUl . Since s = 2, we need only consider AU1U2 . It is now immedi-

ate that M is skew Tsankov. We remark that if s = 3, then A is not skew

Tsankov since

AU1U3AU2U3U2 = AU1U3(−T3) = V3,

AU2U3AU1U3U2 = 0 .
�

In Section 6.5 we follow the treatment in Brozos-Vázquez and Gilkey

(2006a). We shall present a complete classification of Riemannian skew

Tsankov 0-models and we shall exhibit some irreducible 3-dimensional and

4-dimensional Riemannian skew Tsankov manifolds.

6.1.3 Stanilov–Videv manifolds

Let {ei}1≤i≤k be a basis for a non-degenerate k-plane π. Recall that the

higher order Jacobi operator Jπ of Stanilov and Videv (1992) is defined by:

Jπ :=
∑

1≤i,j≤k
ξijJeiej

where ξij := 〈ei, ej〉 and where ξij is the inverse matrix. Note that if π = V

is the whole vector space, then ρ = JV is the Ricci operator.

If k = 2, let Aπ := Ae1e2 be the skew-symmetric curvature operator.

Motivated by the discussion in Stanilov and Videv (2004), one says that

M is Stanilov–Videv if AπJπ = JπAπ for all non-degenerate 2-planes π.

One has the following result of Stanilov and Videv (2004), see also Videv

(2005):

Theorem 6.1.4 Let M be a 4-dimensional Riemannian 0 model. Then

M is Einstein if and only if M is Stanilov–Videv.

There is also related work by Ivanova and Videv (2004) showing

Theorem 6.1.5 Let M be a 4-dimensional Riemannian 0-model. Then

JπAπ⊥ = Aπ⊥Jπ for all 2-planes π if and only if M has constant sectional
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curvature.

6.1.4 Jacobi Videv manifolds and 0-models

We follow the discussion of Gilkey, Puffini, and Videv (2006) in Section 6.6.

Let ρ be the Ricci operator of a 0-model M = (V, 〈·, ·〉, A). Recall that M

is said to be Jacobi Videv if ρJ (x) = J (x)ρ for all x ∈ V . In Theorem

6.6.1, we give some equivalent characterizations of this property in terms

of the higher order Jacobi operator. In Theorem 6.6.2, we establish some

decomposition theorems; in particular we show that an indecomposable

Riemannian model is Jacobi Videv if and only if it is Einstein; we present

some examples showing this fails in the higher signature setting.

6.2 Riemannian Jacobi Tsankov Manifolds and 0-Models

In this section, we present work of Brozos-Vázquez and Gilkey (2005) that

deals with the Riemannian context and postpone until Section 6.3 a dis-

cussion of the pseudo-Riemannian setting. We adopt the notational con-

ventions established in Section 6.1. Recall that a 0-model M = (V, 〈·, ·〉, A)

has constant sectional curvature if A = cA〈·,·〉 for some constant c where

the associated curvature operator is

A〈·,·〉(x, y)z := 〈y, z〉x− 〈x, z〉y .

Let Θ be a Hermitian almost complex structure on V ; Θ exists, of course,

if and only if m is even. Following Eq. (1.3.a), the curvature operator is

defined by:

AΘ(x, y)z := 〈Θy, z〉Θx− 〈Θx, z〉Θy − 2〈Θx, y〉Θz .

Let W ⊂ V . To simplify the notation, we let S(W ) := S(W, 〈·, ·〉|W ) be

the sphere of unit vectors in W . Let x ∈ S(V ). One then has

JA〈·,·〉
(x)y =

{
y if y ⊥ x,

0 if y ∈ Span{x},
JAΘ(x)y = 3〈Θx, y〉Θx .

(6.2.a)

We have the following classification results:

Theorem 6.2.1 Let M = (V, 〈·, ·〉, A) be a Riemannian 0-model.

(1) M is Jacobi Tsankov if and only if A = 0.
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(2) M is orthogonally Jacobi Tsankov if and only if either M has constant

sectional curvature or there is a Hermitian almost complex structure Θ

so that A is a multiple of AΘ.

This result has a corresponding geometric analog

Theorem 6.2.2 Let M be a connected Riemannian manifold of dimen-

sion m.

(1) M is Jacobi Tsankov if and only if M is flat.

(2) Let m ≥ 3. M is orthogonally Jacobi Tsankov if and only if M has

constant sectional curvature.

Here is a brief outline to Section 6.2. In Section 6.2.1, we shall estab-

lish Theorem 6.2.1 (1); Theorem 6.2.2 (1) then follows as an immediate

consequence. In Section 6.2.2, we shall establish Theorem 6.2.1 (2) and in

Section 6.2.3, we shall establish Theorem 6.2.2 (2).

6.2.1 Riemannian Jacobi Tsankov 0-models

Let M = (V, 〈·, ·〉, A) be a Riemannian Jacobi Tsankov 0-model. The Jacobi

operators {Jx}x∈V form a commuting family of self-adjoint operators. Such

a family can be simultaneously diagonalized; there is an orthogonal direct

sum decomposition:

V = ⊕λEλ where Jxξ = λ(x)ξ ∀ ξ ∈ Eλ, ∀ x ∈ V .

Fix a unit vector ηλ ∈ Eλ. Then λ(x) = 〈Jxηλ, ηλ〉. Consequently the

functions x→ λ(x) are continuous functions of x.

Choose ξ ∈ V and decompose ξ =
∑
λ ξλ for ξλ ∈ Eλ. Let

O := {ξ ∈ V : ξλ 6= 0 ∀ λ} .

Then O is the complement of a finite number of hyperplanes and hence is

a dense open subset of V . Let ξ ∈ O. One then has:

0 = Jξξ =
∑

λ

λ(ξ)ξλ .

Since the {ξλ} are linearly independent, this implies λ(ξ) = 0 for all λ.

As λ(·) vanishes on O which is an open dense subset of V , λ(·) vanishes

identically. Thus Jx = 0 for all x ∈ V . By Lemma 1.7.1, A = 0. This

completes the proof of Theorem 6.2.1 (1). �
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We remark that another proof is given in Section 6.3.1.

6.2.2 Riemannian orthogonally Jacobi Tsankov 0-models

One implication of Theorem 6.2.1 (2) follows from:

Lemma 6.2.1 Let M = (V, 〈·, ·〉, A) be a Riemannian 0-model. If there

is a constant c so that either A = cA〈·,·〉 or A = cAΘ for some Hermitian

almost complex structure Θ on V , then M is orthogonally Jacobi Tsankov.

Proof. We apply Eq. (6.2.a). Let x, y ∈ S(V ) with x ⊥ y. Suppose

A = A〈·,·〉. Then

JxJyz = Jx
{
z if z ⊥ y,

0 if z ∈ Span{y},

=

{
z if z ⊥ x, y,

0 if z ∈ Span{x, y} .

This is symmetric in the roles of x and y and thus JxJy = JyJx. If, on

the other hand, A = AΘ, then 〈Θx,Θy〉 = 〈x, y〉 = 0 so

JxJy = 3Jx{〈Θy, z〉Θy} = 9〈Θy, z〉〈Θy,Θx〉Θx = 0 .

Again, this is symmetric in the roles of x and y so M is orthogonally Jacobi

Tsankov. �

Before establishing the converse to Lemma 6.2.1 and completing the

proof of Theorem 6.2.1 (2), we shall need a number of technical results.

Let

r(x) := Rank{Jx} .

Since Jxx = 0, r(x) ≤ m− 1 for any x ∈ V .

Lemma 6.2.2 Let M = (V, 〈·, ·〉, A) be a Riemannian orthogonally Jacobi

Tsankov 0-model of dimension m. If there exists x ∈ V with r(x) = m− 1,

then A has constant sectional curvature.

Proof. Let O :=
{
x ∈ V : Rank{Jx} = m − 1

}
. We suppose O is non-

empty. We wish to show O is an open and dense subset of V . Let x ∈ O.

Let B := {e1, ..., em−1} be an orthonormal basis for x⊥ = Range(Jx). Let

Jij(z) := 〈Jzei, ej〉. Set

pB(z) := det(Jij)(z) .
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Then pB is polynomial in z and by hypothesis pB(x) 6= 0. Thus

OB := {z : pB(z) 6= 0}

is a non-empty open dense subset of V which contains x. If y ∈ OB, then

r(y) ≥ m− 1. Since r(y) ≤ m− 1, r(y) = m− 1. This shows that OB ⊂ O
and O is a neighborhood of x; since x was arbitrary, O is open. Since O
contains a dense subset, this shows, as desired, that O is an open dense

subset of V .

Since M has constant sectional curvature if m = 2, we suppose m ≥ 3.

Let x ∈ O and let y ∈ x⊥. Then

JxJyx = JyJxx = 0 so 〈Jyx,Jxz〉 = 0 for all z .

As range(Jx) = x⊥, we have 〈Jyx, z〉 = 0 if z ⊥ x. Thus

A(x, y, y, z) = 0 if x ∈ O, z ⊥ x, y ⊥ x . (6.2.b)

Since O is dense, Eq. (6.2.b) holds for all x ∈ V . Thus if {ei} is an or-

thonormal basis for V and if {i, j, k} are distinct indices,

A(ei, ej , ej , ek) = 0 for i, j, k distinct .

Suppose that ` is a fourth distinct index; this is impossible, of course, if

m = 3. Polarization yields

A(ei, ej , e`, ek) +A(ei, e`, ej , ek) = 0 for i, j, k, ` distinct .

The previous relation together with the first Bianchi identity and the other

curvature identities of Eq. (1.2.g) show that:

0 = A(ei, ej , ek, e`) +A(ei, ek, e`, ej) +A(ei, e`, ej , ek)

= A(ei, ej , ek, e`) −A(ei, ek, ej , e`) −A(ei, ej , e`, ek)

= A(ei, ej , ek, e`) +A(ei, ej , ek, e`) +A(ei, ej , ek, e`)

= 3A(ei, ej , ek, e`) for i, j, k, ` distinct .

Thus the only non-zero curvatures are A(ei, ej , ej , ei) = cij for i 6= j. Con-

sider the new basis

eν(θ) :=





cos θei + sin θej if ν = i,

− sin θei + cos θej if ν = j,

eν if ν 6= i, j .
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If i, j, and k are distinct indices, then:

0 = A(ei(θ), ek, ek, ej(θ)) = cos θ sin θ{−cik + cjk} .

It now follows that cik = cjk for i, j, k distinct and, consequently, A has

constant sectional curvature. �

In light of Lemma 6.2.2, we may suppose that r(x) < m − 1 for all x

henceforth. Thus, in particular, given x, we can always choose y so x ⊥ y

and Jxy = 0.

Lemma 6.2.3 Let M = (V, 〈·, ·〉, A) be a Riemannian orthogonally Jacobi

Tsankov 0-model of dimension m. Assume r(x) < m− 1 for all x ∈ V . Let

0 6= x ∈ S(V ). Choose y ∈ S(V ) so y ⊥ x and so Jxy = 0. Then:

(1) Jyx = 0 and JxJy = 0.

(2) 0 = J 2
y + J 2

x − 4J 2
xy, JxyJx = JyJxy, and JxJxy = JxyJy.

(3) Let {x, z1, z2} be an orthonormal set. Suppose that Jxz1 = λ1z1 and

Jxz2 = λ2z2 where λ1 6= λ2. Then Jz1z2 = 0.

(4) Let Ξ = diag(λ1, ..., λr) where λi are the non-zero eigenvalues of Jx,
repeated according to multiplicity. We can choose an orthonormal basis

for V so that

Jx =




Ξ 0 0

0 0 0

0 0 0


 , Jy =




0 0 0

0 Ξ 0

0 0 0


 , Jxy =

1

2




0 Ξ 0

Ξ 0 0

0 0 0


 .

Proof. Suppose that Jxy = 0. By Eq. (6.1.a),

{Jcos θx+sin θyJ− sin θx+cos θy}y
= Jcos θx+sin θy{sin2 θJx − 2 sin θ cos θJxy + cos2 θJy}y
= {cos2 θJx + 2 sin θ cos θJxy + sin2 θJy}{sin θ cos θJyx}
= 2 sin2 θ cos2 θJxyJyx+ sin3 θ cos θJyJyx
= {J− sin θx+cos θyJcos θx+sin θy}y
= J− sin θx+cos θy{cos2 θJx + 2 cos θ sin θJxy + sin2 θJy}y
= {sin2 θJx − 2 cos θ sin θJxy + cos2 θJy}{− cosθ sin θJyx}
= 2 cos2 θ sin2 θJxyJyx− cos3 θ sin θJyJyx.

This equality for all θ shows J 2
y x = 0. Since Jy is self-adjoint and the

metric is definite, Jyx = 0.
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We have JxJyy = 0 and JxJyx = 0. Let z ⊥ {x, y}. To complete the

proof of Assertion (1), we must show JxJyz = 0. We compute:

0 = Jcos θx+sin θzJyx = JyJcos θx+sin θzx

= Jy{cos2 θJx + 2 cos θ sin θJxz + sin2 θJz}x
= − cos θ sin θJyJxz + sin2 θJzJyx
= − cos θ sin θJyJxz .

We now prove Assertion (2). Because Jxyx = − 1
2Jyx = 0 and because

Jxyy = − 1
2Jxy = 0, we have:

Jxy{− sin θx+ cos θy} = 0, so

Jcos θx+sin θy{− sin θx+ cos θy} = 0 .

Thus applying Assertion (1) to the pair {cos θx + sin θy,− sin θx+ cos θy}
permits us to derive Assertion (2) from the following identity:

0 = Jcos θx+sin θyJ− sin θx+cos θy

= {cos2 θJx + 2 sin θ cos θJxy + sin2 θJy}
·{sin2 θJx − 2 sin θ cos θJxy + cos2 θJy}

= cos2 θ sin2 θ{J 2
y + J 2

x − 4J 2
xy} + 2 sin3 θ cos θ{JxyJx −JyJxy}

+ 2 sin θ cos3 θ{JxyJy −JxJxy} .

Let {x, z1, z2} be an orthonormal set with Jxzi = λizi where λ1 6= λ2.

To prove Assertion (3), we compute

JxJcos θz1+sin θz2z1 = Jx{2 cos θ sin θJz1z2 + sin2 θJz2}z1
= Jx{− cos θ sin θJz1z2 + sin2 θJz2z1}
= −λ2 cos θ sin θJz1z2 + λ1 sin2 θJz2z1
= Jcos θz1+sin θz2Jxz1 = λ1{2 cos θ sin θJz1z2 + sin2 θJz2}z1
= −λ1 cos θ sin θJz1z2 + λ1 sin2 θJz2z1.

Assertion (3) now follows since we have

λ2Jz1z2 = λ1Jz1z2 .

To prove Assertion (4), choose an orthonormal basis {e1, ..., er} for

Range(Jx) so

Jxei = λiei for λi 6= 0 .
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We then have Jyei = 0 and thus 4J 2
xyei = λ2

i ei. Define:

fi := 2λ−1
i Jxyei .

The collection {f1, ..., fr} is an orthonormal set since:

〈fi, fj〉 = 4λ−1
i λ−1

j 〈Jxyei,Jxyej〉 = 4λ−1
i λ−1

j 〈J 2
xyei, ej〉 = δij .

Furthermore, fi ∈ ker(Jx) = Range(Jx)⊥ because:

Jxfi = 2λ−1
i JxJxyei = 2λ−1

i JxyJyei = 0 .

This shows {e1, ..., e`, f1, ..., f`} is an orthonormal set. We set

Ξ = diag(λ1, ...., λ`) .

Since JyJxy = JxyJx, we have Jyfi = λifi. Note that

Jxyei = 1
2λifi and Jxyfi = 2λ−1

i J 2
xyei = 1

2λiei .

On the subspace Span{e1, ..., e`, f1, ..., f`} one has that

Jx =

(
Ξ 0

0 0

)
, Jy =

(
0 0

0 Ξ

)
, Jxy =

(
0 1

2Ξ
1
2Ξ 0

)
.

On the other hand, clearly Jx = Jy = 0 on {Range(Jx) ⊕ Range(Jy)}⊥.

If ξ ∈ {Range(Jx) ⊕ Range(Jy)}⊥, then Jxξ = Jyξ = 0 so Assertion (2)

yields

〈Jxyξ,Jxyξ〉 = 〈J 2
xyξ, ξ〉 = 1

4 〈(J 2
x + J 2

y )ξ, ξ〉 = 0 .

This shows Jxyξ = 0 as well and gives the desired decomposition. �

We continue our study. Let

W (x) := Span{x} ⊕ Range(Jx) .

Lemma 6.2.4 Let M = (V, 〈·, ·〉, A) be a Riemannian orthogonally Jacobi

Tsankov 0-model of dimension m. Assume that r(x) < m− 1 for all x. Let

x ∈ S(V ). If w ∈ S(W (x)), then:

(1) Range(Jw) ⊂W (x) and Jw vanishes on W (x)⊥.

(2) Jw is similar to Jx.
(3) Jx has at most one non-zero eigenvalue.
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Proof. Fix w ∈ S(W (x)). Expand w = a0x +
∑
aiwi where we have

Jxwi = λiwi for λi 6= 0. Let y ∈ W (x)⊥ ∩ S(V ). We apply Lemma 6.2.3.

As y ⊥ Range(Jx), Jxy = 0 so Jyx = 0. Furthermore since Jxy = 0, since

Jxwi = λiwi, and since λi 6= 0, one has Jywi = 0. Thus Jyw = 0 and

consequently Jwy = 0 for all y ∈ W (x)⊥. Thus

Range(Jw) ⊂W (x) and Jw = 0 on W (x)⊥ .

This proves Assertion (1). Furthermore Jxy = 0 and Jwy = 0 implies Jx
is similar to Jy and Jw is similar to Jy. This establishes Assertion (2).

To show that Assertion (3) is true, we apply Assertion (2) to see

Rank(Jw) = Rank(Jw|W (x)) = dim(W (x)) − 1 = r(x) .

Suppose Jx has two distinct non-zero eigenvalues λi 6= λj for some i < j.

Then Jwiwj = 0. Since Jwiwi = 0, we would have Rank{Jwi} ≤ r − 1

which is false. Thus Jx = λ id on Range(Jx). �

Lemma 6.2.5 Let M = (V, 〈·, ·〉, A) be a Riemannian orthogonally Jacobi

Tsankov 0-model of dimension m where A 6= 0. Assume that r(x) < m− 1

for all x. Then M is Osserman, J has only one non-zero eigenvalue λ on

S(V ), and that λ has multiplicity 1.

Proof. Let e0 = x and f0 = y. Let λ be the non-zero eigenvalue for Jx
and let r = r(x). Let the index i range from 1 through r and the index

k range from 1 through dim(V ) − 2r − 2. By Lemma 6.2.3 there is an

orthonormal basis {e0, ..., er, f0, ..., fr, g1, ..., g`} for V so that

Je0e0 = 0, Jf0e0 = 0, Je0f0e0 = 0,

Je0f0 = 0, Jf0f0 = 0, Je0f0f0 = 0,

Je0ei = λei, Jf0ei = 0, Je0f0ei = 1
2λfj for 1 ≤ i ≤ r,

Je0fi = 0, Jf0fi = λfi, Je0f0fi = 1
2λei for 1 ≤ i ≤ r,

Je0gk = 0, Jf0gk = 0, Je0f0gk = 0 for 1 ≤ k ≤ `.

Suppose that r(x) ≥ 2. Note that Je1 preserves Span{e0, ..., er} = W (e0).

Since λ is an eigenvalue of multiplicity r on W (e0), since Je1 vanishes on

W (e0)
⊥, and since Je1e1 = 0,

Je1e2 = λe2, and Je1f2 = 0 .

Let ξ = 1√
2
(e0 + f0); Jξ = 1

2{Je0 + Jf0 + 2Je0f0} so

Jξ{e2} = 1
2λ(e2 + f2) .
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The following contradiction shows r(x) ≤ 1:

JξJe1f2 = 0 and Je1Jξf2 = 1
2λ

2e2 .

Since 2 + 2r ≤ dimV , one has that m ≥ 4. Suppose that m > 4. Let

x, z ∈ S(V ). Let

W (x, z) := Span{x,Range(Jx), z,Range(Jz)} .

Since dim{W (x, z)} ≤ 4 < dim{V }, we may choose y ∈ S(V ) so that

y ⊥W (x, z). We then have Jxy = 0 and Jzy = 0. Thus Jx is similar to Jy
and Jz is similar to Jy. This shows Jx and Jz are similar and hence have

the same eigenvalues as desired. This establishes the Lemma if m 6= 4.

Suppose that m = 4. Choose an orthonormal basis {e1, e2, e3, e4} for

V so that Je1e3 = 0 and e2 ∈ Range{Je1}. We assume without loss of

generality that λ = 1. Let Ji := Jei and let Jij := Jeiej . By Lemmas 6.2.3

and 6.2.4, the non-zero components of Ji are:

J1e2 = e2, J2e1 = e1, J3e4 = e4, J4e3 = e3 . (6.2.c)

Since J1e2 = e2, Lemma 6.2.4 applies. We conclude that Jcos θe1+sin θe2

preserves Span{e1, e2}, has spectrum {0, 1}, and is zero on the orthogonal

complement Span{e3, e4}. Thus J12e3 = J12e4 = 0. By Eq. (6.1.a), we

have Jijej = − 1
2Jjei. Consequently:

J12e1 = − 1
2e2, J12e2 = − 1

2e1, J12e3 = 0, J12e4 = 0 .

This determines J12; J34 is determined similarly. On the other hand, since

J1e3 = 0, we can apply Eq. (6.1.a) and Lemma 6.2.3 to see

J13e1 = 0, J13e2 = ± 1
2e4, J13e3 = 0, J13e4 = ± 1

2e2 .

Similar arguments can be employed to study J14, J23, and J24. This shows

there exist constants εij = ± 1
2 so the non-zero components of Jij are:

J12e1 = − 1
2e2, J12e2 = − 1

2e1, J13e2 = ε13e4, J13e4 = ε13e2,

J14e2 = ε14e3, J14e3 = ε14e2, J23e1 = ε14e4, J23e4 = ε14e1,

J24e1 = ε24e3, J24e3 = ε24e1, J34e3 = − 1
2e4, J34e4 = − 1

2e3 .

(6.2.d)

We consider the moving frame

e1(θ, φ) := cos θe1 + sin θe2, e2(θ, φ) = − sin θe1 + cos θe2,

e3(θ, φ) := cosφe3 + sinφe4, e4(θ, φ) = − sinφe3 + cosφe4 .
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We then have

Je1(θ,φ)e2(θ, φ) = e2(θ, φ),

Je1(θ,φ)e3(θ, φ) = 0,

Je1(θ,φ)e4(θ, φ) = 0 .

Similar calculations hold for Jei(θ,φ) for i = 2, 3, 4. Consequently

Eqs. (6.2.c) and (6.2.d) continue to hold as functions of (θ, φ). Thus the

signs εij(θ, φ) are constant. One has:

ε13 = ε13(0, 0), ε14 = −ε13(0, 1
2π) = −ε13,

ε23 = −ε13( 1
2π, 0) = −ε13, ε24 = ε13(

1
2π,

1
2π) = ε13 .

By replacing e2 by −e2 if necessary, one can also assume that ε13 = 1. One

then has ε14 = − 1
2 , ε23 = − 1

2 , and ε24 = 1
2 . This completely determines the

structure of Ji and Jij and thereby J . By Lemma 1.7.1, this determines

A. This shows that up to gauge equivalence there is only one orthogonally

Jacobi Tsankov algebraic curvature tensor on V with a point x ∈ S(V ) so

that r(x) = 1 and λ = 1.

Let Θ be any Hermitian almost complex structure on R4. Then 1
3RΘ

defines a Riemannian orthogonally Jacobi Tsankov model with r(x) = 1

for any x ∈ S(V ) and with λ = 1. Thus A is isomorphic to 1
3AΘ which is

Osserman. �

We have now established the necessary preliminaries to complete the

proof of Theorem 6.2.1 (2). Suppose M = (V, 〈·, ·〉) is an orthogonally

Jacobi Tsankov Riemannian 0-model. Suppose that A 6= 0. If r(x) = m−1

for any vector x ∈ S(V ), then A has constant sectional curvature by Lemma

6.2.2. On the other hand, if r(x) < m − 1 for every point x ∈ S(V ), then

A is Osserman and Rank{Jx} = 1 for every x ∈ S(V ) by Lemma 6.2.5.

Theorem 1.9.5 then shows A = c0A〈·,·〉 + c1AΘ for some Hermitian almost

complex structure on V ; necessarily c0 = 0 since the rank is 1. �

6.2.3 Riemannian Jacobi Tsankov manifolds

Let M = (M, g) be a connected Riemannian manifold. We shall apply

Theorem 6.2.1 to prove Theorem 6.2.2. Suppose first that M is Jacobi

Tsankov. Then R = 0 so M is flat.

Suppose M is orthogonally Jacobi Tsankov and m ≥ 3. Let O be open

subset of points P ∈ M so that there exists a unit tangent vector x(P )

with r(x(P )) = m − 1. Then g|O has constant sectional curvature. Thus
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RP = cPR〈·,·〉 on O. Since m ≥ 3, the multiple cP is locally constant. Thus

R = cA〈·,·〉 on the closure of O. Thus O is an open and closed subset of M

and hence all of M .

Thus if M does not have constant sectional curvature, r(x) < m − 1

for all x ∈ S(M, g). Hence r(x) = 1 for all x ∈ S(M). Furthermore m

is even and there is an almost complex structure Θ(Q) defined on TQ for

every Q ∈M so that R = λAΘ. In addition, the almost complex structure

is uniquely determined up to sign. After a bit of technical fuss, one can

see that Θ can be chosen to vary smoothly with Q, at least locally; global

questions are irrelevant to our argument. The metric in question is Einstein

and thus ρ(x, x) = 3λ(x) is constant. Thus M is globally Osserman. This

possibility is ruled out by Theorem 1.9.5; results of Tricerri and Vanhecke

(1981) could also be used. The generalized complex space forms of Olszak

(1989) play no role here. �

6.3 Pseudo-Riemannian Jacobi Tsankov 0-Models

In this section, we present work of Brozos-Vázquez and Gilkey (2006). Let

M = (V, 〈·, ·〉, A) be a 0-model. We set Jx := J (x). Recall that M is

said to be Jacobi Tsankov if JxJy = JyJx for all x, y ∈ V . We showed

in Section 6.2 that any Riemannian Jacobi Tsankov 0-model is flat. Thus

A = 0. In this section, we study the higher signature setting. The following

result will be established in Section 6.3.1:

Theorem 6.3.1 Let M = (V, 〈·, ·〉, A) be a Jacobi Tsankov 0-model.

Then:

(1) J 2
x = 0 for all x ∈ V .

(2) M is Osserman.

(3) If M is Riemannian or Lorentzian, then A = 0.

Theorem 6.3.1 has the following geometrical consequence:

Corollary 6.3.1 Let M be a Jacobi Tsankov pseudo-Riemannian man-

ifold of signature (p, q). Then M is nilpotent Osserman. If p = 0 or if

p = 1, then M is flat.

One might conjecture that the condition J 2
x = 0 for all x ∈ V is suffi-

cient to imply M is Jacobi Tsankov. We show this is not the case in Section

6.3.2 by showing
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Theorem 6.3.2 There exists a 0-model M = (V, 〈·, ·〉, A) which is not

Jacobi Tsankov but which has J 2
x = 0 for all x ∈ V .

If JxJy = 0 for all x, y ∈ V , then necessarily M is Jacobi Tsankov. In

Section 6.3.3, we will show that the converse holds in low dimensions:

Theorem 6.3.3 Let M = (V, 〈·, ·〉, A) be a Jacobi Tsankov 0-model of

dimension m. If m ≤ 13, then JxJy = 0 for all x, y ∈ V .

The following classification theorem will be established in Section 6.3.4:

Theorem 6.3.4 Let M = (V, 〈·, ·〉, A) be a 0-model. The following state-

ments are equivalent:

(1) M is indecomposable and JxJy = 0 for all x, y ∈ V .

(2) M is indecomposable and Ax1x2Ax3x4 = 0 for all xi ∈ V .

(3) We can decompose V = W ⊕ W̄ and A = AW ⊕ 0 where (W,AW ) is

an irreducible weak 0-model and where W and W̄ are totally isotropic

subspaces of V .

In Section 6.4, we will show the assumption m ≤ 13 in Theorem 6.3.3

is sharp by studying the geometry of a model of signature (8, 6) which is

Jacobi Tsankov, which is indecomposable, but which does not have the

form given in Theorem 6.3.4.

6.3.1 Jacobi Tsankov 0-models

This section is devoted to the proof of Theorem 6.3.1. We adopt the nota-

tion of Section 6.1 to define Jx and Jxy. A central role in our discussion

will be played by Eq. (6.1.a). Let M = (V, 〈·, ·〉, A) be a Jacobi Tsankov

0-model. Polarizing the identity JxJy = JyJx yields:

Jx1x2Jx3x4 = Jx3x4Jx1x2 for all x1, x2, x3, x4 ∈ V .

As Jxx = 0, Eq. (6.1.a) yields Assertion (1) of Theorem 6.3.1 since

0 = JxyJxxx = JxxJxyx = − 1
2JxJxy .

Since the Jacobi operator is nilpotent, {0} is the only eigenvalue of J .

This shows that A is Osserman. If p = 0, then Jx is diagonalizable. Con-

sequently, J 2
x = 0 implies Jx = 0 for all x. It now follows A = 0. If p = 1,

then A is Osserman implies A has constant sectional curvature c by Theo-

rem 1.9.7. Since J 2
x = 0, c = 0 which again implies A = 0. This completes

the proof of Theorem 6.3.1. ut
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In fact, it is possible to work in a slightly more general setting. Following

Bokan (1990), one says that C is a generalized curvature operator if it has

the symmetries of the curvature operator which is defined by a torsion free

connection. This means that one imposes the symmetries:

C(x, y)z = −C(y, x)z,

C(x, y)z + C(y, z)x+ C(z, x)y = 0.

This is a slightly more general class than the set of affine curvature ten-

sors described in Definition 1.3.3. The proof given above then generalizes

immediately to yield:

Corollary 6.3.2 If C is a generalized curvature operator on V which is

Jacobi Tsankov, then JC is Osserman and JC(x)2 = 0 for all x ∈ V .

6.3.2 Non Jacobi Tsankov 0-models with J 2

x = 0 ∀ x

We showed in Theorem 6.3.1 that if M = (V, 〈·, ·〉, A) is Jacobi Tsankov,

then J 2
x = 0 for all x ∈ V . In this section, we exhibit a 0-model such that

J 2
x = 0 for all x ∈ V but which is not Jacobi Tsankov. This will complete

the proof of Theorem 6.3.2.

Let φ be a skew-symmetric endomorphism of V . Following Eq. (1.3.a),

define an algebraic curvature tensor Aφ and associated Jacobi operator Jφ:

Aφ(x, y, z, w) := 〈φy, z〉〈φx,w〉 − 〈φx, z〉〈φy, w〉 − 2〈φx, y〉〈φz, w〉,
Jφ(x)y = 3〈y, φx〉φx .

Let R(p,q) denote Euclidean space with a metric of signature (p, q). The-

orem 6.3.2 is a consequence of the following result:

Lemma 6.3.1 There exist skew-symmetric endomorphisms {Φ,Ψ} of

R(`,`) for some ` so that Φ2 = Ψ2 = 0, so that ΦΨ + ΨΦ = 0, and so

that ΦΨ 6= 0. Set M := (R(`,`), 〈·, ·〉, A) where A = 1
3{AΦ + AΨ}. Then

J 2
x = 0 for all x and M is not Jacobi Tsankov.

Proof. By Lemma 4.4.1, there is a collection of skew-symmetric endo-

morphisms of R(`,`) so that

φ2
1 = φ2

2 = id, φ2
3 = φ2

4 = − id, φiφj + φjφi = 0 for i 6= j .

Lemma 1.4.5 of Gilkey (2002) shows one may take ` = 4. One may then set

Φ = φ1 +φ3 and set Ψ = φ2 +φ4 to construct skew-adjoint endomorphisms
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so

Φ2 = Ψ2 = 0, ΦΨ + ΨΦ = 0 .

Suppose that ΦΨ = 0. We argue for a contradiction. We conjugate the

identity

(φ1 + φ3)(φ2 + φ4) = 0

by φ1 yields

0 = (−φ1 + φ3)(φ2 + φ4) .

Adding these two equations yields φ3(φ2 + φ4) = 0. Multiplying by φ3

implies φ2 + φ4 = 0. Conjugating this identity by φ2 yields φ2 − φ4 = 0

and thus φ2 = 0. This is not possible. Thus ΦΨ 6= 0. One computes:

Jxy = 〈y,Φx〉Φx + 〈y,Ψx〉Ψx,
JuJvy = 〈y,Φv〉〈Φv,Φu〉Φu+ 〈y,Φv〉〈Φv,Ψu〉Ψu

+ 〈y,Ψv〉〈Ψv,Φu〉Φu+ 〈y,Ψv〉〈Ψv,Ψu〉Ψu
= 〈y,Φv〉〈Φv,Ψu〉Ψu+ 〈y,Ψv〉〈Ψv,Φu〉Φu .

Since 〈Φx,Ψx〉 = −〈ΨΦx, x〉 = 〈ΦΨx, x〉 = −〈Ψx,Φx〉, we have, as desired,

JxJx = 0 .

Choose u so ΨΦu 6= 0. Set y = Φu. Choose v so 〈Φu,Ψv〉 6= 0. Then:

JuJvy = 〈Φu,Φv〉〈Φv,Ψu〉Ψu+ 〈Φu,Ψv〉〈Ψv,Φu〉Φu
= 〈Φu,Ψv〉2Φu 6= 0,

JvJuy = 〈Φu,Φu〉〈Φu,Ψv〉Ψv + 〈Φu,Ψu〉〈Ψu,Φv〉Φv
= 0 .

Then JuJvy 6= 0 while JvJuy = 0. Consequently M is not a Jacobi

Tsankov 0-model. �

6.3.3 0-models with JxJy = 0 ∀ x, y ∈ V

Theorem 6.3.3 will follow from the following result which also plays a central

role in motivating the example to be studied presently in Section 6.3.4:

Lemma 6.3.2 Let M := (V, 〈·, ·〉, A) be a Jacobi Tsankov 0-model. Sup-

pose that there exist x, y ∈ V so that JxJy 6= 0.
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(1) There exists w ∈ V so 〈JxJyw,w〉 = 〈JyJwx, x〉 = 〈JwJxy, y〉 6= 0.

(2) S := {e1, ..., e5, f1, ..., f5, g1, ..., g4} is a linearly independent set where

e1 := w, e2 := JxJyw, e3 := Jxw, e4 := Jyw, e5 := Jxyw,
f1 := x, f2 := JyJwx, f3 := Jyx, f4 := Jwx, f5 := Jywx,
g1 := y, g2 := JwJxy, g3 := Jwy, g4 := Jxy, g5 := Jwxy.

(3) e5 + f5 + g5 = 0.

(4) dim(V ) ≥ 14.

Proof. Choose w and f so 〈JxJyw, f〉 6= 0. Set w(ε) := w + εf . Then

p(ε) : = 〈w(ε),JxJyw(ε)〉
= 〈w,JxJyw〉 + 2ε〈JxJyw, f〉 + ε2〈JxJyf, f〉 .

As 〈JxJyw, f〉 6= 0, p(ε) is a non-trivial polynomial in ε. Thus it is non-zero

for a suitable choice of ε. Thus after replacing w by w(ε) for suitably chosen

ε, we see that there is w ∈ V with 〈w,JxJyw〉 6= 0. Applying Eq. (6.1.a)

yields:

〈JyJwx, x〉 = −2〈JyJwxw, x〉 = −2〈Jyw,Jwxx〉
= 〈Jyw,Jxw〉 = 〈JxJyw,w〉 .

Similarly, 〈JwJxy, y〉 = 〈JxJyw,w〉 and Assertion (1) follows.

Because Jx+εyJx+εy = 0 for every ε ∈ R and because M is Jacobi

Tsankov, we have the following relations:

J 2
x = 0, J 2

y = 0, JxJy = JyJx,
JxJxy = JxyJx = 0, JyJxy = JxyJy = 0, J 2

xy = − 1
2JxJy .

We have JwJyx 6= 0 and JwJxy 6= 0 by Assertion (1). To prove Assertion

(2), suppose there is a non-trivial dependence relation among the elements

of the set S:

0 =
5∑

i=1

{aiei + bifi + cigi}

= a1w + a2JxJyw + a3Jxw + a4Jyw + a5Jxyw (6.3.a)

+ b1x+ b2JyJwx+ b3Jyx+ b4Jwx+ b5Jywx
+ c1y + c2JwJxy + c3Jwy + c4Jxy + c5Jwxy,

where, since g5 /∈ S, we suppose c5 = 0.
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We can apply JxJy to Eq. (6.3.a) to see a1JxJyw = 0. Since, by

Assertion (1), JxJyw 6= 0, a1 = 0. Similarly b1 = c1 = 0. If we now apply

Jx to Eq. (6.3.a), we see

a4JxJyw + c3JxJwy = 0 so

0 = 〈a4JxJyw + c3JxJwy, w〉 = a4〈JxJyw,w〉 .

By Assertion (1), a4 = 0. Similarly, a3 = b3 = b4 = c3 = c4 = 0. Thus

Eq. (6.3.a) simplifies to become

0 = a2JxJyw + a5Jxyw + b2JyJwx+ b5Jywx+ c2JwJxy + c5Jwxy .

Applying Jxy then yields

0 = a5J 2
xyw + b5JxyJywx+ c5JxyJwxy

= (a5J 2
xy + 1

4 (b5 + c5)JxJy)w
= (a5 − 1

2 (b5 + c5))J 2
xyw .

This shows a5 = 1
2 (b5 + c5); since a5, b5, and c5 play symmetric roles, we

obtain a5 = b5 = c5. Since c5 = 0, we have a5 = b5 = 0. Taking the inner

product with x, y, and w then yields, respectively b2 = 0, c2 = 0, and

a2 = 0, which completes the proof of Assertion (2).

To prove Assertion (3), we use the curvature symmetries to compute:

e5 + f5 + g5 = Jxyw + Jywx+ Jwxy
= 1

2{Awxy + Awyx+ Axyw + Axwy + Aywx+ Ayxw}
= 0 .

Assertion (4) is immediate from Assertion (2). �

6.3.4 0-models with AxyAzw = 0 ∀ x, y, z, w ∈ V

In this section, we prove Theorem 6.3.4. The following Lemma shows that

Assertion (3) implies Assertion (2) in Theorem 6.3.4.

Lemma 6.3.3 Let M be as in Theorem 6.3.4 (3). Then M is indecom-

posable and Ax1x2Ax3x4 = 0 for all xi ∈ V .

Proof. Let M = (V, 〈·, ·, 〉, A) be as in Theorem 6.3.4 (3). This means

that V = W⊕W̄ , that A = AW⊕0, thatW and W̄ are totally isotropic, and

that (W,AW ) is irreducible. Suppose there is a non-trivial decomposition

M = M1 ⊕ M2 where Mi = (Vi, 〈·, ·〉i, Ai) .
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This would then induce a non-trivial decomposition of (W,AW ). Since

(W,AW ) is assumed indecomposable, eitherW ⊂ V1 orW ⊂ V2; we suppose

without loss of generality that W ⊂ V1. As W and W̄ are totally isotropic

and as V = W ⊕W̄ , we have W⊥ = W . Because V2 ⊥W , we may conclude

that V2 ⊂ W . Since V2 ∩ V1 = {0}, this implies V2 = {0} which is false.

Consequently M is indecomposable.

Choose a basis {ei} forW and choose a basis {ēi} for W̄ so the only non-

zero components of the inner product are 〈ei, ēi〉 = 1. The only non-zero

components of A are

A(ei, ej)ek =
∑

l

AW (ei, ej , ek, el)ēl .

This shows Ax1x2Ax3x4 = 0. �

We now show Assertion (2) implies Assertion (1) in Theorem 6.3.4.

Lemma 6.3.4 Let M := (V, 〈·, ·〉, A). If Ax1x2Ax3x4 = 0 for all xi ∈ V ,

then JxJy = 0 for all x, y ∈ V .

Proof. Suppose Ax1x2Ax3x4 = 0 for all xi ∈ V . One then may compute:

0 = −〈Ax1x2Ax3x4x4, x2〉 = 〈Ax3x4x4,Ax1x2x2〉
= 〈Jx4x3,Jx2x1〉 = 〈Jx2Jx4x3, x1〉.

This shows Jx2Jx4 = 0 for all x2, x4 ∈ V . �

Before completing the proof of Theorem 6.3.4, we must establish a tech-

nical result.

Lemma 6.3.5 Let M := (V, 〈·, ·〉, A). Suppose that Jxy = 0 for all

x ∈ V . Then A(x1, x2, x3, y) = 0 for all xi ∈ V .

Proof. We compute:

A(x1, x2, x3, y) +A(x1, x3, x2, y) = 2〈Jx2x3x1, y〉
= 2〈x1,Jx2x3y〉 = 0 .

Consequently A(x1, x2, x3, y) = −A(x1, x3, x2, y) for all xi ∈ V . Thus

0 = A(x1, x2, x3, y) +A(x2, x3, x1, y) +A(x3, x1, x2, y)

= A(x1, x2, x3, y) −A(x2, x1, x3, y) −A(x1, x3, x2, y)

= A(x1, x2, x3, y) +A(x1, x2, x3, y) +A(x1, x2, x3, y)

= 3A(x1, x2, x3, y) . ut
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We complete our discussion by showing that Assertion (1) implies As-

sertion (3) in Theorem 6.3.4. Suppose that M is indecomposable and that

JxJy = 0 for all x, y ∈ V . Set

W ∗ := Spanv1,v2∈V {Jv1v2},
U := {v ∈ V : Jv1v = 0 ∀v1 ∈ V } .

Then by assumption, W ∗ ⊂ U . Furthermore, by Lemma 6.3.5,

A(v1, v2, v3, v4) = 0 if any of the vi ∈ U . Choose a complementary subspace

W1 so that V = U ⊕W1.

If w∗ ∈ W ∗, then w∗ =
∑

j Jxjyj . Thus if u ∈ U ,

〈w∗, u〉 = 〈
∑

j

Jxjyj , u〉 =
∑

j

〈yj ,Jxju〉 = 0 . (6.3.b)

As 〈·, ·〉 is non-degenerate, there must exist w̃ ∈ W1 so 〈w̃, w∗〉 6= 0. Fix

a basis {w∗
1 , ..., w

∗
k} for W ∗. The argument given above shows we can find

corresponding elements {w̃1, ..., w̃k} in W1 so

〈w̃i, w∗
j 〉 = δij .

If {w̃1, ..., w̃k} does not span W1, choose 0 6= w̃ ∈ W1 so that w̃ ⊥ W ∗.
Since w̃ /∈ U , there exists y so that Jyw̃ 6= 0. Choose z ∈ V so

0 6= 〈Jyw̃, z〉 = 〈w̃,Jyz〉 .

This contradicts the fact that w̃ ⊥W ∗. Thus {w̃1, ..., w̃k} is a basis for W1.

We set wi := w̃i − 1
2

∑
j〈w̃i, w̃j〉w∗

j . We then have

W := Span{wi}, W ∗ = Span{w∗
i }, V = W ⊕ U,

〈wi, wj〉 = 0, 〈w∗
i , w

∗
j 〉 = 0, 〈wi, w∗

j 〉 = δij .

Let {w∗
1 , ..., w

∗
k, ũ1, ..., ũl} be a basis for U . Set

ui := ũi −
∑

j

〈wj ,ũi〉w∗
j .

By Eq. (6.3.b), 〈w∗
i , ũj〉 = 0. Consequently 〈ui, wj〉 = 〈ui, w∗

j 〉 = 0 for

1 ≤ i ≤ l and 1 ≤ j ≤ k. Let T := Span{ui}. Then:

(V, 〈·, ·〉, A) = (W ⊕W ∗, 〈·, ·〉|W⊕W∗ , A|W ⊕ 0) ⊕ (T, 〈·, ·〉|T , 0) .

Since (V, 〈·, ·〉, A) is indecomposable, T = {0}. Since W and W ∗ are totally

isotropic, the Lemma follows. �
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6.4 A Jacobi Tsankov 0-Model with JxJy 6= 0 for some x, y

The condition dim{V } ≤ 13 in Theorem 6.3.2 is sharp. In this section,

we present work of Brozos-Vázquez, Gilkey, and Nikčević (2006) showing

that there is a counter example if m = 14. The study of this tensor in the

algebraic context and then subsequently in the geometric context will form

the focus of this section. We begin by specifying the 0-model of interest:

Definition 6.4.1 Let {αi, α∗
i , βi,1, βi,2, β4,1, β4,2} be a basis for R14 where

we shall let the index i range from 1 through 3. Let M14 := (R14, 〈·, ·〉, A)

be the 0-model where the non-zero components of 〈·, ·〉 and of A are given,

up to the usual symmetries, by:

〈αi, α∗
i 〉 = 〈βi,1, βi,2〉 = 1,

〈β4,1, β4,1〉 = 〈β4,2, β4,2〉 = − 1
2 , 〈β4,1, β4,2〉 = 1

4 ,

A(α2, α1, α1, β2,1) = A(α3, α1, α1, β3,1) = 1,

A(α3, α2, α2, β3,2) = A(α1, α2, α2, β1,2) = 1,

A(α1, α3, α3, β1,1) = A(α2, α3, α3, β2,2) = 1,

A(α1, α2, α3, β4,1) = A(α1, α3, α2, β4,1) = − 1
2 ,

A(α2, α3, α1, β4,2) = A(α2, α1, α3, β4,2) = − 1
2 .

(6.4.a)

One may then check by inspection that the Z2 symmetries of Definition

1.3.1 are satisfied as is the first Bianchi identity. Thus A is an algebraic

curvature tensor; the metric 〈·, ·〉 has signature (8, 6).

Let Sl±(3) be the group of all 3 × 3 matrices of determinant ±1 and

let G(M14) be the group of isomorphisms of M14. We will establish the

following result in Section 6.4.1 that describes the basic properties of the

model M14.

Theorem 6.4.1 Let M14 be the 0-model of Definition 6.4.1.

(1) M14 is Jacobi Tsankov.

(2) There exist xi ∈ V so Ax1x2Ax3x4 6= Ax3x4Ax1x2 . Thus M14 is not

skew Tsankov. Furthermore, there exist x, y ∈ V so JxJy 6= 0.

(3) There is a short exact sequence 1 → R21 → G(M14) → Sl±(3) → 1.

(4) One has Ax1x2Jx3 = Jx3Ax1x2 for all xi ∈ V . Thus, in particular,

M14 is Stanilov–Tsankov.

In Section 6.4.2, we show M14 is geometrically realizable by considering

the following family of examples:
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Definition 6.4.2 Let {xi, x∗i , yi,1, yi,2, y4,1, y4,2} be coordinates on R14

where the index i ranges from 1 through 3. Suppose given a collection of

functions Φ := {φi,1, φi,2} ∈ C∞(R) with φ′i,1φ
′
i,2 = 1. Let MΦ := (R14, gΦ)

where the non-zero components of gΦ are, up to the usual Z2 symmetry,

given by:

gΦ(∂xi , ∂x∗
i
) = gΦ(∂yi,1 , ∂yi,2) = 1,

gΦ(∂y4,1 , ∂y4,1) = gΦ(∂y4,2 , ∂y4,2) = − 1
2 , gΦ(∂y4,1 , ∂y4,2) = 1

4 ,

gΦ(∂x1 , ∂x1) = −2φ2,1(x2)y2,1 − 2φ3,1(x3)y3,1,

gΦ(∂x2 , ∂x2) = −2φ3,2(x3)y3,2 − 2φ1,2(x1)y1,2,

gΦ(∂x3 , ∂x3) = −2φ1,1(x1)y1,1 − 2φ2,2(x2)y2,2,

gΦ(∂x1 , ∂x3) = x2y4,2, gΦ(∂x2 , ∂x3) = x1y4,1.

Theorem 6.4.2 Let MΦ := (R14, gΦ) be as in Definition 6.4.2. Then

MΦ is a generalized plane wave manifold which has 0-model M14.

If we specialize the construction, we can say a bit more. We will establish

the following result in Section 6.4.3 by constructing isometry invariants:

Theorem 6.4.3 In Definition 6.4.2, set φ2,1(x2) = φ2,2(x2) = x2 and set

φ3,1(x3) = φ3,2(x3) = x3. Let {φ1,1, φ1,2} be real analytic with φ′
1,1φ

′
1,2 = 1

and with φ′′1,j 6= 0. Then

(1) Ξ := {1− φ′1,1φ
′′′
1,1(φ

′′
1,1)

−2}2 is a local isometry invariant of MΦ.

(2) If φ′1,1(x1) 6= becx1, then Ξ is not locally constant and hence MΦ is not

locally homogeneous.

There are symmetric spaces which have model M14.

Definition 6.4.3 Let {xi, x∗i , yi,1, yi,2, y4,1, y4,2} for 1 ≤ i ≤ 3 be coor-

dinates on R14. Let A := {ai,j} be a collection of real constants. Let

MA := (R14, gA) where the non-zero components of gA are given, up to the

usual Z2 symmetry, by:

gA(∂xi , ∂x∗
i
) = gA(∂yi,1 , ∂yi,2) = 1,

gA(∂y4,1 , ∂y4,1) = gA(∂y4,2 , ∂y4,2) = − 1
2 , gA(∂y4,1 , ∂y4,2) = 1

4 ,

gA(∂x1 , ∂x1) = −2a2,1x2y2,1 − 2a3,1x3y3,1,

gA(∂x2 , ∂x2) = −2a3,2x3y3,2 − 2a1,2x1y1,2,

gA(∂x3 , ∂x3) = −2a1,1x1y1,1 − 2a2,2x2y2,2,

gA(∂x1 , ∂x2) = 2(1 − a2,1)x1y2,1 + 2(1 − a1,2)x2y1,2,

gA(∂x2 , ∂x3) = x1y4,1 + 2(1 − a3,2)x2y3,2 + 2(1 − a2,2)x3y2,2,
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gA(∂x1 , ∂x3) = x2y4,2 + 2(1 − a3,1)x1y3,1 + 2(1 − a1,1)x3y1,1.

We will establish the following result in Section 6.4.4:

Theorem 6.4.4 Let MA be described by Definition 6.4.3. Then MA is

a generalized plane wave manifold with 0-model M14 . Furthermore MA is

locally symmetric if and only if

a1,1 + a2,2 + a3,1a3,2 = 2,

3a2,1 + 3a3,1 + 3a1,2a1,1 = 4, and

3a1,2 + 3a3,2 + 3a2,1a2,2 = 4.

6.4.1 The model M14

We study the algebraic properties of the model M14 which was introduced

in Definition 6.4.1 to establish Theorem 6.4.1. We establish the following

notational conventions. The following spaces are invariantly defined:

Vβ,α∗ := Spanξi∈R14{Jξ1ξ2} = Span1≤i≤3,1≤j≤2{βi,j , β4,j , α
∗
i },

Vα∗ := Spanξi∈R14{Jξ1Jξ2ξ3} = Span1≤i≤3{α∗
i } .

(6.4.b)

Define

β∗
4,1 := − 8

3β4,1 − 4
3β4,2, β∗

4,2 := − 4
3β4,1 − 8

3β4,2 .

One then has that

〈β∗
4,i, β4,j〉 = δij .

Proof of Theorem 6.4.1 (1). If ξ ∈ R14, then

Jξαi ⊂ Vβ,α∗ , Jξβij ⊂ Vα∗ , and Jξα∗
i = 0 .

Thus to show JxJy = JyJx for all x, y, it suffices to show

JxJyαi = JyJxαi
for all x, y, i. Since JxJyαi ∈ Vα∗ , this can be done by establishing:

〈Jxαi,Jyαj〉 = 〈Jyαi,Jxαj〉

for all x, y, i, j. Since Jx1x2αi ∈ Vα∗ if either x1 or x2 ∈ Vβ,α∗ , we may take

x1 = αi and x2 = αj . Let Jijk := Jαiαjαk. We must show:

〈Ji1i2i3 ,Jj1j2j3〉 = 〈Ji1i2j3 ,Jj1j2i3〉 ∀i1i2i3j1j2j3 .

The non-zero components of Jijk = Jjik are:
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J112 = β2,2, J113 = β3,2, J221 = β1,1,

J223 = β3,1, J331 = β1,2, J332 = β2,1,

J121 = − 1
2β2,2, J122 = − 1

2β1,1, J131 = − 1
2β3,2,

J133 = − 1
2β1,2, J232 = − 1

2β3,1, J233 = − 1
2β2,1,

J132 = 1
4β

∗
4,1 − 1

2β
∗
4,2 = β4,2,

J231 = − 1
2β

∗
4,1 + 1

4β
∗
4,2 = β4,1,

J123 = 1
4β

∗
4,1 + 1

4β
∗
4,2 = −β4,1 − β4,2.

The non-zero inner products are given by:

〈J112,J332〉 = 1, 〈J112,J233〉 = − 1
2 , 〈J121,J332〉 = − 1

2 ,

〈J121,J233〉 = 1
4 , 〈J113,J223〉 = 1, 〈J113,J232〉 = − 1

2 ,

〈J131,J223〉 = − 1
2 , 〈J232,J131〉 = 1

4 , 〈J221,J331〉 = 1,

〈J221,J133〉 = − 1
2 , 〈J122,J331〉 = − 1

2 , 〈J122,J133〉 = 1
4 ,

〈J123,J123〉 = ?, 〈J123,J132〉 = 1
4 , 〈J123,J231〉 = 1

4 ,

〈J132,J132〉 = ?, 〈J132,J231〉 = 1
4 , 〈J231,J231〉 = ?.

The desired symmetries are now immediate:

〈J112,J233〉 = − 1
2 = 〈J113,J232〉, 〈J123,J132〉 = 1

4 = 〈J122,J133〉,
〈J121,J332〉 = − 1

2 = 〈J122,J331〉, 〈J123,J231〉 = 1
4 = 〈J121,J233〉,

〈J131,J223〉 = − 1
2 = 〈J133,J221〉, 〈J132,J231〉 = 1

4 = 〈J131,J232〉 .

This completes the proof of Theorem 6.4.1 (1). �

Proof of Theorem 6.4.1 (2). It is immediate from the definition that

Jα3Jα2α1 = Jα3β1,1 = α∗
1

so there exist x, y ∈ V so JxJy 6= 0. Let Aij := A(αi, αj). One shows M14

is not skew Tsankov by computing:

A12A13α3 = A12β1,2 = −α∗
2,

A13A12α3 = − 1
2A13{β∗

4,1 − β∗
4,2} = A13{ 2

3β4,1 − 2
3β4,2} = 1

3α
∗
2 .

This establishes Theorem 6.4.1 (2). �

Proof of Theorem 6.4.1 (3). Let G = G(M14) be the group of sym-

metries of the model M14. Note that the spaces Vβ,α∗ and Vα∗ defined in

Eq. (6.4.b) are preserved by G. Consequently one has that

TVα∗ ⊂ Vα∗ and TVβ,α∗ ⊂ Vβ,α∗ if T ∈ G . (6.4.c)
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Let τ : G → Gl(3) be the restriction of T to Vα∗ = R3. We will prove

Theorem 6.4.1 (3) by showing:

Sl±(3) = τ(G) and ker(τ) = R21 .

We argue as follows to show Sl±(3) ⊂ τ(G). Let β4,3 := −β4,1 − β4,2.

Define a linear map T of R14 which interchanges the first 2 coordinates of

R3 by setting

T : α1 ↔ α2, T : α3 ↔ α3, T : α∗
1 ↔ α∗

2, T : α∗
3 ↔ α∗

3,

T : β1,1 ↔ β2,2, T : β1,2 ↔ β2,1, T : β3,1 ↔ β3,2, T : β4,1 ↔ β4,2 .

It is then immediate by inspection that T preserves the relations of Def-

inition 6.4.1 and hence T ∈ G. One may define a map T ∈ G which

interchanges the first and third coordinates by setting:

T : α1 ↔ α3, T : α2 ↔ α2, T : α∗
1 ↔ α∗

3, T : α∗
2 ↔ α∗

2,

T : β1,1 ↔ β3,1, T : β1,2 ↔ β3,2, T : β2,1 ↔ β2,2, T : β4,1 ↔ β4,3,

T : β4,2 ↔ β4,2 .

To define a map T ∈ G which induces a rotation in the first two coordinates,

we set

Tθ : α1 → cos θα1 + sin θα2,

Tθ : α2 → − sin θα1 + cos θα2,

Tθ : α∗
1 → cos θα∗

1 + sin θα∗
2,

Tθ : α∗
2 → − sin θα∗

1 + cos θα∗
2,

Tθ : α3 → α3, Tθ : α∗
3 → α∗

3,

Tθ : β1,1 → cos θβ1,1 + sin θβ2,2,

Tθ : β1,2 → cos θβ1,2 + sin θβ2,1,

Tθ : β2,1 → − sin θβ1,2 + cos θβ2,1,

Tθ : β2,2 → − sin θβ1,1 + cos θβ2,2,

Tθ : β3,1 → sin2 θβ3,2 − 2 sin θ cos θβ4,3 + cos2 θβ3,1,

Tθ : β3,2 → cos2 θβ3,2 + 2 cos θ sin θβ4,3 + sin2 θβ3,1,

Tθ : β4,1 → 1
2 sin θ cos θβ3,2− 1

2 sin θ cos θβ3,1−sin2 θβ4,2+cos2 θβ4,1,

Tθ : β4,2 → 1
2 sin θ cos θβ3,2− 1

2 sin θ cos θβ3,1+cos2 θβ4,2−sin2 θβ4,1.
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Finally, we show that the dilatations of determinant 1 belong to Range{τ}.
Suppose a1a2a3 = 1. We may define T ∈ G by setting:

Tα1 = a1α1, Tα2 = a2α2, Tα3 = a3α3, Tα∗
1 = 1

a1
α∗

1,

Tα∗
2 = 1

a2
α∗

2, Tα∗
3 = 1

a3
α∗

3, Tβ1,1 = a2

a3
β1,1, Tβ1,2 = a3

a2
β1,2,

Tβ2,1 = a3

a1
β2,1, Tβ2,2 = a1

a3
β2,2, Tβ3,1 = a2

a1
β3,1, Tβ3,2 = a1

a2
β3,2,

Tβ4,1 = β4,1, Tβ4,2 = β4,2 .

Since these elements acting on Vα∗ generate Sl±(3),

Sl±(3) ⊂ τ(G) .

Conversely, let T ∈ G. We must show τ(T ) ∈ Sl±(3). Since one has that

Sl±(3) ⊂ Range(τ), there exists S ∈ G so that τ(TS) is diagonal. Thus

without loss of generality, we may assume τ(T ) is diagonal and hence:

Tαi = aiαi +
∑

ν

bνi βν +
∑

j

cjiα
∗
j ,

Tβν = bνβν +
∑

i

diνα
∗
i ,

Tα∗
i = a−1

i α∗
i .

We have the relations

− 1
2 = A(Tα1, Tα2, Tα3, Tβ4,1) = − 1

2a1a2a3b4,1,

− 1
2 = 〈Tβ4,1, Tβ4,1〉 = − 1

2b4,1b4,1 .

These relations show that b24,1 = 1 and thus a1a2a3 = ±1. Consequently,

Range(τ) = Sl±(3).

We complete the proof of Theorem 6.4.1 (3) by studying T ∈ ker(τ).

One has

Tαi = αi +
∑

ν

bνi βν +
∑

j

cjiα
∗
j ,

Tβν = βν +
∑

i

diνα
∗
i ,

Tα∗
i = α∗

i .

Using the relations A(αi, αj , αk, αl) = 0 then leads to the following 6 linear

equations the coefficients bνi must satisfy:
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0 = A(Tα2, Tα1, Tα1, Tα2)

= 2A(b2,12 β2,1, α1, α1, α2) + 2A(b1,21 β1,2, α2, α2, α1) = 2b2,12 + 2b1,21 ,

0 = A(Tα3, Tα1, Tα1, Tα3)

= 2A(b3,13 β3,1, α1, α1, α3) + 2A(b1,11 β1,1, α3, α3, α1) = 2b3,13 + 2b1,11 ,

0 = A(Tα3, Tα2, Tα2, Tα3)

= 2A(b3,23 β3,2, α2, α2, α3) + 2A(b2,22 β2,2, α3, α3, α2) = 2b3,23 + 2b2,22 ,

0 = A(Tα2, Tα1, Tα1, Tα3)

= A(b3,12 β3,1, α1, α1, α3) +A(α2, α1, α1, b
2,1
3 β2,1)

+A(α2, b
4,1
1 β4,1 + b4,21 β4,2, α1, α3) +A(α2, α1, b

4,1
1 β4,1 + b4,21 β4,2, α3)

= b3,12 + b2,13 − 1
2b

4,1
1 − 1

2b
4,1
1 + 1

2b
4,2
1 ,

0 = A(Tα1, Tα2, Tα2, Tα3)

= A(b3,21 β3,2, α2, α2, α3) +A(α1, α2, α2, b
1,2
3 β1,2)

+A(α1, b
4,1
2 β4,1 + b4,22 β4,2, α2, α3) +A(α1, α2, b

4,1
2 β4,1 + b4,22 β4,2, α3)

= b3,21 + b1,23 − 1
2b

4,2
2 + 1

2b
4,1
2 − 1

2b
4,2
2 ,

0 = A(Tα1, Tα3, Tα3, Tα2)

= A(b2,21 β2,2, α3, α3, α2) +A(α1, α3, α3, b
1,1
2 β1,1)

+A(α1, b
4,1
3 β4,1 + b4,23 β4,2, α3, α2) +A(α1, α3, b

4,1
3 β4,1 + b4,23 β4,2, α2)

= b2,21 + b1,12 + 1
2b

4,2
3 + 1

2b
4,1
3 .

These equations are linearly independent so there are 18 degrees of free-

dom in choosing the b’s. Once the b’s are known, the coefficients diν are

determined;

0 = 〈Tαi, Tβν〉 = diν +
∑

µ

〈βν , βµ〉bµi .

The relation 〈Tαi, Tαj〉 = δij implies cji +cij = 0; this creates an additional

3 degrees of freedom. Thus ker(τ) is isomorphic to the additive group R21.

This completes the proof of Theorem 6.4.1 (3). �

Proof of Theorem 6.4.1 (4). Let ξi ∈ V . We wish to show

Aξ1ξ2Jξ3 = Jξ3Aξ1ξ2 for all ξi ∈ V .

Since Aξ1ξ2Jξ3 = Jξ3Aξ1ξ2 = 0 if any of the ξi ∈ Vβ,α∗ , we may work

modulo Vβ,α∗ and suppose that ξi ∈ Span{αi}. Since Aξ1ξ2 = 0 if the ξi
are linearly dependent, we suppose ξ1 and ξ2 are linearly independent.
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There are 2 cases to be considered. We first suppose ξ3 ∈ Span{ξ1, ξ2}.
The argument given above shows that a subgroup of G isomorphic to Sl±(3)

acts on Span{αi}. After reparametrizing by this action, we may suppose

Span{ξ1, ξ2} = Span{α1, α2} and ξ3 = α1 .

Furthermore, because Aξ1ξ2 = cAα1α2 , we may also assume ξ1 = α1 and

ξ2 = α2. We set Aij := Aαiαj and Jk := Jαk . The desired result is

obtained by computing:

A12J1α1 = 0, J1A12α1 = −J1β2,2 = 0,

A12J1α2 = A12β2,2 = 0, J1A12α2 = J1β1,1 = 0,

A12J1α3 = A12β3,2 = 0, J1A12α3 = 1
2J1(−β∗

4,1 + β∗
4,2) = 0 .

On the other hand, if {ξ1, ξ2, ξ3} are linearly independent, we can apply a

symmetry in G and rescale to assume ξi = αi. We compute:

A12J3α1 = A12β1,2 = −α∗
2, J3A12α1 = −J3β2,2 = −α∗

2,

A12J3α2 = A12β2,1 = α∗
1, J3A12α2 = J3β1,1 = α∗

1,

A12J3α3 = 0, J3A12α3 = 1
2J3(−β∗

4,1 + β∗
4,2) = 0 .

Theorem 6.4.1 follows. �

6.4.2 A geometric realization of M14

The following is an ansatz which constructs generalized plane wave mani-

folds; this ansatz is an extension of Definition 2.9.1. The crucial fact is that

certain variables appear linearly as warping functions.

Definition 6.4.4 Let indices i, j range from 1 through a and indices

µ, ν range from 1 through b. Let {xi, x∗i , yµ} be coordinates on R2a+b.

We suppose given a non-degenerate symmetric matrix Cµν and smooth

functions ψijµ = ψijµ(~x) with ψijµ = ψjiµ. Let MC,ψ := (R2a+b, gC,ψ),

where

gC,ψ(∂xi , ∂xj ) = 2
∑

k

yµψijµ,

gC,ψ(∂xi , ∂x∗
i
) = 1,

gC,ψ(∂yµ , ∂yν ) = Cµν .

Lemma 6.4.1 Let MC,ψ = (R2a+b, gC,ψ) be as in Definition 6.4.4. Then

MC,ψ is a generalized plane wave manifold and the possibly non-zero com-
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ponents of the curvature tensor are, up to the usual Z2 symmetries,

R(∂xi , ∂xj , ∂xk , ∂yν ) = −∂xiψjkν + ∂xjψikν ,

R(∂xi , ∂xj , ∂xk , ∂xl) =
∑

νµ

Cνµ {ψikµψjlν − ψilµψjkν}

+
∑

ν

yν
{
∂xi∂xkψjlν + ∂xj∂xlψikν − ∂xi∂xlψjkν − ∂xj∂xkψilν

}
.

Proof. The non-zero Christoffel symbols of the first kind are given by:

g(∇∂xi
∂xj , ∂xk) =

b∑

µ=1

{∂xiψjkµ + ∂xjψikµ − ∂xkψijµ}yµ,

g(∇∂xi
∂xj , ∂yν ) = −ψijν ,

g(∇∂xi
∂yν , ∂xk) = g(∇∂yν ∂xi , ∂xk) = ψikν ,

and the non-zero Christoffel symbols of the second kind are given by:

∇∂xi
∂xj =

b∑

µ=1

yµ{∂xiψjkµ + ∂xjψikµ − ∂xkψijµ}∂x∗
k

−
b∑

µ=1

b∑

ν=1

Cνµψijν∂yµ ,

∇∂xi
∂yν = ∇∂yν ∂xi =

a∑

k=1

ψikν∂x∗
k
.

This shows that M is a generalized plane wave manifold; furthermore, the

curvature can now be computed. �

Proof of Theorem 6.4.2. We use Lemma 6.4.1 to see MΦ is a generalized

plane wave manifold and that the possibly non-zero components of the

curvature tensor defined by the metric of Definition 6.4.2 are:

R(∂xi1 , ∂xi2 , ∂xi3 , ∂xi4 ) = ?,

R(∂x1 , ∂x2 , ∂y2,1 , ∂x1) = ∂x2φ2,1, R(∂x1 , ∂x3 , ∂y3,1 , ∂x1) = ∂x3φ3,1,

R(∂x2 , ∂x3 , ∂y3,2 , ∂x2) = ∂x3φ3,2, R(∂x2 , ∂x1 , ∂y1,2 , ∂x2) = ∂x1φ1,2,

R(∂x3 , ∂x1 , ∂y1,1 , ∂x3) = ∂x1φ1,1, R(∂x3 , ∂x2 , ∂y2,2 , ∂x3) = ∂x2φ2,2,

R(∂x2 , ∂x1 , ∂y4,1 , ∂x3) = R(∂x3 , ∂x1 , ∂y4,1 , ∂x2) = − 1
2 ,

R(∂x1 , ∂x2 , ∂y4,2 , ∂x3) = R(∂x3 , ∂x2 , ∂y4,2 , ∂x1) = − 1
2 .
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We introduce the following basis as a first step in showing M14 is a 0-model

for M14. Let the index i range from 1 to 3 and the index j run from 1 to

2. Set:

ᾱi := ∂xi , α∗
i := ∂x∗

i
,

β̄4,j := ∂y4,j , β̄i,j := {φ′i,j}−1∂yi,j .
(6.4.d)

Since φ′i,1 · φ′i,2 = 1, the relations of Eq. (6.4.a) are satisfied. However, we

still have the following potentially non-zero terms to deal with:

g(ᾱi, ᾱj) = ? and R(ᾱi, ᾱj , ᾱk, ᾱl) = ? .

To deal with the extra curvature terms, we introduce a modified basis

setting:

α̃1 := ᾱ1 +R(ᾱ1, ᾱ2, ᾱ3, ᾱ1)β̄4,1 − 1
2R(ᾱ1, ᾱ2, ᾱ2, ᾱ1)β̄1,2,

α̃2 := ᾱ2 +R(ᾱ2, ᾱ1, ᾱ3, ᾱ2)β̄4,2 − 1
2R(ᾱ2, ᾱ3, ᾱ3, ᾱ2)β̄2,2,

α̃3 := ᾱ3 − 2R(ᾱ3, ᾱ1, ᾱ2, ᾱ3)β̄4,1 − 1
2R(ᾱ1, ᾱ3, ᾱ3, ᾱ1)β̄3,1,

β1,1 := β̄1,1 + 1
2R(ᾱ1, ᾱ2, ᾱ2, ᾱ1)α

∗
1, β1,2 := β̄1,2,

β2,1 := β̄2,1 + 1
2R(ᾱ2, ᾱ3, ᾱ3, ᾱ2)α

∗
2, β2,2 := β̄2,2,

β3,2 := β̄3,2 + 1
2R(ᾱ1, ᾱ3, ᾱ3, ᾱ1)α

∗
3, β3,1 := β̄3,1,

β4,1 := β̄4,1 + 1
2R(ᾱ1, ᾱ2, ᾱ3, ᾱ1)α

∗
1 − 1

4R(ᾱ2, ᾱ1, ᾱ3, ᾱ2)α
∗
2

−R(ᾱ3, ᾱ1, ᾱ2, ᾱ3)α
∗
3,

β4,2 := β̄4,2 − 1
4R(ᾱ1, ᾱ2, ᾱ3, ᾱ1)α

∗
1 + 1

2R(ᾱ2, ᾱ1, ᾱ3, ᾱ2)α
∗
2

+ 1
2R(ᾱ3, ᾱ1, ᾱ2, ᾱ3)α

∗
3 .

(6.4.e)

All the normalizations of Eq. (6.4.a) are satisfied except for the unwanted

metric terms g(α̃i, α̃j). To eliminate these terms and to exhibit a basis with

the required normalizations, we set:

αi := α̃i − 1
2

3∑

j=1

g(α̃i, α̃j)α
∗
j . ut (6.4.f)

6.4.3 Isometry invariants

We now turn to the task of constructing invariants.

Lemma 6.4.2 Adopt the assumptions of Theorem 6.4.3. Let {αi} be

defined by Eq. (6.4.f), let {βν} be defined by Eq. (6.4.e), and let {α∗
i } be

defined by Eq. (6.4.d). Set φ1 := φ′1,1 and φ2 := φ′1,2.
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(1) ∇R(v1, v2, v3, v4; v5) = 0 if at least one of the vi ∈ Vα∗ .

(2) ∇R(v1, v2, v3, v4; v5) = 0 if at least two of the vi ∈ Vβ,α∗ .

(3) ∇kR(α1, α2, α2, β1,2;α1, ..., α1) = φ−1
2 φ

(k)
2 .

(4) ∇kR(α1, α3, α3, β1,1;α1, ..., α1) = φ−1
1 φ

(k)
1 .

(5) ∇R(αi, αj , αk, βν ;αl1 , ..., αlk ) = 0 in cases other than those given in

(3) and (4) up to the usual Z2 symmetry in the first 2 entries.

Proof. Let vi be coordinate vector fields. To prove Assertion (1), we

suppose some vi ∈ Vα∗ . We use the second Bianchi identity and the other

curvature symmetries to assume without loss of generality that v1 ∈ Vα∗ .

Since ∇v5v1 = 0 and since R(v1, ·, ·, ·) = 0, Assertion (1) follows. The proof

of Assertion (2) is similar and uses the fact that R(·, ·, ·, ·) = 0 if 2-entries

belong to Vβ,α∗ . The proof of the remaining assertions is similar and uses

the particular form of the warping functions φi,j ; the factor of φ−1
1,j arising

from the normalization in Eq. (6.4.d). �

Definition 6.4.5 We say that a basis B̃ := {α̃i, β̃ν , α̃∗
i } is 0-normalized

if the normalizations of Eq. (6.4.a) are satisfied and 1-normalized if it is

0-normalized and if additionally

∇R(α̃1, α̃3, α̃3, β̃1,1; α̃1) = −∇R(α̃3, α̃1, α̃3, β̃1,1; α̃1) 6= 0,

∇R(α̃1, α̃2, α̃2, β̃1,2; α̃1) = −∇R(α̃2, α̃1, α̃2, β̃1,2; α̃1) 6= 0,

∇R(α̃i, α̃j , α̃k, β̃ν ; α̃l) = 0 otherwise .

Lemma 6.4.3 Adopt the assumptions of Theorem 6.4.3. Then:

(1) There exists a 1-normalized basis.

(2) If B̃ is a 1-normalized basis, then there exist constants ai so a1a2a3 = ε

for ε = ±1 and so that exactly one of the following conditions holds:

(a) α̃1 = a1α1, α̃2 = a2α2, α̃3 = a3α3, β̃1,1 = εa2

a3
β1,1, β̃1,2 = εa3

a2
β1,2.

(b) α̃1 = a1α1, α̃2 = a3α3, α̃3 = a2α2, β̃1,1 = εa3

a2
β1,2, β̃1,2 = εa2

a3
β1,1.

Proof. We use Eq. (6.4.d), Eq. (6.4.e), and Eq. (6.4.f) to construct a 0-

normalized basis and then apply Lemma 6.4.2 to see that this basis is

1-normalized. On the other hand, if B̃ is a 1-normalized basis, we may

expand:

α̃1 = a11α1 + a12α2 + a13α3 + ...,

α̃2 = a21α1 + a22α2 + a23α3 + ..., β̃1,2 = b21β1,1 + b22β1,2 + ...,

α̃3 = a31α1 + a32α2 + a33α3 + ..., β̃1,1 = b11β1,1 + b12β1,2 + ... .
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Because

0 6= ∇R(α̃1, α̃2, α̃2, β̃1,2; α̃1)

= a11

{
(a11a22 − a12a21)a22b22)φ

−1
2 φ′2

+ (a11a33 − a13a31)a33b21)φ
−1
1 φ′1

}
,

we have a11 6= 0. Because

0 = ∇R(α̃1, α̃2, α̃2, β̃1,2; α̃2) = a21

a11
∇R(α̃1, α̃2, α̃2, β̃1,2; α̃1),

we have a21 = 0; similarly a31 = 0. Since Span{αi} = Span{α̃i} mod Vβ,α∗,

a22a33 − a23a32 6= 0 .

By hypothesis R(α̃1, α̃2, α̃3, β; α̃1) = 0 for any β which belongs to

Span{β̃ν , α̃∗
i } = Vβ,α∗ so

0 = R(α̃1, α̃2, α̃3, β1,2; α̃1) = a2
11a22a32φ

−1
2 φ′2,

0 = R(α̃1, α̃2, α̃3, β1,1; α̃1) = a2
11a23a33φ

−1
1 φ′1 .

Suppose that a22 6= 0. Since a2
11a22a32 = 0 and since a11 6= 0, we

conclude a32 = 0. Because a22a33 − a23a32 6= 0, a33 6= 0. As a2
11a23a33 = 0,

we also have a23 = 0. Since the basis is also 0-normalized,

diag(a−1
11 , a

−1
22 , a

−1
33 ) ∈ Sl±(3)

from the discussion in Section 6.4.1. Thus

ε := a11a22a33 = ±1, b11 = εa33

a22
, b22 = εa22

a33
.

These are the relations of Assertion (2a). The argument is similar if a32 6=
0; we simply reverse the roles of α̃2 and α̃3 to establish the relations of

Assertion (2b). �

Proof of Theorem 6.4.3. Let

Ξ(B) :=

1

4

{
∇2R(α̃1, α̃2, α̃2, β̃1,2; α̃1, α̃1)

{∇R(α̃1, α̃2, α̃2, β̃1,2; α̃1)}2
− ∇2R(α̃1, α̃3, α̃3, β̃1,1; α̃1, α̃1)

{∇R(α̃1, α̃3, α̃3, β̃1,1; α̃1)}2

}2

.
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We apply Lemma 6.4.3. Suppose the conditions of Assertion (2a) hold.

Then:

∇R(α̃1, α̃2, α̃2, β̃1,2; α̃1) = a1φ
−1
2 φ′2,

∇2R(α̃1, α̃2, α̃2, β̃1,2; α̃1, α̃1) = a2
1φ

−1
2 φ′′2 ,

∇R(α̃1, α̃3, α̃3, β̃1,1; α̃1) = a1φ
−1
1 φ′1,

∇2R(α̃1, α̃3, α̃3, β̃1,1; α̃1, α̃1) = a2
1φ

−1
1 φ′′1 .

Consequently one has that:

Ξ(B) =
1

4

{
φ2φ

′′
2

φ′2φ
′
2

− φ1φ
′′
1

φ′1φ
′
1

}2

.

The roles of φ1 and φ2 are reversed if Assertion (2b) holds. It now follows

that Ξ is a local isometry invariant. Since

φ2 = φ−1
1 , φ′2 = −φ−2

1 φ′1, φ′′2 = 2φ−3
1 φ′1φ

′
1 − φ−2

1 φ′′1

we may establish Assertion (1) of Theorem 6.4.3 by computing

φ2φ
′′
2

φ′2φ
′
2

=
φ−1

1 (2φ−3
1 φ′1φ

′
1 − φ−2

1 φ′′1 )

φ−4
1 φ′1φ

′
1

= 2 − φ1φ
′′
1

φ′1φ
′
1

so

Ξ =
1

4

{
2 − 2

φ1φ
′′
1

φ′1φ
′
1

}2

.

If MΦ is locally homogeneous, then Ξ must be constant. Conversely, if Ξ

is constant, then φ1φ
′′
1 = kφ′1φ

′
1 for some k ∈ R. Lemma 1.5.5 applies. The

solutions to this ordinary differential equation take the form φ1(t) = a(t+b)c

if k 6= 1 and φ1(t) = aebt if k = 1 for suitably chosen constants a and b and

for c = c(k). The first family is ruled out as φ1 and φ′1 must be invertible

for all t. Thus φ1(t) is a pure exponential; Assertion (2) of Theorem 6.4.3

follows. ut

6.4.4 A symmetric space with model M14

We give the proof of Theorem 6.4.4 as follows. Let MA be as described by

Definition 6.4.3. By Lemma 6.4.1 one has that:

R(∂x2 , ∂x1 , ∂x1 , ∂y2,1) = R(∂x3 , ∂x1 , ∂x1 , ∂y3,1) = 1,

R(∂x3 , ∂x2 , ∂x2 , ∂y3,2) = R(∂x1 , ∂x2 , ∂x2 , ∂y1,2) = 1,

R(∂x1 , ∂x3 , ∂x3 , ∂y1,1) = R(∂x2 , ∂x3 , ∂x3 , ∂y2,2) = 1,

R(∂x1 , ∂x2 , ∂x3 , ∂y4,1) = R(∂x1 , ∂x3 , ∂x2 , ∂y4,1) = − 1
2 ,
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R(∂x2 , ∂x3 , ∂x1 , ∂y4,2) = R(∂x2 , ∂x1 , ∂x3 , ∂y4,2) = − 1
2 .

The same argument constructing a 0-normalized basis which was given

in the proof of Theorem 6.4.1 can then be used to construct a 0-normalized

basis in this setting and establish that MA has 0-model M14.

We can also apply Lemma 6.4.1 to see:

R(∂x1 , ∂x2 , ∂x2 , ∂x1) = −a3,1a3,2x
2
3,

R(∂x1 , ∂x3 , ∂x3 , ∂x1) = − 1
3 (2 + 3a2,1a2,2)x

2
2,

R(∂x3 , ∂x2 , ∂x2 , ∂x3) = − 1
3 (2 + 3a1,1a1,2)x

2
1,

R(∂x2 , ∂x1 , ∂x1 , ∂x3) = (1 − a1,1 − a1,2 + a1,1a1,2 + a2,1

−a2,1a2,2 + a3,1 − a3,1a3,2)x2x3,

R(∂x1 , ∂x2 , ∂x2 , ∂x3) = (1 + a1,2 − a2,1 − a1,1a1,2 − a2,2

+a2,1a2,2 + a3,2 − a3,1a3,2)x1x3,

R(∂x1 , ∂x3 , ∂x3 , ∂x2) = ( 2
3 + a1,1 − a1,1a1,2 + a2,2

−a2,1a2,2 − a3,1 − a3,2 + a3,1a3,2)x1x2.

The Christoffel symbols describing ∇∂xi
∂xj are given by:

∇∂x1
∂x1 = (2 − a2,1)y2,1∂x∗

2
+ (2 − a3,1)y3,1∂x∗

3
+ a2,1x2∂y2,2

+a3,1x3∂y3,2 ,

∇∂x2
∂x2 = (2 − a1,2)y1,2∂x∗

1
+ (2 − a3,2)y3,2∂x∗

3
+ a1,2x1∂y1,1

+a3,2x3∂y3,1 ,

∇∂x3
∂x3 = (2 − a1,1)y1,1∂x∗

1
+ (2 − a2,2)y2,2∂x∗

2
+ a2,2x2∂y2,1

+a1,1x1∂y1,2 ,

∇∂x1
∂x2 = −a2,1y2,1∂x∗

1
− a1,2y1,2∂x∗

2
+

y4,1+y4,2
2 ∂x∗

3

+(a1,2 − 1)x2∂y1,1 + (a2,1 − 1)x1∂y2,2 ,

∇∂x1
∂x3 = −a3,1y3,1∂x∗

1
+

y4,1−y4,2
2 ∂x∗

2
− a1,1y1,1∂x∗

3

+(a1,1 −1)x3∂y1,2 +(a3,1 −1)x1∂y3,2 + 2x2

3 ∂y4,1 + 4x2

3 ∂y4,2 ,

∇∂x2
∂x3 =

−y4,1+y4,2
2 ∂x∗

1
− a3,2y3,2∂x∗

2
− a2,2y2,2∂x∗

3

+(a2,2 −1)x3∂y2,1 +(a3,2 −1)x2∂y3,1 + 4x1

3 ∂y4,1 + 2x1

3 ∂y4,2 .

It is now easy to show that the non-zero components of ∇R are:

∇R(∂x1 , ∂x2 , ∂x2 , ∂x1 ; ∂x3) = −2(−2 + a1,1 + a2,2 + a3,1a3,2)x3,

∇R(∂x1 , ∂x3 , ∂x3 , ∂x1 ; ∂x2) = − 2
3 (−4 + 3a1,2 + 3a3,2 + 3a2,1a2,2)x2,

∇R(∂x2 , ∂x3 , ∂x3 , ∂x2 ; ∂x1) = − 2
3 (−4 + 3a2,1 + 3a3,1 + 3a1,1a1,2)x1,

∇R(∂x2 , ∂x1 , ∂x1 , ∂x3 ; ∂x2) = (2 − a1,1 − a1,2 + a2,1 − a2,2

+a3,1 − a3,2 + a1,1a1,2 − a2,1a2,2 − a3,1a3,2)x3,
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∇R(∂x2 , ∂x1 , ∂x1 , ∂x3 ; ∂x3) = (2 − a1,1 − a1,2 + a2,1 − a2,2

+a3,1 − a3,2 + a1,1a1,2 − a2,1a2,2 − a3,1a3,2)x2,

∇R(∂x1 , ∂x2 , ∂x2 , ∂x3 ; ∂x1) = (2 − a1,1 + a1,2 − a2,1 − a2,2

−a3,1 + a3,2 − a1,1a1,2 + a2,1a2,2 − a3,1a3,2)x3,

∇R(∂x1 , ∂x2 , ∂x2 , ∂x3 ; ∂x3) = (2 − a1,1 + a1,2 − a2,1 − a2,2

−a3,1 + a3,2 − a1,1a1,2 + a2,1a2,2 − a3,1a3,2)x1,

∇R(∂x1 , ∂x3 , ∂x3 , ∂x2 ; ∂x1) = ( 2
3 + a1,1 − a1,2 − a2,1 + a2,2

−a3,1 − a3,2 − a1,1a1,2 − a2,1a2,2 + a3,1a3,2)x2,

∇R(∂x1 , ∂x3 , ∂x3 , ∂x2 ; ∂x2) = ( 2
3 + a1,1 − a1,2 − a2,1 + a2,2

−a3,1 − a3,2 − a1,1a1,2 − a2,1a2,2 + a3,1a3,2)x1.

We set ∇R = 0 to obtain the desired equations of Theorem 6.4.4; the first

3 equations generate the last 6. ut

6.5 Riemannian Skew Tsankov Models and Manifolds

Recall that a 0-model M is said to be skew Tsankov if

AxyAuv = AuvAxy ∀ x, y, u, v ∈ V .

A pseudo-Riemannian manifold M is said to be skew Tsankov if the 0-

model M(M, P ) := (TPM, gP , RP ) is skew Tsankov for every P ∈ M . We

shall follow the discussion in Brozos-Vázquez and Gilkey (2006a) to give

a complete classification of Riemannian skew Tsankov 0-models and to

exhibit some irreducible Riemannian skew Tsankov manifolds of dimension

3 and of dimension 4.

Consider the following family of algebraic curvature tensors:

Definition 6.5.1 Let 〈·, ·〉 be a positive definite inner product on a finite

dimensional real vector space V . Let {Ψ1, ...,Ψk} be a collection of self-

adjoint linear maps of V which satisfy

ΨiΨj = δijΨi and Rank{Ψi} = 2 .

Let πi := Range{Ψi}; Ψi is orthogonal projection on π and πi ⊥ πj for

i 6= j. Following the discussion in Section 1.3.2, we introduce the associated

canonical algebraic curvature tensors and algebraic curvature operators by
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setting:

AΨi(x, y, z, w) := 〈Ψix,w〉〈Ψiy, z〉 − 〈Ψiy, w〉〈Ψix, z〉,
AΨi(x, y)z := 〈Ψiz, y〉Ψix− 〈Ψiz, x〉Ψiy .

Let ai be real constants and let

A := a1AΨ1 + ...+ akAΨk .

Let π0 := (π1 ⊕ ...⊕ πk)
⊥ and let 〈·, ·〉i := 〈·, ·〉|πi . Let

M := (V, 〈·, ·〉, A), M0 := (π0, 〈·, ·〉0, 0), Mi := (πi, 〈·, ·〉i, aiAΨi) .

We then have M = M0 ⊕ M1 ⊕ ...⊕ Mk.

The following result will be established in Section 6.5.1:

Theorem 6.5.1 Let M be a Riemannian 0-model. Then M is skew

Tsankov if and only if A has the form given in Definition 6.5.1. Such

a 0-model M is indecomposable if and only if dim(V ) = 2 and k = 1.

This result gives a complete algebraic classification of Riemannian skew

Tsankov 0-models. Despite the fact that the algebraic classification is com-

plete in the Riemannian setting, the geometric classification is incomplete.

Since the Cartesian product of skew Tsankov models or manifolds is again

skew Tsankov, it is natural to look for indecomposable examples. In Sec-

tion 6.5.2, we establish the following result which exhibits irreducible 3-

dimensional skew Tsankov manifolds arising as a warped product of an

interval with a Riemann surface:

Theorem 6.5.2 Let N := (N, gN) be a Riemann surface which does not

have constant sectional curvature +1. Let M := (N × (0,∞), gM ) where

gM := dx2
3 + x2

3gN . Then M is an irreducible skew Tsankov manifold with

scalar curvature τM = x−2
3 {τN − 2}.

Theorem 6.5.2 immediately specializes to yield the following special case

which is closely related to the original construction of Tsankov.

Corollary 6.5.1 Let f be an isometric embedding of a Riemann surface

N in the round sphere S3 ⊂ R4. Let M := N× (0,∞). Let F (x, t) := tf(x)

define an embedding of M in R4 and let gM be the induced metric. Then

M is skew Tsankov.
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In Section 6.5.3, we construct irreducible 4-dimensional skew Tsankov

manifolds by taking a warped product of two flat 2-dimensional manifolds.

Let (x1, x2, x3, x4) be the usual coordinates on R4. Let ∂i := ∂xi and let

O := {(x1, x2, x3, x4) ∈ R4 : x3 > 0, x4 > 0} .

Theorem 6.5.3 For β > 0, let Mβ := (O, gβ) where

gβ(∂1, ∂1) = x2
3, gβ(∂2, ∂2) = (x3 + βx4)

2,

gβ(∂3, ∂3) = 1, gβ(∂4, ∂4) = 1 .

Then Mβ is an indecomposable skew Tsankov manifold with scalar curva-

ture τβ = −2x−1
3 (x3 +βx4)

−1. Furthermore, Mβ1 is not isometric to Mβ2

for β1 6= β2.

We remark that the curves t→ (x, t) in the manifolds of Theorem 6.5.2

and the curves t→ (x1, x2, t, x4) in the manifolds of Theorem 6.5.3 are unit

speed geodesics along which the scalar curvature blows up as t→ 0+. Thus

these manifolds are geodesically incomplete and may not be embedded as

an open subset of a geodesically complete manifold.

We now study manifolds where R has rank 2; this corresponds to taking

k = 1 in Theorem 6.5.1. The geometric structures are quite rigid; Theorems

6.5.2 and 6.5.3 provide examples of these structures. In Section 6.5.4, we

will prove:

Theorem 6.5.4 Let M be a Riemannian skew Tsankov manifold. As-

sume Rank{R} = 2. Let E := Range{R} and let F := E⊥. Then:

(1) The distribution F is integrable.

(2) Let X be a leaf of the foliation defined by F .

(a) X is totally geodesic and flat.

(b) The normal distribution E is parallel along X.

Note that in Theorem 6.5.2 one has F = Span{∂x3} and that in Theorem

6.5.3 one has F = Span{∂x3 , ∂x4}. These are flat. In these examples, E
is integrable as well and M is a warped product of E over F . We do not

know if this is always the case.

6.5.1 Riemannian skew Tsankov models

This section is devoted to the proof of Theorem 6.5.1. Suppose that

A = a1AΨ1 + ...+ akAΨk



February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

348 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

is as in Definition 6.5.1. Let {e1i , e2i } be an orthonormal basis for the 2-

dimensional subspaces πi := Range{Ψi}; one has πi ⊥ πj for i 6= j. Define

π0 := (π1 ⊕ ...⊕πk)
⊥. This yields an orthogonal direct sum decomposition

V = π0 ⊕ ...⊕ πk .

Decompose

x =
∑

i

(x1
i e

1
i + x2

i e
2
i ) + x0 and y =

∑

i

(y1
i e

1
i + y2

i e
2
i ) + y0

for x0, y0 ∈ π0. Set

εi(x, y) := x1
i y

2
i − x2

i y
1
i = 〈x, e1i 〉〈y, e2i 〉 − 〈x, e2i 〉〈y, e1i 〉 .

One may then express:

Ai(x, y)ξ =





−aiεi(x, y)e2i if ξ = e1i ,

aiεi(x, y)e
1
i if ξ = e2i ,

0 if ξ ∈ π⊥
i .

Consequently

AxyAx̄ȳξ =

{−a2
i εi(x, y)εi(x̄, ȳ)ξ if ξ ∈ πi, i > 0,

0 if ξ ∈ π0 .

Since (x, y) and (x̄, ȳ) play symmetric roles, M is skew Tsankov. One may

let Ã0 := 0 and, similarly, one may let Ãi := Ai|πi . Then:

V = π0 ⊕ π1 ⊕ ...⊕ πk and Ã = Ã0 ⊕ Ã1 ⊕ ...⊕ Ãk .

Thus M is indecomposable if and only if dim(V ) = 2 and k = 1.

Conversely, suppose that M is skew Tsankov. We simultaneously skew-

diagonalize the collection {Axy}x,y∈V of commuting skew-adjoint linear op-

erators. Let {e1i , e2i } be an orthonormal basis for 2-dimensional subspaces

πi where πi ⊥ πj for i 6= j. Let π0 = (π1 ⊕ ... ⊕ πk)
⊥. For 1 ≤ i ≤ k, let

εi(x, y) be the associated skew-eigenfunctions so that

Axyξ =






−εi(x, y)e2i if ξ = e1i ,

εi(x, y)e
1
i if ξ = e2i ,

0 if ξ ∈ π0 .

Let {f1, ..., fl} be an orthonormal basis for π0. Then

B := {e11, e21, ..., e1k, e2k, f1, ..., fl}
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is an orthonormal basis for V . The only non-zero entries in the curvature

tensor relative to this base are

A(·, ·, e1i , e2i ) = −A(·, ·, e2i , e1i ) .

Interchanging the first 2 entries with the last 2 entries shows the only non-

zero curvatures are

A(e1i , e
2
i , e

1
j , e

2
j ) .

On the other hand, if i 6= j, we can use the first Bianchi identity to express

A(e1i , e
2
i , e

1
j , e

2
j ) = −A(e1i , e

1
j , e

2
j , e

2
i ) −A(e1i , e

2
j , e

2
i , e

1
j ) = 0

and thus the only non-zero curvatures are ai := A(e1i , e
2
i , e

2
i , e

1
i ). Setting Ψi

to be orthogonal projection on Span{e1i , e2i } then permits us to express

A =
∑

i

aiAΨi

and complete the proof of Theorem 6.5.1. �

6.5.2 3-dimensional skew Tsankov manifolds

Any 2-dimensional Riemannian manifold is necessarily skew Tsankov.

What is perhaps somewhat surprising is that there are irreducible exam-

ples of higher dimension. In this section, we discuss the warped product

construction of Theorem 6.5.2. Choose isothermal coordinates to express

ds2N = e2α(dx2
1 + dx2

2),

at least locally. Let αi := ∂i(α) and αij := ∂i∂j(α). We take

g(∂1, ∂1) = g(∂2, ∂2) = x2
3e

2α, g(∂3, ∂3) = 1 .

The non-zero Christoffel symbols of the first kind must have at least one

repeated index different from 3:

Γ111 = α1x
2
3e

2α, Γ112 = −α2x
2
3e

2α, Γ113 = −x3e
2α,

Γ121 = Γ211 = α2x
2
3e

2α, Γ131 = Γ311 = x3e
2α,

Γ221 = −α1x
2
3e

2α, Γ222 = α2x
2
3e

2α, Γ223 = −x3e
2α,

Γ122 = Γ212 = α1x
2
3e

2α, Γ322 = Γ232 = x3e
2α .
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Since the metric is diagonal, we can raise indices to see:

∇∂1∂1 = α1∂1 − α2∂2 − x3e
2α∂3,

∇∂1∂2 = ∇∂2∂1 = α2∂1 + α1∂2,

∇∂1∂3 = ∇∂3∂1 = x−1
3 ∂1,

∇∂2∂2 = −α1∂1 + α2∂2 − x3e
2α∂3,

∇∂2∂3 = ∇∂3∂2 = x−1
3 ∂2 .

We can now compute the curvatures. We begin by computing:

R(∂1, ∂2)∂1 = (∇∂1∇∂2 −∇∂2∇∂1)∂1

= ∇∂1 (α2∂1 + α1∂2) −∇∂2(α1∂1 − α2∂2 − x3e
2α∂3)

= α12∂1 + α11∂2 + α2(α1∂1 − α2∂2 − x3e
2α∂3)

+ α1(α2∂1 + α1∂2) − α12∂1 + α22∂2 + 2x3α2e
2α∂3

− α1(α2∂1 + α1∂2) + α2(−α1∂1 + α2∂2 − x3e
2α∂3)

+ x3e
2αx−1

3 ∂2

= (α11 + α22 + e2α)∂2 .

Similarly R(∂1, ∂2)∂2 = −(α11 + α22 + e2α)∂1. Consequently:

R(∂1, ∂2, ∂2, ∂1) = −x2
3e

2α(α11 + α22 + e2α),

R(∂1, ∂2, ∂2, ∂3) = 0, R(∂1, ∂2, ∂1, ∂3) = 0 .

We also compute:

R(∂1, ∂3)∂3 = (∇∂1∇∂3 −∇∂3∇∂1)∂3

= −∇∂3(x
−1
3 ∂1) = −(−x−2

3 ∂1 + x−1
3 x−1

3 ∂1) = 0 .

Similar computations yield R(∂2, ∂3)∂3 = 0. This shows

R(∂1, ∂3, ∂3, ∂1) = R(∂1, ∂3, ∂3, ∂2) = R(∂2, ∂3, ∂3, ∂2) = 0 .

Thus the only curvature is R(∂1, ∂2, ∂2, ∂1) so, by Theorem 6.5.1, M is skew

Tsankov. One also has:

τM = 2g(∂1, ∂1)
−1g(∂2, ∂2)

−1R(∂1, ∂2, ∂2, ∂1)

= x−2
3 {−2e−2α(α11 + α22) − 2} .

An analogous computation on N yields:

Γ111 = α1x
2
3e

2α, Γ112 = −α2x
2
3e

2α, Γ121 = Γ211 = α2x
2
3e

2α,

Γ221 = −α1x
2
3e

2α, Γ222 = α2x
2
3e

2α, Γ122 = Γ212 = α1x
2
3e

2α.
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Thus the Christoffel symbols of the second kind are given by:

∇∂1∂1 = α1∂1 − α2∂2,

∇∂1∂2 = ∇∂2∂1 = α2∂1 + α1∂2,

∇∂2∂2 = −α1∂1 + α2∂2,

and the curvature is given by

R(∂1, ∂2)∂1 = (∇∂1∇∂2 −∇∂2∇∂1 )∂1

= ∇∂1(α2∂1 + α1∂2) −∇∂2(α1∂1 − α2∂2)

= α12∂1 + α11∂2 + α2(α1∂1 − α2∂2) + α1(α2∂1 + α1∂2)

− α12∂1 + α22∂2 − α1(α2∂1 + α1∂2) + α2(−α1∂1 + α2∂2)

= (α11 + α22)∂2 .

Theorem 6.5.2 now follows; one can see that M is indecomposable since

Range{R} = Span{∂1, ∂2}

and since τM exhibits non-trivial dependence on x3. This establishes The-

orem 6.5.2. �

6.5.3 Irreducible 4-dimensional skew Tsankov manifolds

The metric takes the form:

g(∂1, ∂1) = x2
3, g(∂2, ∂2) = (x3 + βx4)

2, g(∂3, ∂3) = g(∂4, ∂4) = 1 .

The non-zero Christoffel symbols are therefore:

Γ113 = −x3, Γ131 = Γ311 = x3,

Γ223 = −(x3 + βx4), Γ232 = Γ322 = x3 + βx4,

Γ224 = −β(x3 + βx4), Γ242 = Γ422 = β(x3 + βx4) .

Since the metric is diagonal, we may raise indices to compute:

∇∂1∂1 = −x3∂3,

∇∂1∂3 = ∇∂3x1 = x−1
3 ∂1,

∇∂2∂2 = −(x3 + βx4)∂3 − β(x3 + βx4)∂4,

∇∂2∂3 = ∇∂3∂2 = (x3 + βx4)
−1∂2,

∇∂2∂4 = ∇∂4∂2 = β(x3 + βx4)
−1∂2 .

The curvature operator can now be studied:
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R(∂1, ∂2)∂1 = −∇∂2∇∂1∂1 = ∇∂2{x3∂3} = x3(x3 + βx4)
−1∂2,

R(∂1, ∂2)∂2 = ∇∂1∇∂2∂2 = −∇∂1{(x3 + βx4)∂3 + β4(x3 + βx4)∂4}
= x−1

3 (x3 + βx4)∂1,

R(∂1, ∂2)∂3 = ∇∂1{(x3 + βx4)
−1∂2} −∇∂2(x

−1
3 ∂1) = 0,

R(∂1, ∂2)∂4 = ∇∂1{β(x3 + βx4)
−1∂2} = 0,

R(∂1, ∂3)∂1 = ∇∂1{x−1
3 ∂1} −∇∂3{−x3∂3} = −∂3 + ∂3 = 0,

R(∂1, ∂3)∂2 = ∇∂1{(x3 + βx4)
−1∂2} = 0,

R(∂1, ∂3)∂3 = −∇∂3{x−1
3 ∂1} = (−x−2

3 ∂1 + x−1
3 x−1

3 ∂1) = 0,

R(∂1, ∂3)∂4 = 0,

R(∂1, ∂4)∂1 = −∇∂4{−x3∂3} = 0,

R(∂1, ∂4)∂2 = ∇∂1{β(x3 + βx4)
−1∂2} = 0,

R(∂1, ∂4)∂3 = −∇∂4{x−1
3 ∂1} = 0,

R(∂1, ∂4)∂4 = 0.

The curvature symmetries can now be used to reduce the number of re-

maining computations that must be performed by eliminating the index 1.

We have

R(∂2, ∂3)∂2 = ∇∂2{(x3 + βx4)
−1∂2}

−∇∂3{−(x3 + βx4)∂3 − β(x3 + βx4)∂4}
= (x3+βx4)

−1{−(x3+βx4)∂3−β(x3+βx4)∂4}+∂3+β∂4 = 0,

R(∂2, ∂3)∂3 = −∇∂3{(x3 + βx4)
−1∂2}

= −{−(x3 + βx4)
−2 + (x3 + βx4)

−1(x3 + βx4)
−1}∂2 = 0,

R(∂2, ∂3)∂4 = −∇∂3{β(x3 + βx4)
−1∂2}

= −{−β(x3 + βx4)
−2 + β(x3 + βx4)

−1(x3 + βx4)
−1}∂2 = 0,

R(∂2, ∂4)∂2 = ∇2{β(x3 + βx4)
−1∂2}

+∇∂4{(x3 + βx4)∂3 + β(x3 + βx4)∂4}
= −β∂3 − β2∂4 + β∂3 + β2∂4 = 0,

R(∂2, ∂4)∂3 = −∇∂4{(x3 + βx4)
−1∂2

= −{−β(x3 + βx4)
−2 + (x3 + βx4)

−1β(x3 + βx4)
−1}∂2 = 0,

R(∂2, ∂4)∂4 = −∇∂4{β(x3 + βx4)
−1∂2}

= −{−β2(x3 +βx4)
−2 +β(x3 +βx4)

−1β(x3 +βx4)
−1}∂2 = 0.

Thus we may eliminate the index 2. The only remaining curvatures are

R(∂3, ∂4)∂3 = R(∂3, ∂4)∂4 = 0.
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This shows that the only non-zero curvature is

R(∂1, ∂2, ∂2, ∂1) = −x3(x3 + βx4)

and hence M is skew Tsankov by Theorem 6.5.1.

The calculations performed above show that the scalar curvature is:

τ = −2x−1
3 (x3 + βx4)

−1 .

Let

E := Range{R} = Span{∂1, ∂2},
F := E⊥ = Span{∂3, ∂4} .

These spaces are invariantly defined. Let H := ∇2{− ln τ}|F . Since

∇∂a∂b = 0 for a = 3, 4 and b = 3, 4,

H(∂3, ∂3) = ∂2
3{− ln τ} = x−2

3 + (x3 + βx4)
−2,

H(∂3, ∂4) = H(∂4, ∂3) = ∂3∂4{− ln τ} = β(x+ βx4)
−2,

H(∂4, ∂4) = ∂2
4{− ln τ} = β2(x3 + βx4)

−2,

det(H) = β2x−2
3 (x3 + βx4)

−2 = 1
4βτ

2 .

This shows that β is an isometry invariant of Mβ . Furthermore since H |F
has rank 2, M is irreducible. The remaining assertions of Theorem 6.5.3

now follow. �

6.5.4 Flats in a Riemannian skew Tsankov manifold

Let M be a Riemannian skew Tsankov manifold. We apply Theorem 6.5.1

to classify the 1-model. We suppose k = 1 and hence RP = a(P )RΨ(P )

where Ψ is a self-adjoint map of rank 2 with Ψ(P )2 = Ψ(P ). After a minor

bit of technical fuss, one can show that Ψ(P ) and a(P ) can be chosen to

vary smoothly with P , at least locally. We begin the proof of Theorem

6.5.4 with

Lemma 6.5.1 Let M be skew Tsankov with curvature tensor R = aRΨ.

Let {ei} be a local orthonormal frame field where {e1, e2} is a frame for

Range{Ψ}. Let Ψi := ∇eiΨ and let ai := ei(ai). Then

(1) If µ ≥ 3, Ψieµ ∈ Span{e1, e2}. If µ ≤ 2, Ψieµ ∈ Span{e3, ..., em}.
(2) If µ, ν ≥ 3, then Ψµeν = Ψνeµ.

(3) If ν ≤ 2 and µ ≥ 3, then Ψµeν = 0.

(4) If µ ≥ 3, then aµ = a〈Ψ1eµ, e1〉 + a〈Ψ2eµ, e2〉.
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(5) If µ ≥ 3, then Ψµ = 0.

Proof. Since Ψ2 = Ψ, we have ΨiΨ + ΨΨi = Ψi. Assertion (1) follows

from:

〈Ψiej , ek〉 = 〈ΨΨiej , ek〉 + 〈ΨiΨej , ek〉 = 0 if j, k ≥ 3,

〈Ψiej , ek〉 = 〈ΨΨiej , ek〉 + 〈ΨiΨej , ek〉 = 2〈Ψiej , ek〉 if j, k ≤ 2.

We compute:

∇eiR(ej , ek)e` = ai〈Ψek, e`〉Ψej + a〈Ψiek, e`〉Ψej + a〈Ψek, e`〉Ψiej
−ai〈Ψej , e`〉Ψek − a〈Ψiej , e`〉Ψek − a〈Ψej , e`〉Ψiek.

The first Bianchi identity yields no information giving only a trivial identity

where all the terms cancel. However, the second Bianchi identity yields

non-trivial information:

0 = ∇eiR(ej , ek)e` + ∇ejR(ek, ei)e` + ∇ekR(ei, ej)e`
= ai〈Ψek, e`〉Ψej + a〈Ψiek, e`〉Ψej + a〈Ψek, e`〉Ψiej
−ai〈Ψej , e`〉Ψek − a〈Ψiej , e`〉Ψek − a〈Ψej , e`〉Ψiek
+aj〈Ψei, e`〉Ψek + a〈Ψjei, e`〉Ψek + a〈Ψei, e`〉Ψjek
−aj〈Ψek, e`〉Ψei − a〈Ψjek, e`〉Ψei − a〈Ψek, e`〉Ψjei
+ak〈Ψej , e`〉Ψei + a〈Ψkej , e`〉Ψei + a〈Ψej , e`〉Ψkei
−ak〈Ψei, e`〉Ψej − a〈Ψkei, e`〉Ψej − a〈Ψei, e`〉Ψkej .

We set i = ` = 1 and assume 2 < j < k.

0 = a1〈Ψek, e1〉Ψej + a〈Ψ1ek, e1〉Ψej + a〈Ψek, e1〉Ψ1ej
−a1〈Ψej , e1〉Ψek − a〈Ψ1ej , e1〉Ψek − a〈Ψej , e1〉Ψ1ek
+aj〈Ψe1, e1〉Ψek + a〈Ψje1, e1〉Ψek + a〈Ψe1, e1〉Ψjek
−aj〈Ψek, e1〉Ψe1 − a〈Ψjek, e1〉Ψe1 − a〈Ψek, e1〉Ψje1
+ak〈Ψej , e1〉Ψe1 + a〈Ψkej , e1〉Ψe1 + a〈Ψej , e1〉Ψke1
−ak〈Ψe1, e1〉Ψej − a〈Ψke1, e1〉Ψej − a〈Ψe1, e1〉Ψkej
= aΨjek − a〈Ψjek, e1)e1 + a〈Ψkej , e1)e1 − aΨkej
= 〈aΨjek, e1〉e1 + 〈aΨjek, e2〉e2 − a〈Ψjek, e1)e1
+a〈Ψkej , e1)e1 − a〈Ψkej , e1〉e1 − a〈Ψkej , e2〉e2
= a〈Ψkej − Ψjek, e2〉e2.

A similar argument shows 〈Ψkej − Ψjek, e1〉e1 = 0. Assertion (2) now

follows from Assertion (1).

We set i = ` = 1 and assume 2 = j < k.

0 = a1〈Ψek, e1〉Ψe2 + a〈Ψ1ek, e1〉Ψe2 + a〈Ψek, e1〉Ψ1e2
−a1〈Ψe2, e1〉Ψek − a〈Ψ1e2, e1〉Ψek − a〈Ψe2, e1〉Ψ1ek
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+a2〈Ψe1, e1〉Ψek + a〈Ψ2e1, e1〉Ψek + a〈Ψe1, e1〉Ψ2ek
−a2〈Ψek, e1〉Ψe1 − a〈Ψ2ek, e1〉Ψe1 − a〈Ψek, e1〉Ψ2e1
+ak〈Ψe2, e1〉Ψe1 + a〈Ψke2, e1〉Ψe1 + a〈Ψe2, e1〉Ψke1
−ak〈Ψe1, e1〉Ψe2 − a〈Ψke1, e1〉Ψe2 − a〈Ψe1, e1〉Ψke2
= a〈Ψ1ek, e1)e2 + aΨ2ek − a〈Ψ2ek, e1)e1 − ake2 − aΨke2
= a〈Ψ1ek, e1〉e2 + a〈Ψ2ek, e2〉e2 − ake2 − aΨke2.

Since Ψke2 ∈ Span{e3, ..., em}, Ψke2 = 0; Assertions (3) and (4) now follow.

If we were to set i = 1, ` = 2 and assume 3 ≤ j, k, no new information

is obtained. Similarly, if we were to set ` = 1 and let 3 ≤ i < j < k, no new

information would be obtained. We set i = 1, j = 2, 2 < k, 2 < `, to see:

0 = a1〈Ψek, e`〉Ψe2 + a〈Ψ1ek, e`〉Ψe2 + a〈Ψek, e`〉Ψ1e2
−a1〈Ψe2, e`〉Ψek − a〈Ψ1e2, e`〉Ψek − a〈Ψe2, e`〉Ψ1ek
+a2〈Ψe1, e`〉Ψek + a〈Ψ2e1, e`〉Ψek + a〈Ψe1, e`〉Ψ2ek
−a2〈Ψek, e`〉Ψe1 − a〈Ψ2ek, e`〉Ψe1 − a〈Ψek, e`〉Ψ2e1
+ak〈Ψe2, e`〉Ψe1 + a〈Ψke2, e`〉Ψe1 + a〈Ψe2, e`〉Ψke1
−ak〈Ψe1, e`〉Ψe2 − a〈Ψke1, e`〉Ψe2 − a〈Ψe1, e`〉Ψke2
= a〈Ψke2, e`)e1 − a〈Ψke1, e`)e2.

It now follows that 〈Ψke2, e`〉 = 0. Since Ψke2 ∈ Span{e3, ..., em} this

means that Ψke2 = 0. Similarly Ψke1 = 0. Thus Ψk = 0 on Span{e1, e2}.
On the other hand 〈Ψke`, e1〉 = 〈e`,Ψke1〉 = 0 and thus Ψk = 0 on

Span{e3, ..., em} as well. Assertion (5) now follows. Were we to set i = 1,

3 ≤ j < k, 3 ≤ `, no additional information would be obtained. �

We can now give the proof of Theorem 6.5.4. Let E := Span{e1, e2} and

let F := Span{e3, ..., em}. Then Ψe = e if e ∈ E while Ψf = 0 if f ∈ F .

Let j, k ≥ 3. We compute:

g([ej , ek], e1) = g(∇ej ek −∇ekej , e1)

= g(∇ej ek −∇ekej ,Ψe1)

= g(Ψ∇ej ek − Ψ∇ekej , e1)

= g(∇ejΨek −∇ekΨej − Ψjek + Ψkej , e1)

= 0 .

Thus [ej , ek] belongs to F as well. Assertion (1) of Theorem 6.5.4 now

follows.

Let {f1, f2} be vector fields tangent to a leaf X . We can extend {f1, f2}
to be vector fields on M which remain tangent to the leaves. Thus Ψ;fi = 0.
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If e is a vector field which is perpendicular to the leaf, then

g(∇f1f2, e) = g(∇f1f2,Ψe) = g(Ψ∇f1f2, e)

= g(∇f1Ψf2 − Ψ;f1f2, e) = 0 .

Thus the second fundamental form of X in M vanishes; equivalently, the

Levi-Civita connection of M restricts to the Levi-Civita connection on X .

The restriction of the curvature of M to X is the curvature of X ; Assertion

(2a) now follows. Assertion (2b) follows similarly since

g(∇f1e, f2) = g(e,∇f1f2) = 0 .

This completes the proof of Theorem 6.5.4.

6.6 Jacobi Videv Models and Manifolds

Let 〈·, ·〉 be an inner product of signature (p, q) on V . Recall that

Grr,s(V, 〈·, ·〉) is the Grassmannian of all non-degenerate linear subspaces of

V which have signature (r, s); the pair (r, s) is said to be admissible if and

only if Grr,s(V, 〈·, ·〉) is non-empty and does not consist of a single point or,

equivalently, if one has the inequalities:

0 ≤ r ≤ p, 0 ≤ s ≤ q, 1 ≤ r + s ≤ m− 1 .

Let J (π) be the higher order Jacobi operator associated to a non-degenerate

plane π ∈ Grr,s(V, 〈·, ·〉). We shall prove the following result in Section 6.6.1.

Theorem 6.6.1 Let M = (V, 〈·, ·〉, A) be a 0-model. The following asser-

tions are equivalent; if any is satisfied, then we shall say that M is a Jacobi

Videv 0-model.

(1) There exists (r0, s0) admissible so that J (π)J (π⊥) = J (π⊥)J (π) for

all π in Grr0,s0(V, 〈·, ·〉).
(2) There exists (r0, s0) admissible so that J (π)ρ = ρJ (π) for all π in

Grr0,s0(V, 〈·, ·〉).
(3) J (π)J (π⊥) = J (π⊥)J (π) for every non-degenerate subspace π.

(4) J (π)ρ = ρJ (π) for every non-degenerate subspace π.

It follows from Theorem 6.6.1 that the direct sum of Jacobi Videv 0-

models is again such a model. By Theorem 6.6.1, any Einstein 0-model is

Jacobi Videv. More generally, the direct sum of Jacobi Videv models is

again Jacobi Videv. One says that a 0-model is pseudo-Einstein either if
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the Ricci operator ρ has only one real eigenvalue λ or if the Ricci operator

ρ has two complex eigenvalues λ1, λ2 with λ̄1 = λ2. This does not imply

that ρ is diagonalizable in the higher signature setting and hence M need

not be Einstein. We shall establish the following decomposition result in

Section 6.6.2:

Theorem 6.6.2 Let M = (V, 〈·, ·〉, A) be a 0-model of arbitrary signature.

(1) If M is Jacobi Videv, then we may decompose M as the direct sum of

pseudo-Einstein 0-models.

(2) If M is Riemannian and indecomposable, then M is Jacobi Videv if

and only if M is Einstein.

We note that Theorem 6.6.2 fails on the geometric level. The manifolds

described by Tsankov in Theorem 6.1.2 or, more generally, those detailed

in Section 6.5 are irreducible Riemannian skew Tsankov manifolds which

are Jacobi Videv but which are not Einstein. At each point of the manifold,

the 0-model decomposes as the direct sum of Einstein models. However the

1-model is irreducible.

There are indecomposable pseudo-Riemannian Jacobi Videv manifolds

which are not Ricci flat but where ρ2 = 0; thus not every indecompos-

able Jacobi Videv manifold is Einstein. There are indecomposable pseudo-

Riemannian manifolds where ρ2 6= 0 but ρ3 = 0 which are not Jacobi Videv;

thus not every pseudo-Einstein manifold is Jacobi Videv. Finally, there are

pseudo-Riemannian Jacobi Videv models where ρ2 = − Id; thus 0 is not

the critical eigenvalue. We refer to Gilkey and Nikčević (2006e), which is

work in progress, for further details.

6.6.1 Equivalent properties characterizing Jacobi Videv

models

We shall follow the discussion in Gilkey, Puffini, and Videv (2006). Let

M = (V, 〈·, ·〉, A) be a 0-model. If {v1, ..., vk} is a basis for a non-degenerate

k-plane π, recall that

J (π) :=

k∑

i=1

k∑

j=1

ξijJ (vi, vj) . (6.6.a)
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Here ξij := 〈vi, vj〉 and ξij is the inverse matrix. Let ρ be the Ricci operator.

Since Jπ + Jπ⊥ = ρ, one may conclude that

JπJπ⊥ −Jπ⊥Jπ
= Jπ{Jπ + Jπ⊥} − {Jπ + Jπ⊥}Jπ
= Jπρ− ρJπ .

This establishes the equivalence of Assertions (1) and (2) and of Assertions

(3) and (4) in Theorem 6.6.1. It is immediate that Assertion (4) implies

Assertion (2). Assume there exists (r0, s0) admissible so that

J (π)J (π⊥) = J (π⊥)J (π) ∀ π ∈ Grr0,s0(V, 〈·, ·〉) .

Let 1 ≤ κ := r0 + s0 < m := dim(V ). Let {e1, ..., eκ, eκ+1, ..., em} be an

orthonormal basis for V where {e1, ..., eκ} spans a non-degenerate plane π

of signature (r0, s0). Let εi := 〈ei, ei〉. Then

J (π) :=

κ∑

i=1

εiJ (ei) .

We distinguish two cases. Suppose first that ε1 = εκ+1. Set

e1(θ) := cos(θ)e1 + sin(θ)eκ+1 .

Then {e1(θ), e2, ..., eκ} is an orthonormal basis for a non-degenerate plane

π(θ) of signature (r0, s0). One has for any θ that:

0 = [ρ,J (π(θ)) −J (π)] = 0

= [ρ, (cos2 θ − 1)J (e1)

+ 2 sin θ cos θJ (e1, eκ+1) + sin2 θJ (eκ+1)] .

This identity for all θ implies

[ρ,J (e1) −J (eκ+1)] = 0 if ε1 = εκ+1 .

Suppose next that ε1 = −εκ+1. Set e1(θ) := cosh(θ)e1 + sinh(θ)eκ+1. A

similar computation, after paying attention to the signs involved, yields:

0 = [ρ, (cosh2 θ − 1)J (e1) − 2 sinh θ cosh θJ (e1, eκ+1)

+ sinh2 θJ (eκ+1)] ∀ θ .

This yields the identity

0 = [ρ,J (e1) + J (eκ+1)] .
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We combine these two calculations to see that for all 1 ≤ i, j ≤ m one has:

εi[ρ,J (ei)] = εj [ρ,J (ej)] . (6.6.b)

We use Eq. (6.6.b) to see that

0 = [ρ,J (π)] =

κ∑

i=1

εi[ρ,J (ei)] = κε1[ρ,J (e1)]

and thus [ρ,J (e1)] = 0. This shows that [ρ,J (v)] = 0 for every unit

spacelike vector if s0 > 0 and for every unit timelike vector if r0 > 0. We

can rescale to conclude [ρ,J (v)] = 0 on a non-empty open subset of V and

hence, as this is a polynomial identity, conclude [ρ,J (v)] = 0 for all v ∈ V .

It then follows from Eq. (6.6.a) that [ρ,J (π)] = 0 for every non-degenerate

k-plane π. �

6.6.2 Decomposing Jacobi Videv models

We now establish Theorem 6.6.2. If M is Einstein, then ρ = c Id is a scalar

multiple of the identity. Consequently Condition (4) holds in Theorem

6.6.1. Conversely, suppose that M is an indecomposable Riemannian 0-

model such that Jxρ = ρJx for all x ∈ V . Decompose V = ⊕iVi into the

eigenspaces of the Ricci operator corresponding to distinct eigenvalues λi.

Then Jx preserves each eigenspace. We suppose that M is not Einstein

and argue for a contradiction.

Choose xi ∈ S(Vλi). Polarization yields Jx2x3 preserves each

eigenspace. Suppose that λ1 6= λ4. One then has 〈J (x2, x3)x1, x4〉 = 0.

Consequently

A(x1, x2, x3, x4) = −A(x1, x3, x2, x4) if λ1 6= λ4 . (6.6.c)

Suppose that λ1 6= λ4 and that λ2 6= λ4. We use Eq. (6.6.c), the first

Bianchi identity, and the other curvature identities to see:

A(x1, x2, x3, x4) = −A(x2, x3, x1, x4) −A(x3, x1, x2, x4)

= A(x2, x1, x3, x4) +A(x1, x3, x2, x4)

= −A(x1, x2, x3, x4) −A(x1, x2, x3, x4) .

This shows

A(x1, x2, x3, x4) = 0 if λ1 6= λ4 and λ2 6= λ4 . (6.6.d)
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Suppose that A(x1, x2, x3, x4) 6= 0 and that λ1 6= λ4. By Eq. (6.6.d),

λ2 = λ4 and, similarly, λ3 = λ1. Applying Eq. (6.6.c) then yields

A(x1, x2, x3, x4) = −A(x1, x3, x2, x4) .

A final use of Eq. (6.6.d) then shows A(x1, x3, x2, x4) = 0 as λ1 = λ3 6= λ4.

Consequently

A(x1, x2, x3, x4) 6= 0 implies λ1 = λ2 = λ3 = λ4 . (6.6.e)

Let Ai = A|Vi . By Eq. (6.6.e), A = ⊕Ai. If ρ has more than one eigenvalue,

this gives a non-trivial decomposition of M which contradicts the assump-

tion that M is indecomposable. This completes the proof of Theorem 6.6.2

(2). A similar argument using the Jordan normal form decomposition rather

than the eigenvector decomposition then suffices to establish Theorem 6.6.2

(1). �
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Blažić, N., and Gilkey, P., ‘Conformally Osserman manifolds and self-duality in

Riemannian geometry’, math.DG/0504498.
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