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Preface

This book arose out of a desire to investigate the relationship between
certain algebraic properties of the curvature tensor and the underlying ge-
ometry of a pseudo-Riemannian manifold.

In Chapter 1, we discuss the geometry of the Riemannian curvature
tensor. Basic geometrical notions are presented in Section 1.2. In Section
1.3, a passage to the algebraic context is given by introducing algebraic
curvature tensors which are algebraic objects with the same symmetries as
that of the Riemann curvature tensor. One says that a pseudo-Riemannian
manifold is curvature homogeneous if the curvature tensor “looks the same
at each point”. This notion is made precise in Section 1.4. Section 1.5
presents some results from linear algebra and Section 1.6 provides concepts
from differential geometry that will be needed subsequently. In Section 1.7,
the geometry of the Jacobi operator is discussed and in Section 1.8, corre-
sponding results for the curvature operator are given. Chapter 1 concludes
in Section 1.9 with some general facts concerning the spectral geometry of
the curvature tensor.

Chapter 2 deals with curvature homogeneous generalized plane wave
manifolds. This is a class of manifolds that are geodesically complete,
whose exponential map is surjective, and which have a number of other
properties. In Section 2.2, we present the main geometrical results con-
cerning this class of manifolds. The remainder of Chapter 2 deals with
specific examples. Sections 2.3, 2.4 and 2.5 deal with manifolds of signa-
ture (2,2), (2,4), and (p,p), respectively. Section 2.6 treats generalized
plane wave manifolds with flat factors, Section 2.7 discusses Nikéevi¢ man-
ifolds, and Section 2.8 presents Dunn manifolds. Sections 2.9 and 2.10 deal
with k-curvature homogeneous manifolds.

Chapter 3 discusses examples which are not generalized plane wave man-
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ifolds. Section 3.2 discusses Lorentz manifolds, Section 3.3 treats Walker
manifolds of signature (2,2), Section 3.4 deals with questions of geodesic
completeness and Ricci blowup, and Section 3.5 presents Fiedler manifolds.

Chapter 4 is more algebraic in nature. In Section 4.2, we present various
topological results. In Section 4.3, we use the Nash embedding theorem to
provide generators for the space of algebraic curvature tensors and algebraic
covariant derivative tensors. Sections 4.4 and 4.5 treat Jordan Osserman
algebraic curvature tensors and Szabé covariant derivative algebraic curva-
ture tensors, respectively. In Section 4.6, we study questions in conformal
geometry. Section 4.7 deals with Stanilov models. Section 4.8 treats com-
plex geometry.

Chapter 5 contains a discussion of complex models which are both Os-
serman and complex Osserman; the classification is complete except in a
few exceptional dimensions and ranks. Chapter 6 contains an introduc-
tion to Stanilov—Tsankov theory; this is a discussion of Jacobi Tsankov
manifolds, skew Tsankov manifolds, Stanilov—Videv manifolds, and Jacobi
Videv manifolds. Chapters 5 and 6 are joint work with M. Brozos-Vazquez.

Each chapter is divided into sections; the first section of a chapter pro-
vides an outline to the subsequent material in the chapter. Many sections
are further divided into subsections. Theorems, lemmas, corollaries, and
so forth are labeled by section. Equations which are cited are labeled by
section; equations which are not cited are not labeled.

Much of this book reports on previous joint work with various authors.
It is an honor and a privilege to acknowledge the contribution made by
these colleagues: N. Blazi¢, N. Bokan, M. Brozos-Véazquez, J. Diaz-Ramos,
C. Dunn, B. Fiedler, E. Garcia-Rio, R. Ivanova, J. V. Leahy, Z. Raki¢, H.
Sadofsky, U. Semmelman, U. Simon, G. Stanilov, I. Stavrov, A. Swann, L.
Vanhecke, V. Videv, and T. Zhang. In addition to pleasant professional
collaborations they have also enriched the personal life of the author.

The author expresses his appreciation to the Max Planck Institute in the
Mathematical Sciences (Leipzig, Germany) where most of the writing and
research took place. The author acknowledges with pleasure the support
and encouragement of Lorraine Davis, Susana Lépez-Ornat, Gwen Steigel-
man, and Arnie Zweig; without these individuals, the book would not have
been written. The book is dedicated to my father and mother.

P. B. Gilkey
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Chapter 1

The Geometry of the Riemann
Curvature Tensor

1.1 Introduction

In Chapter 1, we present some basic results that we will be using subse-
quently; we also summarize some of the literature in the field. Throughout,
we define a number of tensors. In the interests of brevity, we shall only give
the non-zero entries up to the obvious symmetries. Here is a brief outline
to Chapter 1.

In Section 1.2, we define the curvature of a connection on a vector
bundle. We introduce affine manifolds and pseudo-Riemannian manifolds.
We discuss scalar Weyl invariants, holonomy, and geodesics.

In Section 1.3, we pass to the algebraic context and discuss algebraic cur-
vature tensors and algebraic covariant derivative curvature tensors. We in-
troduce the Weyl tensor and we discuss k-curvature models and k-curvature
homogeneity in both the affine and in the pseudo-Riemannian settings.
There are certain canonical curvature tensors which will play a crucial role
in our development. These are introduced in Section 1.3.2.

In Section 1.4, we give a brief survey of the literature concerning cur-
vature homogeneity. In Theorem 1.4.1, we recall results of Priifer, Tricerri,
and Vanhecke (1996) relating the local scalar Weyl invariants to questions
of homogeneity in the Riemannian setting. In Theorem 1.4.2, we recall
a result of Singer (1960) and of Podesta and Spiro (1996) concerning k-
curvature homogeneity; the appropriate generalization to the affine setting
is given in in Theorem 1.4.3 which is due to Opozda (1996). Theorem 1.4.4
is due to Tricerri and Vanhecke (1986) in the Riemannian setting and to
Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the Lorentzian set-
ting and deals with manifolds which are O-curvature modeled on irreducible
symmetric spaces. We conclude Section 1.4 with a survey of the literature.
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The subject is a vast one and we can provide only a very brief introduction
to the field. For further details, the reader is urged to consult Boeckx,
Kowalski, and Vanhecke (1996).

In Section 1.5, we summarize some needed results from linear algebra.
We review the notion of Jordan normal form and discuss the spectrum of a
linear operator. We show that given an arbitrary linear map T of a vector
space V of dimension m, that there exists a non-degenerate inner product
(-,-) on V with respect to which T is symmetric. We present some technical
results concerning ordinary differential equations.

In Section 1.6, we summarize some elementary results from differential
geometry. Let 9y = (V,(-,-), Ag, A1) be a 1-model. Here (-,-) is a non-
degenerate inner product on a vector space V of dimension m, Ay is an
algebraic curvature tensor on V', and A; is an algebraic covariant derivative
curvature tensor on V. In Lemma 1.6.2, we show that 91, is geometrically
realizable; this fact plays an important role in the discussion of Section 4.3.
We also introduce some technical facts concerning principal bundles.

Using symmetric and anti-symmetric bilinear forms, respectively, we de-
fine two families of algebraic curvature tensors that will play an important
role in our investigations. In Theorem 1.6.1, we establish a result of Fiedler
showing these algebraic curvature tensors span the vector space of all al-
gebraic curvature tensors. In Section 1.6.4, we turn to complex geometry
and give several equivalent conditions for the compatibility of an algebraic
curvature tensor with a pseudo-Hermitian almost complex structure; this
defines the notion of a compatible compler model. In Section 1.6.5, we in-
troduce the pseudo-spheres and pseudo-complex projective spaces; any real
or complex space form is locally isometric to one of these examples. Section
1.6.6 deals with conformal complex space forms. We conclude Section 1.6
in Section 1.6.7 with a quick review of Kéahler geometry.

In Sections 1.7 and 1.8, we discuss natural operators related to the
curvature tensor and to the covariant derivative of the curvature tensor.
It is an interesting geometrical question to study when such an operator
has constant eigenvalues or, more generally, constant Jordan normal form
on the appropriate domain of definition. One often studies such questions
first in the algebraic setting and then subsequently passes to the geometric
setting; the second Bianchi identity then plays a crucial role in the analysis.

Here is a brief guide to some of the terminology that will be employed
subsequently. We use the word “Osserman” when the underlying opera-
tor is related to the Jacobi operator and the word “Ivanov—Petrova” when
the underlying operator is related to the skew-symmetric curvature opera-
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tor. We shall use the words “spacelike”, “timelike”, “mixed”, and “of type
(r,s)” as modifiers reflecting the underlying domain of the operator. Thus,
for example, the words “spacelike Osserman” will refer to the Jacobi op-
erator on spacelike unit vectors and the words “timelike Ivanov—Petrova”
will refer to the skew-symmetric curvature operator on timelike 2-planes.
We will add the modifier “Jordan” when instead of studying the eigenval-
ues we are studying the Jordan normal form of the operator. The words
“Tsankov” and “Videv” refer to various commutativity properties that will
be discussed subsequently in Chapter 6.

We will usually work first in the algebraic context by defining the notions
on a k-model. If M is a pseudo-Riemannian manifold, we add the modifier
“pointwise” if the structures in question have a given property on Tp (M) for
each P € M but if the eigenvalues (or Jordan normal form) are permitted
to vary with the point in question; the modifier “global” is added if in
fact the eigenvalues (or Jordan normal form) do not vary with the point in
question.

In Section 1.7, we discuss the Jacobi operator, the higher order Jacobi
operator, and the Weyl conformal Jacobi operator. In Section 1.8, we
treat the complex Jacobi operator, the skew-symmetric curvature operator,
the Stanilov operator (higher order skew-symmetric curvature operator),
the conformal skew-symmetric curvature operator, and the complex skew-
symmetric curvature operator. We conclude our discussion by dealing with
the Szabo operator.

In Section 1.9, we present various results concerning natural operators in
Riemannian Geometry and survey the literature. If © is a natural operator
of Riemannian geometry and if the natural domain D of © decomposes
into disjoint sets Dj,... reflecting the various possible signatures, then one
can complexify and use analytic continuation to see that the eigenvalues
of © are constant on D; if and only if they are constant on the remaining
D;. Thus, for example, spacelike Osserman and timelike Osserman are
equivalent conditions. We refer Theorem 1.9.1 for further details. In Section
1.9.2, we show k-Osserman manifolds are m — k Osserman and Einstein;
this is a useful duality result. In Section 1.9.3, we present work of Blazi¢
concerning natural operators with bounded spectrum. Let 9ty be a 0-model
of signature (p,q) where p > 0 and ¢ > 0. We show that if the Jacobi
operator of My has bounded spectrum on the pseudospheres of timelike or
spacelike unit vectors, then 9y is Osserman; similar results hold for the
other natural operators of Riemannian geometry.

We then survey the literature on the spectral geometry of the curvature



4 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

tensor. The Osserman conjecture is discussed in Section 1.9.4, the higher
order Jacobi operator is discussed in Section 1.9.5, the conformal Jacobi
operator is discussed in Section 1.9.6, the Stanilov and Szabé operators are
discussed in Section 1.9.7, the skew-symmetric curvature operator is dis-
cussed in Section 1.9.8, the conformal skew-symmetric curvature operator
and the complex skew-symmetric curvature operator are discussed in Sec-
tion 1.9.9. As was true for curvature homogeneity, the subject is a vast one
and this section is only a very brief introduction; further information on
these questions may be found in Garcia-Rio, Kupeli, and Vazquez-Lorenzo
(2002) and in Gilkey (2002).

1.2 Basic Geometrical Notions

In this section, we shall define the basic concepts and notions we will be
working with. Section 1.2.1 provides a brief introduction to linear algebra in
the indefinite context. Section 1.2.2 deals with vector bundles, connections,
and curvature. Section 1.2.3 introduces holonomy and parallel translation.
Affine manifolds, geodesics, and completeness are discussed in Section 1.2.4.
Section 1.2.5 is concerned with pseudo-Riemannian geometry, the Levi-
Civita connection, and the Riemann curvature tensor. In Section 1.2.6,
we use the metric to contract indices in pairs and construct scalar Weyl
invariants.

1.2.1 Vector spaces with symmetric inner products

Let V' be a real vector space of dimension m. Let V* be the dual vector
space and let End(V') be the vector space of all linear maps from V to V;
setting n* ® € : v — n*(v)€ identifies

End(V)=V*@V.

Let GI(V) C End(V) be the general linear group on V; GI(V) is the Lie-
group of all invertible elements of End(V'); the Lie algebra gl(V') of GI(V)
is given by

gl(V) = End(V).

Let Al(V) be the group of invertible affine linear maps of V; A € AI(V) if
and only if Az = ax + b for some a € GI(V) and some b € V. We define
Gl(n) and Al(n) by taking V = R".
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Let (-,-) € S?(V*) equip V with a symmetric bilinear inner product. We
say that (-, -) is non-degenerate if (¢1, o) = 0 for all ¢po € V implies ¢; = 0.
We define a linear map from V to V* by setting ¢5(¢2) = (é1,d2). The
inner product is non-degenerate if and only if this map is an isomorphism
from V to V*.

Let (-,-) be non-degenerate. Let End(V, (-,-)) denote the subspaces of
symmetric (+) and anti-symmetric (—) linear maps;

End+(V,(-,-) := {¢ € End(V) : (€1, &2) = £(&1,0&2) V & € V.
Let O(V, (-, -)) be the associated orthogonal group;
OV, () ={T e GI(V) : T"(-,-) = (-, 1)}
We let o(V') denote the associated Lie algebra;
o(V) =End_(V, ().

We say that v € V' is spacelike, timelike, or null if (v,v) > 0, if (v,v) < 0,
or if (v,v) = 0, respectively. Let ST(V, (-,-)) be the pseudo-spheres of unit
spacelike (+) and timelike (—) vectors:

SEWV, () i={v eV : (v,v) = +1}.
Similarly let N(V, (-, -)) be the null cone:
N(V, () = v € Vs (0,0) = 0}
Let § be the Kronecker symbol;

lifa=5
_sb . )
5‘“’_5"'_{011’@7&6.

We can always find a basis B := {e],...,e; ,e], <yef} for V so that

P>

<ei_,ej_> = —0;j, f{ej,el)=0, and (e}, e))=0dqp.

1 va a’

Such a basis B is said to be an orthonormal basis for V. The pair (p,q) is
called the signature of V and is independent of the particular orthonormal
basis chosen. Note that p + ¢ = m. We say that (-,-) has neutral signature
if p=gq.

We can define an inner product of signature (p,q) on RP*4 by setting

(Z,9) := —21Yy1 — .. — TqYq + Tqt1Yg+1 + - + Tptq¥ptq - (1.2.a)
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Let R®9 denote RP1 with this particular inner product and let O(p,q)
be the associated orthogonal group. Choosing an orthonormal basis B for
V defines an isometry from V to R® that identifies the two Lie groups

OV, (-,-)) =0(p,q) .

We say that @ C V is a non-degenerate subspace of signature (r,s) if
the restriction of the inner product to the subspace 7w is non-degenerate
and has signature (r,s). Let Gr, (V) denote the Grassmannian of all
such subspaces and let Gr;f <(V) be the Grassmannian of all oriented such
subspaces; these Grassmannians are connected and non-trivial if

1<r+s<m-1, 0<r<p, and 0<s<gq.

Such values of (r,s) will be said to be an admissible pair. Forgetting the
orientation defines a double cover

Zy — Gr} (V) — Gr,s(V).

More generally, if we permit ¢ € S?(V*) to be degenerate, we can
let ker¢p := {£ : ¢(&,n) = 0V n}. We pass to the quotient V/ker ¢, to
see that we can construct a basis for V' so that ¢(e;,e;) = 0 for ¢ # j
and so that é(e;,e;) € {0,£1}. If ¢ € A*(V*), we can choose a basis
{e1, s€ry f1, sy fryn1, ..., N } SO the non-zero entries in ¢ are ¢(e;, f;) = 1.

1.2.2 Vector bundles, connections, and curvature

We shall work in the smooth context, unless otherwise noted. Thus the
words “M is a manifold” are to be understood to mean “M is a smooth
manifold”, the words “f is a function” are to be understood to mean “f is
a smooth function”, and so on. Occasionally, we shall have to restrict to
the real analytic context, but this will be clearly noted, as, for example, in
Theorem 2.2.2.

Let M be a connected manifold of dimension m. Let T'(M) and T*(M)
be the tangent and cotangent bundles of M, respectively. If £ € C°°(T'(M))
is a vector field on M and if £&* € C°°(T*(M)) is a 1-form on M, then the
natural pairing between cotangent and tangent vectors defines a function
£°(6) € C=(M).

Let p: V — M be a vector bundle over M. Let Vp be the fiber of V' over
P € M. Let V* be the dual bundle of V and let S?(V*) be the bundle of
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symmetric 2-cotensors on V. Let End(V') be the bundle of endomorphisms
of V. Let A(V) be the exterior algebra bundle.

Let C*°(V) be the space of sections to V. If ¢ € C*>°(V), we shall
sometimes use the notation ¢p to denote the element ¢(P) € Vp. A section
g € C>®(S%(V*)) defines a symmetric bilinear inner product on V. We say
g is non-degenerate if gp € S%(V}) is non-degenerate for every P € M.

Let V be a connectionon V. If £ € C>*°(T(M)) is a tangent vector field
on M and if ¢ € C*°(V) is a section to V, then V¢¢ is once again a section
to V. Let f € C*°(M). Then V is bilinear, function linear in the first
argument, and behaves like a derivation in the second argument:

v{51+f2}{¢1 + ¢2} = Ve ¢1 + Ve, d2 + Ve, 1 + Vi, o,
Ve = fVed, and Ve{fot = fVed+{L(f)}o.
In particular, if & (P) = &(P), then

{Ve,0}(P) ={Ve, 0} P.

Covariant differentiation is a local operator. If O is an open subset of M,
if §1|O = §2|(97 and if ¢1|@ = ¢2|(), then

Ve d1lo = Ve, d2)0 .

We extend V to act naturally on the associated tensor bundles.
For example, the induced connections on C*°(V*), on C*(S?(V*)), on
C>*(End(V)), and on C*(A(V)) are characterized, respectively, by the
identities:

{Veg o = E{9"(9)} — " (Ved),

{Vegt(d1, ¢2) = {g(d1,02)} — 9(Vedr, ¢2) — g(h1, Veda),
{VeE} ) = Ve{Eo} — E{V¢o},

Ve{wr Awa} = {Vewi} Awa + w1 A{Vews}.

Let po : Vo — M> be a vector bundle over Ms. Let f : M; — Ms. The
pull-back bundle f*V5 is the vector bundle over M; defined by

fr(Va) i= {(P1,v2) € M1 x Vo : f(P1) = p2(v2)}

with the projection p1(Py,v2) := Py from f*(V2) to My. If ¢g € C°(V3),
then the pull-back section is given by:

[ (92)(P1) := (P, 92(f(P2))) -
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If g2 € S?(Vy") defines a non-degenerate fiber metric on Va, then the pull-
back f*go is a non-degenerate fiber metric on V7 which is defined by:

[ (g2)((P1,v2), (P1,w2)) = g2(ve, w2) .

If V is a connection on V3, then the pull-back connection f*V is character-
ized by the identity:

{(f*V)e, [7oH(P1) = (P AV e, 0} (f (1)) -

If &,8 € C°(T(M)), let [&1,&2] := &1&2 — £2&1 be the Lie bracket. Let
R be the curvature operator:

R(§1=§2) = Ve, Ve, = Ve, Ve, — v[flvfﬂ :

The curvature is tensorial; {R(&1,&2)0}H(P) depends only on & (P), on
&(P), and on ¢(P). If {e;} is a local frame for T(M) and if {¢,} is a
local frame for V', then

R(Zuiei, Zvie]) { Zw“(b“} = Z uvjwa R (€4, €5)Pq -
i J a i,5,a
We may regard
ReC(T"MRIT"MV* V).

Let V be trivial over an open subset O. Let {¢1, ..., ¢s} be a local frame
for V]p and let @ = (21, ..., ;) be local coordinates on O. Decompose

Vo, ¢a =D wia"dv. (1.2.b)
b

The connection 1-form w completely describes the connection V on O. Let
£=3",£0,, be a vector field on O and let ¢ = Y, a”¢, be a section to V
on O; here ¢, a® € C*°(0). One has:

Vep =D €0, {0 ba+ Y Eawia ey

i,a i,a,b

The curvature tensor may then be described by:

R, 02;)ba = > Rija"
b

where

Rijab = 8miwjab - axjwiab + § (wicbwjac - chbwiac) .
c
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If V. =TM, one has Christoffel symbols for V:

Vami (9% = Zl—‘ijkamk . (1.2.(3)
k

Denote the i*" covariant derivative of the curvature operator by
VIR € C®(@ P2 T* (M) V*aV).
We shall use the following notations for the evaluation:

(VIR)(&1,&2:&3, o Ei2)d o Ve .. Ve, R(E1,&2)0.

One has inductively that

(le) (51 PREE) §i+2)¢

= v§i+2{(vi_lR)(§1a [ §Z+1)¢} - (vi_lR)(fla ) §i+1)vfi+2¢
i+1

- Z(Vi_lR)(ﬁla oo Ve 565, §it1) 9
=1

It is immediate from the definition that if ¢ > 2, then one has the following
commutation formula for covariant differentiation

(VIR) (&1, s i1, Givz) — (VIR) (1 ooy Ei2, Gig1)
= R(&iv2, &) (V' ?R) (&1, &2, -, i)}
2 1<jci(VTPR)(Ey s R(Eir2, it 165 s i)
—{(V'72R) (&1, o, E) IR (Eias i) -

Thus, for example, we have

(VPR) (&1, 6263, €0) — (VPR)(&1, €25 €4, E3)
= R(€1,&)R (&1, 62) — R(€1,€2)R(64,E3)
= R(R(4,€3)81,€2) — R(&1, R(€4,83)E2) -
Fix a non-singular symmetric inner product g € C*°(S?(V*)) on the
vector bundle V. We say that V is Riemannian if Vg = 0. In terms of

the connection 1-form defined in Eq. (1.2.b), this means equivalently that
relative to any orthonormal frame field {¢1, ..., ¢s} that

(1.2.d)

wia” +wip® =0.
If V is Riemannian, then R is skew-symmetric:

0=g(R(&1,82)01,02) + g(P1, R(&1,&2)P2) -
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In the special case that V' = T(M), we say that V is torsion free if

Ve, &o — Ve,& = [61,8] -

Equivalently in the notation of Eq. (1.2.c), this means that relative to a
coordinate frame {9y,, ..., 0x,, }, we have the symmetry property:

INTLIES WL
We set

Diji = nglFijl =9(Vo,,0;,0z,) .
1

There is a unique torsion free Riemannian connection on T'(M) which is
called the Levi-Civita connection; the Christoffel symbols of the Levi-Civita
connection are given in Eq. (1.2.f).

1.2.3 Holonomy and parallel translation

Let V be a connection on a vector bundle V. Let v be a curve in M. We
say that a section £(t) to V along v is parallel if V4)&(t) = 0. If {¢a}
is a local frame field, we may expand &(t) = Y, £%(t)¢pa(y(t)). Expand
v(t) = (4(t),...,7™(t)) in a system of local coordinates. Then & is parallel
if and only if

0=£(t) + > A (1) Mwn"(v() =0 Va.
b,i

Consequently, given £ € V,y(M), there is a unique parallel section £(t)
along v with £(0) = &. The map P, : o — &(1) is called parallel transla-
tion; B defines a linear isomorphism from V) to V,(;). We say that v is
a closed loop at P € M if 4(0) = (1) = P. Let

Hp :={PB, :v(0) =~(1) = P} C G(Vp)

be the holonomy group at P. Since M is connected, the isomorphism class
of the Lie group Hp is independent of the point P € M.

Let g € C*°(S?(V*)) be a non-degenerate inner product on the vector
bundle V' and let V be a Riemannian connection. The holonomy group is
then a subgroup of the orthogonal group O(Vp, gp) since parallel translation
preserves the inner product.
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The holonomy is said to be reducible if there exists a proper invariant
subspace; this means there exists V7 C Vp so that

0CViCVp and HpVi=Vi.

Otherwise, the holonomy is said to be irreducible. The holonomy is said
to be decomposable if there is a non-trivial invariant decomposition of Vp.
This means that we can find a decomposition Vp = V3 @ V5 with

0CV;CTpM and HpV;=V;.

Otherwise the holonomy is said to be indecomposable. If the connection
is Riemannian with respect to a positive definite inner product, these two
notions coincide. These notions are distinct for indefinite metrics, see, for
example, the discussion in Section 3.2.

1.2.4 Affine manifolds, geodesics, and completeness

Let V be a torsion free connection on T'(M). The pair F := (M,V) is
said to be an affine manifold. An affine manifold F is said to be reducible,
irreducible, decomposable, or indecomposable when the holonomy has this
property.

We say that a curve v in M is a geodesic if 7 is a parallel vector field
along <y; this means that v solves the geodesic equation V¥ = 0. Let
v = (v(t),...,7™(t)) be a curve. Then 7 is a geodesic if and only if

O:ﬁk+21i1jf‘ljk for 1<k<m. (1.2.e)

ij
Thus the fundamental theorem of ordinary differential equations shows that
given P € M and given , € TpM, there is a unique geodesic yp¢ so that

’}/p7§(0) =P and "}/pyg(O) = 50-

Two torsion free connections V and V are said to be projectively equiva-
lent if their unparametrized geodesics coincide or equivalently by Eisenhart
(1964), if there exists a 1-form © so that

Vot — Vou = O(u)v + O (v)u.

If v is a curve and if s € RT, we rescale v to define the curve v* by
setting 7vs(t) = (st). If v is a geodesic, then 7*® is once again a geodesic.
Since v°(0) = P and 4°(0) = s¥(0), ype(st) = vpse(t). Consequently by
the fundamental theorem of ordinary differential equations, there exists an
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open neighborhood O of O € TpM so that yp¢(t) exists for |t| < 1 and for
all £ € O. We define the exponential map

expp:O—M by expp(€) = pe(l).

It is then immediate that yp¢(t) = expp(t€). The map { — expp(§) defines
a coordinate system on M such coordinates are called geodesic coordinates
centered at P. Straight lines through the origin are geodesics in these
coordinate systems.

We say that an affine manifold F is geodesically complete if all geodesics
extend for infinite time; this means that expp is defined on all of TpM
for any point P in M. We say that F is strongly geodesically convex if
there exists a unique geodesic between any two points of M; F is complete
and strongly geodesically convex if and only if the exponential map is a
diffeomorphism from TpM to M for any P € M.

Let p(u,v) := Tr{y — R(y, u)v} be the Ricci tensor. This tensor need
not be symmetric for a general affine connection; V is Ricci symmetric if
and only if V locally admits a parallel volume form, see Pinkall, Schwenk-
Schellschmidt, and Simon (1994) for details. If f € C°(M), then the
Hessian Hy (f) € C*°(S*(T*M)) is defined by

Hy (f)(u,v) == u(v(f)) = df (Vuv) .

The Hessian is symmetric if and only if V is torsion free.
One says M = (M, g) exhibits Ricci blowup if there exists a geodesic
whose parameter range is [0,7") for T' < oo and where

lim sup |o(4, 4)| = oo.
t—T

Necessarily such a manifold is incomplete; it may not be embedded as an
open subset of a complete affine manifold. Examples of locally homogeneous
3-dimensional Lorentz manifolds with Ricci blowup are given in Theorem
3.2.1.

1.2.5 Pseudo-Riemannian manifolds

Let g € C*°(S%(T*(M))). We say that g is a pseudo-Riemannian metric
of signature (p,q) on M if gp is a non-degenerate symmetric inner product
of signature (p, q) on TpM for every point P of M. The pair M := (M, g)
is said to be a pseudo-Riemannian manifold of signature (p,q). Note that
p+q = m. We say that M is a Riemannian manifold if p = 0; we say that
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M is a Lorentzian manifold if p = 1. Every manifold admits a Riemannian
metric. There are topological obstructions to admitting metrics of higher
signature. For example, if M is compact, then M admits a Lorentzian
metric if and only if the Euler-Poincaré characteristic of M vanishes. In
Theorem 4.2.3, we relate the signature of indefinite metrics on spheres to
the Adams number.

The Levi-Civita connection on M is a connection on T(M) which is
characterized by the following properties:

Ve, o — Ve, & = [61,&] [torsion free]
§39(&1,62) = 9(Ve61,&2) + 9(&1, Ve, &2) [Riemannian].

Let = (x1, ..., Zm) be a system of local coordinates on M. Set
gij = g(aiﬂl 9 amj)

and let g¥ be the inverse matrix;
> _gig’t =0r.
J
Introduce Christoffel symbols I'yjj, := g(Vazi Oz;, 0z, ). We then have
Lijk = 5100, 9ik + Ox,gji — 02, 9ij } - (1.2.1)
It is then easily checked that

Lijk =ik so V is torsion free,

Lijk + ik = Oz,9j1 so V is Riemannian.

One has that

Vo, O, = Zrijkazk where T;;* = Zgé’“Fm.
k ¢

Relative to the coordinate frame, the Lie bracket is trivial and the
derivatives of the metric encode the Levi-Civita connection. With an or-
thonormal frame {e;}, the reverse is true. Let [e;,e;] = Y, Cijrer describe
the Lie bracket of a local orthonormal frame. We then have

Veej = 5{Cik — Cini + ChijYer.
k
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The corresponding affine structure is given by taking F(M) := (M, V)
and the curvature tensor R € @*(T*(M)) of M is defined by setting:

R(&1,82,63,84) == 9(R(&1,62)63,&4) -

This satisfies the usual curvature symmetries:

R(&1,62,83,84) = —R(&2,&1,83,81) = R(&3, 84,61, 82),
0= R(&1,82,83,84) + R(62,83,61,64) + R(E3,81,82,84) -

The first relations are Zs symmetries, the final relation is the first Bianchi
identity. Relative to a coordinate frame,

(1.2.g)

R(amlaam])awk = ZRijkéa;w and R(am“amjuawkaamg) = Rijké
¢

where R;jie = >, gneRiji" and where
Rijpt = 0,1 — 8mj1—‘ik€ + Z {Fingij" - angl—‘ikn} .

We set
ker(R) :=={ne€TM:R(n,&,8,8)=0 V & eTM}.
We define the covariant derivative VR € C°°(®5T*(M)) by setting

VR(§17§27§37§4;§5) = g(vﬁsR(§17§2)§37§4) .

This tensor has the symmetries

VR(&1,82,83,84585) = —VR(£2,61,83,84565)
= VR(§37§4551552;§5)7

0= VR(&1,82,83,84585) + VR(E2, €3, 1,45 E5) (1.2.1)
+VR(E3,81,82,84565), o

0= VR(&1,82,83,84585) + VR(E1, 2,84, 55 E3)
+VR(&1,62,85,83:84) -

The first relations are Zs symmetries, the next relation is the covariant
derivative of the first Bianchi identity, and the final relation is the second
Bianchi identity. The tensors V'R € C°°(@*T'T*(M)) for i > 1 are defined
similarly.

Let R be the curvature operator. The Jacobi operator is given by:

T() :n— R8¢
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Let o be a geodesic in M. A vector field Y along o is said to be a Jacobi
vector field if the Jacobi equation is satisfied:

Y +J(6)Y =0.

The fundamental theorem of ordinary differential equations shows that a
Jacobi vector field Y along a curve is specified by Y'(0) and by Y (0).

Jacobi vector fields arise in the study of geodesic sprays. We say that
T :[a,b] X [c,d] = M is a geodesic spray if the curves o, : v — T'(u,v) are
geodesics for every v € [¢,d]. The following is well known:

Lemma 1.2.1

(1) Let T be a geodesic spray. Then Ty(0y) is a Jacobi vector field along
oy for every v.

(2) Let Y (u) be a Jacobi vector field along a geodesic o : [0,T| — M. Then
there exists € > 0 and a geodesic spray T : [0,e] x [0,e] — M so that
o(u) = T(u,0) and so that Y (u) = Tw(0y)|v=0 for u € [0,¢].

One can symmetrize the Jacobi or polarize the Jacobi operator to define
T (,y) 1 — 5{R(n.x)y + R(n, y)x} .

Note that p(z,y) = Tr{T (z,y)} and J(x) = J(z,2z). We say that M is
Einstein if there is a constant ¢ so that p = c¢1g. We say that M is k-stein
if there exist constants ¢; such that

Tr{T (€)'} = cig(&,€)" forall €€T(M) and 1<i<k.
This definition is motivated by the observation that 1-stein and Einstein

are equivalent notions as noted by Carpenter, Gray, and Willmore (1982).

1.2.6 Scalar Weyl invariants

Let VFR be the k' covariant derivative of the curvature operator defined

by the Levi-Civita connection. Let = := (z1,...,2y) be local coordinates
on M. Expand
k
Vaxh"'vaz“ R(axilvaxiz )azzg = Rilizia ;j/z-,---ﬁjlaxk

where we adopt the FEinstein convention and sum over repeated indices.
Scalar invariants of the metric can be formed by using the metric tensors
g” and g;; to fully contract all indices. For example, one may use the
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Einstein convention to define the scalar curvature T, the norm of the Ricci
tensor |p|?, and the norm of the full curvature tensor |R|? by:

ik
7= g" Ryyj",

, L i l .
o™ == g7 "% Ryiyj, " Riigjo - and (1.2.1)
|R|? := g7 g"272 g% g; 5 Risigis * Ry g™

Such invariants are called Weyl invariants; if all possible such invariants
vanish, then M = (M, g) is said to be VSI (vanishing scalar invariants).

In Chapter 2, we will discuss a number of families of pseudo-Riemannian
manifolds. Many of these families will have vanishing scalar invariants;
the task then is to construct other invariants to distinguish them. For
example, in Theorem 2.3.2, we consider the following family of manifolds.
Let (x,y,Z,7) be coordinates on R%, let f € C°°(R), and let M s := (R, g¢)
where gy is the metric of neutral signature (2,2) on R* given by:

gf(azv 0z) = —2f(y), gf(afbv 0z) = gf(ay’ 8.73) =1.

We show that these manifolds all have vanishing scalar invariants. Assume
that f3) #£ 0. For k > 2, set:

ar(f) = { DY Oy
We shall show presently that:

(1) If there is a local isometry ® : My — My, with ®(Py) = P», then
ar(f1)(P1) = ai(f2)(Pe) for all integers k > 2.

(2) If f1 and f2 are real analytic and if ag(f1)(P1) = ai(f2)(P2) for all
integers £ > 2, then there is an isometry ® : My — My, such that
(P, = P».

1.3 Algebraic Curvature Tensors and Homogeneity

Section 1.3.1 deals with algebraic curvature tensors and covariant derivative
algebraic curvature tensors. In Section 1.3.2, we introduce the canonical
curvature tensors associated to a symmetric or an anti-symmetric bilinear
form. In Section 1.3.3, we decompose the action of the orthogonal group
on the space of algebraic curvature tensors to define the Weyl conformal
curvature tensor. The notion of a k-curvature model 9%, is introduced in
Section 1.3.4; this encodes information on the covariant derivatives of the
curvature up to order k. In Section 1.3.5, various notions of homogeneity
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are presented. In Section 1.3.6 we introduce the notion of a Killing vector
field; in Section 1.3.7 we discuss nilpotent curvature.

1.3.1 Algebraic curvature tensors

Let V' be a real vector space of dimension m which is equipped with a
non-singular inner product (-, -).

Definition 1.3.1 A 4-tensor A € ®*V* is said to be an algebraic curva-
ture tensor if it satisfies the relations of Eq. (1.2.g); this means that

(1) A(&1,82,83,81) = —A(&2,61,83,64)-

(2) A(&1,82,83,84) + A(&2,83,61,84) + A(&3,61,62,64) = 0.
(3) A(&1,82,83,8) = —A(&1, &2, 64, 83).

(4) A(&1,82,83,8) = A(&3,64,61,62).

Let {e1,...,en} be a basis for V. We set g;; = (e;,e;). If A€ @*(V*),
we set Aijr = Alei,ej, ek, e). The components g;; determine the inner
product; the components A;;; determines the tensor A. If A is an algebraic
curvature tensor, then the Ricci tensor is defined by

a(6,6) =Y " A&, e, ex,60)
Jk

There is a bit of redundancy in Definition 1.3.1.

Lemma 1.3.1 Let A € ®*V*. Suppose that Properties (1) and (2) of
Definition 1.3.1 are satisfied. Then the following assertions are equivalent:

(1) A(&1,82,63,84) = —A(&1,62,84,&3).
(2) A(&1,&2,63,84) = A(€3,84,61,62).

Proof. Assume that (1) holds. Let & € V. Set
A(€1, 82,83, 84) = a1, A(§3,64,61,&2) = a1 + e,

A(61,83,82,84) = a2, A(E2,84,81,83) = az + 2,
A(§27§3agla€4) = as, A(§17§47§Qa€3) = as + £3.

We then use the first Bianchi identity to compute:
= A(&1,82,83,81) + A(&2, 83,61, 64) + A(&3, 61,62, 64)
= a1 — a2 + as,

= A(&1,8,84,83) + A(&2, 84, 61,83) + A6, &1, &2, 63)

=—a1+az2 —a3+ex —€3,
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0= A(&1,83,84,82) + A(€3,84,61,62) + A&, 61,63, 62)

= —as +a1 +a3z+¢e1+ €3,

0= (§27§37§47§1) + A(£37§47§27§1) + A(§47§27§37§1)

= —a3z — a1 +az — &1+ €2.
This yields the relations:
O0=eg—e3=¢€1+e3=—¢c1+¢e2

from which it follows that e1 = €3 = €3 = 0 which establishes Assertion
(2). The implication (2) = (1) is immediate. O

Definition 1.3.2 A 5-tensor A; € ®°V* is said to be a covariant deriva-
tive algebraic curvature tensor if it satisfies the relations of Eq. (1.2.h):

(1) A1(&1,82,83,84585) = —A1(&2, €1, €3, 845 65).

(2) A1(&1,82,63,84:65) + A1(&2,63,81,64:85) + A1(€3, 61,62, 84365) = 0.
(3) A1(&1,82,63,84:65) + A1(&1, 62,84, 65:83) + A1(&1, 2,65, 83:64) = 0.
(4) A1(&1,62,83,84585) = —A1(&1, 62,84, 635 65).

(5) A1(&1,82,83,84585) = A1(€3, 84, 61,825 65).

The same argument used to prove Lemma 1.3.1 shows that (4) and
(5) are equivalent in Definition 1.3.2 given that (1) and (2) hold. One
sets Algy(V) C ®@1V* (respectively Alg,(V) C ®5V*) to be the space
of all algebraic curvature tensors (respectively of all algebraic covariant
derivative tensors). We do not introduce the spaces Alg, (V') for k > 2 as
the symmetries are more complicated and involve lower order terms as is
shown by Eq. (1.2.d).

In the study of affine geometry, one has the following notion:

Definition 1.3.3 We say that A € ®?V* @ End(V) = @3V*® V is an

affine curvature operator if

(1) A(&1,62)8 = —A(&2,61)8s.
(2) A(&1,62)8 + A&, &3)6 + A(&3,61)& = 0.
(3) Tr{A(&1,82)} = 0.

In the presence of an inner product (-,-) on V, one can lower indices
and define A € ®*V* by the identity:

A(&1,62,83,84) = (A(61,62)83,8a) -
Let F, be the set of such tensors; they are characterized by the properties:

(1) A(£17§27§37§4) = _A(§27§17§37§4)-
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(2) A(&1,82,83,84) + A(&2,83,61,84) + A(&3,61,62,64) = 0.
(3) Yo 9 Aijr = 0.

Let S2(V*,(-,-)) be the vector space of trace free symmetric bilinear
forms. If A € Fy and if S € A2(V*) @ SZ(V*, (-,-)), let

To(A)ijir = 3{Aijer + Aijie} € A2(V*) @ BV, (),
a(S)ijrt = 5{Skjir + Sinji — Stjix — Suzu} € A2(A*(V*)).

One then has the following relationship between the spaces Alg, and F, as
representation spaces for the orthogonal group as shown by Blazi¢, Gilkey,
Nikécvié, and Simon (2006):
Lemma 1.3.2 There is a natural short exact sequence

0 — Algy — Fy=A* (V) @ SV, () = 0.
The map Id +« splits the projection 7.
Proof. 1If A € ker(w,), then A satisfies:

Aijit = —Ajirt,  Aijia + Ajear + Akt =0, Ay = —Aijine -

By Lemma 1.3.1, A;jr; = Agii; and thus A is an algebraic curvature tensor.
Conversely, of course, if A € Alg, then A;jr + Aiji, = 0. Thus

ker(ms) NF, = Alg, .
If S € A2(V*) @ Sg(V*,(-,-)), let T = a(S). We have
Tijin = 5{Skjit + Sikjt — Sijik — Sujn }s
Tjire = 5{Skijt + Sjkit — Siiji — Sjiir} = —Tjin,
Triij = 5{Sitkj + Skitj — Sjiki — Skjti} = —Tijut -
Thus «(S) € A2(A%(V*)). In particular m,a(S) = 0 so

ms(id4a) =Id on A*(V*)®S2(V*, ().
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To prove that S + a(S) € Fy, we need only check that the first Bianchi
identity is satisfied:

(id +@)Sijrr + (id +@) Sk + (id +)Skiji
= Siju1 + Sjrit + Skiji
+ ${Skjit + Sikji + Sjirt + Sikjt + Sjirt + Skji}
— L{Syjik + Sikji + Siin + Sitjr + Sjwki + Skiij
=0.

The orthogonally equivariant decomposition
of the Lemma now follows. O

This decomposition is not irreducible. The map « can be used to define
a natural short exact sequence

0 — {A* (V) @ S§(V*, ()} NEFg — A2 (V") ® S*(V7)
HAZ(A2(VF) =0

which is split by the map
B(T)ijri = 5(Twjir — Thiji)
where
AJA2 (V7)) o= BTHAK V) @ SE(V™, ().
Thus we may decompose
Fy = Algy & {{A*(V) @ S§(V", (-, )} NFy} & AF(A*VY)

as a representation space of the orthogonal group. This leads to the follow-
ing result of Blazi¢, Gilkey, Nikécvié, and Simon (2006):

Theorem 1.3.1
(1) There is an O(V,(-,)) equivariant orthogonal decomposition of
FomWi oWy Wy Ws®Ws®Wr® Wy

as the direct sum of irreducible O(V, (-,-)) modules where:
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dim{W:} =1,
dim{Ws2} = dim{W5} = +(m — 1)(m + 2),
dim{W,} = m(m — 1),
dim{Ws} = 5m(m + 1)(m — 3)(m + 2),
dim{W7} = 2 (m — 1)(m — 2)(m + 1)(m + 4),
dim{Ws} = tm(m — 1)(m — 3)(m + 2).
(2) There are the following isomorphisms as O({-,-)) modules:
(a) Wl ~ R.
(b) Wam Ws ~ SE(V*, ().
(c) Wym A2(V7).
(d) We ={A € Alg,: pa =0} = Weyl conformal curvature tensors.
(e) Wy = {0 € @*V*: 041 = —Ojits = —Oriij, " O;jx1 = 0}.

ool 0ol

The module W7 is a bit more difficult to describe explicitly and we refer
to Blazié¢, Gilkey, Nikécvié, and Simon (2006) for details. The notation is
taken from that established by Bokan (1990); if one drops the condition
that gklAijkl = 0, one then obtains the space of curvature tensors (V)
and has

R(V)=Fy(V)®Ws where Wy~ A*(V*).

We shall return to this class again in Section 6.3 in our discussion of Jacobi
Tsankov tensors.

1.3.2 Canonical curvature tensors

Let S?(V*) and A%(V*) be the spaces of symmetric and anti-symmetric
bilinear forms on V. If &, € S?(V*) and if ®_ € A?(V*), define 4-tensors

A<I>+(x7yazaw) = (P-F(Iaw)q)‘i‘( ) (b‘i‘( )(I)+(y7u})7
Ap_(2,y,2,w) == P_(z,w)P_(y,2) — P_(2,2)P_(y, w) (1.3.a)
—2%_(z,y)P_(z,w).
Define a corresponding linear map ¢ € End(V) so that (¢z,y) = ®(z,y);
if ® € S2(V*), then ¢ € End(V, (-,-)) is symmetric; if ® € A%2(V*), then

¢ € End_(V, (-, -)) is skew-symmetric. The associated curvature operators
are then defined by

A (2,9)7 1= (01Y, 2) 040 — (P12, 2) Py,

Ao_(z,y)z == (¢ _y,2)p_x — (p_x,2)d_y — 2{_x,y)p_2 (1.3.b)
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In Lemma 1.6.3 we will show that these tensors are algebraic curvature
tensors and in Theorem 1.6.1, we will show that

Alg, = Span¢+es2(v*){A¢+} = Span¢76A2(V*){A¢7 I8

this result is originally due to Fiedler (2003a). If ¢ = ¢Id and, correspond-
ingly, if ® = ¢(-,-), then A is said to have constant sectional curvature c.
The curvature tensor of constant sectional curvature +1 will be denoted by

A('7'>(x7 Y, 2, w) = <$7 ’LU> <y7 Z> - <;C7 Z> <y= w> :

Algebraic curvature tensors defined by a symmetric bilinear form appear
in hypersurface theory. Let M™ be a hypersurface in R™**. We work in
the positive definite setting, but there is a natural pseudo-Riemannian gen-
eralization. Fix a point P € M and choose an orthonormal basis {v1, ..., 4 }
for the normal plane at P. Let

Li(&1,&2) = (d¢, &2, v4)

be the second fundamental form defined by v; at P; this is a symmetric
bilinear form on TpM. We then have:

k
Rp=Y Rp,.

i=1
The curvature tensors which arise from skew-symmetric bilinear forms
also have geometric significance. Let {-,-) be a Riemannian inner product
onV. Let F = {Jy,..., J¢} be a Clifford family on V. Here the J; are skew-
symmetric endomorphisms of V' which satisty the Clifford commutation

relations:

JiJj + JJJZ = —251'3' 1d .

The J; form an anti-commuting family of Hermitian almost complex struc-
tures on V. Given real constants ¢;, following Eq. (1.3.a), one defines:

4
A=Ay + > iy,
=1

We shall show presently in Lemma 1.6.3 that A € Algy(V). Such a curva-
ture tensor is said to be given by a Clifford family.

Let CP" and HP" denote complex projective space and quaternionic
projective space. We endow these spaces with the Fubini—-Study. Let J be
the natural almost complex structure on CP" and let {J1, J2, J3} be the
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natural quaternionic structure on HP"™. We then have, see Section 1.6.5 for
details,

Repr = Ria+ Ry and Rppr = Rig+ Ry, + Ry, + Ry, .

1.3.3 The Weyl conformal curvature tensor

There is a natural representation of the orthogonal group O(V; (-,-)) on the
space of algebraic curvature tensors. This representation is not irreducible
but decomposes as the direct sum of 3 irreducible representations which
we can describe as follows. It is not necessary to assume the metric in
question is positive definite. Let g;; := (e;, ;) and let g be the inverse
matrix relative to some basis {e;} for V. Let A be an algebraic curvature
tensor on V. The associated Ricci tensor p4 and scalar curvature 74 are
then defined by contracting indices:

pa(z,y) = g7 A(x,eie5,y) and 74 =g palei e;).
One then has O(V, (-, -)) equivariant maps
UPIAHPAESQ(V*) and o,:A—T14 €R.
The space of algebraic Weyl curvature tensors
WV, () = ker(a,)
is an irreducible representation space for O(V, (-, -)) and:
Algy(V) = W(V, {-,)) @ §*(V7)

as an O(V, (-,-)) representation space. Note that W is the space Wg of
Theorem 1.3.1. The further decomposition of S?(V*) as the direct sum of
the trace free tensors and the scalar multiples of the identity then completes
the decomposition of Algy(V) as a direct sum of irreducible O(V; (-,-))
modules. More explicitly, one sets S2(V*,(-,-)) := ker(r4) and then uses
T4 to decompose

SQ(V*) = SS(V*v <'= >) ®R.
This then leads to the full decomposition

Algo(V) = W(V, (-,)) ® S§(V*, () ®R.
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Orthogonal projection 7y from @*V* to W(V, (-, -)) is given by:

w(A)(@,y, z,w) = Az, y, 2, w)
sz {pale, w)y, 2) + 2. w)pay, =)}
+ L {pa(z, 2)(y, w) + (z, 2)paly,w)}

ey Tall w)(y, 2) — (@, 2)(y, w)}

If M is a pseudo-Riemannian manifold, then my R is said to be the asso-
ciated Weyl conformal curvature tensor. Let g1 = ags be a conformally
equivalent metric where « € C°°(M) is a positive function. The Weyl
conformal curvature tensor W € @4(T*(M)) simply rescales:

ng (Ia yv Z7 ’LU) = an2 (Ia yv Z7 ’LU) .
We may summarize the relevant facts we need as follows:

Lemma 1.3.3  Algy(V) is an irreducible GI(V') module. As an O(V, (-, -))
module, we may decompose Algy(V) =WV, (-,-)) & S2(V*,{-,-)) ®R.

1.3.4 Models

Suppose given A; € @1 V* for 0 < i < k. We assume Ay € Alg, (V)
and A; € Alg, (V) but impose no relations on A; for i > 2 as giving the
requisite symmetries would be unnecessarily complex. Let

mk = (‘/7 <'7 '>7A07A17 "'7A/€)

be the associated k-model. If k = oo, then the string is infinite. If My
(respectively 9MM3) is a k-model defined on a vector space V! (respectively
on V2), then ¢ is said to be an isomorphism from 2)3?,1C to Sﬁi if ¢ is a linear
isomorphism from V! to V2 so that

()2 =(,)" and ¢*{A2}=Al for 0<i<k.

The notion of an affine k-model is defined similarly. The inner product (-, -)
plays no role and instead of considering A; € ®@*T*(V*), one considers

A € @*T(V*) @V = @*V* @ End(V)

which are algebraic counterparts of V*R. If 9, is a k-model, we can define
the associated affine k-model §}. by using the inner product to raise indices
to define A; € @*TV* ® End(V). In the interests of notational simplicity,
we set A := Agp and A := Ay. In the interests of brevity, we shall sometimes
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say that 91 is a model if it is a 0-model or that § is an affine model if it is
an affine 0-model.

A model My, is said to be decomposable if there exists a non-trivial
orthogonal decomposition V' = V; @ V5 that induces a direct sum decom-
position A; = A;1 & A2 for 1 < i < k; if My, is not decomposable, then
My is said to be indecomposable. Similarly an affine model §; is said
to be decomposable if there exists a non-trivial direct sum decomposition
V =V, @ V, that induces a decomposition A; = A; 1 & A; 2.

If P is a point of a pseudo-Riemannian manifold M, one defines the
associated k-model My (M, P) by setting:

mk(MvP) = (TPM7 gP;RPa ) kaP) :

This is a purely algebraic structure which encodes the covariant derivatives
of the curvature operator up to order k at P as well as describing the inner
product on Tp(M). Similarly if F is an affine manifold, one defines the
affine k-model of F(F,P) at P € M by setting:

3,(F,P) = (TpM,Rp, ... V*Rp). (1.3.c)

Many geometric properties have algebraic counterparts. For example,
if §o is an affine O-model, one may define the Jacobi operator J and the
Ricci tensor p, by setting, respectively,

T (v1,v2) : v3 — ${A(vs,v1)v2 + A(vs, v2)v1},
j(’l}) = j(’()/[)), and p(’Ul,’Ug) = T‘rj(UhU?) :

We say that 9y is Finstein if p = ¢(-,-); we say that 9 is k-stein if there
exist constants ¢; so that

Tr{J(v)"} = ci(v,v)" for 1<i<k.

Let 911 be a 1-model. We will show in Section 4.3 that 91, is geometri-
cally realizable; this means that there exists a pseudo-Riemannian manifold
M and that there is a point P € M so that 9 is isomorphic to 9t (M, P).
Thus the relations of Egs. (1.2.g) and (1.2.h) are the only universal relations
that R and VR satisfy; the relations that V2R satisfy are more complicated
owing to the intertwining relation given in Eq. (1.2.d). We refer to Belger
and Kowalski (1994) for further details.

Let M and F be k-models. Let G1(901) and G1(F) be the Lie group of all
isomorphisms 9t and §; let gl(9M) and gl(F) be the associated Lie-algebras.
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If T € End(V), extend T to act on the tensor algebra as a derivation. We
then have:

g(F ={T €End(V):T-A; =0for 0 <i <k},
gl(9M) = {T € End(V):T- (-, =0,T- A; =0 for 0<i < k}.

Let F be a family of k-models. We assume an object a(y,) is associated
to each My, € F. We say that « is an invariant of the family if sm}g
isomorphic to M7 implies (M) = a(M?). For example, |p|? is a scalar
invariant of the family of all 0-models. We shall often omit specifying the
family F if it is clear from the context.

1.3.5 Various notions of homogeneity

A pseudo-Riemannian manifold M = (M, g) is said to be k-curvature ho-
mogeneous if My (M, P) and My, (M, Q) are isomorphic for any two points
P,.Q € M. We say that 9 is a k-model for M if 9, is isomorphic to
My (M, P) for any P in M. Clearly M is k-curvature homogeneous if and
only if it admits a k-model. In the interests of brevity, we shall sometimes
simply say that M is curvature homogeneous if it is 0-curvature homoge-
neous.

One says that M is locally homogeneous if for any two points P,Q € M,
there are neighborhoods Up and Ug of P and @ in M, respectively, and
an isometry ¢ from Up to Ug such that 9P = Q. One says that M is
homogeneous if Up = Ug = M and thus v is globally defined.

If H is a homogeneous space, let M(H) := My (H, Q) for any point
Q@ € H; the isomorphism class of M (H) is independent of the point @ € H.
Let M be another pseudo-Riemannian manifold which is not necessarily
locally homogeneous. We say that M is k-modeled on H and that M(H) is
a k-model for M if My (H) and My (M, P) are isomorphic for any P € M.

There are similar notions in the affine context. In Theorem 3.2.1, we
use work of Gilkey and Nikéevié (2005d) to exhibit a complete Lorentzian
manifold which is 1-affine modeled on a homogeneous Lorentz manifold, 0-
curvature modeled on an indecomposable symmetric Lorentzian manifold,
and which is not 1-curvature homogeneous. Thus affine curvature homo-
geneity and curvature homogeneity are different notions. In Sections 2.9
and 2.10, we present examples which are k-curvature homogeneous but not
k + 1-affine curvature homogeneous where k is arbitrarily large.

One can weaken the notion of curvature homogeneity slightly. Suppose
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given A; € @*T(V*). One says that M is weakly k-curvature homogeneous
if for every point P € M, there is an isomorphism ® : TpM — V so that
®*A; = V'Rp. There is no requirement that ® preserve an inner product.
In Section 2.4, examples are given which show that affine curvature homo-
geneity and weak curvature homogeneity are different notions; the metric
is required to lower indices.

In the Riemannian setting, a homogeneous manifold is necessarily com-
plete. This is not true in the higher signature context. In Theorem 2.3.6,
we will give an example of a manifold of signature (2,2) which is not ho-
mogeneous, but which contains a proper dense open submanifold O so that
O is homogeneous; necessarily O is incomplete.

Let G(M) (respectively G(F), G(M), G(Fk)) be the group of isome-
tries (respectively affine diffeomorphisms or isomorphisms) of a pseudo-
Riemannian manifold M (respectively of an affine manifold F, of a k-model
My, or of an affine k-model F;). We let g(-) be the associated Lie algebra.
Let Gp(M) (respectively Gp(F)) be the isotropy subgroup fixing a point
P of M. If M or F are homogeneous, then there are natural identifications

M =G(M)/Gp(M) and F =G(F)/Gp(F).

1.3.6 Killing vector fields

Let M be a pseudo-Riemannian manifold. We say that X € C>*(T(M)) is
a Killing vector field on M if

g(VeX,n)+9(VyX,§) =0 forall &neC®(T(M)).

If £ € g(M), then necessarily € is a Killing vector field. The implication can
be reversed in the real analytic context for generalized plane wave manifolds
as we shall see shortly. In Theorem 2.3.6, we study the Lie algebra for a
family of real analytic pseudo-Riemannian manifolds of signature (2,2). All
are l-curvature homogeneous and 0-modeled on the same indecomposable
symmetric space. Some are symmetric, some are homogeneous, and some
are inhomogeneous.

One says that M is a local symmetric space if VR = 0; local symmetric
spaces are locally homogeneous. One says that M is a symmetric space if
VR = 0 and if M is complete; symmetric spaces are homogeneous — see
Theorem 2.2.3 for a special case of this result.
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1.3.7 Nilpotent curvature

The eigenvalue 0 plays a distinguished role in the study of the Jacobi
operator. We say that a 0-model 9y is spacelike nilpotent Osserman if
0 is the only eigenvalue of J(v) or equivalently if J(v)™ = 0 for any
v € ST(V,(-,-)). The notion timelike nilpotent Osserman is defined sim-
ilarly; we will show in Theorem 1.9.1 that these are equivalent notions.
By using the appropriate operators, one can define the notions of higher
order nilpotent Osserman of type (r,s), nilpotent Ivanov—Petrova of type
(r, ), nilpotent Stanilov of type (r,s), and nilpotent Szabd similarly; only
the value £ = (r + s) is relevant. In Section 3.5, we give examples of
pseudo-Riemannian manifolds which are Jacobi nilpotent or Szabd nilpo-
tent of arbitrarily high order.

1.4 Curvature Homogeneity — a Brief Literature Survey

In this section, we provide a brief review of some well known results related
to curvature homogeneity that we shall need subsequently.

1.4.1 Scalar Weyl invariants in the Riemannian setting

As discussed in Section 1.2.6, we can form scalar invariants by contracting
indices in pairs in the covariant derivatives of the curvature tensor; for
example, the scalar curvature 7, the norm of the Ricci tensor |p|?, and the
norm of the full curvature tensor |R|? are given by

.. k
T = gURkij y

2 . 101 127 k l
|p| =g ljlg 2J2R/€i1j1 Rlizjg 9 and

2. Jiij1i2f2 U803, . P. . . lap. . . Ja
|R| =g g g gz4]4R111213 R]1]2.73

where we adopt the Einstein convention and sum over repeated indices. All
scalar invariants of the metric arise in this fashion, see, for example, the
treatment in Atiyah, Bott, and Patodi (1973) or in Weyl (1946).

In the Riemannian setting, the scalar Weyl invariants determine the
local geometry of the manifold. We refer to Priifer, Tricerri, and Vanhecke
(1996) for the proof of the following result:

Theorem 1.4.1 (Priifer, Tricerri, and Vanhecke) If all local scalar
Weyl invariants up to order %m(m — 1) are constant on a Riemannian
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manifold M, then M is locally homogeneous and M is determined up to
local isometry by these invariants.

This result fails in the pseudo-Riemannian setting; Koutras and Mcln-
tosh (1996) and Pravda, Coley, and Milson (2002) have exhibited examples
of non-flat manifolds all of whose scalar Weyl invariants vanish. We shall
exhibit many other families of pseudo-Riemannian manifolds subsequently
where this result fails. In Theorem 2.2.1, we shall show that all the scalar
invariants of a generalized plane wave manifold vanish. Nevertheless, there
are non-trivial scalar invariants of certain families of generalized plane wave
manifolds which are not of Weyl type. We refer to Theorems 2.3.4, 2.4.1,
2.5.2, 2.7.2, 2.8.1, 2.9.3, and 2.10.2 for examples of pseudo-Riemannian
manifolds which are not flat but all of whose scalar Weyl invariants van-
ish. The primary technical difficulty is, of course, constructing isometry
invariants which are not of Weyl type.

1.4.2 Relating curvature homogeneity and homogeneity

It is clear that local homogeneity implies k-curvature homogeneity for any
k. The following result is due to Singer (1960) in the Riemannian setting
and to Podesta and Spiro (1996) in the general context:

Theorem 1.4.2 [Singer, Podesta and Spiro| There exists an integer
kp,q so that if M is a complete simply connected pseudo-Riemannian man-
ifold of signature (p, q) which is ky q-curvature homogeneous, then (M, g) is
homogeneous.

The integer k, 4 is called the Singer number. We will show in Section 2.9
that k, , > min(p, ¢). There is some evidence to suggest that the correct
estimate is in fact k,, = min(p,q) + 1. For example, in Theorem 3.2.1
(7), we give an example of a 3-dimensional Lorentzian manifold which is
1-curvature homogeneous but not curvature homogeneous.

There is a related result in the affine setting in the real analytic context
due to Opozda (1997). Let gl(Fx(F, P)) be the Lie-algebra of the k-affine
curvature model at P defined in Eq. (1.3.c). One says that the curvature
sequence stabilizes at level kg if

9l(Fr(F, P)) = gl(§k,(F,P)) forevery k>kp.

Theorem 1.4.3 (Opozda) Let F be a real analytic affine manifold.
Assume that F is k-affine curvature homogeneous and that the curvature
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sequence stabilizes at level k — 1. Then F is locally affine homogeneous.

Theorem 1.4.3 shows that if the dimension m of (M, V) is fixed, then
there is an integer kx(m) for which k-affine curvature homogeneity implies
affine homogeneity; this number is called the Opozda number. The examples
of Section 2.9 show kz(2p + 6) > p+ 3 for p > 0.

1.4.3 Manifolds modeled on symmetric spaces

One says that a pseudo-Riemannian manifold 9 is a local symmetric space
if VR = 0; a complete local symmetric space is said to be a symmetric
space. If 9 is a simply connected symmetric space, then the geodesic
involution is an isometry and 9% is a homogeneous space. One has the
following rigidity result of Tricerri and Vanhecke (1986) in the Riemannian
setting and of Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the
Lorentzian setting:

Theorem 1.4.4

(1) Tricerri and Vanhecke A Riemannian curvature homogeneous man-
ifold which is 0-curvature modeled on an irreducible symmetric space is
locally symmetric.

(2) Cahen et al. A Lorentzian curvature homogeneous manifold which
is 0-curvature modeled on an irreducible symmetric space has constant
sectional curvature.

For example, any manifold of constant sectional curvature is modeled on
a pseudo-sphere. Similarly manifold which is modeled on a pseudo-complex
projective space is locally isometric to a pseudo-complex projective space.
These are rigid geometries. We refer to Lemmas 1.6.7 and 1.6.8 for further
details.

On the other hand, there exist curvature homogeneous spaces modeled
on indecomposable symmetric spaces which are not even locally homoge-
neous. For example, in Section 2.10, we shall construct neutral signature
generalized plane wave metrics on R*16 which are 0-modeled on an in-
decomposable symmetric space, which are (p + 2)-curvature homogeneous,
and which are not p+ 3 affine curvature homogeneous. We refer to Bueken
(1997a), Bueken and Djoric (2000), Bueken and Vanhecke (1997), Cahen,
Leroy, Parker, Tricerri, and Vanhecke (1991) for additional work.
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1.4.4 Historical survey

Here is a very brief and necessarily incomplete introduction to the his-
tory of this subject. There are 2-curvature homogeneous affine manifolds
which are not locally affine homogeneous, see, for example, Garcfa—Rfo, Ku-
peli, Vazquez-Abal, and Vazquez-Lorenzo (1999), Kowalski, Opozda, and
Vl1dsek (1999), Kowalski, Opozda, and VIdsek (2000), Kowalski, Opozda,
and Vl1dsek (2004), and Opozda (1996).

In the Riemannian setting (p = 0), Takagi (1974) showed that there are
0-curvature homogeneous complete non-compact manifolds which are not
locally homogeneous; subsequently Ferus, Karcher, and Miinzner (1981)
exhibited compact examples. Many other examples are known Calvaruso,
Marinosci, and Perrone (2000), Kowalski and Priifer (1994), Kowalski,
Tricerri, and Vanhecke (1992a), Kowalski, Tricerri, and Vanhecke (1992b),
Tomassini (1997), Tricerri (1988), Tsukada (1988), Vanhecke (1991). There
are no known Riemannian manifolds which are 1-curvature homogeneous
but not locally homogeneous.

In the Lorentzian setting (p = 1), Cahen, Leroy, Parker, Tricerri, and
Vanhecke (1991) showed that there exist curvature homogeneous mani-
folds which are not locally homogeneous; Bueken and Djoric (2000) and
Bueken and Vanhecke (1997) showed there exist 1-curvature homogeneous
Lorentzian manifolds which are not locally homogeneous. One could conjec-
ture that a 2-curvature homogeneous Lorentzian manifold must be locally
homogeneous.

The constants k, ; of Theorem 1.4.2 were first studied in the Rieman-
nian setting. Singer (1960) proved that kon < 2m(m — 1); subsequently
Yamato (1989) established the the bound 3m — 5 and Gromov (1986) es-
tablished the bound 2m— 1. Work of Sekigawa, Suga, and Vanhecke (1992)
and Sekigawa, Suga, and Vanhecke (1995) showed that any 1-curvature ho-
mogeneous complete simply connected Riemannian manifold of dimension
m < 5 is homogeneous; thus kg2 = ko3 = ko4 = 1. We refer to Boeckx,
Kowalski, and Vanhecke (1996) for further details concerning k-curvature
homogeneous manifolds in the Riemannian setting.

In the higher signature setting, results of Gilkey and Nikéevié (2004d)
can be used to show k, , > min(p,q). One could conjecture that in fact
kp,q = min(p, q) + 1.

Opozda (1997) exhibited a 2-dimensional example showing that 1-affine
curvature homogeneity does not imply local homogeneity; it is also known
that if F is an analytic 2-dimensional affine manifold which is 2-affine cur-
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vature homogeneous and if V has symmetric Ricci tensor, then F is locally
homogeneous. The examples we shall construct presently also show that in
general, the Opozda number is unbounded as the dimension is allowed to
increase.

1.5 Results from Linear Algebra

In Section 1.5.1, results are given concerning the spectral theory of linear
maps which are symmetric or anti-symmetric with respect to a Riemannian
(positive definite) inner product. Spectral theory and traces are related in
Section 1.5.2 and the Jordan normal form is discussed in Section 1.5.3. In
Section 1.5.4 it is shown that if T"is an arbitrary linear map of a vector space
V', then there exists a non-degenerate inner product on V' relative to which
T is symmetric. In Section 1.5.5, a technical result is established which is
needed subsequently in Chapter 2. It is demonstrated that any solution to
the ordinary differential equation h” = kh’h’, where k is constant, has the
form

h=ae™ +hy or h=a(y+Db)°+ho.

1.5.1 Symmetric and anti-symmetric operators

Let V' be a vector space of dimension m which is equipped with a Rie-
mannian (positive definite) inner product (-,-). The conjugacy class of a
symmetric or of an anti-symmetric linear map is determined in this setting
by the eigenvalue structure. The following is well known:

Lemma 1.5.1 Let (-,-) € S*(V*) be positive definite.

(1) Let T € Endy(V,(-,-)) be a symmetric linear map. There exists an
orthonormal basis {e;} for V and \; € R so Te; = \je;. If A = max; \;
or if A = min; \;, then Tv = \v if and only if (v, Tv) = A|v|?.

(2) Let T € End_(V, (-,-)) be a skew-symmetric linear map. There exists
orthonormal basis {ef,e7,....ef, ey, fi, ..., fr} for V and \; € RY so

Te:r = )‘ie'_ Tez_ = _)\ie;’_7 a’nd Tf] = 0

7 0

1.5.2 The spectrum of an operator

Let T € End(V). In general, of course, T is not diagonalizable. We say
that a is an eigenvalue of T if det(T' — ald) = 0. We let the spectrum
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of T' denote the collection of eigenvalues where each eigenvalue is repeated
according to multiplicity. The following is a useful observation. We omit
the proof and refer instead to Lemma 2.1.6 in Gilkey (1995).

Lemma 1.5.2 Let Th,T5> € End(V). The following assertions are equiv-
alent.

(1) Ty and Ty have the same spectrum.
(2) Te(T}) = Tr(T3) for 1 <i < dim(V).

1.5.3 Jordan normal form
Let J(k, a) be the Jordan block of size k for a real eigenvalue a € R:
10..00
1 .00

J(k,a) = (1.5.a)

00 ..
00

=

o o
SHN

We define a Jordan block of size 2k x 2k corresponding to the pair of complex
conjugate eigenvalues {a + /—1b,a — /—1b} by first setting

ab 10
Agp = (—b a)’ and I := (01)

Aap s 0 .0 0
0 Auplo...0 0
J(k,a,b):= | ... . . (1.5.b)

and then setting

)

We refer to Adkins and Weintraub (1992) for the proof of the following:

Lemma 1.5.3 Let T be a linear transformation of a vector space V.
Relative to a suitably chosen basis for V, T decomposes as a direct sum of
the Jordan blocks described in Egs. (1.5.a) and (1.5.b). Furthermore, the
unordered collection of Jordan blocks is determined by T .

The Jordan normal form of T is the unordered collection of Jordan
blocks described in Lemma 1.5.3. We say that two linear maps T and T of
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V' are Jordan equivalent if any of the following three equivalent conditions
are satisfied:

(1) There exist bases B = {e1,...,em} and B = {1, ...,&,,} for V so that
the matrix representation of 7" with respect to the basis B is equal to
the matrix representation of T with respect to the basis B.

(2) There exists an isomorphism ¥ of V so T = wfw_l; this means that
T and T are congjugate.

(3) The Jordan normal forms of T and T are equal.

1.5.4 Self-adjoint maps in the higher signature setting

Let (-,-) € S?(V*) have signature (p,q). In the positive definite setting
(p = 0), the Jordan normal form of a symmetric linear map is determined
by the eigenvalue structure since T is diagonalizable. Similarly, if T is
skew-symmetric, then the eigenvalue structure is determined since T' can
be written as the direct sum of blocks of the form

(_g 8) and (0.

However, the eigenvalue structure does not determine the Jordan normal
form of a symmetric map or of a skew-symmetric map in the higher sig-
nature setting (p > 0 and ¢ > 0). In fact, there is no obstruction to an
operator being symmetric in the higher signature setting:

Lemma 1.5.4 Let T € End(V). There exists a non-degenerate inner
product {-,-) € S2(V*) so that T is symmetric with respect to (-,-).

Proof. By Lemma 1.5.3, T" can be decomposed as the sum of Jordan
blocks. Consequently, it suffices to prove Lemma 1.5.4 for the special cases
T =3(k,a) and T = J(k, a,b) described in Eqgs. (1.5.a) and (1.5.b).

Let {e1,...,ex} be the standard basis for R*. The Jordan block J(k, a)
defines the linear transformation:

~ ae; +e;_q1if i > 1,
k i = ep .
3(k, a)e {aei ifi=1.

We define a non-degenerate inner product (-,-) on R¥ by setting:

(€irej) = Oigjht1-
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Since J(k,a) = a - Id+J(k,0), and since Id is symmetric with respect to
any inner product, we may take a = 0. We have

(J(k,0)e, €j> = 5i71+j,k+1 .

As this is symmetric in the indices ¢ and j, the desired result follows.
To study the Jordan block J(k,a,b), let {e1, f1,..., ek, fr} be the usual
basis for R?*. Then

X  faei—bfi e ifi>1,
S(k. a, bes = {aei —bfi, ifi=1,
R B bei—f'afi"'fi*l ifi>1’
J(k7aﬂb)fz_{bei+a'fi; if i =1.

We define the inner product
(€i,€5) = Gitjk+1,
(ei, f;) =0 forall 4,j,
(fis f3) = —Oivjht1-

We may decompose J(k,a,b) = J(k,0,0) + B where Be; = ae; — bf; and
Bf; = be; + afj. The proof that J(k,0,0) is symmetric is the same as that
given above to show J(k, 0) is symmetric and is therefore omitted; the bases
{e1,...,ex} and {f1,..., fr} do not interact. To show that B is symmetric,
we compute:

(Bei,ej) = abivjk+1,  (Bfi, fj) = —a0itj k41,

(Bei, fj) = b0ivjht1, (€, Bfj) = blitjkt1-

This establishes the desired relations. O

1.5.5 Technical results concerning differential equations

Lemma 1.5.5 Let O be a connected open subset of R and let h € C*°(O).
Assume that b’ # 0 and that hh' (h')™2 is constant. Then either one has
that h(y) = ae™¥ or one has that h(y) = a(y + b)°.

Proof. We have the equation h”h = kh'h’. Thus

S5 =k [% so In(h)=kln(h)+B so
n =ePhk  so fﬁ—;zeﬁy—i-’y.
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If k = 1, this implies In(h) = e’y + v or equivalently h = ¢7e®”v which
leads to an exponential solution. If k # 1, then h'=% = (1 — k)(ePy + 7);
this leads to a solution involving powers of a translate of y. |

We shall need the following two results in Section 3.2 to study the
geodesic structure on certain 3-dimensional Lorentz manifolds.

Lemma 1.5.6 Let h: R — (—00,0) be smooth. Let [0,T) be the maximal
domain of the solution y to the ordinary differential equation y" = h(y)
where y(0) = yo and y'(0) = y,. If T < oo, then

lim y(t) = lim o/ (t) = — d i
lim y(t) = lim /' (t) = —co an m sup

Proof. Since y” < 0, y' is monotonically decreasing and y is bounded
from above on [0,7T). Suppose first that y is bounded from below on [0, T).
This implies that y” is bounded and hence y’ is bounded as well on [0,T).
Let

= lim inf y(¢ d o) =limy(t).
yi = lim nf y(t) and y; = lim y'(t)

The fundamental theorem of ordinary differential equations shows that
there exists £ > 0 so that if |21 — y1] < k and if |2] — yj| < &k then
there exists a solution z to the equation z” = h(z) with initial conditions
z(s) = z1 and 2'(s) = z{ which is valid on the interval [s, s + k). We choose

s€ (T —3k,T) sothat [y(s)—wyi| <k and [|y/(s)—yi] <k.

Let 2" = h(z) be defined on [s, s + k) with z(s) = y(s) and 2'(s) = y/(s).
Then z extends y to the region [0, T+ %Ka) which contradicts the assumption
that [0,7T) was a maximal domain.

Thus y is not bounded from below on [0,7) so lim;ry'(t) = —o0.
Consequently, y is monotonically decreasing for ¢ close to T" so one has as
well that lim;_,7 y(¢) = —oo. Suppose

N0
lmsup = 4y <>
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This means that there exists C' < oo so |h(y(t))| < Cly(t)| on [to,T). We

then have

{y’(t)}’ e {y’(t)}Q

y(®) y(t) y(®)

/ 2
h(y(t)) {y (t)} <C
y(1) y(1)
This implies In |y(t)| is bounded from above and hence |y(t)| is bounded
from above on [tg,T) which is false. This contradiction shows

lim sup,_, 5/((2;)) = 00. O

{Infy®)1}"

We shall also need the following result:
Lemma 1.5.7 Let h: R — (—00,0) be smooth.

(1) Let o > 0. Let {tp}n>1 be a sequence of real numbers with t1 = 1 and
with tp11 —t, > n® forn > 1. Then t, > ﬁ

(2) Let € > 0 and § > 0. Suppose that h(y) < —ely|**? for y < —1. Let
[0,T) be the mazimal domain of definition for the solution y to the
ordinary differential equation y"” = h(y) with initial conditions given

by y(0) = =1 and y'(0) = —1. Then T < co and limy— y(t) = —o0.

Proof. We prove Assertion (1) by induction on n; it holds trivially for
n = 1. We take n > 2 and use the comparison test to compute:

tn >ty —t1 = {tk —tk_l} > / (x —1)%dzx
k=2 1
(n _ 1)1+o¢ n1+a nl-i—a

1 - 1 14« Z 14+a °

To prove Assertion (2), we suppose first T = oo and argue for a contra-
diction. Choose 7 > 1 so that

Te > 21921 4 6/2).

With our initial conditions, y” < 0 so 3’ is monotonically decreasing and

y’ < —1. This implies y decreases monotonically. Let A, = 7-n~179/2,

Let sy =0 and let s41 = s, + Ay, forn > 2. As § >0,

S := lim s, = g ™m1? < .
n—oo 1
n=

Consider the following statements:
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(D ¢/ (sn) < —n1T9/2,
B)n ¢/ (sn41) =y (sn) < =27F2(1 4 30)n"2.

We establish these statements by induction on n. Statements (1),, and (2),,
hold n = 1 by the choice of our initial conditions. Since y and y’ decrease
monontonically, we may estimate

y"(s) < —€ly(s)["T < —ely(sn)|'T° < —en't? for s € [sn, 8n41],

Y (5n11) — Y (5n) < —Apen't® = —7p=179/2¢p1Hd

< 2121 4 5/2)n°/2

Statements (1), and (2),, are thus seen to imply Statement (3),,.

Statements (3); for 1 < k < n together with Assertion (1) imply State-
ment (1),41. Finally, we use Statement (1),, together with Statement (2),,
to establish Statement (2),,11 by computing:

y'(s) <y'(sn) <—n'T2 for s>s,,
Y(snt1) < y(sn) + Any/(sn) < —n— T2 1H0/2 <y

This establishes the truth of all the 3 statements. Thus, lims_,g y(s) = —o0.
This contradicts the assumption that T = oo.

This shows that y must be defined on a maximal domain [0,7) for
T < oo; we use Lemma 1.5.6 to see lim;_,7 y(t) = —o0. O

1.6 Results from Differential Geometry

In this section, we summarize some results from Differential Geometry that
we shall need. In Section 1.6.1, we discuss principle bundles. In Section
1.6.2, we show any 1-model is geometrically realizable. In Section 1.6.3, we
give generating sets for the space of algebraic curvature tensors in terms of
the canonical curvature tensors defined in Section 1.3.2. We also show that
if Ap, = Ay, where the ®; € S?(V*) have rank at least 3, then ®; = ®.
In Section 1.6.4, we turn to complex geometry and give several equivalent
conditions for the compatibility of an algebraic curvature tensor with a
pseudo-Hermitian almost complex structure. Section 1.6.5 deals with space
forms and complex space forms, Section 1.6.6 deals with conformal complex
space forms, and Section 1.6.7 is concerned with Kéahler geometry.
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1.6.1 Principle bundles

We say that 7 : E — B is a fiber bundle with fiber F' if there exists an open
cover O, of B and fiber preserving diffeomorphisms ®, from 7=1(0,) to
O, x F. Let m: P — B be a fiber bundle whose fiber is a Lie group G. We
say that P is a principle bundle and write

G—P—B

if G acts freely on P from the right and if B = P/G. Equivalently, this
means that the transition functions of P are given by left multiplication
by the group G. Let S™ denote the usual round sphere, let CP" denote
complex projective space, let Gri(n) denote the Grassmannian of k-planes
in R”, and let Gr; (n) denote the oriented Grassmannian of k-planes in R".
As examples, we have the following principle bundles:

Ul)—-U(n+1)— CP",

SO(n) — SO(n+1) — S",

O(k) x O(n — k) — O(n) — Gri(n),
SO(k) x SO(n — k) — SO(n) — Grj (n).

The following is well known:

Lemma 1.6.1 Let a Lie group G act on a space X from the left. If
x € X, let G- x be the orbit and let G, = {g € G : gx = x} be the isotropy
subgroup.

(1) We have a principle bundle G, — G — G - x.
(2) dim{G} = dim{G;} + dim{G - z}.

1.6.2 Geometric realizability

Although the following is well-known, see for example Belger and Kowalski
(1994) where a more general result is established, we shall give the proof to
keep the development as self-contained as possible and to establish notation
needed subsequently.

Let {x1,...,xm} be local coordinates on a pseudo-Riemannian manifold

M. Let
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Denote the components of the metric g, of the curvature tensor R, and
of the covariant derivative of the curvature tensor VR with respect to the
coordinate frame by:

gij = 9(0i, 9;),
Rijkl = R(&-, 8j, 8k, 81),
Rijkin = R(0;,0;, 0k, 01; 0n) .

Lemma 1.6.2

(1) Let {x1,...,2m} be local coordinates on a pseudo-Riemannian manifold

M. If{8;gjx }(P) = 0, then:

(a) Rijii(P) = 3{0:0kgji + 0;019i — 0:019j1 — 0;0kgi}(P).

(b) Rijiizn(P) = 3{0:010ngji + 0;010ngik — 0;0,0n9;1 — 0;010ngi } (P).
(2) Let My be a 1-model. There exists a point P of a pseudo-Riemannian

manifold M so that My is isomorphic to M1 (M, P).

Proof. Let P be a point of a pseudo-Riemannian manifold M. Let x be a
system of local coordinates on M; we may assume without loss of generality
that P corresponds to the origin of the coordinate system. Suppose that
the 1 jets of the metric vanish at the origin. We establish Assertion (1) by
computing:

Lijk := g(Va,05,0k) = 5(3igj + 0j9ix — Orgij) = O(|x),
Rijii = Ol jiu — 9;Tar + O(|z]?),
Rijkizn = OnRijia + O(|z]) .

Let MM = (V, (-,+), Ao, A1) be a 1-model. To prove Assertion (2), choose
an orthonormal basis {e1,...,em} for V so that (e;,e;) = £d;;. Use this
orthonormal basis to identify V' = R™. Let A;ji and Ay jr;n denote the
components of A and of Ay, respectively, relative to this orthonormal basis.
Define

gik = {(ei,ex) — 3 E AijiniT — g Al itk T2 T, -
jln

Clearly gix = gri- As ¢i;(0) = (es, e;), g is non-degenerate at the origin and
hence is non-degenerate on some neighborhood of the origin. Since the 1
jets of the metric vanish at 0, we may apply Assertion (1) to compute that:
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Rijii(0) = 2{0;0k9j1 + 0;019:k — 9;019;1 — 00, gia }(0)
= H{—Ajir — Ajrit — Asji — A + Ajirk + Ajiie + Asjin + Aigji}
= H{4Au — 245k — 24ik5} = Aijir -
We complete the proof of Assertion (2) by computing:
Rijin (0) = 3{0:010ng;1 + 0;0,0ngir — 0;010n9;1 — 0;040ngi}(0)

- 1_12{_Ajikl;n - Ajkil;n - Ajnkl;i - Ajknl;i - Ajinl;k - Ajnil;k
_Aijlk;n - Ailjk;n - Ainlk;j - Ailnk;j - Aijnk;l - Ainjk;l

+Ajilk;n + Ajlik;n + Ajnlk;i + Ajlnk;i + Ajink;l + Ajnik;l

+Aijkl;n + Aikjl;n + Ainkl;j + Aiknl;j + Aijnl;k + Ainjl;k}

= S5{(44ijkim — 245k + 2A500n) + (—2Ajnk1 — 2Ainik;;)
+(—24 i1k — 2A55nk) + (—Aitnky; — Ajnitk)

F(—Ainjit — Ajrnisi) + (Ajinkss + Ainjik) + (Ajnikag + Aiknig) }

= {6 Aijk1n +2 A5 jrisn +2A5k10 + Aitkgn + Ajktisn — Ajikin — Ak }
= 15 {1044kt + 24k + 2Aikjin} = 15 {1045k — 2455000}

= Aijkl;n . O

1.6.3 The canonical algebraic curvature tensors

Let S?(V*) and A%(V*) be the spaces of symmetric and anti-symmetric
bilinear forms on V, respectively. If @ € S?(V*) and if ®_ € A*(V*),
adopt the notation of Eq. (1.3.a) to define the canonical 4-tensors

A‘I’+ (,T, Y, 2, w) = (I>+(CL', w)q)-l-(ya Z) - (I>+(CL', Z)(I)-i-(ya w),
Ap_(2,y,z,w) = D_(z,w)P_(y,2) — P_(z,2)P_(y,w)
—2%_(z,y)P_(z,w).

Let My := (V, Ag) be the weak 0-model defined by ®. If (-,-) is a non-
degenerate inner product on V', let My := (V, (-, -), Agp) be the associated
0-model. Let

ker(A‘:D) = {77 S V : A¢(nvgla€2553) = O V gz S V} .
Lemma 1.6.3 Let ® € S2(V*) or ® € A2(V*). Assume Rank{®} > 2.

(1) A € Alg,.

(2) If there is a decomposition V.= V! & V? with Ap = A' & A?, then
either V1 C ker ® or V2 C ker ®.

(3) If @ is non-degenerate, then My is indecomposable.

(4) If ker @ is totally isotropic, then My is indecomposable.

(5) ker(Ag) = ker ®.
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Proof. We must ensure that the identities of Eq. (1.2.g) are satisfied to
establish Assertion (1). Let A = Ag where ® € S?(V) or ® € A%(V). The
curvature symmetries

A(‘rvyazaw) = —A(y,I,Z,’lU) = A(Z,lU,JC,y)

are then immediate by inspection. Only the first Bianchi identity needs to
be established. If ® € S%(V*), then:

Az, y, z,w) + Ay, z,z,w) + A(z, z,y, w)
= Oz, w)P(y, 2) — P(x, 2)P(y, w)
+ O(y,w)P(z,x) — Py, 2)P(z,w)
+ O(z,w)P(z,y) — P(2,y)P(x,w) =0.

(I)(JC w)P ( z) — @(x, z
(I)(yv w) ( ) - (I)(y7 T
+ (2, w)®(z,y) — D2,y

)

2,

This completes the proof of Assertion (1).
We follow the discussion in Dunn (2006) to prove Assertion (2). Assume
there exists a non-trivial direct sum decomposition V = V! @ V? with

Ap =A@ Ay, VZker®d V2¢gkerd.

If v € V, we expand v = v! +v? for v* € V. We argue for a contradiction.

Assume that @ is symmetric. Choose vi € V! so that v{ ¢ ker ®.
Suppose first ®(vi,v) # 0. Since Rank(®) > 2, we can choose vy € V
so ®(v{,v2) = 0 and ®(vq,vs) # 0. Decompose v = v + v3 for v € V.
Then:

0 +# (I)(’U%, v})@(vg, vg) = @(v},v})@(vg,vg) — @(U},vg)@(v},vg)
_A<I>(’Ulav27’027vl) A@(vl,v%,v%,v%)
= q’(“la”l)q’(vzavz) - q)(vlvv2)q)(vlvv2) .

This shows 7 := Span{v},vi} is 2-dimensional and ®|, is non-degenerate.
If, on the other hand, we have ®(vi,v]) = 0, since v{ ¢ ker ®, we can
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choose vy s0 ®(v1,v9) # 0. Consequently:

0 # —®(v1,v2)®(v],v2) = (v],v])P(va, v2) — B(v7,v2) (07, v2)
= A¢(v},v2,v2,v%) = A@(’U%,’U%,U%,’U%)
= (I)(’U%, U%)(I)(’U%,’U%) - (I)(’U%, U%)@(’U%,’U%) .

Thus once again ®|, is non-degenerate. Thus we may conclude:
Rank(®|y;,) > 2 and Rank(®|y,) > 2.
Since Rank{®|y, } # 0, we may find v{ € V; so ®(v{,v}) # 0. Since
Rank{®|y,} > 2, we can choose v3 € V5 and v3 ¢ ker ® so ®(v{,v3) = 0.

Since v3 ¢ ker ®, we can choose vz so ®(v3,v3) # 0. We then have

A@(’U%,’U%,Ug,’v%) = (I)(U%,U%)(I)(Ug,vg) - @(’U%,’U%)@(U%,’Ug,)

= ‘I)(’U%, U%)‘I)(’Ug, 1)3) 7£ 0.

This contradiction establishes Assertion (2) if ® is symmetric.
We now prove Assertion (2) if ® is skew-symmetric. One has:

A¢(Iay7yvz)
= O(z,2)0(y,y) — P(z,y)2(y, 2) — 2@(z,y)P(y, )
= 3®(z,y)%.

Choose v} € Vi with v{ ¢ ker ®. Choose vz so ®(v{,v2) # 0. Decompose
vy = v + v for v§ € V. This implies

3(1)(/0%7 U%) = A‘P(”%u U%a U%u ’U%) = A‘P(Uia V2, V2, ’U%) = 34)(/0%7 U2)2 7é 0.
Consequently we may conclude:
Rank(®|y;,) > 2 and Rank(®|y,) > 2.

If there exists v € V2 so ®(v],v3) # 0, then Ag(vi,v3,v3,v]) # 0 which
is false. Thus

Ve V2.
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Choose v € V' and w' € V¥ so that ® (v, w’) = §%. Let v = v! + 0?2,
w = w! + w?. Then:

Ag (v, w,w,v) = 30(v,w)* = 3{®(v* +v* w' + w?)}?
=3{1+1}*=12
= Ag (v, wh, wh,v') + Ag (0%, w?, w?, v?)
=30(v!, w')? + 30 (v?, w?)* = 6.

This contradiction establishes Assertion (2) if ® is anti-symmetric.

If @ is non-degenerate, then ker ® = {0} and hence V; ¢ ker ®. Thus
Assertion (3) follows immediately from Assertion (2).

Suppose ker @ is totally isotropic with respect to an inner product (-, -).
If V.=V, @& V5 is an orthogonal direct sum decomposition with respect to
an inner product (-, -), then V; and V4 are not totally isotropic with respect
to (-,-). Thus V; ¢ ker ® and Assertion (4) follows from Assertion (2).

Clearly if £ € ker @, then £ € ker(Ag). Conversely, suppose v ¢ ker ®.
The arguments given to prove Assertion (2) show that there exists vs so
Ag(v1,v2,v2,v1) # 0 and thus v1 & ker(Ag); Assertion (5) follows. O

We generalize Lemma 1.6.3 (5) as follows. If Ag € Algy(V), let

ker(Ag) :={n eV :Ao(n,&1,62,63) =0V & eV).

Let 7 be the natural projection from V to V := V/ker(Ag). The algebraic
curvature tensor Ay descends to V to define an algebraic curvature tensor
Ag € Algy(V) so that m* Ag = Ao.

Lemma 1.6.4 Let My := (V, (-,-), Ag). If My = (V, Ap) is indecom-
posable and if ker(Ag) is totally isotropic, then My is indecomposable.

Proof. We suppose, to the contrary, that there exists a non-trivial or-
thogonal direct sum decomposition V' = V! @ V2 which decomposes
Ao = A} ® A%. We argue for a contradiction.

Suppose there exists v! € V¢ with 0 # 7(v') = 7w(v?). Because
0 # m(vl), v! ¢ ker(A4p). Consequently, we can choose £1,&2,&3 € V so
Ap(vh, &1,€2,&3) # 0. Decompose & = & + &2 for & € V! and €2 € V2
Since 4y = A} @ A3 and since v € V1,

0 7& AO(U17§17§27§3) = AQ(Ul,g%,gé,gé) .

On the other hand, since m(v!) = m(v?), we have v! —v? € ker(4y) so

0 7é AO(Ulag}agéué‘%) = AO(’U27§}7§%7§§) .
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This contradicts the decomposition Ag = A} & A% and shows
(VY nx(V?) ={0}.
Since ©(VY) + 7(V?) = n(V) = V, we have a direct sum decomposition
V=nVYen(V?) and Ay= Ao A3.
Since (V, Ap) is assumed to be indecomposable, one of the two summands
is trivial; without loss of generality we assume the notation is chosen so
7(V2) = {0}. This implies V2 C ker(Ap) and hence V? is totally isotropic.

This is false as the decomposition V' = V! @ V? is assumed to be an
orthogonal direct sum decomposition with respect to (-, ). |

The following is a useful observation we shall need Section 2.5:
Lemma 1.6.5

(1) Let ®; € S*2(V*). If Rank(®1) > 3 and if Ap, = As,, then &1 = £P5.
(2) Let ®; € A2(V*) If Aq>1 = Aq>2, then &1 = £®5.

Proof. Suppose that ®1,®5 € S*(V*) with Rank(®;) > 3. Choose a
basis {eq,...,e,} for V so that

Di(ej,e;) =0 and Pi(e;,e;) =¢; where ¢; € {0,£1}.

Since Rank(®;) > 3, we can assume ¢; # 0 for ¢« = 1,2,3. By replacing
®; by —®; if necessary, we may assume that e = 1 and eo = 1. Let
7 := Span{ej, e2}. By diagonalizing the quadratic form ®s|, with respect
to the positive definite quadratic form ®1]|,, we can further normalize the
choice of {ey,e2} so that:
Po(er,er) = 01, Pa(er,e2) =0, Pa(ez,e2) = 02.
Let A; :== Ag,. We have
1 =®(e1,e1)P1(ea, e2) — P1(e1, e2)® = Ai(e1, e2, €2, €1)

= As(e1,e2,e2,€1) = Pa(er, e1)Pa(ea, €2) — Paler, €2)* = 0102 .
Thus by replacing ®o by —®, if necessary, we may assume that g; > 0 and
02> 0. I k > 3, then
0= (e, e1)Pi(e2,ex) — Pi(er, e2)Pi(er, ex) = Ai(er, e, €x,€1)
= As(eq, ez, ep,e1) = Po(er, e1)Pa(es, er) — Pa(er, e2)Pa(er, ex)

= (1)2(62, ek) .
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Thus Py(eq, e) = 0 for k > 3. Similarly ®2(eq,ex) = 0 for k > 3. Thus

e = P1(e1, e1)P1(ex, ex) — P1(er, ex)® = Ai(er, ex, ek, €1)
= As(e1, e, e, e1) = Paer, e1)Pa(er, ex) — Paler, ex)’
= 010k,
e = P1(ea, €2)P1(ex, ex) — Pi(ez, ex)? = A1(e2, ex, ek, €2)
= As(ea, e, ex, €2) = Pa(ez, €2)Pa(er, ex) — Po(ea, ex)?
= 020k -
Setting k = 3 then yields gy = g2 and thus ¢? = 1. Since p; > 0, we
have p;1 = p2 = +1. We can now conclude that g, = ¢ for all k& > 3.

Consequently ®; = ®o; this proves Assertion (1).
Suppose that @1, Py € A%2(V*). Choose a basis

{617 "'7687f17 "'7f87n17 "'7nt}

for V so that the non-zero components of ®; are ®4(e;, f;) = 1. We have
A‘Pi (I’, Y, .’II) = 3(bi($, y)2 .

Consequently, the non-zero components of @5 are ®o(e;, f;) =&; = £1. Let
A; = As,. If i < j, then

12 = 3®1(e; + ¢, fi + f})* = As,(es + ¢, fi + fi, i+ fj, e+ ¢j)
= Ag,(e;+ej, fi+ fi, fi+ fi,ei+ej) =3@1(e; + €5, fi + [5)°
= 3(€i—|—€j)2.

Thus either €; = ¢; = +1 for all ¢,j and ®; = ®3 or g; = ¢; = —1 for all
i,j and (I)l = —(I)Q. O

Remark 1.6.1 Lemma 1.6.5 (1) can fail if Rank(®;) < 3. Suppose that
dim(V) = 2 and that ®, are any two non-degenerate symmetric bilinear
forms on V. If {v1, v} is a basis for V, then Ag,(v1,v2,v2,v1) = ¢; for
some non-zero constants c¢; and thus Ae, and A, are multiples. It does
not, however, follow that ®; and ®5 are multiples.

We can now establish a basic result in the field. It was originally proved
by Fiedler (2003a) using Young diagrams; subsequently a direct proof was
given in Gilkey (2002). We give a third proof here; a still different proof that
Algy (V) = Spangegz(v+){Ae} will follow from the discussion in Section 4.3
which uses the Embedding Theorem of Nash (1956).
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Theorem 1.6.1 [Fiedler]
Algy (V) = Spanq>es2(V*){A<b} = Span<1>eA2(V*){A<I>}-
Proof. To simplify the discussion, we introduce as temporary notation:
Cti= Spangeg2(vy{Ae} and C7 = Spangepz(v+){As}-

These are clearly subspaces which are invariant under the action of GI(V).
By Lemma 1.3.3, Alg,(V) is an irreducible GI(V) module; in particular,
there are no proper invariant subspaces. The Lemma now follows since

ct £ {0}. O

Remark 1.6.2 The proof in fact establishes a slightly stronger result.
One can restrict the generating elements ® to those which have rank 2
since these also generate non-trivial G1(V') modules.

Fiedler also gave generators for Alg, (V). If
Ve S%(V) and ¥y € S3(V),
define A1 g,w, € Alg (V) by:

Arw o, (2,y, 2, w;0) == Uy (2, w,0)V(y, 2) + V(z, w)¥(y, z,0)

—y (2, 2,0)¥(y,w) — ¥(x, 2)Vy (y, w,v). (1.6.a)

If one thinks of Wy as the symmetrized covariant derivative of ¥, then
A; w,w, can be regarded, at least formally speaking, as the covariant deriva-
tive of Ay. Fiedler (2003b) used group representation theory to show:

Theorem 1.6.2 (Fiedler) Alg, (V) = Spangcg2(v),v,es3(v) 1410, }-

In Section 4.3, we will give a proof of Theorem 1.6.2 which is based on
the Embedding Theorem of Nash (1956).

1.6.4 Complex geometry

Let My = (V,{-,-), A) be a 0-model. An isometry J € O(V,(-,-)) is said
to be a pseudo-Hermitian almost complex structure on V if additionally
J? = —id. We use J to define a complex structure on V by setting

(a+bvV-1v:=av+bJv for veV and a+b/—-1€C.

Thus a linear transformation T' of V' is said to be complex linear if T' com-
mutes with J. A subspace 7 of V' is said to be a complex subspace if Jm = .
If dimg 7 = 2 and if 7 is complex, then 7 is said to be a complex line. We
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set CPE(V, (-,-),J) to be the projective spaces of all complex spacelike (+)
or complex timelike (—) lines in V; there are no complex mixed lines. We
shall also sometimes simply denote these spaces by CP*(V). Let

7, := Span{z, Jx} for x € ST(V,(--))
be the associated complex line. The map x — m, defines the Hopf fibrations
St — SEWV, (-,-)) = CPE(V, (-,-), J). (1.6.b)

The following operators are independent of the particular unit vector x
which was chosen and depend only on the underlying complex plane:

J(mz):=J(x)+T(Jx) and A(m,):= Az, Jz).

We say that 9 = (V,(-,-),J, A) is a complex 0-model if (V,(-,-), A)
is a 0-model and if J is a pseudo-Hermitian almost complex structure on
V. The following Lemma shows several different compatibility conditions
between J and A are equivalent in this setting:

Lemma 1.6.6 Let M = (V,(-,-),J, A) be a complex 0-model. The follow-
ing assertions are equivalent; if any (and hence all) are satisfied, we say A
and J are compatible:

(1) J*A = A.
(2) J(n) is complex linear for every m in CPE(V, (-,-),J).
(3) A(x) is complex linear for every m in CPE(V,(-,-), J).

Proof. Suppose J*A = A. Then for all x,y, z, we have that:
Aly,z,x,2) + Aly, Jx, Jx, 2) = A(Jy, z,x, Jz) + A(Jy, Jx, Jx, J2) .
Replacing z by Jz yields
Ay, z,x,J2) + Ay, Jz, Jx, Jz) = —A(Jy, x,x, 2) — A(Jy, Jx, Jz, 2) .
This implies that
(T (m2)y, Jz) = =(T (72) Ty, 2) -
This shows that JJ(7,) = J(n;)J as desired. Thus Assertion (1) implies

Assertion (2). Similarly, we may compute that for all z,y, z we have:
<JA(7TI)y7 Z> = _<A(ﬂ-1)y7 JZ> = —A(l‘, Jl‘7 Y, JZ)
=—A(Jz,JJx, Jy,JJz) = Az, Jz, Jy, 2) = (A(m,)Jy, 2) .
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Thus JA(m,) = A(my)J so Assertion (1) also implies Assertion (3).
We use an argument shown to us by Brozos-Vazquez to prove that
Assertion (2) implies Assertion (1). If J(7;) is complex then

J{T (@) + T (J2)} ={T(x) + T (J)}J .

Suppose this identity holds for all z € ST(V, (-,-)). We can rescale to see
this holds for all non-degenerate x. Since the set of non-degenerate vectors
is dense in V, this holds for all x € V. Consequently, after moving J across
the inner product, we see that for all z,y, z,

—((J (@) + T(Jx))y, J2z) = (T (2) + T (Jx)) Ty, 2)
which implies that
—Ay,x,x,Jz) — Aly, Jx, Je, Jz) = A(Jy,x,z,2) + A(Jy, Jx, Jx, z) .
Polarizing this identity and replacing z by Jz yields

A(y7x7w7 Z) + A(y,w,x, Z) + A(yu J(E, J’U}, Z) + A(y7 J’LU, JLL‘, Z)
= A(Jy,z,w, Jz) + A(Jy,w,z, Jz) + A(Jy, Jz, Jw, Jz) (1.6.c)
+ A(Jy, Jw, Jx, Jz).

Interchanging arguments 1 < 2 and 3 < 4 then yields:

Alz,y, z,w) + A(w,y, z,2) + A(Jz,y, z, Jw) + A(Jw, y, z, Jx)
= Az, Jy, Jz,w) + A(w, Jy, Jz,z) + A(Jx, Jy, Jz, Jw) (1.6.d)
+ A(Jw, Jy, Jz, Jx).

If we change z < y and z <> w in Eq. (1.6.d) we get

Ay, z,w,z) + Az, z,w,y) + A(Jy, m,w, J2) + A(J 2, ,w, Jy)
= Ay, Jz, Jw, z) + A(z, Jx, Jw,y) + A(Jy, Jz, Jw, J2) (1.6.e)
+ A(Jz, Jz, Jw, Jy).

Adding (1.6.c) and (1.6.e) and simplifying yields:

Ay, z,w,z) + Ay, w, z, 2)

1.6.f
= A(Jy, Jz, Jw, Jz) + A(Jy, Jw, Jz, Jz) . (1.6.£)
In Eq. (1.6.f) we change y — x,  — w and w — y. This yields:
Alz,w,y,z) + Alz,y,w, z

=A(Jzx, Jw, Jy,Jz) + A(Jz, Jy, Jw, Jz) .
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We add 2(1.6.f) and (1.6.g) to see

A(y7 x? w7 Z) + 2A(y7 w) :I;, Z) + A('r7 w? y7 Z)

1.6.h

= A(Jy, Jx, Jw, Jz) + 2A(Jy, Jw, Jx, Jz) + A(Jz, Jw, Jy, Jz) . ( )
By the first Bianchi identity,

A(y’ .’L" w7 Z) +A(I7w7y’ Z) = A(y, w7 I’ Z)’ (1.6.i)

A(Jy, Jx, Jw, Jz) + A(Jz, Jw, Jy, Jz) = A(Jy, Jw, Jx, Jz).
We use Egs. (1.6.h) and (1.6.i) to see that
3A(y, w,x, z) = 3A(Jy, Jw, Jx, Jz)

for all x,y, z, w. Thus Assertion (2) implies Assertion (1).

Finally, we show Assertion (3) implies Assertion (1). We use an argu-
ment that was shown to us by Salamon. Suppose A(z, Jz)J = JA(z, Jx)
for every x € S*(V,(-,-)). We can rescale to see this holds for every non-
degenerate x and hence by continuity for every x in V. Thus for all x, z, w,
we have

JA(z, Jz) = Az, Jz)J,
= (JA(z, Jx)z,w) — (A(z, Jx)Jz,w) = 0,
= Az, Jz, z, Jw) + Az, Jz, Jz,w) = 0.

Polarizing yields an identity for all x,y, z, w:
0= Ay, Jx, z, Jw) + Az, Jy, z, Jw) + Ay, Jx, Jz,w)
+ Az, Jy, Jz,w) .
Interchange the first two arguments in the first and third terms to see
0=—-A(Jz,y,z, Jw)+ Az, Jy, z, Jw) — A(Jx,y, Jz,w)
+ Az, Jy, Jz,w).
Replace (z,w) by (Jz, Jw) to show:

0=—A(z,y,2z,w) — A(Jz, Jy, z,w) + Az, y, Jz, Jw) (1.6.)
+ A(Jz, Jy, Jz, Jw). )

Interchange the first two arguments with the final two arguments:

0=—-A(z,w,z,y) — A(z,w, Jz, Jy) + A(Jz, Jw, z,y)
+ A(Jz, Jw, Jz, Jy).
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Change notation to interchange x and z and y and w to see:

0=—-A(z,y,z,w) — Az, y, Jz, Jw) + A(Jz, Jy, z, w)

+ A(Jx, Jy, Iz, Jw) . (1.6k)
We add Egs. (1.6.j) and (1.6.k) to conclude
—Az,y,z,w) + A(Jx, Jy, Jz, Jw) =0
and complete the proof that Assertion (3) implies Assertion (1). O

1.6.5 Rank 1-symmetric spaces

Let Mo = (V, (-, -), A) be a 0-model. If {e1, ea} is an orthonormal basis for
a non-degenerate 2-plane m, then the sectional curvature of m is defined by

k() := A(e1, ea,e2,€1) .

Definition 1.6.1 One says that a model My = (V, (-, ), A) has constant
sectional curvature ¢ if k() = ¢ on every spacelike and timelike 2-plane and
if K(m) = —c on every mixed 2-plane. One says that a pseudo-Riemannian
manifold M is a space form if My(M, P) has constant sectional curvature
c at every point P € M; the constant is allowed, in principle, to vary with
the point P.

Remark 1.6.3 Let A,. ) be the canonical curvature tensor of Eq. (1.3.a):
Ap (@, y, z,w) = (z,w)(y, z) — (z,2)(y,w) .
Mo has constant sectional curvature c if and only if A =cA. .

Let R®% denote RPT? with the canonical inner product of signature
(p,q) given in Eq. (1.2.a). We consider the pseudospheres:
P = (£ € RUFMO - (g.6) = 1),
ST = e e RPIHD (€ ¢) = —1}.
We note that S(_O’q) has two components; each component has constant
sectional curvature —1 and is isometric to hyperbolic space.

The geometry is very rigid in this setting. The following is well known;
see, for example, Lemmas 1.14.2 and 2.6.1 of Gilkey (2002).

Lemma 1.6.7 Adopt the notation established above.
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(1) The manifolds Sf’Q) are spaceforms of signature (p,q) with constant
sectional curvature £1.

(2) If M is a space form of signature (p,q) with constant sectional cur-
vature £1 of dimension m > 3, then M is locally isometric to Sf’q).

Definition 1.6.2 A model My = (V, (-, -), A) is said to be a complex space
form if there exists a Hermitian almost complex structure J on (V, (-, -))
so A= coA( .y +c1A;. We say that a pseudo-Riemannian manifold M is
a complex space form if My(M, P) is a complex space form at each point
P € M; the constants ¢o and ¢; being (in principle) allowed to vary with
the point in question.

Let J be the standard Hermitian almost complex structure on R(27:2).

We have the Hopf fibrations of Eq. (1.6.b):
Sl N Sf(R(2p+2,2q))i>CP(_2p,2Q)7
Sl gt (R(2p,2q+2))LCpr,2q) )

The metrics on the horizontal distributions ker(h.) have signature (2p, 2q)
and are invariant under the action of S'. They induce, therefore, metrics
called the Fubini—Study metrics on the associated projective spaces. The
following is well known; see, for example, Lemma 1.15.1 and Lemma 3.6.4
of Gilkey (2002):

Lemma 1.6.8

(1) Let 2p + 2q > 4. The manifold (CIF’g?p’QQ) is a complex space form of
signature (p,q) and the curvature is given by R = +{Riqa + Rs}.

(2) Let (M) be a contractible complex space form of signature (2p,2q) with
2p +2q > 6. Then
(a) co(P) = c1(P) = c is constant.
(b) J can be chosen to vary smoothly with P.
(¢) VJ =0 and VR =0.
(d) If c = %1, then M is locally isometric to (CIF’(ip’q).

The 4-dimensional geometries are exceptional; see, for example, the
discussion in Olszak (1989).

In the Riemannian setting, Lemmas 1.6.7 and 1.6.8 illustrate Theorem
1.4.4; any Riemannian manifold whose curvature tensor is modeled on that
of SI' or on (C]P)gS’QQ) is locally isomorphic to SI* or (C]P’(iO’Qq); these manifolds
have rigid geometries.
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We can also discuss quaternionic generalizations. Let
H := Spang{1,4,J, k}
be the quaternions where
ij=—ji=k and ?=j 2=k =-1.

Give H* = R* the canonical quaternion structure. Let S3 be the unit
quaternions. Quaternionic multiplication defines a Hopf fibration

SS S (R(4q+4,4p)) _ H]P)(_4Q,4P)
93 S+(R(4q,4p+4)) N H]P;Silq,ﬁlp) )

The metrics on the horizontal distributions have signature (4q, 4p); they
are S2 invariant and induce metrics called the Fubini-Study metrics on the
associated projective spaces.

Lemma 1.6.9 The manifolds HngpAq) are pseudo-Riemannian mani-

folds of signature (4p,4q). If P € HPqup), then there is a Clifford family
F(P)={I,J,K} on the tangent space so that curvature tensor is given by

Rp=+4{Rua+ R;r+ R;+ Rx}.
The rank 1-symmetric spaces are classified. The manifolds
{S(iO;Q) CP$’2q) H]PiJAq)}

are Riemannian rank 1-symmetric spaces and together with the Cayley
plane and its negative curvature dual, comprise the complete list of all the
Riemannian rank 1-symmetric spaces. These spaces play a central role in
the Osserman conjecture as we shall see in Section 1.9.4.

1.6.6 Conformal complex space forms

We work in the Riemannian context. Let ® be a Hermitian almost complex
structure on TM; necessarily m = 2n is even. We say that (M, g) is a
complex space form if R = A\gRy + A Re for smooth functions Ay and \;
where Ay # 0. If (M, g) is a complex space form and if m > 6, then one
can show that A\g = A1 and that \g is constant. By rescaling the metric,
we may assume \g = £1. If A\g = 1, then (M,g) is locally isometric
to complex projective space with the Fubini—Study metric; if \g = —1,
then (M, g) is locally isometric to the negative curvature dual. We refer
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to Tricerri and Vanhecke (1981) for further details. Let W be the Weyl
conformal curvature tensor discussed in Section 1.3.3. One says that (M, g)
is a conformal complex space form if W = A\gRp+ A1 Rg for some Hermitian
almost complex structure on T'M where A\ and A; are smooth functions on
M with A; # 0. We refer to Blazi¢ and Gilkey (2004) for the proof of the
following result:

Theorem 1.6.3 Let (M,g) be a conformal complex space form so that
m > 8. Then (M, g) is locally conformally equivalent to either complex
projective space with the Fubini—Study metric or to the negative curvature
dual.

1.6.7 Kahler geometry

Let M = (M, g) be a pseudo-Riemannian manifold with a Hermitian almost
complex structure J; J is an isometry of TM with J? = —id. One says that
(M, J) is almost Kdahler if VJ = 0 and that (M, J) is Kéhler if additionally
the almost complex structure in question is integrable; this means that there
exist coordinates z; = z; + v/—1y; so that

JOp; =0y, and JOy;, = =0y, .

J

Newlander and Nirenberg (1957) provide necessary and sufficient conditions
that an almost complex structure giving rise to a complex structure.

Any holomorphic submanifold of a Kahler manifold is Kéhler. As the
Fubini-Study metric on CP* is Kihler, any algebraic variety is Kéahler.
Kahler geometry provides a useful family of compatible examples:

Lemma 1.6.10 If M is an almost Kdhler manifold, then J and R are
compatible.

Proof. Since VJ = 0, we have V,J = JV, so JR(z,y) = R(x,y)J for
all z,y. Thus as a special case JR(x, Jz) = R(z, Jx)J and hence J and R
are compatible by Lemma 1.6.6. (]

1.7 The Geometry of the Jacobi Operator

Let MMy = (V, (-,-), A) be a 0-model and let A be the associated curvature
operator;

(A(u, v)w, z) = A(u, v, w, ).
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In Section 1.7, we shall discuss natural operators which are related to the
Jacobi operator. Section 1.7.1 deals with the classical Jacobi operator,
Section 1.7.2 treats the higher order Jacobi operator, Section 1.7.3 considers
the conformal Jacobi operator, and Section 1.7.4 is concerned with the
complex Jacobi operator.

1.7.1 The Jacobi operator
The Jacobi operator J(v) is the linear map of V' defined by:

JW) 1w — Alw,v)v.

The curvature identities show that J is symmetric since one has:

(T (w, z) = A(w,v,v,2) = A(z,v,v,w) = (T (v)z,w).
We polarize J and define

T (v1,0) s w — F{A(w,v1)v2 + A(w, va)v1 } .
One then has J(v) = J(v,v). We note that the Ricci tensor p is given by
p(v1,v2) = Tr{T (v1,v2)} .

The Jacobi operator determines the curvature:

Lemma 1.7.1 Let My be a 0-model. If 7 =0, then A =0.

Proof. Suppose that J = 0. Then A(y,z,x,z) =0 for all z,y, z. Polar-
izing in z then yields 0 = A(y, z,v, z) + A(y, v, x, z). Consequently,

Ay, z,v,2) + Aly,v, z,x) + Ay, z, x,v)
(y,z,v,2) — A(y,v,x 2)+ Ay, z,z,v)
(v,

=A
Ay, z,v,2) + Ay, z,v,2) — Ay, z, z,v)
=3A(y,z,v,z).
This shows A = 0 as desired. d
One then has the following

Corollary 1.7.1  Let M’ := (V, (-,-), A") be 0-models for i = 1,2. If
jmtl = jm2, then Al = AQ.
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One says that 9 is spacelike Osserman (respectively timelike Osser-
man) if the eigenvalues of 7 are constant on the pseudosphere ST(V, (-, "))
(respectively on S™(V, (-,+))) of unit spacelike (respectively timelike) vec-
tors in V; the multiplicities are then necessarily constant as well. We will
show in Theorem 1.9.1 that these are equivalent notions so one simply
speaks of an Osserman algebraic curvature tensor in this setting. One says
that My is spacelike Jordan Osserman if the Jordan normal form of 7 is
constant on ST (V, (-,-)). The notion timelike Jordan Osserman is defined
similarly; spacelike Jordan Osserman and timelike Jordan Osserman are
different notions as we shall see presently. It is clear that spacelike (respec-
tively timelike) Jordan Osserman implies spacelike (respectively timelike)
Osserman. The designation “Osserman” is used owing to the seminal paper
of Osserman (1990).

In the Riemannian setting (p = 0), the eigenvalue structure determines
the Jordan normal form. This is not, however, the case in higher signatures.
If p > 2 and g > 2, there are examples where 91, is spacelike Osserman
but not spacelike Jordan Osserman. There are also examples where 91 is
spacelike Jordan Osserman but not timelike Jordan Osserman. We refer to
the discussion in Theorems 1.7.1, 1.7.2, 2.6.1, and 2.7.3 for further details.

Let F := {J1,..., J¢} be a Clifford family on V. The J; are skew-adjoint
endomorphisms of V satisfying the Clifford commutation relations:

JiJj + JjJ; = _261’]’ id .
Following the notation established in Eq. (1.3.a), one defines
A(-,-}(Ia Y, =, ’LU) = <£E, w><ya Z> - <I, Z><y7 U]>7
AJi (Ia Y, %, ’LU) = <J1$7 w><‘]1ya Z> - <Jlx7 Z><le7 U}>
—2(J;x, y){(Jiz,w) .

Theorem 1.7.1 Let F be a Clifford family on V. Let M := (V, (-, -), A)
where A = coA(..y + 22, ¢iAy,. Then M is spacelike and timelike Jordan
Osserman.

Proof. Let z € ST(V,(-,-)). The spectral resolution of J(z) is given by

0 if y e Span{x},
J(@)y =< (co+3¢;)y it y e Span{Jiz},
coy if y e Span{x, Jiz,..Jyx}t.

This shows that 97 is spacelike Jordan Osserman. Similarly one can show
that A is timelike Jordan Osserman. O
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Let M be a pseudo-Riemannian manifold of signature (p,q). We say
that M is pointwise spacelike Osserman, pointwise timelike Osserman,
pointwise spacelike Jordan Osserman, or pointwise timelike Jordan Osser-
man if the 0-model My (M, P) has this property for every point P € M;
the eigenvalues or Jordan normal form being permitted to vary with the
point in question. We say that M is globally spacelike Osserman, globally
timelike Osserman, globally spacelike Jordan Osserman, or globally timelike
Jordan Osserman if the structures in question do not in fact vary with P.

One says that M is a 2-point homogeneous space if the isometries of M
act transitively on the pseudo-sphere bundles S*(M). It is clear that if M
is a 2-point homogeneous space, then M is spacelike and timelike Jordan
Osserman. Thus, in particular the standard round sphere S™ and complex
projective space CP* are Jordan Osserman. We refer to the discussion in
Section 1.9.4 for other examples.

If M is a 2-dimensional Riemannian manifold, then M is pointwise
Osserman,; it is globally Osserman if and only if M has constant sectional
curvature. Furthermore, there exist pointwise Osserman 4-dimensional Rie-
mannian manifolds which are not globally Osserman; see, for example, the
discussion in Gilkey, Swann, and Vanhecke (1995). We shall survey some
of the relevant results in this area in Section 1.9.4.

1.7.2 The higher order Jacobi operator

Recall that a pair (r,s) is said to be admissible if one has
1<r+s<m-1, 0<r<p, and 0<s<gq.

Equivalently, this means that the Grassmannian Gr,s(V,(-,-)) is a con-
nected manifold of positive dimension.

Let {e;} be a basis for a non-degenerate linear subspace 7 of signature
(r,s). Denote the components of the inner product by g;; = (e;, e;); let
g% be the inverse matrix. Stanilov and Videv (1998) defined a higher order
Jacobi operator; this is the symmetric linear map given by:

T(m) = 3 g T(eses).

+ +
el,...,e

It is independent of the basis chosen for 7. If {e7,...,e .,€0 } is an

orthonormal basis for 7, one then has in particular that

T

J(r) =T+ ..+ T(ehH)—T(e]) — ... — T(e)).
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If r =0som € Gros(V, () is spacelike, then the unit sphere S(w) is
compact and there is a universal constant cz(s) so that

o) =eals) [ Twiv.
veS(m)
Consequently, the higher order Jacobi operator may be regarded as an
average Jacobi operator in this special case. It was introduced first in the
Riemannian setting by Stanilov and Videv (1992).

One says that a 0-model My = (V, (-,-), A) is Osserman of type (r,s)
if the eigenvalues of J(-) are constant on the Grassmannian Gr, 4(V, (-, -)).
It is immediate that My is Osserman of type (1,0) (respectively (0,1)) if
and only if 9 is spacelike (respectively timelike) Osserman. In fact, only
the value k := r + s is relevant. We will show in Theorem 1.9.1 that if 991,
is Osserman of type (r, s) for any admissible (r, s) with r + s = k, then 9,
is Osserman of type (7, 5) for every admissible (7,3) with 7+ 5 = k; thus
one speaks of k-Osserman in this setting.

One adds the words “Jordan” if additionally the Jordan normal form
is constant. The following examples show that there exist admissible pairs
(r,s) and (7, 3) with r+s = 7+ § so that there are models which are Jordan
Osserman of type (r, s) but which are not Jordan Osserman of type (7, 3).
We postpone until Chapter 2 a discussion of similar geometric examples.

Example 1.7.1 Let {e], ..., €, ,ef,. . e;‘} be an orthonormal basis for a
vector space V' of signature (p, q). Set

Fre)ifi<
byt - [ HeD) i S,
g 0 ifi>a,
Ao (z,y)2 = (Poy, 2)Pox — (Do, 2)Pyy .

The map ®, is self-adjoint and A, is the associated canonical curvature
operator. We refer to Theorem 3.3.2 of Gilkey (2002) for the proof of the
following result of Stavrov (2003a):

Theorem 1.7.2  Adopt the notation established above.

(1) If 1 <k <m-—1, then A, is k-Osserman.
(2) Let 2<r <pand2<s<gq. Then A, is Jordan Osserman of type

(a) ( 0) or (p—1,q) if and only if p = a.
(p—r,q) if and only if p—a+2 <r.

)
(p,qg—s) if and only if ¢ —a+2 < s.

or
r

T
T

Q
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(8) If1<r<p—1andifl <s<q-—1, then A, is not Jordan Osserman
of type (r,s).
Example 1.7.2 Let {e;, ...,elj,ef, ...,e;r} be an orthonormal basis for

V. Choose a > 1 so 2a < min(p, ¢). Define a skew-adjoint linear map &,
of V' and associated canonical curvature tensor A, by setting:

+(eq; +€3;) if k=2 —1<2aq,
@ae,f =1 Fleg_q + e;_l) if k=2i<2a,
0 if k> 2a,

Au(z,y, z,w) := (Paz, w)(Puy, 2) — (P, 2) (Pyy, w)
—2(P,7, y)(Paz, w) -

We can interchange the roles of spacelike and timelike vectors by changing
the sign of the inner product. Thus we may always assume that p < ¢q. We
refer to Gilkey and Ivanova (2002a) for the proof of the following result:

Theorem 1.7.3  Adopt the notation established above. If p < q, then:

(1) A, is k-Osserman for 1 <k <dimV — 1.

(2) Suppose that 2a < p. Then A, is Jordan Osserman of type (p,0) and
(0,q); A, is not Jordan Osserman of type (r,s) otherwise.

(8) Suppose that 2a = p < q. Then A, is Jordan Osserman of type (r,0)
and of type (r,q) for any 1 <r <p—1; A, is not Jordan Osserman
otherwise.

(4) Suppose that 2a = p = q. Then A, is Jordan Osserman of type (r,0),
of type (r,q), of type (0,s), and of type (p,s) for 1 <r < p—1 and
1<s<q—1; A, is not Jordan Osserman otherwise.

We shall present additional results concerning the higher order Jacobi
operator in Section 1.9.5. We also refer to Theorems 2.5.1, 2.6.1, and 2.7.3
for additional examples.

1.7.3 The conformal Jacobi operator

Let P be a point of a pseudo-Riemannian manifold (M, g). Let
Wp = (TpM,gp, Wp)

where Wp := myRp is the associated Weyl conformal curvature tensor
defined in Section 1.3.3. We say that (M, g) is conformally spacelike Os-
serman (respectively conformally timelike Osserman) if Wp is spacelike
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Osserman (respectively timelike Osserman) for every point P of M. One
adds the modifier “Jordan” if instead the Jordan normal form is constant.
The eigenvalue structure, or Jordan normal form, is permitted to vary with
the point P of M; the technical distinction between “global” and “point-
wise” plays no role in this setting. We will show in Section 1.9.6 that this
is a conformally invariant condition.

1.7.4 The complex Jacobi operator

Let (-,-) be a non-degenerate inner product of signature (p,q) on a vector
space V. We say that 9 := (V, (-,-),J, A) is a complex 0-model if J is a
Hermitian almost complex structure and if A € Algy(V); such structures
exist if and only if p and ¢ are even. If J and A are compatible and if
the eigenvalues of J(m) are constant on CP*(V,(-,-),.J) (respectively on
CP™(V, (-,-),J)), then we say that 9 is complex spacelike Osserman (re-
spectively complex timelike Osserman) if ¢ > 0 (respectively p > 0). These
are equivalent notions if p > 0 and if ¢ > 0 so we shall simply speak of 9
being complex Osserman. The notions complex spacelike Jordan Osserman
and complex timelike Jordan Osserman are defined similarly.

Let M := (M, g, J) be an almost complex Hermitian manifold. Here g
is a pseudo-Riemannian manifold of signature (p,q) and J is a Hermitian
almost complex structure on T'(M). We assume J*R = R as a compatibility
condition. We say that M is pointwise complex spacelike Osserman if this
property holds for M(M, P) for every P € M; we say that M is globally
complex spacelike Osserman if the eigenvalues do not vary with P. Other
notions are defined similarly. We refer to Theorems 5.1.1 and 5.1.3 for
examples of Riemannian complex Osserman 0-models and manifolds. In
this section we content ourselves by showing the analogue of Lemma 1.7.1
fails in this context; we refer to Brozos-Vazquez, Garcia-Rio, and Gilkey
(2006) for a further discussion of this question:

Lemma 1.7.2 Let V be a Riemannian vector space of dimension m =0
mod 4. Then there ezists a non-zero algebraic curvature tensor A on V
and a Hermitian almost complex structure J on V so that J and A are
compatible and so that the Riemannian complex 0-model M = (V, (-, -), J, A)
satisfies J(m) = 0 for all m € CP(V, (-,-),J). If m > 8, M can be chosen

so that M is not Osserman.

Proof. Choose an isometry to identify V' = R™ with the canonical pos-
itive definite Euclidean inner product (-,-). If K is a skew-symmetric
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linear map of R™, let Ax be the canonical algebraic curvature tensor of
Eq. (1.3.b):

Ak (z,y)z = (Ky,2) Kz — (Kx,2) Ky — 2(Kx,y)Kz.
It is then immediate that
Ik (x)y =3y, Kz)Kx .

Since m = 0 mod 4, we can choose an isometry to identify V with
the quaternions H™ where m = 4m. Let J = ¢ and K = j define skew-
adjoint endomorphisms of V with J2 = K? = —Id and JK + KJ = 0. Let
A= Ag — Ajr. We then have

Ja(x)y =3y, Ke) Kz — 3{y, JKz) JKx .

Since {z, Jr, Kz} is an orthonormal set, this shows that Ja(z)Kx = 3Kz
and thus A is not the zero algebraic curvature operator. One also has that

Ja(me)y =3y, Koy K + 3{y, KJx)K Jx
y, JKz)J Kz — 3(yJ K Jz)JK Jx
y, Ka)Ka + 3(y, KJx)K Jx

3(y
=3
= 3(
-3y, KJx)KJx — 3(yKz)K

Il
o

This shows Ja(m;) = 0. Consequently, by Lemma 1.6.6, A and J are
compatible. This completes the proof if m = 4.

Suppose m > 2. Take a non-trivial decomposition H™ = H, @ H_. Set
Ji=14,Ja=7j,and J3 = +kon Hy; if x4y € S(Hy), then J1JoJszy = +a .
Define:

A=Ay —Angp —As +An,-

The same calculations as those given above show that 9t is complex
Osserman and that J(m) = 0 for any # € CP(V,(-,-),J). We have
JiJoxy = Jsx4 and JyJsxy = —Joxy. Consequently

(3—=3)y if y € Span{Joz},
Jalzq)y =4 3—=3)y if y € Span{Jzz},
0 if y 1 Span{Jox;, Jszy}.
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This shows J4(z4) = 0. On the other hand, if we take x = (x4 +z_)/v/2,
we have
Jox = (J2$+ + J2$_)/\/§7 J3xr = (J3$+ + J3£L'_)/\/§,
JiJox = (J3$+ - J3$_)/\/§7 JoJsx = (—J2$+ + ng_)/\/i

forms an orthonormal set. Thus

[ 3y if y e Span{Jox, J3z},
Ta(z)y = { -3y if y € Span{JiJox, J; J3z}.

This show that 9t is not Osserman. O

1.8 The Geometry of the Curvature Operator

In this section, we continue our discussion of natural operators related to
the curvature tensor and focus on the skew-symmetric curvature opera-
tor. The geometry of the classic skew-symmetric operator is discussed in
Section 1.8.1, the geometry of the conformal skew-symmetric curvature op-
erator is presented in Section 1.8.2, the geometry of the Stanilov or higher
order skew-symmetric curvature operator is studied in Section 1.8.3, and
the geometry of the complex skew-symmetric curvature operator is related
in Section 1.8.4. Throughout this section, let My := (V, (-,-), A) be a 0-
model.

1.8.1 The skew-symmelric curvature operator

If {e1,e2} is an oriented orthonormal basis for an oriented non-degenerate
2-plane 7, the skew-symmetric curvature operator A(m) is defined by:

A(r) :x — A(er,e2)x.

Let é1 = aj1e1 + aises and €3 = asieq + agses be another orthonormal
basis. Then

A(€1,€2) = (a11a22 — a12a21)Aler, e2) .

Since det(a) = +1, this is independent of the particular orthonormal basis
chosen. Furthermore, A(r) is skew-symmetric since

(A(m)v, w) = A(e1, e2,v,w) = —A(er, ea, w,v) = —(A(m)w,v) .
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Let —7 denote m with the reversed orientation; as {e1, —ea} is an oriented
orthonormal basis for —m,

One says that a 0-model My is spacelike (respectively timelike or mized)
Tvanov—Petrova if the eigenvalues of the associated curvature operator A are
constant on the Grassmannian of oriented spacelike (respectively timelike
or mixed) 2-planes. The word “Jordan” is added if additionally the Jordan
normal form is constant. The designation “Ivanov-Petrova” is used owing
to the seminal paper by Ivanov and Petrova (1998).

We follow the notation established in Eq. (1.3.a) to construct examples.

Theorem 1.8.1  Let My := (V, (-, ), Ay) where ¢ is self-adjoint.

(1) If ¢* = +1d, then My is spacelike, timelike, and mized Ivanov—Petrova.
(2) If $*> = 0 and if ker ¢ contains no spacelike vectors, then My is spacelike
Ivanov—Petrova.

We note that if 2 = Id and if ¢ is self-adjoint, then ¢ is an isometry
of (V,(-,-)); if ¢ = —1d and if ¢ is self-adjoint, then ¢ is a para-isometry
of (V,{(-,-)); this means that {¢u, pv) = —(u,v). Note that para-isometries
exist if and only if p = q.

Proof. Suppose that ¢ is self-adjoint and that ¢? = ¢id where ¢ = £1.
Let {z,y} be an oriented orthonormal basis for a non-degenerate 2-plane
w. We have

Ags(z,y)z = (¢y, 2)px — (P, 2) Py .

If {x,y} is spacelike, then:

Az, y)px = —edy, Alx,y)oy = oz,
A(z,y)z = 0if y L Span{¢z, ¢y} .

Thus if 7 is spacelike, A(m) is an almost complex structure on ¢m and van-
ishes on ¢m. Consequently A is spacelike Jordan Ivanov—Petrova. Simi-
larly, if {z,y} is timelike, then

A(CC, y)¢$ = €¢y’ A(I7 y)¢y = —€¢I,
A(z,y)z = 0if y L Span{¢x, dy} .
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This shows that 2y is timelike Jordan Ivanov-Petrova. Finally, if = is
spacelike and y is timelike, then

A(I,y)(bl’ = _€¢y7 A(l’,y)(ﬁy = _E¢I7

A(z,y)z =0 if y L Span{¢x, dy} .
Again, the Jordan normal form is determined so 9y is mixed Jordan
Ivanov—Petrova. This completes the proof of Assertion (1).

If * = 0, then A(z,y)*> = 0. Thus the Jordan normal form is deter-
mined by Rank(A). Since

Range(A(z,y)) C Span{¢z, ¢y},

Rank(A) < 2. Suppose that ker ¢ contains no spacelike vectors. Let {z, y}
be an orthonormal basis for a spacelike 2-plane 7. Since ax + by is again
spacelike and non-zero for (a,b) # (0,0), ¢(azx + by) # 0 and thus {¢z, ¢y}
is a linearly independent set. Thus we can find z; and z3 so

(z1,02) =1, (21,0y) =0, (22,02) =0, (22,9y)=1.
This shows A(x, y)z2 = ¢z and A(z,y)z1 = ¢y and thus Rank(A(z,y)) = 2.
Assertion (2) now follows. O
There are 4-dimensional examples that play an important role. Let
{e1,ea,e3,e4} be an orthonormal basis for R4, Let
Al =L ALy = 2 A5G0 = 2 A0 = 1,
A = 2, AU = -1 A = 2 Ayl = -1 (1.8.0)
Agid = 2 A0 = LAGE = -1 AG = 2.
Similarly, let {e], ey ,ed, el } be an orthonormal basis for R(?:2). Define
A = -1 A = =2 AT = -2, A = -1,
AR = -2 A = L AGR = -2 AT = 1, (1.8.0)
Al = =2, AT = 1, AGE) = -1, AG) = 2.
The tensor of Eq. (1.8.b) may be defined by complexifying the tensor of
Eq. (1.8.a) and setting

- . - . + . + .
e] =Vv—lel, ey =+v-—les, e5 :=e€3, € :=e€4.

The following result in the Riemannian setting is established by Ivanov
and Petrova (1998); we refer to the discussion in Gilkey and Semmelmann
(2000) for the neutral signature result:
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Theorem 1.8.2 (RO ACY) gnd (RZ2) AR2)) are Ivanov—Petrova.

The following family was introduced by Gilkey and Nikéevié (2004a). In
Section 2.7, we shall construct pseudo-Riemannian manifolds modeled on
this example. For s > 2, let {Uq, ..., U, T1, ..., Ts, V1, ..., V5 } be a basis for
R3%. Let

My := (RSS, {(-,),A) where
<UiaVi> = <%7Ui> =1, <Ti,Ti> =—1, and
AU;,U;,U;,T;) =1 for i#7j.

Theorem 1.8.3

(1) My is spacelike Jordan Ivanov-Petrova.
(2) My is timelike Tvanov—Petrova.
(8) My is not timelike Jordan Ivanov—Petrova.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise
spacelike (respectively timelike or mized) Ivanov—Petrova if Mo(M, P) has
this structure for any P € M; the structure in principle being permitted
to vary with P. One replaces the word “pointwise” by the word “globally”
if the structures in question is in fact independent of P. Manifolds of
constant sectional curvature are globally Jordan Ivanov—Petrova; we refer
to the discussion in Section 1.9.8 for other examples and for a survey of the
literature in this area.

In Theorem 2.5.1, we give examples of manifolds which are spacelike and
timelike Jordan Ivanov—Petrova but which are not mixed Jordan Ivanov-
Petrova.

1.8.2 The conformal skew-symmelric curvature operator

Let W be the conformal Weyl tensor of a pseudo-Riemannian manifold
M. We say that M is conformally spacelike (respectively timelike) Jordan
Ivanov—Petrova if Wp is spacelike (respectively timelike) Jordan Ivanov—
Petrova for every point P of M. The Jordan normal form is permitted to
vary with the point P of M; the technical distinction between “global” and
“pointwise” plays no role in this setting. In Section 1.9.9, we will show that
this is a conformal notion.
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1.8.3 The Stanilov operator

A higher order generalization of the skew-symmetric curvature operator
has been introduced by Stanilov (2000); see also Stanilov (2004). Suppose
that My := (V, (-,-), A) is a O-model. Let {eq,...,e,} be a basis for a non-
degenerate v-plane m where v > 3. The Stanilov operator is defined by
setting:

O(m) := Z g* gl Ales, e) Aler, er) -

i,9,k,1

This self-adjoint operator is independent of the basis chosen for 7. If 7 is
spacelike, then © can be regarded as the average square skew-symmetric
curvature operator because there exists a universal constant cg (k) so:

O(r) = C@(k})/ A(o)?do .
o€QGry (n)
It is necessary to square .4 to obtain a non-zero average since A(-) changes
sign if the orientation of 7 is reversed; thus

0= / A(o)do .
a'EGr;r(Tr)

If the eigenvalues of © are constant on Gr, s(V, (-, -)), then My is said
to be Stanilov of type (r,s). As with the higher order Jacobi operator,
only the value r + s is relevant by Theorem 1.9.1; 9 is k-Stanilov if My
is Stanilov of type (r,s) for any (and hence for all) admissible (r,s) with
r+s==k.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise
Stanilov of type (r, s) if Mo(M, P) is Stanilov of type (r, s) for all points P
of M. The word “Jordan” is added if the Jordan normal form is constant.
The word “pointwise” is replaced by the word “globally” if the structures
do not depend on P. In Section 4.7, we will establish the basic results
concerning these manifolds. Examples will be given in Theorems 2.5.1 and
2.7.3.

1.8.4 The complex skew-symmetric curvature operator

We say that a complex 0-model 9 := (V,(-,-),J, A) is complex skew-
symmetric curvature operator if J and A are compatible (as described in
Lemma 1.6.6) and if the eigenvalues of LA(-) are constant on CP*(V, (-, -), J).
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The notions of timelike complex Ivanov—Petrova, or spacelike complex Jor-
dan Ivanov—Petrova, or timelike complex Jordan Ivanov—Petrova are defined
similarly. Since there are no non-degenerate complex lines of signature
(1,1), the notion “mixed” does not appear in this setting.

There are several families of examples. Let ¢ be a linear transformation
of V. If ¢* = +¢, then we have a canonical algebraic curvature tensor
associated to ¢ by Eq. (1.3.a):

Asl@,y)z = { (dy, 2)px — (0, 2)dy — 2dw, y)pz if ¢ = —¢*.

Fix a Hermitian almost complex structure on V.

Definition 1.8.1 Let J be a Hermitian almost structure on (V, (-, )).
Let ¢ be a linear map of V to V.
(1) ¢ is said to be J-admissible if
(a) Either ¢ = ¢* and ¢J = +J¢ or ¢ = —¢* and Jop = —¢J.
(b) Either ¢? =1d, or ¢? = —Id, or ¢? = 0 and ker ¢ = Range ¢.
(2) A pair {¢1, P2} is said to be J-admissible if
(a) Both ¢; and ¢9 are J-admissible.
(b) We have ¢1J = J¢1, ¢paJ = —J o, and ¢ipa + ¢p5d1 = 0.

(c) If 93 = ¢#3 = 0 and if 7 is any non-degenerate complex line, then
we have that ¢17 N ¢om = {0}.

We refer to Gilkey and Ivanova (2001a) for the proof of the following:
Theorem 1.8.4 Let M := (V, (-, ), J, A) be a complex 0-model.

(1) If ¢ is J-admissible and if A = cAg, then M is complex spacelike and
timelike Jordan Ivanov—Petrova.

(2) If {1, b2} is J-admissible and if A = c1 Ay, +c2Ay,, then M is complex
spacelike and timelike Jordan Ivanov—Petrova.

There is also another family of examples one can consider involving
Clifford module structures. We refer to Theorem 2.11.5 of Gilkey (2002)
for the proof of the following result:

Theorem 1.8.5 Let M := (V,(,-), J, A) be a complex 0-model.

(1) If A= coA. .y +c1Ay, then M is complex spacelike and timelike Jordan
Ivanov—Petrova.
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(2) Let ¢ be skew-adjoint. Assume that ¢*> = +id and that ¢J = —Jp. If
A=coAi .y +c1Ay+c2Ay +c3Ayg, then M is complex spacelike and
timelike Jordan Ivanov—Petrova.

The following Theorem follows from Theorem 1.8.4. It provides exam-
ples in the context of Riemannian geometry:

Theorem 1.8.6 Let (M, g) be a Riemannian manifold.

(1) If (M,g) has constant sectional curvature ¢ and if J is any Hermi-
tian almost complex structure on M, then (M, g,J) is complex Tvanov—
Petrova.

(2) Suppose that (M, g) is a complex space form and that J is the canonical
almost complex structure. Then (M, g, J) is complex Ivanov—Petrova.

1.8.5 The Szabd operator

Let My = (V, (-,-), A4, A1) be a 1-model; here (-, -) is a non-degenerate inner
product on V, A € Alg,(V) and Ay € Alg, (V). Let A; be the associated
covariant derivative curvature operator; A; is characterized by the identity:

(A1 (v1,v2; w)v3,v4) = A1 (v1, V2,03, V45 W) .
In analogy to the Jacobi operator, one defines the Szabo operator by:
S() :w — Ai(w,v;v)v.

This is a symmetric linear operator. One says that 9t; is spacelike (respec-
tively timelike) Szabd if the eigenvalues of S are constant on S*(V, (-, -))
(respectively on S™(V, (-,-))). These are equivalent notions as we shall see
subsequently so one just speaks of Szabd 1-models.

One says that a pseudo-Riemannian manifold M is pointwise spacelike
(respectively timelike) Szabo if the 1-model 90t; (M, P) has this property
for all P. The modifiers “Jordan” and “globally” have the same meaning
as that employed in previous sections. The designation “Szabd” is used
owing to the seminal paper by Szabé (1991). There are no known Jordan
Szab6 algebraic curvature tensors other than A; = 0. It is known that
any Riemannian or Lorentzian Szabd tensor is necessarily zero. There are
non-trivial Szabd algebraic curvature tensors in the higher signature setting
(p > 1,q > 1) that we will discuss presently.
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The following is a useful remark that generalizes Lemma 1.7.1; it shows
that S encodes all the information that A; does.

Lemma 1.8.1 Let 9 be a 1-model. If S =0, then A; = 0.

Proof. Suppose S = 0. We then have for all x,y,w that
Al(xayu:%w;y) =0. (18C)

We polarize Eq. (1.8.c). Set y(t) := y + tz, expand in powers of ¢, and set
the term which is linear in ¢ to zero to see:

0=Ai(z,z,y,w;y) + A1 (2, y, 2, w;y) + A1(z,y,y, w; )
= Al($7y7x7w;y) - Al(xayawa‘r;y) - Al(anyw"&y;w) (18d)
= _2A1(Iay7w7x;y) + Al(%%%ﬂ“’) :

Setting w = z in Eq. (1.8.c) yields A;(x,y,y,z;y) = 0. Polarization in y
then yields

0= 2A4;(z,y, w,z;y) + A1 (z,y,y, T;w) . (1.8.¢)

We add Egs. (1.8.d) and (1.8.e) to see that 0 = Ay (y,z,z,y;w). At this
stage, the argument follows that given to prove Lemma 1.7.1. We polarize
in z and in y to see 0 = A1(y,z,v,z;w) + A1(y,v, 2, z;w). We use the
curvature symmetries to see:

0= Ai(y,z,v, z;w) + A1(y, v, 2, x;w) + A1 (y, 2, x, v; w)
= (yv‘r v, 23 U}) A1(y,v,z,z;w) +A1(y,2,l’,’l};'lU)

- ( w7’U7Z;U})+A1(y,(E,U,Z;IU)_Al(y,(E,Z,’U;UJ)

- 3A (’y,ﬁC,’U,Z;U}) .
This shows A; vanishes identically as desired. O

In Section 1.9.7, we review some of the literature concerning this oper-
ator.

1.9 Spectral Geometry of the Curvature Tensor

In Section 1.9.1, we will show that spacelike Osserman and timelike Osser-
man are equivalent concepts; similarly spacelike Ivanov—Petrova and time-
like Ivanova—Petrova are equivalent and so forth; a theorem of this kind
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first being proved by [Garcia-Rio, Kupeli, Vazquez-Abal, and Vazquez-
Lorenzo (1999)] for the Jacobi operator. In Section 1.9.2, we establish a
fundamental duality result for the higher order Jacobi operator. In Section
1.9.3, we present work of Blazi¢ concerning natural operators with bounded
spectrum.

In studying the geometry of the curvature tensor, one supposes that
the eigenvalues, or more generally the Jordan normal form, of a natural
operator in Riemannian geometry is constant on a natural domain of defini-
tion and then seeks to understand the geometric consequences which follow.
This can give, for example, characterizations of 2-point homogeneous spaces
and of local symmetric spaces. There is often a purely algebraic content
to the investigation where one classifies such structures on a k-model. One
then investigates the relevant integrability conditions that arise in geometry
using the first and second Bianchi identities. We give a brief review of some
of the results in this area; we shall concentrate on the Riemannian (p = 0)
and Lorentzian (p = 1) settings and postpone a discussion of the higher
signature setting for the moment. We refer to Garcia-Rio, Kupeli, and
Vézquez-Lorenzo (2002) and to Gilkey (2002) for a more complete treat-
ment. Section 1.9.4 deals with the Jacobi operator, Section 1.9.5 deals with
the higher order Jacobi operator, Section 1.9.6 deals with the conformal and
complex Jacobi operators, Section 1.9.7 deals with the Stanilov and Szabd
operators, Section 1.9.8 deals with the skew-symmetric curvature operator,
Section 1.9.9 deals with the conformal skew-symmetric curvature operator
and with the complex skew-symmetric curvature operator.

1.9.1 Analytic continuation

The following result is fundamental in the study of the spectral geometry
of the Riemann curvature tensor. Let 9 be a 0-model of signature (p, q).
Recall that (r,s) is said to be an admissible pairif 1 < r+s < m — 1,
0<r<p,and 0<s<gq.

Theorem 1.9.1

(1) The following assertions are equivalent and if either holds, then a 0-
model My is said to be Osserman:

(a) ¢ >0 and My is spacelike Osserman.
(b) p>0 and My is timelike Osserman.

(2) Let2 <k <m—2. The following assertions are equivalent and if either
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holds, then a 0-model My is said to be k-Osserman:

(a) 3 (r,s) admissible with r+ s =k so My is Osserman of type (1, s).
(b) My is Osserman of type (r,s) ¥V admissible pairs with r + s = k.

(8) The following assertions are equivalent and if either holds, then a com-
plex 0-model My = (V, (-, -), J, A) is said to be complex Osserman:

(a) ¢ >0 and My is complex spacelike Osserman.
(b) p>0 and My is complex timelike Osserman.

(4) The following assertions are equivalent and if any holds, then a 0-model
Mo is said to be Ivanov—Petrova.

(a) p>2 and My is timelike Tvanov—Petrova.
(b) p>1and q> 1 and My is mized Tvanov—Petrova.
(c) ¢ > 2 and My is spacelike Tvanov—Petrova.

(5) The following assertions are equivalent and if either holds, then a 0-
model My is said to be k-Stanilov:

(a) 3 (r,s) admissible with r + s =k so My is Stanilov of type (r,s).
(b) My is Stanilov of type (r,s) V admissible pairs with r + s = k.

(6) The following assertions are equivalent and if either holds, then a com-
plex 0-model Mo = (V, (-, ), J, A) is said to be complex Tvanov—Petrova:

(a) ¢ >0 and My is complex spacelike Tvanov—Petrova.
(b) p>0 and My is complex timelike Tvanov—Petrova.

(7) The following assertions are equivalent and if either holds, then a 1-
model M is said to be Szabo:

(a) ¢ >0 and My is spacelike Szabd.
(b) p> 0 and My s timelike Szabd.

Proof. Supposep > 0and g > 0. Assume that 9 is spacelike Osserman.
We shall show that 9% is timelike Osserman. The proof of the reverse
implication is similar. This will establish Assertion (1).

As My is spacelike Osserman, we may apply Lemma 1.5.2 to see there
are universal constants ¢; so Tr{J(x)'} = ¢; for x € ST(V, (-,-)). Set

fi(&) =Tr{T (€)'} — cil&, €)' .

Since we have included the appropriate scaling factor, it follows that f;(&)
vanishes on the open subset of spacelike vectors of V. On the other hand,
fi(€) is polynomial in the components of £ relative to any basis for V. Since
fi(&) vanishes on a non-empty open subset of V, it now follows that f; is
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constant on all of V. Thus Tr{J(z)'} = (=1)’c; on S=(V,{-,-)). Another
application of Lemma 1.5.2 then implies that 901y is timelike Osserman.

To prove Assertion (2), we complexify. Let V¢ := V@gC. Fix k. Extend
(-,) and A to be complex multilinear. Set

VE =V x .. xV, O := {7 € VF : det{(v;,v;) # 0},
VE =Vex .. x Ve, Oc:={0eVE:det{(v;,v;) # 0},
Ors = {7 € V"*: Span{v;} € Grer5(V)}.
We note that O¢ is a connected open subset of Vé“ with real points
OcNV* =0 =Ur5-40555.

If ¥ € Oc, then my := Spang{v1,...,v;} is a non-degenerate complex
k-dimensional subspace of V. Let

J(mz) = Zgijj(vi,vj) where  g;j = (vs,v5) .
%,

This is independent of the particular basis for m which is chosen. By as-
sumption, the eigenvalues of J(¥) are constant on O, . Consequently,
there are constants ¢; so that

To{J(m5)'} =ci if T€0,,.

Thus by the Identity Theorem, Tr{J (75)'} = ¢; for © € O¢c. We restrict to
see Tr{J (73)'} = ¢; for ¥ € Or 5 and hence My is Osserman of type (7, 5).
This proves Assertion (2); the proof of Assertions (4), (5), (6), and (7) is
similar and is therefore omitted. O

In Theorems 2.5.1 and 2.6.1, we exhibit examples which are Jordan Os-
serman of certain but not all types for a given r+s = k. Consequently The-
orem 1.9.1 fails if we replace the words “Osserman” by “Jordan Osserman”.
Similarly, we have examples which are spacelike Jordan Ivanov—Petrova but
not timelike Jordan Ivanov-Petrova and timelike Jordan Ivanov—Petrova
but not spacelike Jordan Ivanov—Petrova.

1.9.2 Duality

There is a basic duality result which is used in the study of k-Osserman
manifolds. Let

T &)y = 3{R(y,&)n + Ry, n)&}
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be polarized or symmetrized Jacobi operator. If p is the Ricci tensor, then

p(&,m) =Te{T(n)}.

Theorem 1.9.2 Fizx 1 <k <m—1. Let My be a 0-model of signature
(p, q) which is k-Osserman. Then

(1) My is Einstein.
(2) My is m — k Osserman.
(8) If My is Jordan Osserman of type (1, s), then My is Jordan Osserman

of type (p —7,q — s).

Proof. We follow the discussion in Gilkey, Stanilov, and Videv (1998).
We adopt the notation established in the proof of Assertion (2) of Theorem
1.9.1. Let {v1,...,vx} be a C-basis for a linear subspace o of V¢ which has
complex dimension k. We assume ¥ := (v1, ..., vx) € O¢ and set

T(0) =3 61T (wiv;)

This is independent of the particular basis chosen. We introduce the com-
plex null cone

Nes={v e Ve : (v,0) =0}

this is a nowhere dense closed subset of Ve. Let x € Ng. Choose y so
(z,y) # 0; since N¢ is nowhere dense, we may assume that y ¢ Mg and
normalize y so (y,y) = 1. Let

T := Spanc{z,y} .

This is a non-degenerate 2-plane since

<:17,.T> <‘T7y> = (g 2
det<<xay> <y,y>) =@y £0.

Let W := 71; this is a non-degenerate subspace of complex dimension
m — 2. Since k — 1 < m — 2, there is a non-degenerate subspace o of
complex dimension k — 1 contained in W. Let

& =z +ty and g(t) := (&, &) = t° + 2t(x, y) .

Lettp :=0and t; := —%(:v, y) be the zeros of this quadratic polynomial. We
consider the complex k-plane 7 (t) := o @ Span{&:}; 7(t) is non-degenerate
for t # t;.
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The eigenvalues of J(7(t)) are constant if 0 < ¢ < |t1]|. Let
c1:=Te(J(w(t))).
We then have

g(t)er = g(t) Te{[T (0) + g(t) ' T (&)]}
=Tr{lg(®)T (o) + T(&)]} for 0 <t <[t].

We take the limit as t — 0 to see
(T () =0 if €N, (1.9.2)
Let &1, € Ve with
(€1,61) = (2,€2) =1 and (£,&2) =0.
Let 2 = & + =1 € Ne. We expand
J(x1) = T(&) — T (&) £V-1T(&1,&).
We apply Eq. (1.9.a) to see:
0="Tr(J(z2)) = Te(T (&) — Te(T (&) £ Te(vV=1T (&1,&2)) . (1.9.b)
One may use Eq. (1.9.b) to see that

p(&1,61) = p(&2,&) =c and p(&1,&) =0.

Consequently p(&,€) = ¢|¢|? for any &€ € Vi and hence A is Einstein.
We restrict to the real setting. Let {ej,...,e
thonormal basis for V. We have

c(€,n) =Te{T (& n)}

q’,ef,...,e;} be an or-

= _A(efuganae;) T e T A(G;agﬂ% ep_)
+A(ef, € myel) + .+ A(ej,{,n,ej)
={=J(er)— . = T(e, )+ T () + ... + T ()}, m) .

This shows that
—J(er)— . =Ty )+ T(ef) + ...+ T(ef) =cid . (1.9.c)

Let 7 be a non-degenerate linear subspace of signature (r, s) and let 7+ be
the corresponding non-degenerate linear subspace of signature (p—r, g —s).
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It follows from Eq. (1.9.c) that
J(7) +j(TL) =cid .

The remaining assertions now follow. [l

1.9.3 Bounded spectrum

The higher signature setting (p > 0,¢q > 0) is significantly different from
the Riemannian setting in at least one respect as the following results will
show. We shall follow Blazié¢ (2005) throughout.

If T € End(V), let Spec{T'} be the complex eigenvalues of T" where each
eigenvalue is repeated according to multiplicity. One says that a 0-model
Mo has bounded spacelike Jacobi spectrum if there exists a constant K so

A€ Spec{T ()} = [N <K VreSH(V, ().

The notion of bounded timelike Jacobi spectrum is defined similarly. The
other natural curvature operators give rise to similar notions where the do-
main is specified appropriately. Since the domains in question are compact
if V' is Riemannian, all operators necessarily have bounded spectrum in this
setting.

If 901y is Osserman, then necessarily 91, has bounded spacelike and time-
like Jacobi spectrum. The converse holds in the higher signature context.
We refer to Blazié¢ (2005) for the proof of the following result:

Theorem 1.9.3 [Blazié¢] Let My := (V, (-,-), A) be a 0-model of signa-
ture (p,q) where p > 1 and ¢ > 1.

(1) If My has bounded spacelike Jacobi spectrum, then My is Osserman.
(2) If My has bounded timelike Jacobi spectrum, then Mg is Osserman.

Proof. We suppose M has bounded spacelike Jacobi spectrum; the time-
like case is similar. Let 7;(z) := Tr{[J (x)]'}. Since 7;(x) is the sum of the
i*" powers of the eigenvalues, the functions 7; are uniformly bounded on

STV, (). Let {er,...,e, ,ef,...,el } be an orthonormal basis for V. Let

O:={z € STV, () : {ef ,2) > 1}

O is a non-empty open subset of ST(V, (-, -)) since ¢ > 1. If x € O, we may
choose 6 € R so that coshfly = (], ¥) and express

x = cosh Qoef + sinh 6pv~
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where

i - St + Xleief feset ).

j>1

Let vp := coshfe] + sinhv_ € SH(V,(-,-)). There exists ngy such that

Ti(vg) = Z an (e, v_)e.

—no<n<ng

By assumption, 7;(vg) is a bounded function of § € R. Consequently,
an(ef,v_) vanishes for n # 0 so 7;(vg) = T;(vy) is constant. Thus

Ti(x) = Ti(ef) for z€O.

As 7; is real analytic and constant on a non-empty open set, 7; is constant
on the component of ST(V, (-,-)) that contains e]; as J(z) = J(~z), T is
constant on ST(V, (-,-)). This implies that 7 (v) has constant spectrum on
S*(V,{-,-)) and hence My is Osserman as desired. O

The proof given above extends without change to establish a similar
result for the Szabo operator, for the complex Jacobi operator, and for the
complex skew-symmetric curvature operator since the appropriate domain
of definition can be regarded as being the pseudo-projective spaces

R]P)i(vv <'v >) = Si(Vv <'v >)/ZQ .

Before discussing the other operators, we must establish a technical result
that deals with Grassmannians. Let {e™,e™} be an orthonormal basis for
a 2-plane of signature (1,1). We define a hyperbolic boost T =T (e™,e™,0)
by setting:

coshfe™ +sinhfet if y =e™,
Ty = { coshfe’ +sinhfe™ if y =e™T,
Yy ify L Span{e~,e™}.

Let Gp, be the closed Lie subgroup of O(V, (-, -)) which generated by these
hyperbolic boosts.

Lemma 1.9.1 Letp>1 andlet g > 1.

(1) Gy, is the connected component of the identity in O(V, (-,-)).
(2) Gy acts transitively on Gr/f (V. (-,-)) and Gr,(V, (-,-)).
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Proof. Let {e},...,e,, el e;‘} be an orthonormal basis for V. Let

T y = (y,e; )ej n
Tty = (y,e; )el — (y,el)e
Ty = (y,el e b

The collection of elements
{Ti;_}i<j U {Tia}ia U {Tab}a<b

is a basis for the Lie algebra of O(V, (-, -)). To complete the proof of Asser-
tion (1), we must only show that these endomorphisms belong to the Lie
algebra g, of Gj,.
Let T(0) = T(e; ,el,0). Then T'(0) = —T,," so T;,,* € g,. Since
[Ti?ka Tﬁﬂ = Ti;_ and [Tl_a+7T1_b+] = T;fv
the remaining generators belong to g, as well. This proves Assertion (1);
Assertions (2) and (3) follow from Assertion (1). O

We can now prove:

Theorem 1.9.4 [Blazié] Let My := (V, (-,-)) be a 0-model of signature
(p,q) wherep>1,q>1, and p+q > 3.

(1) Letp > 2. If Spec{R} is bounded on Gry(V), My is lvanov-Petrova.
pec is bounded on Gr , My is Tvanov—Petrova.

(2) If Spec{R} is bounded on Grf,(V), My is I P

(3) Let q > 2. If Spec{R} is bounded on Grg ,(V), My is lvanov-Petrova.

Proof. Let T = T(e ,e",0) be a hyperbolic boost. If m is a non-
degenerate 2-plane, let 7(0) = T(6)w. Then Tr{[R(w(6))]"} is a Laurent
polynomial in {e?,e=}. If the spectrum is bounded, this polynomial is
bounded. The argument given to prove Theorem 1.9.3 then shows the poly-
nomial is constant and hence Spec{R(7(6))} is independent of . Thus the
spectrum of R is constant on the orbits of the hyperbolic boosts and hence,
by continuity, on the orbits of the closed Lie group Gj, that these boosts
generate. Since G, acts transitively on the Grassmannians in question, the
desired result follows. O

This proof extends without change to establish a similar result for the
higher order Jacobi operator and for the Stanilov operator. The conformal
Jacobi operator and the conformal skew-symmetric curvature operator can
be treated similarly.
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1.9.4 The Jacobi operator

We continue the discussion of Section 1.7.1. Let My be a 0-model. The
Jacobi operator J is defined by

J(@):y — Ry, z)x.

One says that a 0-model My is Osserman if the eigenvalues of J(-) are
constant on the pseudo-spheres S*(V,(-,-)). One says that a pseudo-
Riemannian manifold M is pointwise Osserman if Mo(M, P) is Osserman
for every point P € M; one says that M is globally Osserman if the eigen-
value structure does not vary with P.

A complete simply connected Riemannian manifold M is a 2-point ho-
mogeneous space if the group of isometries G(M) acts transitively on the
unit sphere bundle S(T(M, g)) or, equivalently, if given two pairs of points
(P1,Q1) and (P2, Q2) with equal Riemannian distances, then there exists
an isometry ¢ of M with ¢P; = P and ¢Q1 = Q2. It is known that M is
a 2-point homogeneous space if and only if either M is flat or M is a rank
1 symmetric space — see Section 1.6.5 for details.

There is a corresponding local classification. Impose no global con-
straints on M. One says that M is a local 2-point homogeneous space if the
pseudo-group of local isometries of M acts transitively on S(M, g). Again
the local geometry is very rigid in this setting; every point of M has an
open neighborhood which is either flat or which is isometric to an open
subset of a rank 1 symmetric space.

If a Riemannian manifold M is a local 2-point homogeneous space,
then necessarily the eigenvalues of the Jacobi operator J(-) are constant
on S(M,g) and hence M is Osserman. Osserman (1990) wondered if the
converse held; this question has been called the Osserman conjecture by
subsequent authors. This conjecture has been established if m # 16 fol-
lowing work of Chi (1988), Nikolayevsky (2003b), Nikolayevsky (2004), and
Nikolayevsky (2005); there are also some partial results in dimension 16.
The proof consists of 2 parts. First one classifies the Osserman algebraic
curvature tensors. Then one applies the Bianchi identities to complete the
geometric classification.

We introduce some additional pieces of notation. Let F := {J1, ..., Jo}
be a Clifford family. This means that the J; are Hermitian almost complex
structures on (V, (-, -}) which satisfy the Clifford commutation relations

JiJ; + JjJ; = _25ij .
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We use Eq. (1.3.a) to define an associated algebraic curvature tensor

A=Ay + > cidy,. (1.9.d)

Let MMy = (V,(-,-), A) be a Riemannian 0-model. Let z € S(V, (-, -)).
Since J(z)z = 0 and since J(z) is self-adjoint, J () preserves . The
reduced Jacobi operator is given by setting:

j(:c) =J(x)|zr for ze SV, ().

Chi (1988) used topological methods to study the eigenvalue structure
of an Osserman manifold and thereby prove:

Theorem 1.9.5 [Chi]

(1) Let M= (V,{(-,-), A) be a Riemannian Osserman 0-model. Then:

(a) If T has only one eigenvalue, then A = cA(..y and M has constant
sectional curvature.

(b) If J has two distinct eigenvalues and if one of the eigenvalues has
multiplicity 1, then A = coA(. .y + c1A; where J is a Hermitian
almost complex structure on V.

(2) Let M = (M, g) be a globally Osserman Riemannian manifold. Then:

(a) If J has 1 eigenvalue, then M has constant sectional curvature.

(b) If J has two distinct eigenvalues and if one of the eigenvalues has
multiplicity 1, then M is locally isometric to a rank 1 symmetric
space. In particular, the eigenvalues are in a ratio of 1 to 4.

When Theorem 1.9.5 is combined with work of Nikolayevsky (2003b),
Nikolayevsky (2004), and Nikolayevsky (2005), one has an almost complete
answer to the question Osserman raised by solving the Osserman conjecture.

Theorem 1.9.6 [Chi—Nikolayevsky] Let My = (V, (-,-), A) be a Rie-
mannian 0-model and let M be a Riemannian manifold of dimension m.

(1) If My is Osserman and if m # 16, then A is given by a Clifford module
structure as described in Eq. (1.9.d).

(2) If M is pointwise Osserman and if m # 2,4,16, then M is either flat
or locally isometric to a rank 1 symmetric space.

(8) If m = 2,4 and if M is globally Osserman, then M is either flat or
locally isometric to a rank 1 symmetric space.
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It is known that Assertion (1) fails in dimension 16; the algebraic curva-
ture tensor defined by the Cayley plane is an Osserman algebraic curvature
tensor which is not given by a Clifford module structure as noted by Niko-
layevsky (2003a). There are also some partial results available in dimension
m = 16 which are due to Nikolayevsky (2003a) but the situation is still not
clear in that exceptional dimension.

In the Lorentzian setting, the Osserman conjecture been settled both in
the algebraic and in the geometric settings by work of Blazi¢, Bokan, and
Gilkey (1997a) and of Garcia-Rio, Kupeli, and Vazquez-Abal (1997):

Theorem 1.9.7 [Blazié, Bokan and Gilkey; Garcia-Rio, Kupeli
and Véazquez-Abal]

(1) If My is a Lorentzian Osserman 0-model, then My has constant sec-
tional curvature.

(2) If M is a Lorentzian Osserman manifold, then M has constant sec-
tional curvature.

The picture is very different when p > 2 and ¢ > 2. In Theorem 2.3.2,
we exhibit complete manifolds found by Dunn, Gilkey, and Nikéevié (2005)
of signature (2,2) which are spacelike and timelike Jordan Osserman but
which are not locally homogeneous. In Theorem 3.3.1, we present results of
Diaz-Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006) giving manifolds of
signature (2, 2) which are spacelike and timelike Jordan Osserman on a non-
trivial open dense subset but which are not spacelike and timelike Jordan
Osserman on the entire manifold. The Jacobi operator is not nilpotent for
these examples. The Jordan normal form of a spacelike Jordan Osserman
algebraic curvature can be arbitrarily complicated in the neutral signature
setting, see Theorem 4.4.1 for details.

However, the situation is very different if p < ¢, i.e. if the spacelike
directions in a certain sense dominate the timelike directions since by The-
orem 4.4.2 if A is a spacelike Jordan Osserman algebraic curvature tensor
on a vector space V of signature (p, ¢), where p < ¢, then J(z) is diagonal-
izable for any x € ST(V, (-,-)). We shall investigate the neutral signature
setting and the setting when ¢ < p presently.

We refer to Blazié¢, Bokan, Gilkey, and Rakié¢ (1997b), Blazi¢, Bokan,
and Rakié¢ (1997), Blazi¢, Bokan, and Rakié¢ (1998), Blazi¢, Bokan, and
Rakié (2000), Blazi¢, Bokan, and Rakié¢ (2001a), Bonome, Castro, and
Garcia-Rio (2001), Bonome, Castro, Garcia-Rio, Hervella, and Vazquez-
Lorenzo (1998), Diaz-Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006),
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Dotti and Druetta (1999a), Dotti and Druetta (1999b), Dotti and Druetta
(2000), Fiedler and Gilkey (2003), Garcia-Rio and D. Kupeli (1996), Garcia-
Rio, Kupeli, Vézquez-Abal, and Vézquez-Lorenzo (1999), Garcia-Rio,
Véazquez-Abal, and Vézquez-Lorenzo (1998), Gilkey and Ivanova (2001b),
Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b), Gilkey, Ivanova,
and Zhang (2002), Gilkey, Ivanova, and Zhang (2003), Gilkey and Nikéevié
(2004a), Gilkey and Nikcevié (2004b), Gilkey, Swann, and Vanhecke (1995),
Osserman (1990), Rakic (1997), Rakic (1999), Stanilov and Videv (1995),
and Stanilov and Videv (1998) for additional work in this area. In particu-
lar, we refer to Garcia-Rio, Kupeli, and Vazquez-Lorenzo (2002) for a more
exhaustive discussion of the subject.

1.9.5 The higher order Jacobi operator

Let M be a 0-model. We recall the notation established in Section 1.7.2.
Let {v;} be a basis for a non-degenerate k-plane w. Let g;; := (v;,v;) for
1 <i,j <k and let g denote the inverse matrix. The higher order Ja-
cobi operator, introduced by Stanilov and Videv (1992) in the Riemannian
setting, is defined quite generally by

T(m) iy — > g Ay, vi)v; -

4,9

One says that My is k-Osserman if the eigenvalues of J are constant
on the Grassmannian of non-degenerate k-planes. One says that a
pseudo-Riemannian manifold M is pointwise k-Osserman if M(M, P) is
k-Osserman for every P € M; one says that M is globally k-Osserman if
the eigenvalue structure is independent of P.

The classification is complete in the Lorentzian and the Riemannian
settings. The case k = 1 follows from Theorems 1.9.6 and 1.9.7; the case
k = m — 1 follows from k = 1 using the duality result of Theorem 1.9.1.
Thus we may suppose 2 < k < m — 2 and m > 4. We adopt the notation
of Eq. (1.9.d). We refer to Gilkey (2001b) for the proof in the Riemannian
setting and to Gilkey and Stavrov (2002) for the proof in the Lorentzian
setting of the following result:

Theorem 1.9.8 [Gilkey, Gilkey—Stavrov] Let 2 < k <m — 2.

(1) Let My be a Riemannian k-Osserman 0-model.

(a) If m is odd, then A = cA..y.
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b) If m is even, then either A = cA. .y or A = cAj where J is a
()
Hermitian almost complex structure on M.

(2) Let My be a Lorentzian k-Osserman 0-model. Then My has constant
sectional curvature.

(3) Let M be either a Riemannian or a Lorentzian pointwise k-Osserman
manifold. Then M has constant sectional curvature.

Again, the situation is quite different in the higher signature setting
as the examples described in Theorems 1.7.2 and 1.7.3 show. We refer to
Gilkey (1992), Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b),
Gilkey, Stanilov, and Videv (1998), Stanilov (1992), Stanilov and Videv
(1992), and Stavrov (2003a) for additional details.

1.9.6 The conformal and complex Jacobi operators

We adopt the notation of Section 1.7.3. Recall that two pseudo-Riemannian
metrics g1 and g2 on a manifold M are said to be conformally equivalent if
there is a positive scaling function o € C*°(M) so that g1 = ags. We let [g]
be the set of all pseudo-Riemannian metrics on M which are conformally
equivalent to g.

Theorem 1.9.9 Let g1 € [g2]. Let M; :== (M, g;).

(1) If My is conformally Osserman, then May is conformally Osserman.

(2) If My is conformally spacelike (respectively timelike) Jordan Osser-
man, then My is conformally spacelike (respectively timelike) Jordan
Osserman.

Proof. As g1 = ags, the conformal Weyl tensors rescale:
Wy, = aWy, .

Let x € ST(M, g2). Let

be the corresponding g; spacelike or timelike unit vector. Let 7w be a space-
like 2-plane.

Jw,, () = ﬁ‘fwg2 () and Wy, (m) = ﬁWm (7).

The Lemma now follows as the Jordan normal forms rescale. O
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Additional results in this area may be found in Blazi¢ and Gilkey (2004),
in Blazi¢ and Gilkey (2005), and in Blazié, Gilkey, Nikécvi¢, and Simon
(2005a).

1.9.7 The Stanilov and the Szabo operators

We continue the discussion of Section 1.8. The Stanilov operator has not
been studied to any great extent in the literature. It was first introduced
by Stanilov (2000); we also refer to later work of Stanilov (2004) and of
Gilkey, Nikéevié, and Videv (2004).

Let 991, be a 1-model. The Szabd operator, defined in Section 1.8.5, is
a generalization of the Jacobi operator defined by

S(z) :y — Ay, x5 2)x.

One says that 9, is Szabd if the eigenvalues of S are constant on the pseudo-
spheres of V. One says that a pseudo-Riemannian manifold M is pointwise
Szabd if My (M, P) is Szabd for every point P of M; one says that M is
globally Szabo if the structures are independent of P. The following result
is due to Szabé (1991) in the Riemannian setting and to Gilkey and Stavrov
(2002) in the Lorentzian setting; we postpone the proof until Section 4.5:

Theorem 1.9.10 [Szabd, Gilkey—Stavrov]

(1) Let My be a Szabd 1-model which is either Riemannian or Lorentzian.
Then A; = 0.

(2) If M be either a Riemannian or a Lorentzian pointwise Szabd manifold.
Then M is locally symmetric.

There are no known 1-models 9t; with A; # 0 which are spacelike
Jordan Szabé. It has been shown by Gilkey and Stavrov (2002) that if
A, is a spacelike Jordan Szabd algebraic covariant derivative curvature
tensor on a vector space of signature (p, ), where ¢ = 1 mod 2 and p < ¢
or where ¢ = 2 mod 4 and p < g — 1, then A; = 0. This algebraic
result yields an elementary proof of the geometrical fact that any pointwise
totally isotropic pseudo-Riemannian manifold with such a signature (p, q)
is locally symmetric. The general question of finding non-trivial spacelike
Jordan Szabé covariant algebraic curvature tensors, or conversely showing
none exists, remains open.
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1.9.8 The skew-symmelric curvature operator

Let Mo = (V, (-, -), A) be a 0-model. If {e1, ea} is an orthonormal basis for
a non-degenerate oriented 2-plane, one defines

A(m) = Aer, e2) .
More generally, if {v1,v2} is an oriented basis for m, one may set
A(m) == |det(gij)|’1/2A(v1,v2) .

One says Mg is Tvanov—Petrova if the eigenvalues of A are constant on
the Grassmannian of non-degenerate 2-planes. One says that a pseudo-
Riemannian manifold M is Tvanov—Petrova if Mo(M, P) is Ivanov—Petrova
for all P € M.

The algebraic classification is complete in the Riemannian setting. We
refer to Gilkey, Leahy, and Sadofsky (1999), Gilkey (1999a), Ivanov and
Petrova (1998), and Nikolayevsky (2004c) for the proof of the following
result:

Theorem 1.9.11 Let My be a Riemannian Ivanov—Petrova 0-model with
dim(V) = m > 4. Then either there exists a self-adjoint isometry ¢ of V
with ¢* = id so that A = cAy, or m = 4 and A is isomorphic to a multiple
of the algebraic curvature tensor described in Eq. (1.8.a).

Manifolds of constant sectional curvature are Ivanov—Petrova; they cor-
respond to taking ¢ = id. There are, however, other non-trivial geometric
examples.

Definition 1.9.1 Let (Sk, gk ) be a pseudo-Riemannian manifold of sig-
nature (p,q) and constant sectional curvature K; (Sk,gx) is determined
up to local isometry by the parameters (p, ¢, K) and has the local geometry
of the pseudo-spheres described in Lemma 1.6.7. Let ¢ = +1 and let

f(t)=eKt>+ At+ B where A? —4¢KB#0.
Choose a connected open interval I C R where f(t) # 0. Let
M:=1x Sk and gy :=edt® + f(t)gsy -

If Sk is Riemannian, if f(¢) > 0, and if € = +1, then gjs is Riemannian.
The arguments of Ivanov and Petrova (1998) in the Riemannian setting
extend immediately to the pseudo-Riemannian setting to show (M, gps) is
Ivanov—Petrova. We refer to Gilkey (2002) for further details.
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The classification of Ivanov—Petrova manifolds is complete in the Rie-
mannian setting:

Theorem 1.9.12 Let M be a Riemannian Ivanov—Petrova manifold of
dimension m > 4. Then either M has constant sectional curvature or M
is locally isomorphic to one of the manifolds given in Definition 1.9.1.

Theorems 1.9.11 and 1.9.12 were established in dimension m = 4 by
Ivanov and Petrova. Subsequently, Gilkey, Leahy, and Sadofsky dealt with
the cases m # 4,7,8. The case m = 8 was handled separately by Gilkey
and Nikolayevsky completed the proof by treating the case m = 7.

In the indefinite setting, the Jordan normal form plays a crucial role.
One says that My is spacelike Jordan Ivanov—Petrova if the Jordan normal
form of A is constant on the Grassmannian of spacelike 2-planes. In this
situation, let Rank(.A) be the rank of A(r) for any (and hence all) spacelike
2-plane. One has the following generalizations of Theorems 1.9.11 and
1.9.12:

Theorem 1.9.13  Let My be a 0-model of signature (p,q) where g > 5.
The following conditions are equivalent:

(1) My is spacelike rank 2 Jordan Ivanov—Petrova.

(2) There exists a non-zero constant C' and a self-adjoint map ¢ of V' so
that R = CRy where either ¢ is an isometry of V or ¢ is a para-
isometry of V or ¢? = 0 and ker(¢p) contains no spacelike vectors.

Theorem 1.9.14 Let M be a spacelike rank 2 Jordan Ivanov—Petrova
manifold of signature (p,q) where ¢ > 5. Assume that the curvature opera-
tor is not nilpotent for at least one point of M. Then either M has constant

sectional curvature or M is locally isometric to one of the manifolds given
in Definition 1.9.1.

Remark 1.9.1 Theorem 1.9.14 does not complete the classification of the
spacelike rank 2 Ivanov—Petrova manifolds; what remain to be considered
are those where R is nilpotent. In Section 2.3, we present work of Dunn,
Gilkey, and Nikéevié¢ (2005) giving a family of manifolds of signature (2, 2)
which are nilpotent timelike and spacelike Ivanov—Petrova but which are
not mixed Ivanov—Petrova. In Section 2.7, we exhibit manifolds which
are spacelike Ivanov—Petrova of rank 4 and which are not timelike Ivanov—
Petrova.

Theorems 1.9.13 and 1.9.14 focus attention on the rank 2-spacelike Jor-
dan Ivanov—Petrova manifolds. Assertion (1) in the following theorem is
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due to Gilkey (1999a) (in dimension m = 8), to Gilkey, Leahy, and Sadofsky
(1999) (in dimensions m # 7, 8), and to Nikolayevsky (2004c) (in dimension
7); Assertions (2) and (3) are due to Zhang (2002); Assertion (4) is due to
Stavrov (2003a).

Theorem 1.9.15 Let My = (V, (-,-), A) is a 0-model of signature (p,q)
such that R4 has constant spacelike rank r > 0.

(1) Let p=0, let ¢ > 5. Thenr = 2.

(2) Let p=1 andlet ¢ >9. Then r = 2.

(8) Let p=2 and let ¢ > 10. Assume neither ¢ nor q + 2 are powers of 2.
Then r = 2.

(4) Let p < 1q—6. Assume that {q,q + 1,...,q + p} does not contain a
power of 2. Then r = 2.

We shall show in Theorem 2.7.3 that there exist algebraic curvature
tensors which are spacelike Jordan Ivanov—Petrova rank 4; here, in contrast
to the setting of Theorem 1.9.15, one has ¢ >> p. We refer to Gilkey and
Ivanova (2001a), Gilkey and Zhang (2002a), Gilkey and Ivanova (2002b),
Ivanova (1996a), Ivanova (1998a), Ivanova and Stanilov (1995), Stanilov
(2000), Stavrov (2004b), and Zhang (2000) for additional related work.

1.9.9 The conformal skew-symmetric curvature operator

Adopt the notation established in Section 1.8.2. The proof of Theorem
1.9.9 generalizes immediately to yield:

Theorem 1.9.16  Let g1 € [g2]. Let M; := (M, g;).

(1) If My is conformally Tvanov—Petrova, then My is conformally Tvanov—
Petrova.

(2) If My is conformally spacelike (respectively timelike) Jordan Ivanov—
Petrova, then My is conformally spacelike (respectively timelike) Jor-
dan Ivanov—Petrova.

Apart from the examples discussed in Section 1.8.4, not much is known
about complex Ivanov-Petrova manifolds. Theorem 4.2.5 does give infor-
mation about the eigenvalue structure of a Riemannian Ivanov—Petrova
manifold as we shall discuss in Chapter 3. We refer to Gilkey and Ivanova
(2001a) for a few additional results.



Chapter 2

Curvature Homogeneous Generalized
Plane Wave Manifolds

2.1 Introduction

Chapter 2 is devoted to the study of geometric properties of various families
of examples which arise as generalized plane wave manifolds.

The basic geometric properties of generalized plane wave manifolds are
introduced in Section 2.2. In Theorem 2.2.1, we show that such manifolds
are geodesically complete, Ivanov—Petrova, Osserman, Stanilov, Szabd, and
Ricci flat. They also have vanishing scalar invariants and have nilpotent
holonomy.

All the Weyl invariants of generalized plane wave manifolds vanish so
a fundamental task is the construction of scalar invariants which are not
of Weyl type. In Theorem 2.2.2, we construct global isometries between
analytic generalized plane wave manifolds whose co-models are isomorphic;
this result will play an important role in Sections 2.3, 2.9, and 2.10 when
we construct a complete set of isometry invariants for certain families of
analytic generalized plane wave manifolds. In Theorem 2.2.3, we present a
result which will be used to study symmetric spaces in this family.

In the rest of Chapter 2, we study specific families of generalized plane
wave manifolds which have useful geometric properties. In Section 2.3, we
examine manifolds of signature (2,2) and follow the treatment in Dunn,
Gilkey, and Nikéevié (2005) to generalize results of Derdzinski (2000); an-
other family of manifolds of signature (2, 2) which are not generalized plane
wave manifolds will be discussed subsequently in Section 3.3. Let {z,y, Z, 7}
be coordinates on R* and let f € C°°(R). Let M := (R*, g) be the pseudo-
Riemannian manifold of neutral signature (2,2) where

9(0z,02) = =2f(y), 9(0s,0z) = g(9y,05) = 1.

87
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The pseudo-Riemannian manifold M is a generalized plane wave manifold;
if f is real analytic, then M can be realized as a hypersurface in R(3), If
f" > 0, M is modeled on an irreducible symmetric space. If in addition
f” > 0, M is l-curvature homogeneous, 1-modeled on a homogeneous
space, and 2-curvature homogeneous if and only if M is homogeneous. The
dimension of the group of isometries of such a manifold is determined. Let

a(f.P) = {JE OO () dor k> 2.

The ay, form a complete system of isometry invariants if f is real analytic.

Section 2.4 is concerned with the family of generalized plane wave man-
ifolds of signature (2,4) which were introduced in Gilkey and Nikéevié
(2005a). Let f € C*(R). Let {z,%,y,7,21,22} be coordinates on RS.
Let M := (RS, g) where

g(ama 6&) = g(a’w 6’&) = g(az17az1) = g(azQuazz) = 17
9(0z,05) := —2(yz1 + f(y)22).

If f® >0, then M is O-curvature homogeneous, M is weakly 1-curvature
homogeneous, and M is not 1-affine curvature homogeneous.

Results of Dunn, Gilkey, and Nikéevié¢ (2005), of Dunn and Gilkey
(2005), of Gilkey, Ivanova, and Zhang (2002), of Gilkey, Ivanova, and
Zhang (2003), of Gilkey and Zhang (2002b), and of Stavrov (2003a) are
presented in Section 2.5. Let {1, ...,xp, T1, ..., Zp} be coordinates on R??.
Let f € C°°(RP) and let M := (R?!,g) where g is the neutral signature

(p, p) metric
9(02;,0z;) = 0z, f - Oz, f and  g(0g,,0z,) := dij .

Let Hij := 0y,0., f be the Hessian. We show that M can be realized as
a hypersurface in R®?+1) with second fundamental form H. If H is non-
degenerate and if p = 2, then M is Jordan Osserman. If p > 3 and H is
positive or negative definite, then M is Jordan Osserman. If p > 3 and
H is indefinite, then M is neither spacelike nor timelike Jordan Osserman.
The manifold M is both spacelike and timelike Jordan Ivanov—Petrova; it
is not mixed Jordan Ivanov—Petrova. If H is positive definite, set

— 1J1 fyied2 [Jisds fytaja ryisjs L o
Q= ’H H™2H®PHH™ VR11121314;15VR]1]2]3]4§J5‘

where we adopt the Einstein convention and sum over repeated indices
ranging from 1 to p; only the 0, indices enter. We will show that « is a
local isometry invariant of the 1-model. The manifold M is O-curvature
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homogeneous; it is not 1-curvature homogeneous for generic values of f.
Except in the special case that M is locally symmetric, these manifolds are
neither spacelike nor timelike Jordan Szabd. We give the values of (r, s) for
which M is Jordan Osserman of type (r,s) for certain defining functions
f. In Section 2.6, we continue the discussion where we add in a flat factor.
We discuss the values of (r,s) for which M x R(®%) is higher order Jordan
Osserman of type (r,s).

In Section 2.7, we discuss Nikéevi¢ manifolds; these were first introduced
in Gilkey and Nikéevi¢ (2004a). The crucial point is that the timelike
directions dominate. Fix s > 2. Let (i, ,7) be coordinates on R? where

0= (ug, . tts), ti=(t1,.ts), T:= (v1,...,0s).

Previous examples have involved just a single warping function. We now
assume given a family of functions f; € C*°(R) for 1 <i < s. We define a
pseudo-Riemannian manifold M := (R3%, g) of signature (2s, s) by setting:

9(0;",0;") == =2 Z{fi(uz‘) +ugti},

g(8!,0!) .= —1, and ¢(0*,07):=1.
The manifold M is 0-curvature homogeneous, indecomposable, spacelike
Jordan Osserman, and not timelike Jordan Osserman. It is skew Tsankov if
s = 2. We study the values of (r, s) so M is higher order Jordan Osserman.
We construct isometry invariants of M and show that M is not generically
1-curvature homogeneous. The manifold M is spacelike Jordan Ivanov—
Petrova of rank 4, it is not timelike Jordan Ivanov—Petrova, it is k-spacelike
Jordan Stanilov for 2 < k < s; M is k-timelike Jordan Stanilov if and only
if £ = 2s.
Dunn manifolds are discussed in Section 2.8. Let

{0, U1, ey Uy VO, oey Ugy L1y ony b }

be coordinates on R3$*2 let f; € C*°(R), and let ¢; for 1 < i < s be a
choice of signs. Let M := (R3**2, g) where

9(Oug, Ouy) :=2fi(ui)ti,  g(Ou,,Ou;) := —2uot;,
g(auiaavi) =1, g(atwati) =&

These are generalized plane wave manifolds of quite general signatures
which are 0-curvature homogeneous, 1-curvature homogeneous for certain



90 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

but not all f;, and not 2-curvature homogeneous. We exhibit local invari-
ants which are not of Weyl type and which have a very different flavor from
those studied previously in Chapter 2.

In Sections 2.9 and 2.10 we take up the task of creating generalized plane
wave manifolds which 0-modeled on a symmetric space, p+ 2-modeled on a
homogeneous space, and not p+3 affine-curvature homogeneous. In Section
2.9, we present examples of signature (p+ 3, p+ 3) described in Gilkey and
Nikéevié (2004d); the symmetric space in question is not indecomposable.
In Section 2.10, we give examples of (3 + 2p, 3 + 2p) constructed in Gilkey
and Nikéevié (2005b) exhibiting many of the same phenomena but where
the underlying symmetric space is indecomposable. We also derive some
results about the isometry groups of this second family of examples.

By Theorem 1.4.2, there exists an integer k, 4 so that if M is a complete
simply connected pseudo-Riemannian manifold of signature (p, ¢) which is
kp 4 curvature homogeneous, then M is homogeneous. Let r = min(p, q).
In Section 2.3, we will show that if r = 2, then k, , > r by exhibiting a
family of manifolds of signature (p,q) which are 1-curvature homogeneous
but not 2-curvature homogeneous. Results from Section 2.9 show that if
r >3, then k, ; > r; a family of manifolds of signature (p, ¢) which are r—1
curvature homogeneous but not r-curvature homogeneous is exhibited. We
conjecture that the correct lower bound is in fact min(p, ¢) + 1; it is known,
for example, that ko > 1 and ki 4 > 2.

2.2 Generalized Plane Wave Manifolds

All the manifolds we will discuss in Chapter 2 fit into the following very
general framework.

Definition 2.2.1 Let z = (x1, ..., Z;n) be the usual coordinates on R™.
We say that a pseudo-Riemannian manifold M := (R™, g) is a generalized
plane wave manifold if

Vo, 0, = Y, Ti" (@1, 5 1)0n, - (2.2.a)
k>max(i,5)
Such a system of coordinates will be said to give M a generalized plane

wave structure.

In this section, we shall derive the basic properties of this family; the re-
mainder of Chapter 2 is devoted to the study of specific examples.
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Here are the three main results of this section:
Theorem 2.2.1 Let M be a generalized plane wave manifold. Then:

(1) M is complete and strongly geodesically convex. The exponential map
expp s a diffeomorphism from TpM to M for any point P € M.

(2) V@mh Vo, R0, 0z, )0,

= D ko masx(ininis ... o) Bivizia" oo (T15 oy Tho1) Oy -

(8) M is nilpotent Osserman, nilpotent Ivanov—Petrova, nilpotent Szabd,
nilpotent k-Osserman and nilpotent k-Stanilov for any k, Ricci flat,
and Einstein.

(4) All the scalar Weyl invariants of M vanish.

(5) If e is the parallel vector field along a curve v with e(0) = 0y,, then
e(t) — Oz, € Span;.;{0x,}. Thus the holonomy group Hp(M) is con-
tained in the group of lower triangular matrices.

(6) If Y is the Jacobi vector field along a geodesic v with Y (0) = 0 and
Y (0) = ,, then Y (t) — t0,, € Span;,;{0s,}.

Tiv

The oco-model encodes complete information about generalized plane
wave manifolds in the real analytic category. We have the following:

Theorem 2.2.2  Let M1 = (M1,g1) and Ms = (Ma, g2) be real analytic
generalized plane wave manifolds. Assume there exists an isomorphism ®
between Moo (M1, P1) and Moo (Ma, P2). Then an isometry from Mi to
My may be constructed by setting

— -1
¢ = exXPp, M, od o eXPp, A, -

Proof. It has been noted by Belger and Kowalski (1994) about analytic
pseudo-Riemannian metrics that work of E. Cartan shows that the “metric
g is uniquely determined, up to local isometry, by the tensors R, VR, ...,
V¥R, ... at one point.”; see also Gray (1973) for related work. Theorem

3

2.2.2 now follows from Theorem 2.2.1. O

The following observation is a special case which follows from more
general results of E. Cartan.

Theorem 2.2.3 Let M be a generalized plane wave manifold. Assume
that VR = 0. Then the geodesic symmetry Sp : Q — expp{—expp' Q} is
an isometry. Furthermore, M is a homogeneous space.

Theorem 2.2.1 will be central to our discussion of generalized plane
wave manifolds throughout Chapter 2. In Sections 2.2.1 through 2.2.6,
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we establish Theorem 2.2.1. In Section 2.2.1, we study the geodesics of
generalized plane wave manifolds. In Section 2.2.2, we study the curvature
tensor. In Section 2.2.3, we examine the associated spectral geometry of the
curvature tensor. In Section 2.2.4, we show these manifolds have vanishing
scalar invariants. In Section 2.2.5, parallel translation is investigated and
in Section 2.2.6, the structure of the Jacobi vector fields is determined.

The isometries of a generalized plane wave manifold often have a partial
affine structure. We examine this behaviour in Section 2.2.7. These results
will be used subsequently in Section 2.5, in Section 2.7, in Section 2.8, and
in Section 3.5. We conclude our discussion in Section 2.2.8 by giving the
proof of Theorem 2.2.3.

Throughout this section, we adopt the convention that the empty sum
is 0. Thus, for example, Zi7j<k is0if k=1.

2.2.1 The geodesic structure

We begin the proof of Theorem 2.2.1 by examining the geodesic structure
of a generalized plane wave manifold. We note that it is rather rare in
Riemannian geometry that the equations for geodesics can be solved in
explicit form in global coordinates. However Eq. (2.2.a) permits the use of
a recursive formalism. Let v(t) = (y1(¢),...,7™(¢)) be a curve in R™. Then
~ is a geodesic if and only if the geodesic equation of Eq. (1.2.e) is satisfied.
In the present context, that means that for all k£ one has that:

FHE+ D A O O (- () = 0.
i,j<k
To solve this system of equations, we define y(¢; 5o, 71) by:
7 () =0 + Mt
and inductively for k > 1, by setting:
t s
ey =ttt = [ [0S SR OO et 0 drds.
o Jo 5
i,j<k

Then v(0;0,71) = o while 4(0;v0,71) = 71. Thus every geodesic arises
in this way so all geodesics extend for infinite time. Furthermore, given
P,@Q € R™, there is a unique geodesic v = vyp,g so that y(0) = P and
~v(1) = @ where

W=PF Ai=Q1—-P
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and for k > 1,

1 s ) )
vh=QF - P* —l—/o /0 Z A ) (TR (Y o YR () drds

i,j<k

This establishes Assertion (1) of Theorem 2.2.1.

2.2.2 The curvature tensor

We adopt the Einstein convention and sum over repeated indices to expand

Rije' = 05, Tyl (a1, ooy mim1) — O, Tk (21, ooy 11—1)
+ Tint (@1, ey =) T (%1, ooy Tnm1)

l
=Ty (z1, =)D (21, oy 1) -
As we can restrict the quadratic sums to n < [,
l l
Riji" = Riji (x1, ..., x1-1) .

Suppose [ < k. Then ijl = Tt = 0. Furthermore for either of the
quadratic terms to be non-zero, there must exist an index n with k& < n
and n < [. This is not possible if [ < k. Thus Rijkl =0if I <k.

Suppose | < i. Then

8xi1“jkl(a:1, ...,Ilfl) =0 and 8zjfikl = 3%0 =0.

We have T';,, = 0. For the other quadratic term to be non-zero, there must
exist an index n so ¢ < n and n < [. This is not possible if [ < ¢. This
shows R;j! = 0 if | <4; similarly R;;x! =0 if 1 < j.

This establishes Assertion (2) of Theorem 2.2.1 if v = 0 by establishing
those assertions that relate to the undifferentiated curvature tensor R. To
study VR, we expand

Rijkn;l = alRijkn(ftl, ...,xnfl) (22b)
— Z Rrjk"(arl, veey Infl)Flir(Il, veey Irfl) (22(3)
— Z R“«kn(.fl, ceey xnfl)Fljr(:zrl, ceey Irfl) (22(1)
— Z Rijrn(.fl, ceey xn,l)Flk’”(:rl, veey Irfl) (226)

— Z Rijkr(.fcl, ceey xr,l)FlT”(:cl, ceey .In,l) . (22f)
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We have r < n in Egs. (2.2.¢)-(2.2.f). Consequently

n n
Riji"y = Rijr"a(z1, ..., Tn—1) .

To show R;;x"™; = 0 if n < max(s, j, k, 1), we note that

(1) ORijix™(z1, ..., xn—1) = 0 if n < max(¢, j, k,1) in Eq. (2.2.b);

(2) n > max(r,j, k) and r > max(i,l) so n > max(i, j, k, 1) in Eq. (2.2.¢);
(3) n > max(i,7,k) and r > max(l, j) so n > max(i, j,k,1) in Eq. (2.2.d);
(4) n > max(i,7,7) and r > max(k,l) so n > max(i, j, k,1) in Eq. (2.2.e);
(5) n > max(l,r) and r > max(i, , k) so n > max(i, 7, k, 1) in Eq. (2.2.1).

This establishes Assertion (2) of Theorem 2.2.1 if v = 1 so we are dealing
with VR. The argument is the same for higher values of v and is therefore
omitted.

2.2.3 The geometry of the curvature tensor

Let J be the Jacobi operator defined in Section 1.7.1, let R be the skew-
symmetric curvature operator defined in Section 1.8.1, and let & be the
Szab6 operator defined in Section 1.8.5. By Assertion (2) of Theorem 2.2.1,

"7(5)811 C Spank>i{amk}7 8(5)6% - Spank>i{aik}=
R(ﬂ')aﬂﬁl - Spank>i{8ﬂ%}'

Thus J, R, and S are nilpotent so M is nilpotent Osserman, nilpotent
Ivanov—Petrova, and nilpotent Szabd. A similar argument shows M is
nilpotent k-Osserman and nilpotent k-Stanilov for any k. Furthermore,
because J(€) is nilpotent, p(¢,&) = Tr(J(§)) = 0. This implies p = 0 so
M is Ricci flat and hence Einstein. This completes the proof of Assertion
(3) of Theorem 2.2.1.

2.2.4 Local scalar invariants

Let © be a Weyl monomial which is formed by contracting upper and lower
indices in pairs in the variables {g%, gij, Ri iriz™.j,...}- The single upper
index in R plays a distinguished role. We choose a representation for © so
the number of g;; variables is minimal; for example, we can eliminate the

Jiqi, variable in Eq. (1.2.1) by expressing:

2 i1J1 127 l k
|R| :g“]lgzzjzRilizk Rjzjll :
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Suppose there is a g;; variable in this minimal representation; this means
that

— .. i J
@ - gZJRu1u2u3 ;»»»vawa Jeeetet
Suppose further that g“1%1 appears in ©; consequentl
; y
uLw [ 1
@ = g’ng ! lRulugug ;...vavgvgj;...--- .
We could then raise and lower an index to express
_ pwi . J —nR. wy J
6 - R u2u3]§~~~RU1U2U3 jeeettt T Rjusuz ;~~~RU1U2U3 Jeeettt

which has one less g variable. This contradicts the assumed minimality.
Thus u; must be contracted against an upper index; a similar argument
shows that wueo, us, v1, v2, and v3 are contracted against an upper index as
well. Consequently

%

i u
0= ginu1u2u3 ;---vav2v3j;me1w2w3 !

Jeeatee

Suppose w; is not contracted against an upper index. We then have

0= gijgwlmlRu1u2u3i;.,.vav2v3j;...Rw1w2w3U1;...---
where we use the curvature symmetries, the covariant derivative of the
second Bianchi identity of Eq. (1.2.h) and, if necessary, commute covariant
derivatives using Eq. (1.2.d) to ensure that the index w; appears in the
position indicated. Thus

_ . J T1 w1
6 - Ruluzu?’];mRUlevs 7R wa2w3 Jeeettt

— U1y . J 1
_g Ru1u2u3j;...vav2v3 ,R W2W3Y1i...°""

— RY1 . J 1

- R uzugj;...vav2v3 ,R wW2W3Y15---

_ . Y1 J z1

- Rjusuz ;~~~RU1U2U3 ;~~~Rw2w3y1 eee
which has one less g;; variable. Thus w; is contracted against an upper
index so

_ 4 j u1 w1
0= ginuluQU3 ;~~~RU1'U2'USJ§---R'WI'W27~U3 ;...Rwlwzws Jeeatee

We continue in this fashion to build a monomial of infinite length. This is
not possible. Thus we can always find a representation for © which contains
no g;; variables in the summation.

We suppose the evaluation of © is non-zero and argue for a contradic-
tion. To simplify the notation, group all the lower indices together. By
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considering the pairing of upper and lower indices, we see that we can
expand © in cycles:

©=R._; "R ;. ."2.R

1.

where i, < i <19 < ... < i,. As this is the empty sum, we see that © =0
as desired. Thus all the scalar Weyl invariants of a generalized plane wave
manifold vanish which establishes Assertion (4) of Theorem 2.2.1.

2.2.5 Parallel vector fields and holonomy

Let v = (v1,...,7™) be a curve in R™. Let X = > a’(t)0y, be a vector
field along ; X is parallel along ~y if and only if for every ¢ we have

0=da"(t) + Y Ti' (V)7 (D)a* ().

j,k<t

To solve these equations with X (0) = 9,,, we take a® = 0 for £ < i and we
let a* = 1. For £ > i, we define a’ inductively by setting:

‘0 == 3 [ atan s,

g k<t

This determines the parallel vector fields on M and shows the holonomy is
lower triangular. This establishes Assertion (5) of Theorem 2.2.1.

2.2.6 Jacobi vector fields

Let v be a geodesic; X =3, a’(t)0,, is a Jacobi vector field along v if and
only if for all ¢ one has that

0=d"+ > o {Ti'¥a"} + Y Tp"Twf4a 5
J,k<t Jkuv<t
+ > R4 a4

Jrk,v
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This can be solved recursively with the initial conditions X (0) = 0 and
X(0) = 8,, by taking a* = 0 for k < i, a’ =t, and for k > i

/ / { S 0 {Ttsiar b+ 3 Tt 47ab5?

Jk<t Jkuv<tl

+ > Riw'4a’y }drds

J,kv

This completes the proof of Theorem 2.2.1.

2.2.7 Isometries

Let Gl(n) C Al(n) be the general linear group and the affine linear group
on R™. We follow the discussion in Dunn, Gilkey, and Nikéevié (2005) to
establish the following result.

Lemma 2.2.1 Let (x1,...,%a, Y1, ---, Y») be coordinates on R™ which give
M a generalized plane wave structure. Let

X = Spanlgiga{(?xi} and Y= Spanlgﬂgb{[)y#}.

Assume vazia%. e, Vami(?y” = vayuam Vo, Oy, = 0. If ¢ is an

Y

isometry of M with ¢.) = Y, then there exists Ay € Al( ) and a smooth
map Ag : R* — Al(b) so that
(&, ) = (AT, A2(2)y) .

Proof. We apply the discussion of Section 2.2.1 concerning the geodesics
in generalized plane wave manifolds. Decompose ¢(#,0) = (¢1(Z), p2()).
Let

@(f) = Qu (f, O) T( (Rm) - T(¢71( z), ¢2($))(R )

Since ®(%)Y =Y,

Z (1)11 1jax] + Z (1)21 utayuv ¢* y# Z (1)22 N2 yy
p=1

As Vp, 0y, = 0, y(t) == (7,ty) is a geodesic. Then 1 := ¢(7(t)) is a
geodesic with - 11(0) = (¢1(F), ¢2(F)) and 41(0) = (0, Po2(Z)y). Thus

711 (t) = (01(Z), P2(Z) + t P22 (Z)7) .
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We set t = 1 to conclude:

(T, Y) = (¢1(Z), P2(Z) + Paa(7)7) .

We let * indicate terms which are not of interest. Let v(t) := (tZ,*(t))
be a geodesic starting at (0,0). Then ~1(t) := ¢(v(t)) is a geodesic with
71(0) = (¢1(0),%) and 41(0) = (®11(0)#, x). Consequently

71(t) = (¢1(0) + 1211 (0)Z, %) .
Again setting t = 1 yields ¢(Z,0) = (¢1(0) + P11(0)Z, p2(z)). Consequently
O, ) = (¢1(0) + @11 (0)Z, @2 () + Po2(7)y)
has the desired form. O

Remark 2.2.1 In proving this Lemma, we only needed the fact that ¢
was geodesic preserving which is implied by the somewhat weaker assump-
tion that ¢ was an affine morphism; this implies ¢*V = V.

Corollary 2.2.1  Let (21,...,%q,Y1, .-, Yp) be coordinates on R™ which
give M a generalized plane wave structure. Let

X = Spanlgiga{(?mi} and Y= Spanlgugb{ay#}.

Assume Va,, Oz, €, Va,, Oy, = VayM 0z, =0, and VayM 0y, = 0. Assume
that Y = ker(R). Then:

(1) Any Killing vector field on M has the form:

a a b b
X=> [&+> Az | 0w+ <§#(a:) +> Aw(;c)yy> By, -
i=1 J=1 2 v=1

(2) Ifa=b,ifg(s,,0y,) = dip, and if g(y,, 8y, ) = 0, then A;j(x) = —Aj;
18 constant.

Proof. Since ker(R) = Span{d,,}, ¢ Span{d,,} = Span{d,,} for any
isometry ¢. We apply Lemma 2.2.1 to the 1-parameter flows generated by
a killing vector field X. Differentiating the affine transformations given in
Lemma 2.2.1 then establishes Assertion (1). To prove Assertion (2), we
apply the Killing equation

9(VeX,n) +9(Vy X, §)
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for any &,7. We compute:

a b
Vo, X =Y Ay, +Y, Vo, => Aud,,
v=1

j=1
9(Va,, X,0y,) +9(0:,, Vo, X) = Aj + Ay(x) .
The desired result now follows. O

We can also discuss more general filtrations. We restrict ourselves to a
3-step filtration in the interests of simplicity. Let

(:Clv vy Lay Yl -0 Yoy 21, "'aZC)

be coordinates on R™ giving M a generalized plane wave structure. As the
proof of the following result is completely analogous to the proof given of
Lemma 2.2.1, we shall omit the details:

Lemma 2.2.2 Let X := Span{d,,}, let Y := Span{d,, }, and let
Z := Span{0,, }. Assume that Vs, 0,; € Y + Z, that Vo, 0y, € Z, that
Va,, Oy, € Z, and that V.. 0., = Va,, 0., =V, 0., = 0. Let ¢ be an
isometry of M with ¢.Z2 = Z and with ¢p.{¥Y + Z} = Y + Z. Then there
exists A1 € Al(a), there exists a smooth map Az : R* — Al(b), and there
exists a smooth map Az : R4*® — Al(c) so that

¢(f7 g’ Z) = (Alf7 Az(f)?ﬁ A3(fa :17)5) :
2.2.8 Symmetric spaces

Proof of Theorem 2.2.3. As M is a generalized plane wave manifold,
expp is a diffeomorphism from TpM to M so the geodesic symmetry Sp is
globally defined. Fix a geodesic o(t) := expp(t§) in M. Let

T(t,s;m) = expp(t(§ +sn))

define a geodesic spray on M. Let Y (¢;n) := T.(9s) be the corresponding
Jacobi vector field along o. The vector field Y satisfies the Jacobi equation

Y+ J(0)Y =0 with Y(0)=0 and Y(0)=7 (2.2.g)

along o as discussed in Section 1.2.5; it is completely determined by
Eq. (2.2.g). Since

SpT(t,s;m) = expp(—t(€ + sn)),



100 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

S.Y again arises from a geodesic spray and hence is a Jacobi vector field
along o. Taking into account the reversed orientation of o, we see that
S.Y(0) = 0 and S,Y (0) = 7. Thus by the fundamental theorem of ordinary
differential equations,

SY =Y. (2.2.h)
Choose Y; so Y;(0) = 0 and Y;(0) = 8,,. By Theorem 2.2.1,
Y;(t) — t0., € Span;.;{0.,}.

In particular, {Yj(¢)} is a frame for T, M provided that ¢ # 0. It is
clear that S, is an isometry of TpM. Thus we can take t # 0. Thus by
Eq. (2.2.h), to prove S is an isometry, it suffices to verify that

gYi(t), V(1) = g(Vi(—1), Yy (=) for 1<ij<m.  (22)
Choose a parallel frame {e;} along o with e;(0) = 0,,;
ei(t) — O, € Span;-; {0z, } .

Because Oy R;;ii(t) = VR(es, ej,ex,e;;0) = 0, R(e;,d)0 = >
suitably chosen constants c;;. Decompose

Yi(t) = Z%‘ (t)e;(t) -

i<j Cij€j for

Relative to a parallel frame, the Jacobi equation takes the form:

dii(t)+ > crjain(t) foralli,j.
i<j,k<j
If Y;(t) solves this equation with given initial conditions, then —Y;(—t)
again solves the equation with the same initial conditions. Consequently
a;j(—t) = —a;;(t). Since

g(Yi(),Y;(t) = Y ainajeg(ex, er)
Kl
and since g(eg, e¢) is independent of the parameter ¢, Eq. (2.2.i) holds; this
shows the geodesic involution is an isometry.

Let P,QQ € M. We suppose P # Q. Since expp is a diffeomorphism
from TpM to M, we can choose a geodesic o so ¢(0) = P and o(1) = Q.
Let S = O'(%). Then the geodesic involution centered at S interchanges P
and @ and is an isometry. Thus the pseudo-Riemannian manifold M is a
homogeneous space. O
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2.3 Manifolds of Signature (2,2)

In this section, we consider the following family of 4-dimension neutral
signature generalized plane wave manifolds; they are also Fiedler manifolds
as will be discussed in Section 3.5.

Definition 2.3.1 Let (z,y,%,7) be coordinates on R, let f € C*°(R),
and let M = M := (R*, g) where g = gy is the metric of neutral signature
(2,2) on R* given by:

g(azaaz) = _Qf(y)’ g(amaai) =1, g(ayvaﬂ) =1.

Lemma 2.3.1  The manifold M of Definition 2.3.1 is a generalized plane
wave manifold. The only non-zero component of V¥R is

VER(8,, 0y, By, 03 Dy, ooy ) = FEFD)
Proof. The possibly non-zero Christoffel symbols are:
9(V0,00.0,) = I, 9(V0,0.0:) = 9(Vo,00,0) = — .
Consequently, the non-zero covariant derivatives are:
Vo,0: = f'05 and Vg,0y =V, 0p =—f'0z. (2.3.a)

Since f = f(y), this has the proper triangular form relative to the ordering
of the variables {z, y, Z, §} and thus M is a generalized plane wave manifold.
The quadratic terms play no role in computing either the curvature tensor
or the covariant derivatives of the curvature tensor; thus V¥R has the
desired form. 0

Derdzinski (2000) studied these manifolds showing;:
Theorem 2.3.1 [Derdzinski]

(1) If @) £0, then ay := fO O (fG)2is an isometry invariant.

(2) M is symmetric if and only if f® = 0.

(3) M is 0-curvature homogeneous if and only if ) = 0 identically or if
@ never vanishes.

This shows there exist neutral signature Ricci-flat 4-dimensional pseudo-
Riemannian manifolds which are curvature homogeneous but which are not
locally homogeneous. The main results of this section are the following
Theorems summarizing results of Dunn, Gilkey, and Nikéevié (2005) which
extend the result of Derdzinski cited above.
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Theorem 2.3.2 Let M be as in Definition 2.3.1. If f is real analytic,
then M is isometric to a hypersurface in R4,

If £ vanishes identically, then f is flat. To ensure that M is curvature
homogeneous and non-flat, we suppose therefore f(2) never vanishes. We
shall assume f(® > 0 as the case f(?) < 0 is similar.

Theorem 2.3.3 Let M be as in Definition 2.3.1 where f*) > 0.

(1) M is 0-modeled on the indecomposable symmetric space M.
(2) M is spacelike and timelike Jordan Osserman Ivanov—Petrova.
(3) M is not mized Jordan Ivanov—Petrova.

If £3) vanishes identically, then M is a symmetric space. To construct 1-
curvature homogeneous spaces which are not symmetric spaces, we suppose
f®) never vanishes; the sign plays no role. Recall that the k-model and the
k-affine model are given, respectively, by

M (M, P) := (TpM, gp, Rp, ..., VFRp),
3.(M,P):= (TpM,Rp,....V*Rp).

Clearly §}, is determined by 9.

Theorem 2.3.4 Let M be as in Definition 2.3.1 where f2 > 0 and
FO£0. Set ay(f) = fERD OOV for k > 2.

(1) M is 1-modeled on the homogeneous space My .

(2) If f1 and fo are real analytic and if ag(f1)(P1) = ag(f2)(P2) for all
k > 2, then there is an isometry ® : My, — My, with ®(Py) = P,.

(3) If%k(MfwPl) ~ Sk(MfwP?); then ak(fl)(Pl) = ak(f2)(P2)'

The manifolds M where f(?) is always positive and where f®) is always
non-zero form an interesting family. The invariants «y, are affine invariants
which capture the underlying isometry type of the manifold, at least for
real analytic f. Furthermore, 2-affine curvature homogeneity implies ho-
mogeneity. We note that in Sections 2.9 and 2.10 we will construct higher
dimensional examples which have similar properties.

Theorem 2.3.5 Let M be as in Definition 2.3.1. If M is 2-affine cur-
vature homogeneous, then M is homogeneous.

The methods used in Section 2.9 would in fact show that « is an invari-
ant of the affine model and that 2-affine homogeneity implies homogeneity;
we omit details in the interests of brevity.
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We now study the isometry groups and Killing vector fields:

Theorem 2.3.6 Let M be as in Definition 2.3.1 where f is real analytic.
Let g be the Lie algebra of Killing vector fields on M.

(1) Let f*) =0. Then M is flat and dim{g} = 10.

(2) Let f® = ay? for a # 0. Then M is an indecomposable symmetric
space and dim{g} = 8.

(8) Let £ = ae® for a,b € R for a # 0 and b # 0. Then M is a
homogeneous space and dim{g} = 6.

(4) Let f@ = a(y +b)" for a,b € R, a # 0, and n = 3,4,5,.... Then M
is not a homogeneous space. We have dim{g} = 6. The submanifold
{z:y+b>0} is a homogeneous space which is not complete.

(5) If f@ is other than in (1)-(4), then M is not a homogeneous space
and dim{g} = 5.

By Theorem 1.4.2, there exists an integer ky, 4, called the Singer number,
so that if M is a complete simply connected pseudo-Riemannian manifold
of signature (p,q) which is k, 4-curvature homogeneous, then M is homo-
geneous. We have

Theorem 2.3.7 If min(p,q) = 2, then kp 4 > 2.

We shall return to this subject again in Section 2.9 when we study higher
signature examples.

The remainder of this Section is devoted to the proof of these results.
In Section 2.3.1, we prove Theorem 2.3.2, in Section 2.3.2, we prove The-
orem 2.3.3, and in Section 2.3.3, we prove Theorems 2.3.4 and 2.3.5. In
Section 2.3.4, we establish Theorem 2.3.6. We also give the Killing vector
fields quite explicitly for these manifolds. We conclude in Section 2.3.5 by
establishing Theorem 2.3.7; the primary technical difficulty here is to pass
from signature (2,2) to signatures (2,2 + s) and (2 + s, 2).

Remark 2.3.1 We will return to these examples in Section 3.5. It will
follow from the discussion there that if f” # 0, then M is Jacobi nilpotent
of order 1. Furthermore, if "/ # 0, then M is Szabd nilpotent of order 1.

2.3.1 Immersions as hypersurfaces in flat space

Let M be as in Definition 2.3.1 where f is real analytic. We wish to show
that M is isometric to a hypersurface in R(3).
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Definition 2.3.2 Let {e1, e, €1, é2,¢} be a basis for R®. Define an inner
product on R of signature (2, 3) whose non-zero components are:

(e1,€1) = (e, 62) = (&,€) :=1.
Define an embedding of R* in R(?3) by setting:
U(z,y,&,§) = wey + yea + Té1 + Jéa + {32 + f(y)}e.
Let M = M := (R%,§:= U*(,-)) be the associated hypersurface where:
9(0:,05) = §(0y,05) = 1, §(0,0s) = 2°,
9(02,0y) = xf'(y),  3(0y,05) = f'W)f'(y) -
Theorem 2.3.2 will follow from the following slightly stronger result:

Lemma 2.3.2 Let f be real analytic and let P € R*. Let M be as in
Definition 2.3.1 and let M be as in Definition 2.3.2. Let P € R%.

(1) Misa generalized plane wave manifold.
(2) Moo (M, P) is isomorphic to Meo (M, P).
(3) There is an isometry ® from M to M with ®(P) = P.

Proof. Letxi :=ux, 20 :=y, T1:= 12, and T := §. Let gij := §(0x,,0x,)-
The non-zero Christoffel symbols are given by:

3(Vo,, 0u;,02,) = 5{00,9jk + O, Gik — 02, Jij } -
Consequently

Vo, 0u; = Z +{02,G5k + On, Jik — 00, §ij } Oz,

Vo, 0z, = Vkajj 0z, =V, 0z, =0.

Since §;; = Gij(1,z2), this has the proper triangular form with respect to
the coordinate ordering {x1,x2,#1,Z2} and thus M is a generalized plane
wave manifold. This establishes Assertion (1).
Let {X,Y,X,Y} be a basis for RY. Fix P € RY. Let My (P) be the
oo-model where
(X, X)=(Y,Y) =1,

A(P)(X,Y,Y, XY, ....Y) = f:+2(P). (2:3.0)

We show Mo (M, P) is isomorphic to M, (P) as follows. Set
X:=08,+f0, Y:=09, X:=0; Y:=0;.
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This normalizes the metric appropriately without changing the curvature
tensor; the relations of Eq. (2.3.b) then follow from Lemma 2.3.1.

Next we show that Mo (M, P) is isomorphic to Mu, (P); this will com-
plete the proof of Assertion (2) of Lemma 2.3.2. One verifies easily that
the normal of the embedding is given by

v=—x0; — f'O5+¢.
Since the second fundamental form L(&;, &) is given by L(£1, &) = €160 v,
L(02,02) =1, L(Dy,0y) = [P(y), L(0r,0y) =0

Consequently, the curvature tensor R of M is given by

R(Dz, 0y, 0y, 0r) = L(0r, 02) L(Dy, 0y) — L(D0, 0y)* = 1.
As the Christoffel symbols play no role in the computation of V*R,

VY R(0z, 0y, 0y, 003 Oy, .., 0y) = 04 R(0s, 0y, 0y, 05) = fT)
for v > 0. To normalize the metric to be hyperbolic, we set

(02, 02)0z — 23(0,0,)05, X1 := 0z,
150y, 02)0z — 15(0y,0,)05, Y1 :=0;.

X1 = (91 —
Yl = 8y

K=}

1
2

Ql

This does not change the curvature tensor; the relations of Eq. (2.3.b) re-
lating to the curvature tensor then follow from the computations performed
above to show Mo, (M, P) = Mo, (P). This establishes Assertion (2).
Since M and M are analytic generalized plane wave manifolds with
Moo (M, P) isomorphic to My, (M, P), Assertion (3) follows from Theorem
2.2.2. O

2.3.2 Spectral properties of the curvature tensor

Let M be as in Definition 2.3.1. We suppose that f(*) > 0. By Lemma
2.3.1, M,z is a symmetric space. Let {X,Y,X,Y} be a basis for R*. Let
Mo := (R4, (-, ), A) where

(X, X)=(Y,Y)=1 and AX,Y,Y,X)=1.
To see that My is a O-curvature model for M, we set

X =0, + [0z, Y = (f(2))71/23y,
X = 85, Y = (f(2))1/2a7§
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In particular, My is a 0-model for the symmetric space M, 2. We complete
the proof of Assertion (1) of Theorem 2.3.3 by showing M is indecom-
posable. We suppose the contrary and argue for a contradiction. Assume
there exists a non-trivial orthogonal direct sum decomposition R* =V,
which induces a decomposition of A. Decompose & = &; + &2 where &; € V.
We have

1 = A(XaKKX) = A(X17}/17}/1;X1) + A(X27}/27}/2;X2) :
Thus we can choose the notation so A(X1, Y1, Y1, X;1) # 0. Expand

X1 =anX +apY +a3X +aY,
Vi = an X + agY + aX +aY .

We have 0 # A(Xl,}/l,yl,Xl) = (0,11&22 — 0,12&21)2. Ifg e Vs, then

0= A(X1,Y1,Y,§) = (a11a22 — a12a21)A(X, Y, Y, §).
0= A(X1,Y1, X,§) = (ana2 — a12a21)A(X, Y, X, €).
This implies A(X,Y,Y,¢) = A(X,Y, X, &) = 0s0 € € Span{X,Y}. Conse-
quently, V5 is totally isotropic. Since the decomposition R* = V; @ V4 is an
orthogonal direct sum decomposition, this is impossible. Consequently g
is indecomposable; this establishes Assertion (1) of Theorem 2.3.3.
We have shown 2 is a 0-model for M. Consequently to show M is

spacelike and timelike Jordan Osserman Ivanov—Petrova, it suffices to prove
the corresponding assertion for Mty. We have

R(X,Y)X =-Y and R(X,Y)Y =X.

Let &€ = aX +bY 4+ aX +bY € RY Assume ¢ is not null. This implies
(a,b) # (0,0). One has J(£)X = J(€)Y = 0. Furthermore:

J(E)(aX +bY) =0,

T(E)(=bX +aY) = (a® + b*)(=bX +aY).
Thus J(£)? = 0 and rank{7(¢)} = 1. This shows that the Jordan normal
form of J(-) is constant on the set of non-null vectors and hence My is
spacelike and timelike Jordan Osserman.

Let {e1, ez} be an oriented orthonormal basis for an oriented 2-plane 7
which contains no non-zero null vectors. Expand

ey = (IlX + b1Y + le + 51}7,
€2 = asX + boY + @ X + boY .
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If a1by — azb; = 0, then a linear combination of e; and ey belongs to
Span{X,Y}. Since m contains no null vectors, this is false. Consequently
CleQ - a2b1 }é 0. One has that

R(7) = (a1by — ash))R(X,Y), R(m)X =0, R(m)Y =0,
R(TF)X = —(albg — agbl)i/, R(ﬂ')y = (albg — agbl)X.
Consequently since a1by —asby # 0, R(7)? = 0 and rank{R(7)} = 2. These
two relations determine the Jordan normal form of the skew-symmetric
curvature operator. This shows 9 is spacelike and timelike Jordan Ivanov—
Petrova.
Let my := Span{X + X,Y =Y} and 7o := Span{X, X }. Then m; and o
are both planes of signature (1,1). However, R(m1) # 0 while R(m3) = 0.

Thus My is not mixed Jordan Ivanov—Petrova. This completes the proof of
Theorem 2.3.3.

2.3.3 A complete system of invariants

Let M = (R%, g) be as in Definition 2.3.1. Let P € R If f(3)(P) # 0, set:

ar(f,P)i= {FED OO L (P) for k22,
We clear the previous notation. Introduce the models
mO = (R47 <'7 '>7 A)a
ml = (R47<'7'>7A3A1)7 (23C)
moo(fa P) = (R47 <'7 '>7 Aa A17 A?(f7 P)7 ceey Ak(fu P)u )
where the non-zero components of these tensors are described by
(X, X)=(¥.Y) =1,
AX,Y,Y,X) =1,
A(X Y)Y, X5Y) =1,
Af, P)(XY, Y X:Y, . Y) = a(f, P) for k>2.

Lemma 2.3.3  Let M be as in Definition 2.3.1. Assume that f®(P) >0
and that f®)(P) #0. Then Mo (f, P) is isomorphic to Moo (M, P).

Proof. Let ey :={fP}73/2f0) and let g9 := fA{fB)} 1. Set:

Xy = 51{81+f85}, Y, = Egay, Xl = 51_1(955 }71 = 52_161}.
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This is a hyperbolic basis for R* with
VYR(X1,Y1,Y1, X1; Y1, ..., Y1) = eley T2 052

In particular A(X1,Y1,Y1,X1) =1and A;(P)(X4,Y1, Y1, X1; Y1) = 1. Fur-
thermore for k > 2 one has that:

VER(X1, Y1, Y1, X5 Yh, 0 Y1) = {FOYP O R0 = ().
This establishes the desired isomorphism. (I

Assertion (1) of Theorem 2.3.4 follows from Lemma 2.3.4 and from The-
orem 2.2.2. Since a(e¥, P) = 1, Theorem 2.3.4 (1) implies M.y is a homo-
geneous space. Restricting to the 1-model shows 90t; (M, P) is isomorphic
to My and hence M is 1-modeled on M,2. This establishes Assertion (3)
of Theorem 2.3.4.

We show that ay(f, P) is an invariant of the affine k-model and establish
Assertion (3) of Theorem 2.3.4 as follows. Since f®)(P) # 0, we may choose
X and Y in TpR* so that VyR(X,Y)Y # 0; for example, we could set
X =0, and Y = 9,. Choose a linear functional ¢ so p{VyR(X,Y )Y} # 0.
We expand

X =a10, + QQay +a10z + azag,
Y = b10; + b0y + b10z + be0; .

We compute:
H{VIR(X,Y;Y, ... Y)Y}
= (a1by — agby)bh {b2¢(85) — b1p(0y)} FHH) .
In particular, taking k£ = 1 shows that

(a1ba — agby)ba {b2d(0z) — b1p(9y)} # 0.

We now compute:

(O(V*R(X, Y3 Y, o, Y)Y ) HOR(X, Y)Y )V H{O(VR(X, Y Y)Y F
= f(?-‘rk){f(?)}k—l{f(g)}_k ) bgfk
{(a1b2 — agb1)(b29p(0z) — blgb(ag))}l*(k*l)*k
= ax(f).

This is independent of the choice of {X,Y, ¢} and hence is an affine invari-
ant. This completes the proof of Theorem 2.3.4. O
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Theorem 2.3.5 follows from the following somewhat more general result:

Lemma 2.3.4 Let M be as in Definition 2.3.1. The following assertions
are equivalent:

(1) There exist a,b € R so that ) (y) = ae®.
(2) M is homogeneous.

(3) M is 2-curvature homogeneous.

(4) M is 2-affine curvature homogeneous.

Proof. Suppose that f®)(y) = ae®. If a = 0 or if b= 0, then VR = 0
so M is a generalized plane wave manifold which is a symmetric space and
hence homogeneous by Theorem 2.2.3. Thus we may assume a # 0 and
b # 0 and hence ) # 0 and f® # 0. Since ay(f) is constant for k > 2,
Theorem 2.3.4 implies M is homogeneous. Thus (1) = (2); the implications
(2) = (3) and (3) = (4) are trivial.

Suppose finally that M is 2-affine curvature homogeneous. If VR = 0,
then f®) is constant and we may take a = f and b = 0. Thus we may
assume VR # 0 and hence f®) # 0. We suppose f(2) > 0; the case f? < 0
is entirely analogous. We have shown that as is an affine invariant. Thus
g is constant. Lemma 1.5.5 then implies f) = ae® or f?) = a(y + b)°.

This latter case is ruled out since such a function vanishes when y = —b.
Such functions will, however, play an important role in Section 2.3.4. Thus
@ has the form given in Assertion (1). O

2.3.4 Isometries

Let M be given by Definition 2.3.1 where f is analytic. Let G(M) be the
Lie group of isometries of M and let g be the associated Lie algebra. Any
local isometry gives rise to isomorphisms of the co-model and hence, since
the metric is analytic, to a global isometry by Theorem 2.2.2. Consequently,
we may identify g with the Lie algebra of Killing vector fields on M. We
begin by studying the symmetry groups G(9y) and G(9M;).

Lemma 2.3.5 Let M; be given by Eq. (2.5.c) and let G(OMN;) be the as-
sociated isomorphism groups. Then:

G(My) = {(g Z;‘f:)lt)t) Ca,7 € Ma(R), deta = +1, v+ = 0} ,

o= { (3757 s o= (214) -0}

a1 1
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Consequently dim{G (M)} = 4 and dim{G(91)} = 2.
Proof. If © € G(My), let
OX =a1 X +apY + ang + a14§~/,
oY = a21X + a22Y + 0,23X + a24}7,
@X = a31X + 0,32Y + 0,33)2 + a34}~/,
OY = anX +apY +aX +auy .

We set

where
. (au a12> . <a13 a14>
] = y g =
a21 22 23 24
L (asl a32> L (CL?,B a34>
ag 1= , Oy = .
a41 A4 Q43 Q44
As R(@X, @K @Y, @X) = 1, (a11a22 — a12a21)2 =1 and det(a1)2 =1. As
0= R(OX,0Y,0X,0X) = R(OX,0Y,0Y,0X)
= R(6X,0Y,0X,0Y) = R(OX,0Y,0Y,0Y),

we have that as; = aza = a41 = aso = 0 and thus a3 = 0. As
g(0X,0X) =1, ¢(0X,0Y) =0
4(6Y,0%) =0, g(0Y,07) =1,
we have the relations
I = ai1a33 + a12a34, 0 = a11a43 + a12044,
0 = a21a33 + a22a34, 1 = az1043 + a22044
which can be rewritten in matrix form:
Id — (an a12) (a33 a43> —
az1 G2 ) \ a34 Gaa
The relations g(0X,0X) = g(0X,0Y) = g(0Y,0Y) =0 yield
0 = anaiz + aizaia,

0 = a11a23 + ai12a24 + a13a21 + a14a22,
0 = az1a23 + azza24
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which can be rewritten in matrix form as
a1 a a13 a a1z a a1 a
O—< 11 12) ( 13 23) +( 13 14) ( 11 21) — aral, + asal .
a1 a22 a14 Q24 a23 a24 a12 a2
Setting @ = a1 and az = y(a~ 1) yields v + ' = 0 which establishes
the first implication of Assertion (1). Conversely, the implications are all

reversible and thus © satisfies these relations implies © € G(9).
Suppose © € G(M1) C G(My). We impose the additional relations:

VR(©X,0Y,0Y,0X;0Y) =1,
VR(OX,0Y,0Y,0X;0X)=0.
This implies a9 = 1 and ajg = 0. Since (a11£L22 — 0,12&21)2 = 17 we have
a11 = £1 and « has the desired form. The fact that dim{G (")} = 4 and
dim{G(M;)} = 2 is now immediate. O

We continue our discussion:

Lemma 2.3.6 Let M be as in Definition 2.3.1. Assume f) > 0. Then
X is a Killing vector field on M if and only if

X = (& +Anz+ Ay)o, + (S + Az + Azy)dy
+ (&i(z,y) — AnZ — A219)0z + (§o(x) — A127 — Ay)0y

where

0= —2fA11 — 8yf . (52 + Ale + A22y) - azéla
0= —2fA1p — Oula — D&, .

Proof. Since f® > 0, ker(R) = Span{dz,d3}. Thus we may apply
Corollary 2.2.1 to express

X = ad, + B0, + ads + [0;
where

a =& + Az + Ay, B =& + Az + Asy,
a==&(x,y) — An® — Ang, [==E(x,y) — A — Ay .
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We apply Eq. (2.3.a) to see:

Vo, X = (0,0)0y +(0:8)0y +(=0yf - B+ 0:0)0z +(0yf - 0+ 023)0y
Vo, X = (0ya)0: +(0,0)0y +(=0yf - a + 0y)0; +(9,8)05
Vo, X = (0z0)0 +(9:8)0, +(0:0)0; +(0:9)95
Vo, X = (050)0z +(950)0y +(95@)0: +(958)05
Given the form of X, the Killing Equation
9(VeX,n) +9(VyX,8) =0 V&,
which was discussed in Section 1.3.6, is equivalent to the relations:
0=-2f0,a—0yf B+ 0,0,
0= —2f0ya + 8,8+ 0,a,
0=10,0.
The relation 9,3 = 0 implies £& = & (z). The Lemma now follows. O

Any manifold of the form given in Definition 2.3.1 admits 5 killing vector
fields. Choose a primitive F' so that d,F = f and so that F/(0) = 0. Define
vector fields by setting

X1 = 81, X2 = 65,
X3 = 0y, Xy := —y0sz + x0y, (2.3.d)
X5 = yaz +2F0; — JNCag .

The corresponding flows are given by:

(2,9, 7,9) = (x +t,y,2,9),

b(x,y,2,7) = (x,y,Z +1,7),

4(z,y,2,9) = (=, v, &, g+1), (2.3.¢)
h(z,y,2,7) = (x,y,2 — ty,§ + tx),

OL(2,y,7,7) = (v +ty,y, @+ 2F (y)t, § + t& + F(y)t?).

Let £ := SpanR{Xl,Xg,Xg,X4,X5}.

Lemma 2.3.7 Let M be as in Definition 2.3.1. Then L is a 5-
dimensional Lie algebra of Killing vector fields.

Proof. We apply Lemma 2.3.6.

(1) Xy is defined by & = 1; the remaining parameters are 0.
(2) X5 is defined by & = 1; the remaining parameters are 0.
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(3) X3 is defined by & = 1; the remaining parameters are 0.

(4) X4 is defined by & = —y and & = z; the remaining parameters are 0.

(5) X5 is defined by A2 = 1 and & = 2F; the remaining parameters are
0.

It is then immediate that the X; satisfy the conditions of Lemma 2.3.6 and
hence are Killing vector fields. We verify that Spang{ X1, X2, X35, X4, X5}
is a Lie algebra by computing:

[X1, X2] =0, [X1,X3] =0, [X1,X4]= X3,
[X1,X5] =0, [X2, X3] =0, [X2,X4] =0,
[Xo, X5] = —X3, [X3,X4]=0, [X3,X5]=0,
[X4a X5] =0.
The desired result now follows. O

Proof of Theorem 2.3.6. Since R(9,,0,,0,,0:) = f?), M is flat if and
only if ) = 0. If M is flat, then the isometry group acts transitively;
the isotropy group at a point is O(2,2) which has dimension 6. Thus
dim{g,} = 10. This proves Assertion (1) of Theorem 2.3.6.

The manifold M is a symmetric space if and only if f(3) vanishes iden-
tically or, equivalently, if ) = a. If @ = 0, then M is flat so we suppose
a # 0. Since M is a symmetric space, Theorem 2.2.3 yields M is a ho-
mogeneous space; thus the isometry group G(M) acts transitively. Any
isomorphism of the 0-model extends to an isomorphism of the co-model
and hence to an isometry of M by Theorem 2.2.2. Thus the isotropy sub-
group of G(M) is isomorphic to G(9My) and hence has dimension 4 by
Lemma 2.3.5. Thus dim{G(M)} =4 + 4 = 8. This completes the proof of
Assertion (2) of Theorem 2.3.6. If f = y? for the sake of completeness we
note without proof that 3 additional Killing vectors may be obtained by
taking:

Xg 1= 0y + 20y0; — 220y,
X7 = x&, + (ya:2 — :17)(955 — %l‘gaﬂ,
Xg =20, —y0y — 20z + 70y .

The vector fields X7 = 9, X2 = 03, and X3 = 0y of Eq. (2.3.d) gen-
erate commuting isometric flows described in Eq. (2.3.e) which provides a
3-dimensional translation group of isometries; the orbits of this translation

group are the hyperplanes y = c¢. Suppose that M is homogeneous but not
symmetric. Equivalently, by Lemma 2.3.4, this means f?) = ae®” where
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a # 0 and b # 0. We suppose a > 0 as the case a < 0 is similar. The
1-model is given by 9%, of Eq.(2.3.c). Any isomorphism of the 1-model
has the form given in Lemma 2.3.5 and hence extends to an isomorphism
of the oo-model. Thus by Theorem 2.2.2, the isotropy group of G(M) at a
point P can be identified with G(9t, (M, P)) = G(9M;) and has dimension
2. Since M is a homogeneous space, dim{g} = 2+ 4 = 6. We note that
the extra Killing vector field and symmetry are given by:

X6 = —%:17396 + 0y + %:E(?;c,

O (x,y, 7, 7) == (e /2 bt/2 ~

xay—’_tue ‘rag)

This completes the proof of Assertion (3) of Theorem 2.3.6.

Suppose f = a(y+b)" for a € R and n = 3,4,5,.... We suppose b =0
to simplify the discussion. Let O be the connected open halfspace y > 0.
The invariant «j is constant on O. Thus by Theorem 2.3.4, G(M) acts
transitively on O so O is a homogeneous space; O is, of course, incomplete.
The additional translational symmetry on O is provided by the vector field

X6 = 20, — %y&, — 207 + %g&;,

DL ¢ (2,y,%,7) — (elw, e 2"y, e7t7, /1) .

At a point P € O, the 1-model is defined by Eq. (2.3.c); any symmetry of
this model extends to a global symmetry of M. Thus dim{g} =4+ 2 =6.

Finally suppose f does not have the forms discussed above. Chooses P
so fA(P) # 0 and fO)(P) #£ 0. Since f # ae” and f # a(y + b)", ay is
non-constant in a neighborhood of P and hence the orbits of the isometry
group are 3-dimensional at P. Since the isotropy group preserves My, the
isotropy group has dimension at most 2. Thus dim{g} < 5; equality holds
by Lemma 2.3.7. This completes the proof of Theorem 2.3.6. If n is even,
then the half spaces y < —b and y > —b are isometric; if n is odd, then
these two half spaces are not isometric since the sign of the curvature tensor
will differ. O

2.3.5 Estimating kp,q if min(p, q) = 2

In this section, we complete the proof of Theorem 2.3.7 to obtain a lower
bound on the Singer number in certain cases. Suppose given (p,q) with
2 = min(p,q). We suppose that p = 2 and 2 < ¢q. We must exhibit
a generalized plane wave manifold A" which is 1-curvature homogeneous
but not 2-curvature homogeneous. Let M be as in Definition 2.3.1 where
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f® >0and f& > 0. We let N := M x R(®:4-2) By Theorem 2.3.4, M
is 1-curvature homogeneous. It now follows that the isometric product N
also is 1-curvature homogeneous. Exactly the same argument as that given
to prove Theorem 2.3.4 shows that

fW R
NSNS

Qo =
is an invariant of the affine 2-model; the additional flat factors play no role.
Choosing f = €% + €2 then yields an example of signature (2,q) which
is 1-curvature homogeneous, where « is non-constant, and thus where N
is not 2-affine homogeneous (and hence not 2-curvature homogeneous) as
desired.

2.4 Manifolds of Signature (2,4)

We consider the following family of Fiedler manifolds which was introduced
in Gilkey and Niké¢evié¢ (2005a):

Definition 2.4.1 Let f € C*°(R) and let (z,v, 21, 22, §, &) be coordinates
on RS, Set M := (R, g) where:

g(azv 856) = g(ayv 8@7) = g(azi’azi) =1,
9(0z,0z) == =2(yz1 + f(y)z2) .

Lemma 2.4.1  The manifold M of Definition 2.4.1 is a generalized plane
wave manifold of signature (2,4) with:

(1) R(azuazyamaay) =1

(2) (azzaazyamaa ):f/

(3) R(Oy,0x,0z,0y) = f"2.

(4) VR( ) y;ayyam;azz) = VR(azvay;azwam;ay) = f//~
(5) VR(0z,0y,0y,02;0y) = " 2.

Proof. We set F = yz1 + f(y)z2 = f1(y)z1 + f2(y)z2. The possibly
non-zero Christoffel symbols are given by:

9(Vo,0:,0y) = fiz1 + faz,

Q(VQ 0z,0z) = g(Vo, 0y, 0z) = —fiz1 = faze,
9(Vo,0:,0:,) = fi,

9(Vo.,05,0:) = 9(Vo,0.,,0:) = — fi.
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Consequently the possibly non-zero covariant derivatives are:

Vo,0p = {fiz1 + f322}05 + [10:, + f20s,,
Vo,0: = Vo, 0y = —{fiz1 + f322}0s,
Vo, 0w =Vo,0:, = —fi0s .

This has the proper triangular form relative to the ordering of the variables
(z,y, 21, 22,7, %) and thus M is a generalized plane wave manifold. The
quadratic terms in the Christoffel symbols play no role in computing R;
the remaining assertions of the Lemma are immediate. ]

Theorem 2.4.1 Let M be as in Definition 2.4.1. Assume that f” > 0.

(1) M is 0-curvature homogeneous.
(2) M is weakly 1-curvature homogeneous.
(3) a(f, P) :=|f'(P)| is an invariant of the affine 1-model F1(M, P).

(4) My is not 1-affine curvature homogeneous.

This shows that weak 1-curvature homogeneity and affine 1-curvature
homogeneity are different notions.

Proof. Assume that f” # 0. We apply Lemma 2.4.1. Because
R(0y,0y,0;,,0;) = 1 and because VR(9y, 0y, 0y, 0y;0,,) = f # 0, we
may choose {1, €1, ¢1, ¢2, c3} so that we have the relations:

(1) R(0y,0y,0y,0x) — 261R(0y, Oy, 0y, O5) — 262 R(0y;, Oy, Ds,,02) = 0,
(2) VR(0y,0y,0y,0y;0y) — 362V R(9y, 0y, Oy, 055 0,,) = 0,

(3) a1+ (f)?) =1,

(4) es(L+(f"))cfez = 1,

(5) csc3cdf’ = 1.

We show that M is O-curvature homogeneous and establish Assertion (2)
by giving a canonical form to the 0-model. Consider the basis:

X = c1{0; — 39(0s,0,)0z }, X == '0;,
Y :=co{0y — €10., — €20, — %(E% +£3)05}, Y = cglag,
Zy :=c3{0, + f'0., + (e1 + f'e2)05},
Zy = c3{0z — f'0x + (e2 — f'e1)05} .

(2.4.a)
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The possibly non-zero entries in g, R and VR are:

9(X, X) = g(V,Y) =1,

9(Z1,721) = g(Z2,7Z5) =1 see (3) above,
R(X,Y,Y,X)=0 see (1) above,
R(X,Y,Z1,X)=1 see (4) above,

R(X.,Y,Z5, X) =0,

VR(X,Y,)Y,X;Z,) =VR(X,Y,Z1,X;Y) = f' see (5) above,
VR(X,Y,Y,X;Y)=0 see (2) above,
VR(X,Y,Y,X;Zs) = VR(X,Y, Z5,X;Y) =1 see (5) above.

Let Z7 := Z1 — f'Z5. The non-zero entries in R and in VR are:
R(X,Y,Z;,X)=1, and
VR(X,Y,Y,X;Zs) = VR(X,Y, Zo, X;Y) = 1.
This gives a canonical form for the weak 1-model (TpM, Rp,VRp) and
establishes Assertion (2).

We now show « is an affine invariant by showing that « is determined
by the affine 1-model §; (M, P). We have:

R(X,Y)Z, = X, RX,Y)X = —Z4,
R(X,Z,)Y = X, R(X,Z)X = Y,
VaR(X, Y)Y = f'X, VzR(X,Y)Y =X,
V2 RX,Y)X = —fY, VzR(X,Y)X =Y,
VyR(X,Y)Z, = f'X, VyR(X,Y)Zy = X,
VyR(X,Z,)Y = f'X, VyR(X, Z,)Y = X,
VyR(X, Z)X = —f'Y, VyR(X,Z)X = -Y,

VyR(X, V)X =—f'Z1 — Z5.
We define the following subspaces:
Wi : = Range(R) = Span{R(&1,&)&3 : & € RO},
Wy : = Range(VR) = Span{V¢, R(&2, &) : & € RO},
W : = Span{R(&1, R(€2,&3)64)8s : & € R},
Wy:=ker(R) ={n e R°: R(&,&)n =0V & € R},
Ws : =ker(VR) = {n € RS : V¢, R(&, &) =0V & € RO}

We wish to show that:

(1) Wy = Span{X,Y, Z},
(2) Wy = Span{X,Y, f'Z1 + Zs},
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(3) W5 = Span{X,Y},
4) Wy = Span{{(, }f, Zs},
(5) W5 = Span{X, Y, Zl — f/ZQ}.

Items (1) and (2) are immediate. We compute

RX,R(X,Y)X)X =R(X,-Z)X = Y,
R(X,R(X,Y)X)Y =R(X,-Z,)Y =—X, so Span{X,Y}cC Ws.

We establish Item (3) by establishing the reverse inclusion:

R(£1,R(€2,&3)6)E = R(&1,aZ1 + bX + ¢Y)&s
= R(dX,aZ)& € Span{X,Y}.

Since Span{f(,f’, Zs} C Wy, we must show the reverse inclusion to
establish (4). Let n = aX +bY 4+ ¢Z1 +dZs + eX + fY € W,. One has

0=R(X,Y)y=—aZ +cX,
0="R(X,Z)n=—aY +bX .

Thus a = b=c =0 and (4) follows.
It is clear W5 C Span{X,Y,Z; — f'Z>}. We must establish the reverse
inclusion. Let n =aX +0Y +c¢Z1 +dZy +eX + fY € W5. Then:

0=VzR(X,Y))=—aY +bX,
0=VyR(X,Y)n=a(—f'Z1 — Z3) + (cf +d)X .

Thus a = b =0 and d = —cf’; this establishes Item (5).

We can now establish Assertion (3) of Theorem 2.4.1. Suppose
there is an isomorphism ¢ from §i(My,, P1) to §1(My,, P2). We have
(b(Wz(fl;Pl)) = W»L'(fQ,PQ) for 1 S 1 S 5. We work modulo Wg. There

exist non-zero constants a; so

(1) ¢(Zl) = a121 mod W3 since ¢W1 (fl, Pl) = W1 (fg, Pz)
(2) ¢(f{Z1+ZQ) = ag(féZl—l—Zg) mod W3 since ¢W2(f1, Pl) = WQ(fQ, PQ)
(3) ¢(Z2) = Q3Z2 mod W3 since ¢W4(f1, Pl) = W4(f2, P2)
(4) ¢(Z1—f{ZQ) = a4(Z1 —féZQ) mod W3 since ¢W5(f1, Pl) = W5(f2, PQ)

This yields

arf1 71 + a3 Zy = ax fy 71 + az Za,
a1 Zy — asfiZs = asZy — asfy 25 .
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Thus a; = a4 and a3z = ag so a1 f] = a2 f5 and az f] = a1 f5. Consequently,

araz f1fi = aga1fafs .

Since the coefficients a; are non-zero, Assertion (3) follows.

Finally, if M is 1-affine curvature homogeneous, then necessarily a(f)
is constant or, equivalently, (f')? = ¢ for some constant ¢. This contradicts
the assumption f” # 0. O

2.5 Plane Wave Hypersurfaces of Neutral Signature (p,p)

In this section, we shall present results of Dunn, Gilkey, and Nikéevié
(2005), of Dunn and Gilkey (2005), of Gilkey, Ivanova, and Zhang (2002),
of Gilkey, Ivanova, and Zhang (2003), of Gilkey and Zhang (2002b), and
of Stavrov (2003a) concerning a family of manifolds of neutral signature
(p,p). We begin by giving a very general construction that includes the
manifolds of Definitions 2.3.1 and 2.3.2 as special cases:

Definition 2.5.1 Introduce coordinates {z1,...,2p,&1,...,3p} on R?P.
Let indices ¢, j, k range from 1 through p. Let v¢;; = 1 be a symmet-
ric 2-tensor field where 9;; = (21, ...,xp) only depends on the first p
coordinates. Let M := (R?",g) be the pseudo-Riemannian metric g of
signature (p,p) where

9(0r;, 0z;) = tij(21, ..., xp) and  g(Or,;,0z;) = dij .
Introduce the distributions X := Span{d,,} and X := Span{d;,}. Let
Rijkting ..y = VY R(Oz;, 02, Oy O3 O,y s w0y Oy ) -
Let ¥k 1= Oz, i and let v/ 1= Ouy Oz, ij-
We begin our study with the following result:

Lemma 2.5.1 The manifold M of Definition 2.5.1 is a generalized plane
wave manifold of neutral signature (p,p).

(1) The non-zero components of R and of V¥R for v > 0 are given by:

R(0z,, 00,5 00y 00,) = — 5 (it jie + Yingit — Vinyjt — Vitjin)s
VY R(0p;, Oz, Oy, Oy Oz, iOz,,) = Oz, -0z, R(Op;,0z,;,0u,,0z,) .

Cl)nl .

(2) If & € T(R?), then R(&1,&2)é € X; R(&1,&2)é = 0 if any & € X
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Proof. By Eq.(1.2.f), the non-zero Christoffel symbols are:

9(Vo,, 0z;,02,) = 5 (Vinsi + iksi — Vijsn)s

k

As 9 only depends on the first p coordinates (z1,...,zp), V has
the proper triangular form relative to the ordering of the variables
(1, ..y Tp, T1, ..., Tp). Thus M is a generalized plane wave manifold. Fur-
thermore,

R(a‘“ ) (91]. ) aﬂﬂk ’ 6@) = g((vf)mi v(r)mj - vamj vazi )amk ) aﬂcz)
= 2> 9(Vo, {Wjnsk + Vinsi — Vinyn}0s,., 0,

= 3> 9(Vo, ik + Vinsi — Vikyn} 0, O,

= {00, (Wj1/k + i1y — Vi) — Ou, Wity + Yrayi — Yirgr)}
= L (Wjiyni + riygi — Yjksa — Vayie — Yrigig + Yingit) -
This determines R; V¥ R is determined for v > 0 inductively — the Christof-

fel symbols play no role in the computation. We raise indices to determine
R and complete the proof of the Lemma. (I

Remark 2.5.1 If we assume that X = ker(R), then Lemma 2.2.1 and
Corollary 2.2.1 can be used to get information about the isometries and
Killing vector fields of M.

The following subfamily of examples generalize the manifolds of Defini-
tion 2.3.2; they arise as immersed hypersurface in flatspace.

Definition 2.5.2 Let {e1,...,€p, €1, ..., €, €} be a basis for R?’T1. Define
an inner product on R?P*! of signature (p, p+1) whose non-zero components
are:

(€i,€j) :==dij, (& ¢€):=1.
Let f € C*°(RP). Define an embedding ¥ : R?? — R2?P*! by setting:
P
W (1o Tpy T1y ey Tp) = Z {l‘iei + fiéi} + flz1, ..., Ip)é .
i=1

K2

Let g := U*(-,-) be the induced metric on R??;

g(aﬂcmawi):amf'awjf and g(aﬂcmaij)zéij'
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Let M := (R?",g) be the associated generalized plane wave manifold of
signature (p, p); this corresponds to taking

Yij =0z, f - Ou, [

Let H;j := 0;,0:; f be the Hessian of f; H is a symmetric bilinear form
where 1 < 4,5 < p. Let L be the second fundamental form of the embedding.

The tensor H is defined on X while L is defined on X & X = TR2’. We
show that L is supported on X and that the restriction of L to X" is given
by H in the following result:

Lemma 2.5.2 The manifold M of Definition (2.5.2) is a generalized
plane wave manifold of signature (p,p).

(1) L((f?ml, 6%) = Hij and L((f?ml, 6@) = L(@il, (95]) =0.
(2) R<awiuawjuawkaaml) = Hilij _szH]l
(3) VVR(awwamjuamkaaml;awnl7"'7817”,) =0

Ty *

'amnu R(awm 8Ij 9 6LEk ) awl)
Proof. The unit normal to the hypersurface is
Vi= =0 fé1 — ... — 0y, fEp+ €.

This determines the second fundamental form and thereby the curvature
tensor. We use induction and the observation that the Christoffel symbols
play no role in the computation of V¥R for this example to determine V” R
for v > 0; Assertion (2) can also, of course, be derived directly from Lemma
2.5.1. O

The following result summarizes some of the spectral properties of the
curvature tensor for these manifolds. We suppose that (r, s) is admissible;
in this context this means 0 <r <p,0<s<p,and 1 <r+s<2p—1.

Theorem 2.5.1 Let M be as in Definition 2.5.2 with det(H) # 0.

(1) If p = 2, or if p > 3 and if H is definite, then M is spacelike and
timelike Jordan Osserman.

(2) If p > 3 and if H is indefinite, then M is neither spacelike Jordan
Osserman nor timelike Jordan Osserman.

(8) Let H be definite. Then M is Jordan Osserman of type (a, b) if and only
if (a,b) = (0,7), (a,b) = (p,p — 1), (a,b) = (1,0), or (a,b) = (p —r,p)
where 0 < r < p.

(4) M is spacelike and timelike Jordan Ivanov—Petrova.

(5) M is not mized Jordan Ivanov—Petrova.
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(6) If 2 <k <p, then M is k-spacelike and k-timelike Jordan Stanilov.

In Assertion (3), we may think of the values (r,s) as belonging to a
square since 0 < r < pand 0 < s < p; M is Jordan Osserman of type (r, s)
if and only if (7, s) is admissible and if (r, s) lies on the boundary of the
square.

Let W be the Weyl conformal tensor. Since M is Ricci flat, W = R.
Thus we have the immediate consequence of Theorem 2.5.1:

Corollary 2.5.1 Let M be as in Definition 2.5.2 with det(H) # 0.

(1) If p = 2, or if p > 3 and if H is definite, then M is conformally
spacelike and conformally timelike Jordan Osserman.

(2) If p > 3 and if H is indefinite, then M is neither conformally spacelike
Jordan Osserman nor conformally timelike Jordan Osserman.

(8) Let H be definite. Then M is conformally Jordan Osserman of type
(a,b) if and only if (a,b) = (0,7), (a,b) = (p,p — 1), (a,b) = (r,0), or
(a,b) = (p—r,p) where 0 < r < p.

(4) M is conformally spacelike and conformally timelike Jordan Ivanov—
Petrova.

(5) M is not conformally mized Jordan Ivanov—Petrova.

(6) If 2 < k < p, then M is conformally k-spacelike and k-timelike Jordan
Stanilov.

If H is invertible, set

- 11J1 fyieJ2 FJis3js friaja risjs o R,
Q= E H"H22HSS H* Y HP NV Ry igigigsis Y By ja s jasis
I,J

Let M, s be defined by the function
frs = =27 — . — a2 al + .. —I—xi.

Some curvature homogeneity properties of this family of manifolds are de-
scribed in the following result:

Theorem 2.5.2 Let M be as in Definition 2.5.2. Assume that H is
non-degenerate of signature (r,s). Let p > 3.

(1) M is 0-modeled on the indecomposable symmetric space M, .
(2) If ¢ is an isomorphism of Mo(M, P), then ¢*L = £L.
(8) « is an invariant of My (M, P).

(4) M is not 1-curvature homogeneous for generic f.
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Here is a brief guide to the remainder of our discussion of these mani-
folds. In Section 2.5.1, we will establish Theorem 2.5.1 and in Section 2.5.2,
we will establish Theorem 2.5.2.

2.5.1 Spectral properties of the curvature tensor
Let px and p3; be the projections of TpM on the distributions & and X:

Both R and L vanish if any entry is from X. By Lemma 2.5.1, the Jacobi
operator and the skew-symmetric curvature operator are 2-step nilpotent:

J):X—>X—0 and R(): X - X —0. (2.5.a)

We begin our study with the following result which is motivated by work
of Stavrov (2003a).

Lemma 2.5.3 Let M be as in Definition 2.5.2. Assume that H is non-
degenerate. Let Z be a tangent vector. Let X 1= pxZ € X.

(1) If X =0, then J(Z) = 0.
(2) If X #£0 and if H(X,X) =0, then Rank{J(Z)} = 1.
(3) If X #0 and if H(X,X) # 0, then Rank{J(Z)} =p —1.

Proof. Let L be the second fundamental form. We have
(T (Z)Y, W) = L(Z Z)L(Y,W) - L(Z,Y)L(Y Z,W).

Furthermore, L = 0 on X and H = L|y. By Lemma 2.5.1, J(Z) = J(X).
Thus if X = 0, J(Z) = 0. This proves Assertion (1). We have J(X )0z, =0
and J (X)X = 0. Thus

Rank(J (X)) <p-1.
Suppose that H(X, X) # 0. Since H is non-degenerate, we can choose a
basis { X1, ..., Xp} for X(P) so H(X;, X;) = €;0;;, wheree; # 0for1 <i <p
and so that X = X;. Let 4,5 > 2. We show that Rank(7 (X)) =p—1 by

computing:

9(T(X)Xi, X;j) = L(X, X)L(X;, Xj) — L(X, Xi) L(X, X;) = €ie10;5 -
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Suppose finally that H(X, X) = 0. We can choose a basis {X, ..., Xp}
for X(P) so X = X1 and so

H(X1,X2)=1 and H(X1,X;)=0 for i+#2.
We show that Rank(J (X)) = 1 by computing similarly that
g(J(X) X2, X;) = —069; and g(J(X)X;,X,;) =0 fori+#2.
The desired result now follows. g

Proof of Theorem 2.5.1 (1) and (2). Fix P € R?. Let H be non-
degenerate. Decompose

Zi=X;+ X,
for X; := pxZ;i € X(P) and X, := pZ; € X(P). Then:

9(T(Z1)Zs, Z3)
= L(Z1, Z0) I Zs, Z3) — L(Z1, Zo) (71, Z3)
— H(X1, X1)H(Xa, X3) — H(X1, Xo) H(X1, Xs).

Suppose Z; € ST(TpM,g). Since X is totally isotropic, X; # 0. Because
J(X1)? = 0, the rank of J(X;) determines the Jordan normal form of
J(Zy).

If H is definite, Lemma 2.5.3 shows that Rank(J7(Z1)) =p—1so M is
timelike and spacelike Jordan Osserman. If p = 2, then Lemma 2.5.3 im-
plies that Rank(7(Z1)) = 1 and again M is timelike and spacelike Jordan
Osserman. Finally, if H is indefinite and if p > 2, then Alternatives (2) and
(3) in Lemma 2.5.3 are possible and distinct so M is neither timelike nor
spacelike Jordan Osserman. This proves Assertions (1) and (2) of Theorem
2.5.1. 0

Before establishing Theorem 2.5.1 (3), we must generalize Lemma 2.5.3.

Lemma 2.5.4 Let w := Span{Z1, ..., Z.}, let T :== T (Z1) + ... + T(Z,),
and let H be positive definite. Then

0 if  dim(pxm) =0,
Rank(J) =< p—1 if dim(pxm) =1,
P if  dim(pam) > 2.
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Proof. Let X; := px(Z;); since J(Z;) = J(X;), X; = 0 implies that
J(Z;) = 0. It is convenient to consider the associated bilinear forms:

(Wi, Wa) = g(T(Zi)W1, W) = R(Wh, Z;, Zi, Wa)
= H(X;, Xi)H(pa Wi, pxWa) — H(X;, px W) H (X;, pxWa),

o= = .
7

Since H is positive definite, Z;(W, W) and Z(W, W) are positive semi-
definite quadratic forms. If X, # 0, Rank{7(X;)} = p — 1 by Lemma
2.5.3. Furthermore, if X € X, then

El(X,X):O =4 XESpan{Xi}.

If dim(pxm) = 0, then X; = 0 for all 4 and J = 0. This is the first
possibility of the Lemma. Suppose dim(px7) = 1. We suppose without loss
of generality that Xy # 0; let X; = ¢;X; fori > 1. Then J = (3, ¢7)J (X1)
has rank p — 1 which is the second possibility.

Suppose dim(pym) > 2. We suppose, without loss of generality, that
{X1, X5} is a linearly independent set. One has that

Range(J) C X so Rank(J) < dim(X) =p.

On the other hand, if X € & and if 2(X, X) = 0, then Z;(X,X) = 0 for
1 <4 <r. In particular

X € Span{X;} NSpan{X,} = {0} .
This implies E is positive definite on X and hence Rank(J) = p. |

Proof of Theorem 2.5.1 (3). Let {Z1,...,Z.} be an orthonormal basis
for a spacelike subspace m € Grg,(M). Let X; := pxZ;. Because 7 is
spacelike, 7 N X = {0}. Since ker py = X, dim(px7) = r. We have

T(m) = T(X1) + o+ T(X,).

Since J(7)? = 0, the Jordan normal form of J(r) is determined by the
rank. We apply Lemma 2.5.4 to see that the rank is p— 1 if r = 1 and that
the rank is p if » > 1. This shows M is Jordan Osserman of type (0,7). One
shows similarly that M is Jordan Osserman of type (r,0). Theorem 1.9.2
then shows that M is Jordan Osserman of types (p,p — ) and (p — r,p).
Thus M is Jordan Osserman of type (r,s) if (r,s) is on the boundary of
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the square, or, equivalently, if there exists ¢ with 1 <¢ < p — 1 so that

(T,S) = (O’t)7 (T‘, S) = (p,p - t)a (Ta S) = (t70)’ (T75) = (p - t,p).

We complete the proof by showing M is not Jordan Osserman for the
remaining admissible values of (r, s).
Consider the elements:

X =0y, — % Zg(aﬂcm 655:')8551"

J

We note px X; = 0p, and {X1, ..., X}, 0z,, ..., 0z, } is a hyperbolic basis; this
means that:

(Xi,Xj) = (a@l,a@]) = 0 and

2.5.b
(Xi,aij):éij fOI‘ lgl,jgp ( )

Let 0 < r < pand 0 < s < p. We must show that M is not Jordan
Osserman of type (r, s). By Theorem 1.9.2, we may assume r + s < p. We
assume 0 < r < s < p as the situation when 0 < s < r < p is similar. We
distinguish two cases:

1) Suppose s = 1. Then r = 1. We use Eq. (2.5.b) to define the following
subspaces of type (1,1) with the indicated orthonormal bases and Jacobi
operators:

71 := Span{X; — %8@1,)(1 + %3@1},
J(m) =-TJ(X1)+T(X1) =0,

T == Span{e X1 — 3¢ 10z, Xo + 30z, },
J(m) = =2 T (X1) + T (X2).

As J(m) =0, Rank(J(71)) = 0. Since
Rank(7 (X)) = Rank(7(0x,)) =p — 1,

Rank(J(m2)) > Rank(J(X2)) > p — 1 if € is small. Consequently, M is
not Jordan Osserman of type (1,1).

2) Suppose 1 < r < s <p, s>2 and r+ s < p; necessarily p > 3.
For v # 0 and 8 # 0, we use Eq. (2.5.b) to define timelike subspaces 7 ()
and spacelike subspaces 77 (3) with the indicated orthonormal bases and
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Jacobi operators:

7~ () := Span{aX; — 1o~ '0s,, X, — o105 1,

Ji == {T(0p,) + . + T(0:,)},

7(B) == Span{BX,+1 + 87 05,1y s BX,ts + 307105,
Ji = 0T i) + o+ T (O}

Let m(a, B) :== 7~ (a) &7t (B) € Gr, s(M). The associated Jacobi operator
J(m(e, B)) =T, + Jﬁ*. Since Range(J) C X, one sees that

Rank(J (7(, 8))) <p forall «,p.

We have px(X;) = 0,,. We apply Lemma 2.5.4; J(-) is supported on X.
Since s > 2, the bilinear form defined by Jg is positive semi-definite of
rank p. Thus Rank{J(w(1,5))} = p for 8 large. Note that the bilinear
form defined by J,, is negative semi-definite of rank at least p — 1. Thus
for « large, J(m(c, 1)) determines a quadratic form of signature (u,v) for
u>p—1and u+ v < p. Thus by continuity, there must exist (a, )
with @ # 0 and 8 # 0 so J(n(«, 3)) determines a degenerate quadratic
form on X. For such values of (a, 3), Rank{J (7 (o, 8))} < p. This shows
that Rank{J (7 (a) @ 7(08))} is not constant and hence M is not Jordan
Osserman of type (r,s). O

Proof of Theorem 2.5.1 (4). We study the skew-symmetric curvature
operator using arguments of Gilkey and Zhang (2002b). Let {Z, Z2} be
an orthonormal basis for a non-degenerate 2-plane 7. Since R(7)? = 0,
Rank(R(w)) determines the Jordan normal form of R(w). We expand

Zl/ - Xv + Xu;
R(m) = R(X1, X2), (2.5.c)
g(R(ﬂ')Zg, Z4) = H(Xl, X4)H(X2, Xg) — H(Xl, Xg)H(XQ, X4) .

If 7 is spacelike or timelike, then 7 contains no null vectors and thus
{X1, X5} are linearly independent vectors. We extend the set {X;, X5} to
a basis {X1, ..., X, } for X(P). Since H is non-degenerate, we can choose a
basis {X7, ..., X} for X(P) so H(X;, X]) = d;5. By Eq. (2.5.¢),

g(R(X17X2)X;,X;): —1ifi=1,5=2,
0 otherwise.
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It now follows that
Rank(R (7)) = Rank(R (X1, X3)) = 2. (2.5.d)

Thus M is spacelike Jordan Ivanov—Petrova and timelike Jordan Ivanov—
Petrova.
To see that M is not mixed Ivanov—Petrova, consider the 2-planes:

m = Span{d,,, 0z, }, and

ma(e) := Span{ed,, + 5_13;;31,68962 - 6_1(9;52},

respectively, where ¢ is a real parameter. The matrices giving the induced
inner products on 7, and my(e) are given by:

0 1
A= (1 g(azl,am)’ and

Ao = 2+€29(6I17811) Ezg(awl’agw)
T 529(6w17812) —2—1—529(5@,312)

respectively. Since det(A;) = —1 and det(Ay) = —4 + O(e?), m; and ma(e)
are mixed 2-planes for & small. Since

R(m) =0 and R(ma(e)) = c(e)R(Ds,,dn,) # 0,

R(m) and R(m2(g)) are not Jordan equivalent and hence M is not mixed
Jordan Ivanov—Petrova. 0

Proof of Theorem 2.5.1 (6). We recall the definition of Section 1.8.1. If
m is a spacelike or timelike k-plane, let {ey, ..., ex} be an orthonormal basis
for w. The Stanilov operator is defined by setting:

O(n) := ZR(ei, e;j)R (e, €5) .

Since R(m1)R(me) = 0 for any 2-planes m;, ©(7) = 0 and hence these
manifolds are k-Stanilov for any k. O

2.5.2 Curvature homogeneity

Proof of Theorem 2.5.2. Assume that H is a non-degenerate bilinear
form of signature (r, s) at every point P of R?. Fix P € R?". Diagonalize
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the quadratic form H at P to choose X, = Zj aijazj SO

0 if i#j,
H(XZ,XJ): -1 if i§r7
+1 if i>r

Let a be the inverse matrix. Set

Za”8~ and X, :=X; — Z%g)_( X)X
j

The non-zero components of g and of R are then given by:
g(Xi,Xi) =1 and R(Xi,Xj, Xk, Xl) = 5i5j{5il5jk — 5ik5jl}

where ¢; = —1 for ¢ < r and ¢; = +1 for ¢ > r. This provides a normalized
basis for Tp M and shows that (TpM, gp, Rp) is determined by (r, s). This
shows that M,  is a 0-model for M. Since Rp = Ry where ker(L) = X
is totally isotropic, (TpM, gp, Rp) is indecomposable by Lemma 1.6.3. By
Lemma 2.5.1, M, , is a symmetric space. This completes the proof of
Assertion (1).

We have R = Ay, is determined by the quadratic form L. If ¢ is an
isomorphism of My(M, P), then ¢*Ar, = Ar. Since Rank(L) > 3, Lemma
1.6.5 shows that ¢*L = +L; Assertion (2) now follows. We have

ker(R) = {¢ € TpM : R(£,61,60,83) =0 ¥V & eTpM}=2X.

Let 7 be the natural projection from TpM to V := TpM/ker(R). There
are structures L and 4, on V so that

L=7"L and VYRp=7"4,.

We have A = A;. We have ¢*L = +L. We can use L to define an inner
product on V. Assertion (3) follows from the observation that

o = |47 .

To prove Assertion (4), it suffices to construct f so that a(f,-) is con-
stant on no open subset of R?; the fact that such f are generic will then
follow using standard arguments. We suppose H positive definite in the
interests of simplicity. Let f.; = 0., f, f,ij := 02,04, f, and so forth. We use
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Lemma 2.5.2 to see:
R0z, 0z, 0uy O)) = Fatfijie — Frikfojts
VR(0;, 00,0y Ouys Ox, ) = Ox, A frir fijke — Franfigi} -
Let © = O(z1) be a smooth function on R so that |©,11] < 1. Set
flx) = 3{af + ... + 22} + O(z1) .

We may then compute, up to the usual Zos symmetries, that the non-zero
components of R and of VR are:

R(axl,azi,axi,azl) =1 —+ @;11 fOI' 2 S 7 S D,
R(axi5azjaazj7axi):1 fOI‘ 2S'L<]Sp7
VR(aznaxiaaz”axl;azl) = @;111 for 2<i< D.

Consequently after taking into account to normalize the basis for the tan-
gent bundle suitably, we have

4(17 - 1)9;2111

Yoy

It is now clear the metric g is not locally homogeneous for generic ©. [

2.6 Plane Wave Manifolds with Flat Factors

We follow the discussion of Gilkey, Ivanova, and Zhang (2002) and of Gilkey,
Ivanova, and Zhang (2003) to extend the examples discussed in Section 2.5
with a flat factor; these manifolds have interesting spectral properties.

Definition 2.6.1 Let f € C°(RP). Let (21,..., Zp, T1, .o, Tps Y1, s Yatd)
be coordinates on R?P+atl. Let N := (R?PTe+b g) be the manifold of
signature (p + a,p + b) where

—1 if 1<i<a,
g(ay”ayl)_{—l-l if a—!—lSzSa—i—b

Then N = M x R(®? is the isometric product of the manifold M of
Definition 2.5.2 with a flat factor R(*:?) of signature (a,b) where

M= (R2p,g|R2p) .
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If a = b = 0, then N/ = M; these manifolds were treated in Section 2.5.
The new phenomena arise when a > 0, b = 0, when a = 0, b > 0, and when
a>0,b>0. It is clear that these are generalized plane wave manifolds.

Theorem 2.6.1 Let N be as in Definition 2.6.1. Let Hyj := 0,,04, f for
1 <i,j <p. Assume that H is positive definite. Then

(1) N is not mized Jordan Ivanov—Petrova.

(2) Suppose that a >0 and b=0. Then N is:

(a) Not timelike Jordan Osserman.
(b) Not timelike Jordan Ivanov—Petrova.
(¢) Spacelike Jordan Osserman and spacelike Jordan Ivanov—Petrova.

(3) Suppose that a =0 and b > 0. Then N is:

(a) Timelike Jordan Osserman and timelike Jordan Ivanov—Petrova.
(b) Not spacelike Jordan Osserman.
(¢) Not spacelike Jordan Ivanov—Petrova.

(4) Suppose that a >0 and b > 0. Then N is:

(a) Not timelike Jordan Osserman.
(b) Not timelike Jordan Ivanov—Petrova.
(¢) Not spacelike Jordan Osserman.
(d) Not spacelike Jordan Ivanov—Petrova.

(5) N is Jordan Osserman
(a) of types (r,0) and (p+a—r,p+b) ifa=0and if 0 <r <p;
(b) of types (0,5) and (p+a,p+b—35) if b=0 and if 0 < s < p;
(c¢) of types (r,0) and (p+a—r,p+b)ifa>0 and ifa+2 <r < p+a;
(d) of types (0,8) and (p+a,p+b—3s) if b >0 and if b+2 < s < p+b.

(6) N is not Jordan Osserman of type (r,s) otherwise.

Remark 2.6.1 This shows that timelike Jordan Osserman (respectively
timelike Jordan Ivanov—Petrova) and spacelike Jordan Osserman (respec-
tively spacelike Jordan Ivanov—Petrova) are different notions. It also pro-
vides additional examples showing the dependence upon (r, s) in the notion
of Jordan Osserman of varying types.

Proof of Theorem 2.6.1 (1)-(4). Let N := M x R(#:Y). We decompose

TN =X®X®) for
X :=Span{d,,}, X :=Span{dz}, V:= Span{dy, } .
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Let mx, 74, and my be the associated projections. We set mpq := mx + 7 3.
Let R and R be the curvature tensors on N and M respectively. Then

R=7mpRm.
One may generalize Eq. (2.5.a) to have:
JO): X=X J0):X =0, J():Y—0,
R(:X—->X, R():X—-0, R():Y—0.
It now follows that
J(Z)? =0 and R(Zi,Z:)*=0.

Consequently the Jordan normal form of these operators is determined by
their rank. Assertion (1) follows from the proof of Theorem 2.5.1 given
previously; the extra factor of R(? plays no role.

Fix P € N. Suppose that b = 0. Let Z € ST(TpN) be spacelike. Let
X:i=nxZ, X =73Z,and Y :=7myZ. If X =0, g(Z,Z) = g(Y,Y) <0
which is false. Thus X # 0 and by Lemma 2.5.3

Rank{7(Z)} = Rank{Tm(X)} =p—1.

Thus N is spacelike Jordan Osserman.
A similar argument shows that if ¢ is a spacelike 2-plane, then wa 0 is
spacelike 2-plane in R??. Thus by Eq. (2.5.d),

Rank{R(0)} = Rank{Rm(mx0)} =2.

It now follows that A is spacelike Jordan Ivanov-Petrova. This proves
Assertion (2c).

Suppose b > 0. Let Z; := 0,, +0z, and Zy := 0,
vectors. Furthermore,

.- These are spacelike

Rank{J(Z1)} =p—1 and Rank{7(Z2)}=0.

Thus A is not spacelike Jordan Osserman. Let Zs := 8y, + 0z,. Define
spacelike 2-planes

o1 :=Span{Z;,Z3} and o9 := Span{Zi,Z>}.
One then has that

Rank{R(c1)} =2 and Rank{R(o2)}=0.
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Thus N is not spacelike Jordan Ivanov—Petrova. This proves Assertions
(3b) and (3c). The proof of Assertions (2a), (2b), (3a), (4a), (4b), (4c),
and (4d) is similar. O

We now turn to the higher order Jacobi operator.

Proof of Theorem 2.6.1 (5). If {e],...,e,e],...,el} is an orthonormal
basis for a non-degenerate subspace o of signature (r, s), then

J(@):=-Ty)—...—Tle,)+T(ef)+..+ T(el).

By Eq. (2.6.2), (J(0))? = 0. Thus the Jordan normal form is determined
by the rank; A will be Jordan Osserman of type (r,s) if and only if
Rank{7(c)} is constant on Gr, s N.

Suppose s = 0 so o is timelike. Then

mx (o) = Span{rx(e]),....,mx(e, )}, and
J(o)=—-Tnx(e])—...— Tnx(e, ).
By Lemma 2.5.4,
0 if dim{rx(0)} =

}
Rank{J (o)} = ¢ p—1if dim{rx (o)}
D if dim{rx(0)}

0
L,
2.

>

Suppose that @ = 0. Then ker{mx} = X & Y contains no spacelike
vectors. Thus if o is spacelike, then kermy N o = {0}. Consequently,
dim{mx (o)} = ris independent of & so N is Jordan Osserman of type (r,0).
Dually, by Theorem 1.9.2, N is Jordan Osserman of type (p—r, p+0b). This
proves Theorem 2.6.1 (5a); the proof of Assertion (5b) is similar.

Suppose 7 > a+ 2 and a > 0. If 7 is a maximal spacelike subspace of
X o Y, then dim7 < a. Thus

dim{kerry No} <a so dim{rx(o)}>r—a>2

and hence Rank{7(c)} = p. Thus N is Jordan Osserman of type (r,0)
and dually, it is Jordan Osserman of type (p — r,b + p). This establishes
Assertion (5¢); Assertion (5d) follows similarly. This completes the proof
of Assertion (5). O

Proof of Theorem 2.6.1 (6). We consider several cases. Let

o = Span{Zy, ..., Z,}
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and let J := J(Z1) + ... + J(Z;). By Lemma 2.5.3,

0 if dim(pxo) =0,
Rank(J) =< p—1 if dim(pyo)=1, (2.6.b)
p if dim(pxo) > 2.

Suppose a > 0 and r < a + 1. We must show that A is not Jordan
Osserman of type (r,0); we may then use duality to see that N is not
Jordan Osserman of type (p+a —r,p+b). Let

(200 27 Y Y

be an orthonormal basis for a maximal timelike subspace of TpM where
Z; e X+XandY; €Y. Let

Oupw = Span{Zy , ... 2, Y] ,....Y, } € Gryyy0)(TpM).
Suppose first that 0 < r» < a. By Eq. (2.6.b):

dim{rx(o1,,-1)} =1 = Rank{J(o1,,-1)} =p— 1,
dim{7rx(oo,)} =0 = Rank{J(00,)} =0.

Therefore N is not Jordan Osserman of type (r,0). Suppose next r = a+1.
Since a > 0, r > 2 and

dim{mx(02,a-1)} =2 = Rank{J024-1)} = p,
dim{ﬂ-/\/(o-l,a)} =1 = Rank{jalﬂ)} =p— 1.

Thus N is not Jordan Osserman of type g . The case b > 0 and r < b+ 2
is similar and is omitted in the interests of brevity.
Finally, suppose 1 <r<p+4+a—1land1<s<p+b—1. Let

{Y,...Y, , Y1+, e Yb+}
be an orthonormal basis for R(%?) . We define maps
Topo =0 @ Span{Y; ... Y, , Y77, ..., V;")
from Gro,g M to Graqae,p4+s/N. We then have
IN(Tapo) =In(o) forall o€ GrapgM. (2.6.c)
Suppose N is Jordan Osserman of type (r, s). Expand

r=a4+u for 1<a<p-1 and 0<u<a,
s=p0+wv for 1<f<p—1 and 0<v<h.
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If V' is Jordan Osserman of type (r, s), then we may use Eq. (2.6.¢) to see
that M is Jordan Osserman of type («, 3). This contradicts Theorem 2.5.1
and thereby completes the proof of Theorem 2.6.1. |

2.7 Nikéevié Manifolds

In previous sections, we have discussed generalized plane wave manifolds of
neutral signature and of signature (2,4). In this section, we present results
of Gilkey, Nikécevié, and Videv (2004) and of Gilkey and Nikéevié (2004a)
where the timelike directions dominate. We also fix a few minor technical
mistakes in those papers.

Definition 2.7.1 Fix s > 2. Let indices i, j, k range from 1 through s.
Let @ := (u1,...,us), t := (t1,...,ts), and ¥ := (v, ...,v,) give coordinates
(i1,t,7) on R3. Introduce distributions

U := Span;{9dy,}, 7T :=Span;{0d}, V:=Span;{0y,}.
Let f; € C*(R). Set:
F(’LT) = fl(ul) + ...+ fs(us),

S S
lu|? == g u?, and w-t:= g uit; .
i=1 i=1

Let M := (R34, g) be the pseudo-Riemannian manifold of signature (2s, s)
where the non-zero components of the metric are given by:

g(auz’aul) = _2F(ﬁ) —2u- ta g(aumavz) = 17 g(ati7ati) =—1.

Let Al(n) be the affine linear group on R™. In Section 2.7.1, we establish
the following result:

Lemma 2.7.1 The manifold of Definition 2.7.1 is a generalized plane
wave manifold of signature (2s,s).

(1) The possibly non-zero entries in R and VR are given by:
(a/) R(au“auj,auj,aui) = 65,1 (fl) + 65,] (f]) + |’U,|2 fO'r' Z 7é j
(b) R(Ou;,0u;,0u;,0) =1 fori#j.
(C) VR<aui7auj7auj7aui;aui) = ai(fz) +4u; for i # j.
(d) VR(Ou,,0u;,0u;, Ouy; Ou;) = ug for {i, j, k} distinct.

(2) We have R(z1,22)R(z3,24)R(25,26) = 0 and J(z1)T (22)T (23) = 0.
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(3) ker(R) =V and ker(R)* =T + V.
(4) Let ¢ be an isometry of M. There exists Ay € Al(s), a smooth map
Ay 1 R® — Al(s), and a smooth map Az : R** — Al(s) so that

(4, 1,0) = (Avid, A (@)1, As (i@, 1)) .
In Section 2.7.2, we shall prove the following result:

Theorem 2.7.1  Let M be as in Definition 2.7.1. Then M is 0-curvature
homogeneous and indecomposable.

Let M be as in Definition 2.7.1. Set

am = Z VR(au'q ? 6ui2 ’ auiS ’ 6“'

Du, )2

ig?

The following result will be established in Section 2.7.3:

Theorem 2.7.2

(1) Let M; be as in Definition 2.7.1. If 9My(Mq, Py) is isomorphic to
ml(Mz,Pg), then am, (Pl) = O[MZ(PQ).

(2) If s > 3 and if M is as in Definition 2.7.1, then M is not 1-curvature
homogeneous.

The case s = 2 is exceptional in many ways. We shall derive the follow-
ing consequences of Theorem 2.7.2:

Corollary 2.7.1 Let M be as in Definition 2.7.1 where s = 2.

(1) The following assertions are equivalent:

a) M is 1-curvature homogeneous.
(a) g
) KV = = -4
(c) M is homogeneous.
(2) Let fi(u;) = —%u? define 8. The following conditions are equivalent:
(a) M is isometric to S.
(b) M is a symmetric space.

(c) ) = fPt) = —at.

We conclude our discussion of these manifolds in Section 2.7.4 by estab-
lishing the following result concerning the spectral geometry of this family:

Theorem 2.7.3 Let M be as in Definition 2.7.1.
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(1) M is Jordan Osserman of type (a,b) if and only if
(a,b) = (0,k) or (a,b) = (2s,s — k) for 1 <k <s or
(a,b) = (k,0) or (a,b) = (2s — k,s) for s +2 < k < 2s.

(2) M is spacelike Jordan Ivanov—Petrova of rank 4.

M is not timelike Jordan Ivanov—Petrova.

(8) M is spacelike k-Stanilov if and only if 2 < k < s.

M is timelike k-Stanilov if and only if k = 2s.

We remark that since M has vanishing Ricci tensor, similar assertions
hold if we replace the words “Osserman” by “conformal Osserman”, or if
we replace the words “Ivanov—Petrova” by “conformal Ivanov—Petrova”, or
if we replace the words “Stanilov” by “conformal Stanilov”. We also note
that it is possible to show that M is not Jordan Stanilov of type (a,b) for
1<a<2sand1<b<swhere2<a-+b<3s—1. We omit details in the
interests of brevity.

2.7.1 The curvature tensor

Proof of Lemma 2.7.1. Let i # j. The non-zero Christoffel symbols are:
(va 6uluau1) = _6u1 (fl) - tiu

9(Vo,,0u;,0u;) = Ou; (f5) + 15,

9(Va,,0u;,0u;) = 9(Va,, Ou,, 0u,) = =0, (f;) — t,
9(Va, 3u1,3t1) = Ui

9(Va,, 0;,0u,) = 9(Va, Ou;, Ou;) = —ui,

9(Va,, 5%7315]) = uj,

9(Va, O, 0u) = g(Vatj Ou; s Ou;) = —Uj.

Consequently, the non-zero covariant derivatives are given by:

Vauiauiz ( uq(fz)'f't 6v7+z Uk fk +tk Vi Zukatka
k#i

v8ui auj = _(8uj (f]) + tj)aqu - (6uz(f1) + ti) v (2.7.&)
Vaui 6,51. = Vati 61“ = —uiavi, and Vaui 6tj = Vatj 61“ = —u]'(r“)vi .

Since f; = fi(u;), the covariant derivative has the required triangular form
relative to the ordering of the variables (u1, ..., us, €1, ..., ts, v1, ..., Us). Thus
M is a generalized plane wave manifold.
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It is immediate from Eq. (2.7.a) that R(£1,€2)&s = 0 if any of the &,
belong to V, or if at least two of the variables belong to Span{d;,}. Also
R(Ou; s Ou; )Ou,, = 0 if the indices {1, j, k} are distinct. Thus the only curva-
tures that can be non-zero are R(y, , Ou;, Ou;, Ou;) and R(Oy,, Ou;, Ou;, Oy, )-

In contrast to previous examples that have been studied, the Christoffel
symbols play a crucial role in the computation of the curvature tensor and
of VR; the interaction term — >, ug0y, in Vg, 0y, is in many ways the
crucial term. Assertions (la) and (1b) of Lemma 2.7.1 follow from the
computation for ¢ £ j that:

vaui vauj 8“;[ = 8431 (fl)avz - ati + |u|2aviv
VBuj v(’?ul 6“]’ = _85/] (f])avz Y
R(auwaﬂj )au] = {difl + 63] fj + |u|2}8vz - 8&; .

We have similarly that Ve, R(£2,63) = 0 if at least one of the ¢;
belongs to 7 + V. Since 0,,0,,F = 0 for i # j, we establish Assertions (1c)
and (1d) of Lemma 2.7.1 by showing that the only non-zero components of
VR are given for i # j by:

VR(auz ’ 871]‘ ’ 8uj ’ 8“17 8uz)
= aulR(aul ) an ) an ) a’u,l) - 2R(v8ul aul ) 8’u,j ) 8’u,j ) aul)
- 2R(8u1; VBW 8Uj ) 8Uj ) 8’u.7_)
=03 (fi) +2ui + 2R ukdy,, 0u,, 0y, 0u,) = 05 (fi) + 4u;
k

and for {7, j, k} distinct by:
VR(auz ) auj ) 8uj ) 8uk ; 8%) = _R(vaui 8u7. ) auj ) 8uj ) 871;@)

= R(Z Ulate 5 au]‘ ) au]‘ ) 8uk) = Uk -
4

We use Assertion (1la) of Lemma 2.7.1 to see that

ROUCT +V, JOUCT +V,

R(T CV, JHOT CV,

R()VY = {0}, J()Y ={0}.
Assertion (2) of Lemma 2.7.1 now follows; Assertion (3) is immediate from
Assertion (1) as only the term R(Oy,;,0y;,0u,,0;,) = 1 is needed for the
argument. Assertion (4) now follows from Lemma 2.2.2 and the discussion
given above. O
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2.7.2 Curvature homogeneity

We consider the following models:

Definition 2.7.2 Let {U,...,U, Ty, ..., T5} be a basis for R?*. Set
T := Span{T;} .

Let M, := (R?*, A) be the weak 0-model where the non-zero components
of A are given by

A([ji,Uj,Uj,Ti) =1 for Z;é.]

Definition 2.7.3 Let {Uy,...,Us, T1, ..., Ts, Vi, ..., Vs } be a basis for R3*,
Let Mg := (R3, (-, -), A) be the 0-model where the non-zero components of
(-,-) are given by:

(Ui, Vi) = (Vi, Uy) =1, (T;,T3) == —1,
and the non-zero components of A are given by:
A(Ui,Uj,Uj,Ti) =1 for Z;é.]

Note that if 7 is the natural projection from R3* to R?® which is defined
by 7(U;) := U;, ©(T;) := T;, and 7(V;) = 0, then

TrTA=A.
Lemma 2.7.2

(1) Let v, € R?*. Suppose there is 0 # vo € R?® so A(vy, Vo, Wy, W) = 0
and A(vy, 1wy, W, U2) = 0 for all wy,ws € R?*. Then v, € T.

(2) If ¢ is an isomorphism of My , then ¢T C T.

(8) My is indecomposable.

(4) My is indecomposable.

(5) My is a 0-model for any manifold M as in Definition 2.7.1.

Proof. Let 97 € R?*. Suppose there exists a non-zero vector vy € R?®
so that A(@l,ﬁg, ﬂ)l,ﬂ}z) =0 and A(’Ul,’lf}l, Wa, ’172) = 0 for all wy,wy € R2s.
Expand

0 = Z(aiUi +b,T;) and vy = Z(Ciﬁi +d;T;).

A i
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Suppose ©; ¢ T; we argue for a contradiction. Since v; ¢ T, a; # 0 for
some 7; without loss of generality we may suppose a1 # 0. Let ¢ # 1. Then

0
0

A(v1,U;, Th, 02) = —arcy,

A(’Dl, Ui,Ti, 2) = Zajcj .
i#£]

<3

Consequently ajc; = Zi# ajc; = 0. Since a1 # 0, ¢; = 0 for ¢ # 1. Thus
0= Z#j ajc; = aycy. Since a1 # 0, ¢; = 0. This shows

Oy =diTh + ... + dTs .

We may therefore compute

Il
b

S

2 Ui; [71) = ald’ia
,’Ug) = Z ajd; .

J#i
Thus 0 = ai1d; = Z#iajdj. Since a; # 0, d; = 0 for ¢ # 1. Since
then Z#i a;d; = aidi, we also have d; = 0. This implies v = 0; this
contradiction establishes Assertion (1). Since Assertion (1) gives a basis
free definition of 7, Assertion (2) follows.

Suppose we have a non-trivial decomposition R?* = V! @ V2 which
induces a decomposition A = A! @ A%. Choose 0 # o € V. We then have

1

(
A

1

SI

0
0

1]

1,Yi,

A(T}l,@Q,m,nZ) = A(515n15n2752) =0 Vv ;i € R2S .

This implies #' € 7 so V! € 7. Similarly V2 C 7 and thus R?* € 7 which
is false. Assertion (3) follows. Assertion (4) follows from Lemma 1.6.4,
from Assertion (3), and from the observation that ker(A) = Span{V;} is
totally isotropic.

Fix P € R3%. Let ¢; and o; be constants to be specified presently. Set

U; := 0y, +€i0, + 0i0y,, Ti: =0 +¢€:0,,, and V,:=0,,.
Let @ # j. Since g(U;, T;) = €; — €; = 0, the possibly non-zero entries of g
and R are given by
g(Uiv UZ) = g(auwaul) - 512 + 20i,
9(T:,T;) = =1, g(Us,V;) =1,
R(Ui,Uj,Uj,Ti) = 1, and
R(U;, U;, U, Up) = 02 f; + 02 f; + [uf® + 265 + 2¢; .
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We set
gi=—307f; — +lul* and ;= 2{e — g(Ou,,0u,)} -

This ensures that ¢(U;,U;) = 0 and R(U;,U;,U;,U;) = 0 and establishes
the existence of a basis with the normalizations of Definition 2.7.3. This
shows that Mg is a 0-model for M. O

Proof of Theorem 2.7.1. By Lemma 2.7.2, 9 is a 0-model for M. By
Lemma 2.7.2, 91y is indecomposable. g

2.7.3 Local isometry invariants

These manifolds are generalized plane wave manifolds; thus once again, we
must find local invariants which are not of Weyl type.

Let O(s) C Ms(R) be the usual orthogonal group of s x s matrices;
kij € O(s) if and only if Y, kixkjr = ;5. Let G(My) be the isomorphism
group of the 0-model M. Define a degenerate positive semi-definite form
h on R?* whose only non-zero components are

h(Ul, UJ) = (Sij .
Lemma 2.7.3  Let My = (R3¢, (-,-), A) be as in Definition 2.7.3.

(1) ¥ € GMy) if and only if there exists k € O(s) so that

K 0 0
(IR * K 0
* * K

(2) If p € G(My), then v*h = h.

(3) Let My := (R3* (-,-), A, A1) where Ay is a covariant derivative cur-
vature tensor with A(&1,&2,83,84;85) = 0 if any entry &, belongs to
Span{T;, V;}. Set

aam, = Z {Al (Ui1 ) Uiza Uia? Ui4; is)}2 :

11,22,13,%4,5

Then Qgyy, s an invariant of M.
(4) Let o be a spacelike or timelike k-plane in R3S. There exists 1 € G(My)
and an orthonormal basis {X1, ..., X} for o so that X; = a;U;+T +V.
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Proof. Let ¢ € G(My). The following subspaces are invariantly defined
and are preserved by :

ker(R) L= {77 € RBS : A(<17<27<35n) =0 for all C17<27<3 € RB}
= Span{‘/lv ) ‘/S}a
ker(R)® : = {n € R : (1,¢) = 0 for all ¢ € ker(R)}
= Span{Tl, ...,TS, Vl, veey ‘/s} .
Since V; € ker(R), ¥V; € ker(R); since T; € ker(R)*, ¥T; € ker(R)*. Thus
YU; = Z{m,ijUj + k25T + K305V}
J
UT =Y {kai Ty +r5iVi} and oV, =Y iV
J J
We verify that k4 € O(s) by checking
—0ij = (T3, ¢Tj) ZIM ikka i (T, Ty) = ZIM kK4, jk -
Kyl

If k € O(s), define ¢, = K& K D Kk by
Ui = kiU, uTii=> kT eVi= > kiV;
J J J

Clearly ¢, € G(9My). By replacing the original isomorphism v by ¢RZ1¢,
we may suppose that k4 = id in the proof of the Lemma. Consequently we
may assume without loss of generality

Z/JU Z{Kl 1] +K32 1]T + K3 1]V}
I =T + Z k543 Vj, and YV, = Z K6,ij Vj
J J

We wish to show k1 = id. Suppose s = 2. We compute:

R(YUr,9Usz, pUs, YT1) =
R(WU, YUz, T, 9Uy) =
R(YUy,¢Usz, pUs, YT1) =
R(YUr, Uz, T, Uy ) =

From this it follows that k12 = k21 = 0 and k11 = k22. Consequently
k3, =1 and k1 = id as desired.

K1,11K1,22 — K1,12K1,21)K1,22,

K1,11R1,22 — R1,12K1,21 )R1,11,

)

)
R1,11K1,22 — K1,12R1 21)51,127

)

~ o~ o~ o~

1
1
0
0

K1,11K1,22 — K1,12K1,21)K1,21 -
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Suppose that s > 3. Fix 5. We have

dim {Span;_, {Ux}} = s — 1,

dim {Spany,_;.; << {VUk, Ty, pVe}} > 35 — 1,

dim {{Spany_;{Ux} N Span_;.1 << {0Ux, ¥Tp, ¥Vi} }

>(s—1)+(3s—1)—3s=5—-2>0.
Thus we may choose
0 # u € Spany_.; {Ux} N Spany, 4.1 << AUk, Y10, Vi } .
Since u € Spank;ﬁj;lgzgs{w[]k,’lz)Tg, 1/)%},
= A(’(ﬂUZ, u,u, ¢T]) .

Expand u =37, exUs. As T =T + 3} k5,35 Vi, We may compute

AWU;, u,u, Y T)) Zm kU, Y ala, Y Ui, T

a#j b#j
§ : 2
= Ki,ij Eq-
aj

This shows x1,;; = 0 for ¢ # j so 1 is diagonal. Since

= AWU;, YU;, YU;,¢T;) = K1,4K1,5j K155
= AWU;, YU;, YU;, YT5) = K1,jjK1,6iK1,4,

K1, = 1 as desired. We use the identity (¥U;,¢¥V;) = d;; to see kg = id as
well. This completes the proof of Assertion (1) of Lemma 2.7.3.

Assertion (2) is now immediate from Assertion (1).

Let R® := R3*/ker(R)* and let 7 : R®* — R® be the associated pro-
jection; R® = Span{nU,}. Define a positive definite inner product i on R*
by

h(TrUi,TFUj) = (Sij .

Any isomorphism of 9 preserves ker(R) and induces, by Assertion (2),
an isometry of (R®, h). Let A; satisfy the hypotheses of Assertion (3).
Then there is an algebraic covariant derivative curvature tensor A; on R®
so m*A; = A;. Assertion (3) follows since

ag, = [l 41]ff -
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Let o be a spacelike (respectively timelike) k-plane. Then (-, -) is definite
on 0. We can diagonalize h with respect to (-,-) to choose an orthonormal
basis X; for o so that for <i,j < k one has:

h(TFXi,TFXj) = a?éij .

Since {a; 'mX;}q,20 forms an orthonormal set in (R, k), we may choose
k € O(s) so that

krX; = a;wU; for 1<i<k.
We take ¢ = 1,; to establish Assertion (4) of Lemma 2.7.3. O

Proof of Theorem 2.7.2. Assertion (1) of Theorem 2.7.2 is an immediate
consequence of Lemma 2.7.1 and of Lemma 2.7.3.

Suppose that s > 3. If M is 1-curvature homogeneous, then a = ¢ must
be constant. We may estimate:

U = VR(Ouy, Ouyy Ousyy Oug; Oug)* < tpq = cC.

Since up is not bounded, such an estimate is impossible. Thus M is not
1-curvature homogeneous. Assertion (2) of Theorem 2.7.2 follows. O

Remark 2.7.1 We can construct additional invariants of the metric by
considering the norms of higher order covariant derivatives of the curvature
tensor by setting

g = > R(OY, 0%, 0%, 05 0% ..., 0% ).

117 Y199 Y139 Yigr Yy o Vg
11,12,13,44,]15--,Jk
Proof of Corollary 2.7.1. Let M be as in Definition 2.7.1 where s = 2.
We have

M = p {(ffg)(ul) +dun)? + (7 (u2) + 4U2)2}

where p is a suitable positive integer that plays no role in the analysis.
Suppose that M is 1-curvature homogeneous. Then «aq is constant. This
implies fi(g)(ui) + 4u; = a; or equivalently that fi(4) = —4 fori=1,2.
On the other hand, if this condition is satisfied, then M is l-curvature
homogeneous since the extra terms of Lemma 2.7.1 (1d) do not appear
when s = 2. Since V2R = 0, M is oo-curvature homogeneous. The metric
is polynomial and hence real analytic. Thus Theorem 2.2.2 may be applied
to see M is homogeneous. Clearly if M is homogeneous, it is 1-curvature
homogeneous. Assertion (1) now follows.
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Let S be defined by taking f;(u;) = —%uf’ If M is isometric to S, then
S is a symmetric space by Theorem 2.7.1. If M is a symmetric space, then
necessarily VR = 0 and hence a = 0. If o = 0, then Y~ {93 (fi)+4u;}* =0.
This implies each term vanishes separately and hence fi(g)(ul-) +4u; = 0 for
all ¢. Finally, if this condition is satisfied, then VR = 0 since the extra terms
of Lemma 2.7.1 (1d) do not appear. By Theorem 2.7.1 the 0-model and the
0-model of S are isomorphic. Since VR = 0, this isomorphism induces an
isomorphism of the co-models. Since f; is a cubic polynomial, the metric is
real analytic. Thus Theorem 2.2.2 yields the desired isomorphism between
M and S. This establishes Assertion (2). O

2.7.4 The spectral geometry of the curvature tensor

Proof of Theorem 2.7.3 (1). By Lemma 2.7.2, it suffices to establish
the corresponding assertions for the 0-model M. By Theorem 1.9.2, My
is Jordan Osserman of type (a,b) if and only if My is Jordan Osserman of
type (2s — a,s — b). We shall study the cases (k,0) and (0, k) separately.
This analysis also deals with the cases (2s — k, s) and (2s,s — k). We will
then study the cases (a,b) for 1 <a<2s—1land 1 <b<s-—1.

Let o be a spacelike k-plane where 1 < k < s. We apply Lemma 2.7.3.
By replacing ¢ by ©¥o where v is an isomorphism of the 0-model Mg, we
may assume without loss of generality that o has an orthonormal basis
{X1, ..., X} where

Xi=a;U; +T+V for 1<i<k.

Since o is spacelike, dim{mo} = k. Thus the a; are all non-zero.
Suppose k = 1. We have {X1,Us,...,Us, T4, ..., Ts, Vi, ..., Vs } is a basis
for R3*. Furthermore
j(Xl)Xl = 0, j(Xl)UZ = —a%T% for 1 Z 27
j(Xl)Tl = 07 j(Xl)TZ = a%Vl for 1 Z 27
J(Xl)Vlz(), j(Xl)Vl:O for ’LZQ
This shows that J(X1)3 =0,
Rank{7(X;)} =2s—2 and Rank{J(X;)?}=s5-1.

This determines the Jordan normal form of J(X;) and shows that 9 is
spacelike Jordan Osserman, or equivalently Jordan Osserman of type (0, 1).
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Next, we suppose that k£ > 2. We have

We may express

J@U; ==Y aTi+V, J@T==Y aV;, I
i#£] i£j

Since k > 2, one has that >, a? # 0. We have J (m)* = 0 while
Rank{7(m)} =2s and Rank{J(n)?}=s.

Thus 9 is spacelike Jordan Osserman of type (k,0) for 2 < k < s as well.

Let o be a timelike k-plane. Let £(7) := dim{no} where 7 : R3* — R® is
the projection defined in the proof of Lemma 2.7.3. We use Lemma 2.7.3 to
see that after replacing o by go where g € G(9y), we may assume without
loss of generality that we have chosen an orthonormal basis {X;} for o of
the form

Xi=a;U; +T + V.

Furthermore, the number of indices 7 with a; # 0 is equal to £. The calcu-
lations above show that J(7)3 = 0 while

0 if (=0,
Rank{J(m)} ={ 2s—2 if (=1,
2s it (>2,
0 if (=0,
Rank{J(7)*}={s—1 if (=1,
s if /¢

If 1 < k < s, we can choose o; € Gryo(R3®) so that £(o;) = 1 and
£(o2) = 0. Thus My is not Jordan Osserman of type (k,0). If k = s+ 1, we
can choose o; € Gry o(R3®) so that £(c1) = 2 and £(02) = 1. Thus My is
not Jordan Osserman of type (s +1,0). If K > s+ 2 and if 0 € Gry o(R?%),
then (o) > 2 and hence the Jordan normal form is constant. This proves
My is Jordan Osserman of type (k,0) for k > s + 2.

We complete the proof of Assertion (1) of Theorem 2.7.3 by showing 9t
is not Jordan Osserman of type (a,b) if 1 <a<s—1and1<b<2s—1.
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The following orthonormal set contains s — 2 spacelike and 2s — 2 timelike
vectors:

{(Us + V) /V2, ..., (Us + V) /V2,
(Us = V3) /N2, ..., (Us = Vi) /N2, T, ..., T}

Choose a subcollection {es, ..., €445} S0 that a—1 of these vectors are space-
like and b — 1 of these vectors are timelike. Let

o1 := Span{es, ..., €qa1b},
eis = (EUl + Eilvl)/\/iv e;g = (QUQ - Qil%)/ﬁv
o(e, 0) := Span{efa, 62_76} Doy.

We then have J(01) = Y, a;J(U;) where a; = 0,4+1. We compute:

(Zj;él aj — Q2)T1 lf ’L = 17
j(O’)Ui = — (Z]#Q Qa; =+ 52)T2 if 1= 27
(D a5 + e2 - T, if >3,

(a5 — )N if =1,
j(o)Tl = (Zj;£2 aj—|—£2)V2 if = s
(Cjpiaj+e* =)V if >3,

JeWVi= 0.

If s > 3, then we can take ¢ = 3. Since Zj# a; + €2 — 0 has non-trivial
zeros and at these zeros the rank of J drops, My is not Jordan Osserman
of type (a,b).

We are left with the cases s = 2 and (a,b) = (1,1) or (a,b) = (1,2).
These cases are dual; thus by Theorem 1.9.2, we may assume without loss
of generality that (a,b) = (1,1). We let

o1 = Span{(U1 + V1)/V2, (U1 — V1)/V2},
09 = Span{(Ul + Vl)/\/§7 Tl} .

We then have J(o1) = 0 and J(02) # 0. Thus My is not Jordan Osserman
of type (1,1). O

Proof of Theorem 2.7.3 (2). We must show 9y is spacelike Jordan
Ivanov—Petrova of rank 4, but not timelike Jordan Ivanov—Petrova. Let w
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be an oriented spacelike 2-plane. We apply Lemma 2.7.3 to renormalize 7
so there exists an orthonormal basis for 7 so that m = Span{X;, X5} where

Xi=U1+T+V and Xo=Us+T+V.

Thus one has that:

R(m) : Uy —»To+V, R(m) : Ty — —Va,
R(m) : U — -Th +V, R(m) : To — V4, (2.7.b)
R(m) : Uy — Span{Vq, Va}, R(m):T; — 0.

Consequently,
Rank(A(m)) =4, Rank(A(m)?)=2, and Rank(A(7)*)=0.

Thus the Jordan normal form of A(7) is independent of the particular
spacelike 2-plane 7 chosen so 9 is spacelike Ivanov—Petrova rank 4.

To show that 9y is not timelike Ivanov—Petrova, we consider the fol-
lowing timelike 2-planes:

m = Span{Ty,To} and mg := Span{(U; — V1), (Uz — V2)}.
Since A(m) = 0 and A(m2) # 0, My is not timelike Ivanov—Petrova. O

Proof of Theorem 2.7.3 (8). We recall the definition of the Stanilov op-
erator © from Section 1.8.1. Let {ey, ..., ex} be a basis for a non-degenerate
plane 7. Let ¢;; := (e;, e;). The Stanilov operator is defined by setting:

O(r) = Z 79" R(ei,er)Riej, er) .
3,5,k

Thus by Lemma 2.7.1, ©(7)? = 0. Since O(r)(7 + V) = 0, the Jordan
normal form of ©(r) is determined by

dim{O©(r)(U)} .

We first show 9y is Jordan Stanilov of type (0,k) for 2 < k <s. Let ¢
be a spacelike k-plane. We apply Lemma 2.7.3 to normalize o so that we
may choose an orthonormal basis {X;} for 7 so

Xi=a;U; +T+V for 1<i<k.
Let 1 <1i,5 < k. We use Eq. (2.7.b) to see that:

afa?Vg if £ =14,7,
0 otherwise.

A(Xi, X;)2U, = {
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Since O(m) = 37, ; A(X, X;)? =Y, a2a2A(U;,Uj)?, we show My is k-

4, "1
spacelike Jordan Stanilov by computing:

i 1cicr a2a?V; if i <k,
o(mU; = JF6L1Sj<k T
() {0 if k+1<i<s.

Suppose that 7 is a timelike k-plane. Let £(7) be the rank of the bilin-
ear form h restricted to 7 as discussed in the proof of Lemma 2.7.3. We
apply Lemma 2.7.3 to assume without loss of generality there exists an
orthonormal basis for 7 so

where a; # 0 for 1 <14 < /. Since
¢ ¢
O(r) = > aiai AU, U))>,
i=1 j=1

one has that
Rank{O(m)} =¢.

If m € Gras o(R3%), then /(7r) = s and hence 9 is Jordan Stanilov of type
(25,0). Since ¢ is not constant on Grg o(R3%) for 2 < k < 2s, My is not
Jordan Stanilov of type (k,0) for 2 < k < 2s. O

2.8 Dunn Manifolds

We shall omit the proofs of most of the assertions in this section and content
ourselves here for the most part with a summary of the relevant results;
further details are available from Dunn (2006).

Definition 2.8.1 Let the index i range from 1 through s. Let ¢; = +1
be a choice of signs and let f; € C®°(R). Let {ug, ..., Us, V0, vy Vs, t1, ooy ts }
be coordinates on R**™2. Let M := (R3**2 g) where

g(auoaaul) = 2fl(ul)tla g(aunam) = _2u0tia
g(auiaavi):g(aumavo) =1, g(ati5ati) =&

Assume that there are a of the ¢; which are +1 and b of the ¢; which are
—1; one has that a4+ b = s.
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Let Al(n) be the group of invertible affine linear maps of R™.
Lemma 2.8.1 Let M be as in Definition 2.8.1.

(1) M is a generalized plane wave manifold of signature (s+1+a, s+1+D).
(2) The possibly non-zero entries in V¥R are

(a) R<auovauwauwauo) = fi(ui)25i'
(b) R(auovauwauwati) = fz/(uz) +1.
(¢) VR(Ouy, Ouys Ouys Oug; Ou;) = 2fi(us)ei(2f] (ui) + 1).
(d) VR(Oug,Ou;, Ouis Oty Ou;) = fi' (wi).
(e) V2R(auov6umauzaat“auwauz) —f3)( i)
(f) V2R(au07 6“1'7 auz ) au()’ 6“1'7 8’“1)
= 2¢; [2(f](wi))? + f](wi) + 3fi(wi) ] (wi)].
(9) For arbitrary ¢, we have

VKR(auoa 611,1'7 6umati;6um ey 611,1) = f(€+1)(ui) .

(8) If fi(u;) =0, or fi(u;) = —%ui + a; where a; s a constant, then M is
a symmetric space.

(4) Suppose that f{ +1 # 0. Let ¢ be an isometry of M. There exists
Ay € Al(s + 1), a smooth map Ag : Rt — Al(s + 1), and a smooth
map Az : R*T2 — Al(s) so that

$(@, £, 0) = (Aril, Ao ()E, A3(a@, T )7) .
Proof. The Christoffel symbols are given by:

Vo,,0u; = Va, Ouy = —ti0y, — fi(ui)€;0y,,

&)
Vauia . = (2f{(uz) + 1)t-8v0 + ’U,()Eiati,
Vauo at Vat f’L (u’L) Vi)

vﬁui ati = v(?ti auw = fi (ui)avo - U’Oavi .
We see that M is a generalized plane wave manifold relative to the ordering
{Ougs s Ouys Ovgs ey Qv s Oty y oo, Ot } -

Assertions (2) and (3) now follow easily.
To prove Assertion (4), we suppose f/(u;) +1 # 0. We apply Lemma
2.2.2. Let

X :=Span{d,,}, Y :=Span{d:,}, Z :=Span{0,,}.
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We then have
Vauié?uj eYy+ Z, Vatiatj EZ,Vaviavj =0.
We also have Z = ker(R) and Y+ Z = Z1. Thus both these subspaces are

preserved by any isometry. Assertion (4) follows. O

2.8.1 Models and the structure groups

Let {Uy,...,Us, Vo, ..., Vs, T1, ..., T} be a basis for R***2, We consider the
0-model My := (R35+2,(-,-), Ag) where

<UZ,‘/1> = 17 <T17Tz> = &4, Ao(Uo, Ui, U“TZ) = 1 .

The following subspaces are invariantly defined and hence are necessarily
preserved by any isomorphism of 9y:

K:={{eV:Ay(&1,&,8,8) =0V &} = Span{Vp, ..., Vi},
K+ = Span{Ty, ..., Ts, Vo, ..., Vs } .
Assume f/ +1#0for 1 <i<s. Set

S

. N2 gt
im0 | s (a0 e ongr - BEIEY)

— [(fi+1)? IS
s £(3) /

@;Z% it f7#£0 for 1<i<s.
1=1 2

Theorem 2.8.1  Assume that fl/(u;) +1#0 for 1 <i<s. Let s > 2.

(1) My is a 0-model for Mp.
(2) If © is an isomorphism of My, then there exists a permutation o of the
indices {1, ..., s} and constants ag, b; with |ag|b? =1 so that

OUy = aglUp + Zo for some Eg € K,
OU; = bU, ) + Zs for some Z; € K1,
oT; = Sign(ao)Tg(i) + 5 for some E,ek.

(3) 2 is an invariant of Ma(Mp, P).
(4) If fI' #0 for 1 <i<s, then B2 is an invariant of Ma(Mp, P).
(5) If fI' #0 for 1 <i<s then Mp is not 2-curvature homogeneous.
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Proof. Assume f;(u;) +1# 0 for 1 <14 <k. To prove Assertion (1), set

U = 0uy + 23 0;0;, Ui :=b;0u, + BiOu, + Bi0u,
T; := K0, + iOy,, Vo := Oy, (2.8.a)
Vi =10b;'0,,.

The potentially non-zero curvatures are then:

R(Uo, Us, Ui, Uo) = b7{ fi(uwi)?es + 2ai(f] (ui) + 1)},
R(UQ, Ui7 UlaTl) = b%(le(ul) + 1)57;:‘?/1' .

To ensure that R(Uy, U;,U;,Up) = 0 and R(Uy, U;,U;, T;) = +1, we set

@ = — fi(ui)?es
v 2(f](ui)+1)?
ki o= eisign(fi(ui) + 1), (2.8.b)

b = |fl(ui) +1|71/2.
The potentially non-zero inner products are

(Uo, Vo) =1, (Uo, T;) = Kia; + i,
(U07 UZ) = bigF(auoaaui) + ﬂiv (THTZ) = 17
(Ui, Ui) = b29p(0u,, Ou,) + 2biBi, (Ui, Vi) = 1.

We complete the proof of the Assertion (1) by setting:

Vi = —Riai, Bi = =bigr(Oug, Ou, )
Bi = _%ngF(aunaul) :

It will be convenient to compute VR and V2R on the basis constructed
above. We use Eqgs. (2.8.a) and (2.8.b) to see

VR(Uy, U;, Ui, Up; Us)

= VR | Ouy + Y aj0h,,0:00,,0:0u,, 0uy + > _ 00,3 bi,
J J
= b? [VR(au07 611,1 ) aul b) 6’[1,0 7 aul) + QGZVR(auo ) aul b) 6’[1,17 6t1 7 aul )]

.
|fl+1)73/2 [zfiai@f; +1)- e f{’}
- (fiﬁ [22f + 1)(fl + 1) — fif!]
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and

VR(Uo, Us, Ui, Ty; Uy)
R(Ouo + Y aj0r;, biOu,, bidu,, 0y, bidu,)
J
@

— }3 " _ i, R
= bikif! = i

We also have that

V2R(Uy, U, U;, Si; U, U;)
= V2R(8uO + Zj aj(f?tj , bzaul , bzaul , Kiati ] bzaul 5 bzaul)

= b;l’lﬁVQR(auo ’ 8711 I 8“1 ) ati ; 8711 I 8“1) = Hifi(g) (fz/ + 1)72

and that

V2R(Uy, U;, U;, Uy; U;, U;)

= VZR((?uO + Zj ajat]. s blaul s blaul s 8u0 =+ Ej ajat]. ; blaul , blaul)

= b4 [V2R(8u07 8’“1 3 aul 9 8’U.o ) aul 9 871«1)
+2Q1V2R(au07 8’u.I 5 au1 ) 875 8uz ’ 8“1)]

= b} {2&- (20 + f’ 35 f0) — Ve (fl + 1)

si(fi + )2 {4l +2f] + 6fif) = (F)*F"(Fi + 1)}

To prove the Assertion (2), we note OT; € K. We expand:

OUy = agUp + Ej(bOjUj + do; Tj) + K,
oT; = Zj fijTj + IC,
@UZ = aiUo + Zj bijUj + ’CL .

For any &;1,& € V, we have that:
0= AO(glv UOv UOa 52) = AO(egla ®U07 @an 652) .
Choose &; so & = Uy and O& = T;. We then have

0 = Ag(Up, ©Uq, OU,, T;) = b; -

Consequently by; = 0. We have OK =K. As 1 = (Uy, Vp) =
as OUy = agUy + K+, and as OV} € K, ag # 0. Choosing O¢; =

in Eq. (2.8.g) we have:

0= AQ(Ui, @Uo, @Uo, Uz) = 2a0d0j .

153

(2.8.¢)

(2.8.d)

(2.8.€)

(2.8.1)

<®U05 6‘/0>7
Oy = U
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Since ag # 0, doj = 0 so Eq. (2.8.f) becomes

OUy =agUp + K, OT; = Z fijTj + K,
J

@UZ = aiUo + ZbZJUJ + ICJ' .
J

Since ©V; € K, the matrix b;; is invertible. Suppose b;; # 0. Choose &;
so ©&; = Tj. Since s > 2, we may choose 1 < k < s with k # 4. Thus

0 = Ag(Uo, Us, Ug, &1) = Ag(OUy, OU;, OU, ©&1) = aob;jby; .

Thus if b;; # 0, by; = 0 for ¢ # k. So in the matrix b;;, each column has
at most one non-zero entry. Since the matrix b;; is invertible, each column
has exactly one non-zero entry. So one has:

OUy = agllp + K, OT;=>_ fi;T; + K,
J

OU; = a;Uy + biUyq) + KT

The relation §;; = Ao(OUy, OU;, OU;, OT;) shows f;; = 0 for j # o(i).
Since ©T} is a unit vector, this coefficient is =1. Thus

OUs = aglp + K, OT; = T, + K, OU; = a;U + biUyq) + K-
Since 1 = Ay(OU,, OU;, OU;, ©T;), we have
+blag=1.
Finally given 1 < j < s, we may choose 1 <i < ssoi#j. As
0= Ay(6U,;,0U;,0U;,0T;)
we have a;b; = 0 and hence a; = 0. Assertion (2) follows as we have
lao|b? =1 and ©OT; = sign(ao)T, ;) -

To establish Assertion (3), we use Egs. (2.8.d) and (2.8.e) to see

Yo = Z V2R(Uo, U;, Ui, Uo; Ui, Us)

=1
If © is an isomorphism of My, then Assertion (3) now yields
V2R(0U,, OU;, QU;, OUy; OU;, OU;)
= agbiV?R(Uo, Us(iys Us(iy, Uos Usiy, Us(iy) -
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Since a2b} = 1, summing over i shows 3 is an invariant of the 2-model.
To prove Assertion (4), we use Eq. (2.8.¢) to see that

V2R(U,,U;,U;, T;;U;, U
5222 (U0, U;, U, T5; U; )

(VR(U(Jv 7UJ7 ],U]))

l\?b

j=1

The proof that this is independent of the normalized basis chosen and hence
is an invariant of the 2-model now follows along similar lines as that used
to prove Assertion (4).

Assertion (5) now follows from Assertions (3) and (4) with a bit of
work; there are no functions f; with f/ +1 # 0, f/’ # 0, v2 constant, and
B2 constant. We refer to Dunn (2006) for further details. O

2.8.2 Inwvariants which are not of Weyl type

Theorem 2.8.1 gives information about the structure group of the 0-model
My that can be used to define other invariants which are not of Weyl type.
Let RP*™! denote the projective space of real lines in R®. The symmetric
group acts on RP*~! by permuting the coordinates of R®. Let SRP*™! be the
quotient of RP*~! under this group action and let 7 : R® — {0} — SRP*~*
be the natural projection. Extend

m:R® — SRP* U {x}
by setting 7(0) = . Let
: W(VR(U(), Ul, U1, Tl; Ul), ey VR(UQ, Us, Us, TS; US))
(A L+ D72 i+ 1)72) e SRPTTHU (),
W(VR(UQ, Ul, U1, Uo; Ul), ey VR(U(), US, Us, Uo; Us))

= m(fier(f{ + D)72QEMA + V(L + 1) = ffi),...
Tt QRS DL+ 1) = fof) € SRPTTU {5}

r
Fol

There is a unique line T := (1,...,1) - R € RP*"! which is fixed by the
action of the symmetric group. If T' # 0 (respectively if 'y # 0), then we
can take the cosine of the angle between I'-R (respectively 'y - R) and I to
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define

17
X G
= - and
()2
Va2 e
Y, Wp@f{ +1)(f{+1) = fif!]

VoS [t laes + 07+ 1 - 7]

(1]

=0 =

We set 2 = % if I' = {0} and we set =g = x if 'y = {0}. The following
result now follows from Theorem 2.8.1 and from the discussion given above;
again, we refer to Dunn (2006) for further details:

Theorem 2.8.2 Suppose f! +1#0. Then T, Ty, E, and Zy are invari-
ants of My (Mp).

2.9 k-Curvature Homogeneous Manifolds I

We shall follow the discussion in Gilkey and Nikéevié (2004d) through-
out this section. We recall that by Theorem 1.4.2, there exists an integer
kp,q, which is called the Singer number, so that if M is a complete simply
connected pseudo-Riemannian manifold of signature (p,¢) which is kyp o-
curvature homogeneous, then M is homogeneous. The following result
provides a lower bound if min(p, q) > 3; the case where min(p, ¢) = 2 was
dealt with in Section 2.3, see Theorem 2.3.7 for details.

Theorem 2.9.1 Let r :=min(p,q) > 3. Then ky 4 > 1.

This section contains a number of other results which are of independent
interest and which play a role in the proof of Theorem 2.9.1. Let ¢ > 0.
We shall construct a family of generalized plane wave Fiedler manifolds of
signature (£ + 3, ¢+ 3) so that certain manifolds in this family are (¢ + 2)-
curvature homogeneous but are not (¢ 4+ 3)-affine curvature homogeneous.
These manifolds are 0-modeled on a decomposable symmetric space Ny
and are i-modeled on a homogeneous space N; for 1 < i < £+ 2. The
homogeneous spaces N; are j-modeled on N for j < i but not j-modeled
on Nj for j > i. This filtration illustrates the fact that the j-model does
not capture the full geometry and thus these examples are of interest in
their own right.
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Certain elements in this family are not homogeneous but contain a
proper open subset which is homogeneous; this does not occur in the Rie-
mannian setting as if M is a Riemannian space which is homogeneous, then
M is complete.

Definition 2.9.1 Let £ > 0. Let indices i and j range from 0 through ¢.
Let (z,v, 20, ..., 2¢, %, ¥, Z0, .., Z¢) be coordinates on R6*2¢. Let F(y,Z) be
an affine warping function of Z; this means that:

F(y,2) == f(y) + fo(y)zo + ... fe(y)2e -

Let M = Mp = (RS2 g) where g = gr has non-zero components:
9(0z,03) == —2F(y,Z) and ¢(0s,0z) = g(0y,0y) = ¢9(0,,,0z,) :==1.

We remark that if one took ¢ = —1, so that the z" variables were not
present, one would obtain the manifolds of signature (2,2) discussed in
Section 2.3 where g(9,0;) = —2f(y), and ¢(0s, 0z) = g(9y, 93) = 1. Thus
the manifolds presented here are a higher signature generalization of those
results. We begin our investigation with:

Lemma 2.9.1 Let M be as in Definition 2.9.1. Then M is a general-
ized plane wave manifold of signature (3 + £,3 +¢). Let {&1,...,&42} be
coordinate vector fields. The possibly non-zero components of VYR are:

VUR(&M&M&% 8%;535 "';€2+D) = 51---€I/+2F .

Proof. The manifolds of Definition 2.9.1 are obtained by an appropriate
specialization of the warping functions v of Definition 2.5.1. Lemma 2.9.1
now follows from Lemma 2.5.1. O

We note that since F' is an affine function of the Z’ variables, that V¥R
vanishes unless either all the £, are d, or unless all but one of the &, are 9,
and the remaining variable is 9,, for some 7. This will play an important
role in our analysis.

Definition 2.9.2 Specialize the warping function F of Definition 2.9.1
to create the following examples:

(1) Let N; be specified by F 1= yzg + ... + y* 1z for 0 <i < £.
(2) Let Nyyq be specified by F := yzo + ... +yFlzy + 3.
(3) Let Nyyo be specified by F := yzo + y?21 + ... + 3y lzp +ev.
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The manifolds N, form a sequence of homogeneous spaces partially
sharing the same models:

Theorem 2.9.2  Let N, be as in Definition 2.9.2 for 0 < k < {4 2.

(1) Ny is a symmetric space.

(2) If 1 <k <{+2, then Ny, is not symmetric but is homogeneous.
(3) If k < n, then N, is k-modeled on Nj,.

(4) If n < k, then N,, not k-modeled on Nj.

We remark that if g < ¢, then N, is a product manifold and hence is
decomposable. In Section 2.10, we shall discuss a similar family which is
comprised of indecomposable manifolds.

We now turn our attention to affine geometry. Recall that the affine
k-model is given by:

3,(M,P) = (TpM,R,...,V*R).

We specialize Definition 2.9.1 to define the following family:
Definition 2.9.3 Let f € C*(R) where f+3) >0 and f¢+% > 0. Let
oy o= fURIER (RN (FEDYTE for > 3.

Let M = M be as in Definition 2.9.1 where
F(y,2) == f(y) + yzo+ ... + v 2.
Theorem 2.9.1 will follow in the special case p = ¢ from:
Theorem 2.9.3 Let M be as in Definition 2.9.3

(1) M is (£ + 2)-modeled on Nyyo.

(2) ay is an invariant of the (p + ¢)-affine model F,,4.¢(M, P).

(3) If fi and fa are real analytic and if a,(f1)(P1) = au(f2)(P2) for all
W > 3, then there is an isometry ® : My — My, with ®(Py) = Ps.

(4) The following assertions are equivalent:

(a) M is (£ + 3)-curvature homogeneous.

(b) M is (¢ + 3)-affine curvature homogeneous.
(c) as is constant.

(d) fU3(y) = aet for some a >0 and b > 0.
(e) M is homogeneous.
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We can also study some local examples:

Theorem 2.9.4 Letn € N withn > ¢+ 5. Let L, be as in Definition
2.9.3 where f(y) =y™. Let O ={P:y>0}. Let O, = (0, g¢|lo). Then:

(1) L, is £-modeled on Nj.

(2) L, is not (£ + 1)-curvature homogeneous.

(8) O, is homogeneous and (¢ + 2)-modeled on Nyi2.
(4) On, is not locally isometric to On, for ny # na.

The following result classifies the local isometry type of (¢ 4 3)-affine
curvature homogeneous manifolds in this family. Instead of taking R6+2¢ as
the underlying manifold, we can apply the construction of Definition 2.9.3
to any open subset of R6+2¢. Let O, be defined by the warping function
f(y) == y® on the set y > 0 for any a € R.

Theorem 2.9.5 Let f = f(y) be an analytic function on a connected
open subset U C R2H6 with f+3) > 0 and f4Y > 0. Let U be as
in Definition 2.9.8. If U is (¢ + 3)-affine curvature homogeneous, then U
1s locally isometric to either Nyio or to Oy for some a and U is locally
homogeneous.

Here is a brief guide to the remainder of this Section. In Section 2.9.1,
we give k-models for this family. In Section 2.9.2, we discuss invariants
for this family which are not of Weyl type. These two sections lead to the
proof of Theorems 2.9.2-2.9.5. In Section 2.9.3, we change the signature by
taking a product with a flat factor to complete the proof of Theorem 2.9.1.
The argument is quite analogous to that performed in Section 2.3.3 to pass
from signature (2,2) to (2, s) and (s,2) where s > 2.

2.9.1 Models

We introduce the following models:

Definition 2.9.4 Let {X,Y,Zy,...,Z¢,X,Y,Zy, ..., Z4} be a basis for
R246_ Give R2¢t6 the hyperbolic inner product:

(X, X)=(Y,Y)=(Z:,Z;) = 1. (2.9.2)

For 0 < i < /, define algebraic curvature tensors and algebraic covariant
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derivative curvature tensors by setting:

Az(Xa Ya Z’LvXaYa 7Y) = AZ(Xa Ya Y7X7Z17K 7Y)
= ALY, XY, Y 2 = 1

As exceptional cases define
A(X,Y)Y, X;Y,..,Y):=1 for i=/4+1{(+2.

We use the inner product to raise indices and define the associated curvature
operators A; for 0 <i < ¢+ 2. For 0 < k < £+ 2, define models

My = (R0 (), Ao, ..., Ax) and  § := (R0 Ay, ..., Ap).
We begin our study by showing:

Lemma 2.9.2 Let L < /{. Let M be as in Definition 2.9.1 where we take
F=yzo+ ..+ y" 2p + f(y, 2041, 20); if L =1, take f = f(y).

(1) My, is a L-model for M.

(2) If L = ¢ and if f“*3) >0, then Moy is an (£ + 1)-model for M.

(8) If L =0, if f*+3) >0, and if fE+Y >0, then My, o is an (£+2)-model
for M.

Proof. Let0<k <L </. By Lemma 2.9.1,

VER(z, 0y, 0, 03 Oy, o0y Oy) = 85“(3;”1)
_fo0 if i<k<L, (2.9.b)
Sl (k+1) if i=k<L.

We shall exploit the upper triangular form of Eq. (2.9.b) to prove Asser-
tion (1). Let a(y, 2) and b](y, Z) be smooth functions that will be chosen
presently. Set

X = 8m - %g(am,az)aiv

L
0o+ blo., if L<i<d,
Zi = =
bid., +» blo., if 0<i<L,
7=0
Y :=0, + a0, + ... +a*0,, .
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We shall take b% # 0 for 0 < i < L. The space Span{X, Z, ..., Zr, Y } will
then be a maximal totally isotropic subspace. Consequently, we may take

X = 0z, Y = 67;, Zl € span{ﬁg, 851}

so that the metric is hyperbolic; this means that (-, -) has the normalizations
of Eq. (2.9.a).

To ensure that V’“R(X,Y,Y,X;Y7 ., Y) =0 for 0 <k < L, we impose
the conditions

0 = V*R(dy, 0y, 0y, 0u; 0y, -..)

L
+(k+1)Y a*V*R(0:,0,,0.,,0::0,, ..., 0,)
i=0

L
=08 F + (k+1))_a*of T {y '}
i=k

We set k = L to determine a”. Once a® is determined, we set k = L — 1 to
determine a“~!. We continue in this fashion to determine all the coefficients
a® and thereby define Y.

Similarly, we must impose the relations:

VFR(X,Y, Z;, X;Y,..) =0 for 0<j<l0<k<L. (2.9.c)
Let L < i <{. We use Egs. (2.9.b) and (2.9.c) to see:

0 = V*R(0y, 0y, 0y, 0, 0050y, ..., Oy)

L
+ 3 bIVF R0y, 0y, 0y, 02y, 0050y, ., Oy) -
j=k

We take k = L to determine b*. Then we take k = L — 1 to determine
biL_l. Thus all the coeflicients bf may be determined recursively by this
identity.

Next let 0 < i < L. We determine b! from the identity:

1 = biV'R(0x, Oy, Oy, Ozyy O Oy ey Oy) -

Fix 0 < k < i. We have

0= bV R(y, 0y, 0y, 0,003 0y, .., 0y) .
j=k
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We take k = i — 1 to determine b!_,; the remaining coefficients are then
determined recursively. This creates a basis with the normalizations of
Definition 2.9.4 which completes the proof of Assertion (1) of Lemma 2.9.2.

We suppose L = ¢ and that f = f(y). The non-zero components of
VYR for v > ¢ are given by

VY R(y, 8y, By, 03 0y...0,) = fVFD

There is still a bit of freedom left in the choice of basis we can use to
normalize these coefficients. Let €9 and €1 be non-zero functions. We set

X'=¢eoX, Y'=¢gV, Zl=e%e;" " Zifor 0<i<{(
X=X, Yi=c['V, Z} =272, for 0<i</.

The normalizations of Definition 2.9.4 are preserved for {g, R, ..., V/R}.
Furthermore, one has that:

vf-‘rl}z(}(l7 Yl, Yl,Xl; Ylyl) _ €3€§+3f(€+3),
VAZRXL YL YL XLy vt = g2t pterd)
If f¢+3) > 0, we may set &1 = 1 and g9 = (f(“+3))=1/2 to create a nor-

malized basis and establish 9,41 is a (£ + 1)-model for M. This proves
Assertion (2). If f+3) > 0 and f+% > 0, we may set

f(e+3) 1

= d =
LT gerny MG €0 (203 )3

This shows that M4 2 is a (¢ 4 2)-model for M and completes the proof of
the Lemma. O

2.9.2 Affine invariants

Let §,(M,P) := (TpM,Rp, ..., VVRp) be the v-affine model. We can now
define affine invariants:

Lemma 2.9.3 Let f; = fi(y). Assume that fi(£+4) > 0. Let M; be as in
Definition 2.9.1 where F = yzo + ... + y** 1z + fi(y). For u >3, set

au(f) — f(é+u+2)(f(€+3))u—2(f(€+4))1—u'

(1) If Fpre(My,, Pr) = ppo(My,, P2), then o, (f1)(P1) = au(f2)(P2).
(2) If fi and fa are real analytic and if a,(f1)(P1) = au(f2)(P2) for all
W > 3, then there is an isometry ® : My — My, with ®(Py) = Ps.
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Proof. We generalize the argument given in Section 2.3. Choose X and
Y in TpM so that VF2R(X,Y;Y, ..., Y)Y # 0. Expand
X = aoaz + alay =+ Span{@zi, 8gi,8;5, 8@},
Y = boax =+ blay + Span{azi, 851.,353, 3@} .
If 4 > ¢, then
VAR(X,Y3Y, ., Y)Y = fUF2 (agby — arbo)bh (b10z — body) -

In particular, taking g = £ + 2 shows that b1(apby — a1bg) # 0. Choose a
linear function 6 so

0{b10z — b0y} # 0.
Set

0, :=0{VTR(X,Y;Y,..,. Y)Y}
= FERED) (aoby — aybo)b T O{b10z — body} .
One may then compute:
@MGQL—2®;—H _ f(f+u+2)(f(€+3))u—2(f(f+4))l—u
x {(aoby — a1bo)0(b19z — bydy)} HH=D+1=w
x LD (=2 H(E2) (1)

— f(l+u+2)(f(f+3))uf2(f(l+4))1fu =a,.

This shows that ¢, is determined by the affine (¢+p)-model and establishes
Assertion (1). Conversely, if we normalize a basis as in Definition 2.9.4, then
one has for p > 3 that

VP R(X,Y,Y, XY, ., Y) = a.

Thus if a,(fi,P1) = au(fe,P2) for p > 3, then M (My,, Pr) and
Moo (M, p,) are isomorphic. The requisite isomorphism of Assertion (2)
now follows from Theorem 2.2.2. g

Proof of Theorem 2.9.2. The manifold N is defined by F' = yz¢. Since
all the third derivatives of F' vanish and since N is a generalized plane wave
manifold, Ap is a symmetric space. By Lemma 2.9.2, 9, is a p-curvature
model for N,,; a-fortori, M, is a v-curvature model for N, if v < p. Since
VR # 0, the spaces NV}, are not symmetric. Since V#R, = 0 and V#R, # 0
for 0 <p<v<Ll42,9, is not a p model for R, if v < p. If p < €42,
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then VR = 0 for k > p and hence 9, is k-curvature homogeneous for all
k. Theorem 2.2.2 now implies M, is homogeneous. The manifold M, is
defined by taking f(y) to be an exponential. It now follows that «; = 1 for
1 > 3 and hence by Lemma 2.9.3, M2 is homogeneous. O

Proof of Theorem 2.9.3. Assertion (1) follows from Lemma 2.9.2 and
Assertions (2) and (3) follow from Lemma 2.9.3.
Clearly (4a) = (4b) = (4c). If a3 is constant, then

FUED) p(£43) C(f(£+4))2
for some constant ¢. Lemma 1.5.5 then implies either that f(¢+3) = geb¥
or that fU+3) = a(y +b)¢. This latter case is not possible since we require
FUE3) > 0 for all y. Consequently f(+3) = qeb¥. This shows o, is constant

for all 4 > 3 and hence M is homogeneous. Thus (4c) = (4d) = (4e).
Clearly (4e) = (4a). O

Proof of Theorem 2.9.4. Assertion (1) follows from Lemma 2.9.2 (1).
Since VA1 R = 0 if and only if y = 0, \V,, is not (¢ + 1)-curvature homoge-
neous; this establishes Assertion (2).

The proof of Lemma 2.9.2 involved local computations. Since f¢+3) > 0
and f+% > 0 on O, Assertion (3) follows. If f =y for n > ¢+ 5, then

n(n —

(n

(n—l—4)y" 5 .nn—1)..(n——2)y" 3
(n—L-=3)y" ¢4 .nn—-1)...(n—£€ -3yt

3

3 =

L.
1)..
—4
-3’

NN|

This determines n and hence O, is not isometric to O,, for ny # ny. O

Proof of Theorem 2.9.5. We apply Lemma 1.5.5 to see that if ag is
constant, then f(PT3) = a(y + b)¥ or fPT3) = qeb¥. The first possibility
yields ag = % and the second possibility yields a3 = 1. Thus «; for i > 4
is determined by a3 and the required local isometry now follows from a
suitable local version of Theorem 1.4.2. O

2.9.3 Changing the signature

We take product with a flat factor to complete the proof of Theorem 2.9.1.
We suppose without loss of generality that (p,q) = (p,p+ a) for a > 0 as
the case (p,q) = (¢ + a,¢) is similar.
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Lemma 2.9.4 Let M be defined by setting f(y) = e¥ + e in Definition
2.9.2. Let M, :== M xR Then M, is a ({+2)-curvature homogeneous
generalized plane wave manifold of signature (£ + 3, + 3+ a) which is not
(€ + 3)-affine curvature homogeneous.

Proof. The arguments given above extend immediately to show that M,
is (£+2)-curvature homogeneous. Furthermore, exactly the same arguments
show a3 remains an affine invariant; see, for example, the discussion in Sec-
tion 2.3.5. Furthermore, a3 is constant if and only if the warping function
satisfies f(T2) = qe®. Since this is not the case, M, is not (£ 4 3)-affine
curvature homogeneous. O

2.9.4 Indecomposability

We complete this section by studying the decomposability of the symmetric
space S or, equivalently, of the model My. It is clear that 9y is decom-
posable if £ > 0. On the other hand, we have that:

Lemma 2.9.5 If¢ =0, then My is indecomposable.

Proof. We set £ = 0 so RS = Span{X,Y, Zo, XY, Zo}. Since the only
non-zero curvature entry is given by Ay(X,Y, Zy, X) =1,

ker(Ag) = Span{X,Y, Zy}

is totally isotropic. By Lemma 1.6.4 it suffices to show that the associated
weak model 90, := (R?, Ay) is indecomposable where A¢(X,Y, Zy, X) = 1.
Suppose to the contrary that there is a non-trivial decomposition of the form
R? = V! @ V2 which induces a corresponding decomposition Ay = A} @ A2.
Assume the notation chosen so

dim(V') =2 and dim(V?) =

Let 0 # & € Va. Since dim(Va) = 1, A2 = 0 so Ag(n1,m2,73,&) = 0 for all
n; € R3. We expand £ = aX + bY + c¢Z. We then have

_AO(§Y OuX):Ou
— AO(X 5 ZOvX) = Oa
c—AO(X ¥.6.%) 0.

Thus £ = 0 which is false. O
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2.10 k-Curvature Homogeneous Manifolds 11

In Section 2.9, we constructed (¢ + 2)-curvature homogeneous manifolds
of neutral signature (¢ + 3,¢ + 3) which were not (£ + 3)-affine curvature
homogeneous. If £ > 0, these manifolds were modeled on a decomposable
symmetric space. In this section, we present results of Gilkey and Nik¢evié
(2005b) and of Gilkey and Nikéevié (2005¢) where the 0-model space is inde-
composable. We also study the isometry groups of these spaces. Ensuring
that the 0-model space is an indecomposable symmetric spaces requires
raising the dimension of the underlying space; our examples will have neu-
tral signature (2¢ 4+ 3,2¢ + 3), they will be (¢ + 2)-curvature homogeneous,
and they will not be (¢4 3)-affine curvature homogeneous. These examples
are all generalized plane wave Fiedler manifolds.

Definition 2.10.1 For £ > 1, let
(Ty Yy 21y ey 20, Uy 21y ooy 20, 87 Y™ 27 oy 20,07, 27, oy 2)

be coordinates on R**6. Let indices 4, j range from 1 through ¢. Let

F(y,?2) = f(y) + [ily)zr + . + fo(y)ze

be an affine function of 2’ which depends smoothly on y. We construct a
generalized plane wave manifold M := (R*+6_ g) of signature (3+2¢, 3+2/¢)
by defining:

9(02,0:) == =2{F(y,2) + yJ + 2121 + ... + z¢Z}, and
g(azv 81‘*) = g(aya 8.7!*) = g(aga 8.73*) = g(aziv 82:) = g(a£i7 85:‘) =1.

A word on notation. The dual variables {x*,y*, zf,y*, 2} enter only
rather trivially; the span of these variables is a parallel totally isotropic
distribution of maximal dimension. The dependence of the metric on the
variables {7, Z1, ..., Z¢} is fixed and ensures that the 0-model space is an inde-
composable symmetric space; the variable y* plays the role that zy played
in Section 2.9. The crucial variables are {x,y,z21,...,2¢}. The following
Lemma is an immediate consequence of Lemma 2.5.1

Lemma 2.10.1 Let M be as in Definition 2.10.1. Then M is a gener-
alized plane wave manifold. The possibly non-zero components of R are:
R(awu aya 8’&7 aw) = R(aw7 8Z¢7 821'7 aw) = 17
R(0z,0y,0.;,0,) = 0,0, F,
R(0y,0y,0y,0,) = O2F .
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If £1,&9, ..., €12 are coordinate vector fields and if v > 0, then the possibly
non-zero entries of VYR are VY R(0z,&1,&2,02;&3, ., &vg2) = &1...&u12F.
This can be non-zero if at most one of the &; is not equal to 0y and instead
equals 0, for some i.

We remark that Lemma 2.2.1 and Corollary 2.2.1 can be used to get
information about the isometries and Killing vector fields of M where we
take ) := ker(R) and where:

X = Span{0;, 9y, 0y, 0,, 0, },
y = Span{ax* y 3.7;* s 3@* s 323 s 35;* } .

In analogy to Definition 2.9.2, we specialize the warping function F' of
Definition 2.10.1 to define certain homogeneous manifolds:

Definition 2.10.2 In Definition 2.10.1, let

(1) N be defined by F := 0,

(2) N, be defined by F := 2192 + ... + z,y" 1 if 1 <v < ¢,
(3) Ny be defined by F := z19% + ... + 2oyt + 3,

(4) Nyio be defined by F := 21y + ... + 2oy + ev.

In analogy with the results of Section 2.9, we have:

Theorem 2.10.1  The manifolds N,, of Definition 2.10.2 are generalized
plane wave manifolds of signature (20 + 3,2¢ + 3).

(1) Ny is an indecomposable symmetric space.

(2) N, is a homogeneous space which is not symmetric for 1 < p <€+ 2.
(3) If p < v, then N, is p-modeled on N,.

(4) If v < p, then N, is not p-modeled on N, .

We also define the following family:

Definition 2.10.3 Let f € C°(R) where f*3) > 0 and f**% > 0. Let
M = M be as in Definition 2.10.1 for F(y, 2) := f(y) +y%z1 +... +y Lz
Set o = f(e+:“+2)(f(4+3))#*2(f(2+4))1*# for o> 3.

Theorem 2.10.2  Let M be as in Definition 2.10.3. Then:

(1) M is (£ + 2)-modeled on Nyyo.

(2) ayi is an invariant of the affine (k + £)-model Fyyo(M, P).

(8) If f1 and fa are real analytic and if ap(f1)(P1) = ag(f2)(P) for k > 3,
then there is an isometry ® : My — My, with ®(P;) = P;.

(4) The following assertions are equivalent:
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(a) M is (£ + 3)-curvature homogeneous.

(b) M is (€ + 3)-affine curvature homogeneous.
(c) as is constant.

(d) fU3(y) = aet for some a >0 and b > 0.
(e) M is homogeneous.

We shall also study the isometry groups G(-) of these manifolds and of
their models. A byproduct of our study is the following result that shows,
not surprisingly, that the symmetric space Ay has the largest isometry
group.

Theorem 2.10.3 Let M be as in Definition 2.10.3 where as is non-
constant, or, equivalently, f(”3)(y) £ ae’. Adopt the notation of Defini-
tion 2.10.2.

(1) dAim{GNo)} = 4L+ 64 (L +1)(3+20) + 20+ 3+ (£ +1)(20 +1).

(2) If 1 < p <, then dim{GN,)} =40+ 6+ (£ +1)(3 +2()
+204+3+20+2+4 2p(p—1)+ (0 — p)(20 —2p —1).

(3) Aim{GNi1)} =40+6+ (£ +1)(3+20) +20+3+20+1+ 10(0—1).

(4) Aim{GNii2)} =40+6+ (L +1)(3+20) +20+2+20+ 1+ 10(0—1).

(5) Am{GM)} =40+ 5+ (L+1)(3+20) + 20 +2+ 20+ 1+ 24(¢ —1).

The remainder of this section is devoted to the proof of these results.
In Section 2.10.1, we prove Theorems 2.10.1 and 2.10.2. The main new
feature is showing that the 0-model is indecomposable, see Lemma 2.10.3
for details.

In Section 2.10.2, we establish Theorem 2.10.3. In Lemma 2.10.4, we
relate the isometry group of the full manifold to the isotropy subgroups
and reduce the proof of Theorem 2.10.3 from a geometric question to an
algebraic question by relating the dimension of the isometry groups of NV,
and M to the dimensions of the isometry groups of certain models. The
dimension of the isometry group of the appropriate models is then studied
in Lemmas 2.10.5 and 2.10.6 to complete the proof.

2.10.1 Models

We introduce the associated models we shall be studying in this section:

Definition 2.10.4 Let

(XY, 21, Z0,Y 21y Z0, X5 Y5 25 25 Y5 ZF . 25
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be a basis for R**6. Define a hyperbolic inner product on R**6 by pairing
ordinary variables with the corresponding dual variables:

(X, X") = (V\Y")=(Y.Y") = (Z;,2}) = (Z;, Z}) == 1.

Let M, := (V. (-, ), Ao, A1, ..., A,) for 0 < p < £+ 2 where the algebraic

curvature tensor Ay has non-zero components
AO(X7 K 5}7 X) = AO(Xu Zi7 ZHX) =1,

where the non-zero components of the algebraic covariant derivative curva-
ture tensors for 1 <7 < ¢ are

A(X)Y, Z;, X;Y,...Y)=... = A4,(X, Y)Y, X;Y,...Y, Z,) := 1,
and where as exceptional cases we have
A (XYY, XY, .., Y):=1 for k=/0+1,0+2.
Lemma 2.9.2 generalizes to this setting to become:

Lemma 2.10.2 Let L < {. Let M be as in Definition 2.10.1 where we

take F = z1y® + ... + 2pyP™ + f(y, 241, .y 20); if L = £, take f = f(y).

Then:

(1) My, is a L-model for M.

(2) If L =1 and if f*3) >0, then My is an £ + 1-model for M.

(8) If L=1¢, if f*3) >0, and if Y >0, then My o is an £ + 2-model
for M.

Proof. By Lemma 2.10.1,
R(ama ayv 8@75 az) = R(azv 821" 851’5 az) = 17
R(0y,0y,0,,0y) = 0,405, F,
R(D,,0,,0,.0,) = OF .

We set
X::61+F81*, X" = T*
Y = ay—%(aSF)ag, Y* .= ay*,
Y = ag, Y* .= 817* =+ ZZ(&,@ZZF)(?Z: =+ %(BSF)(%;,

Zi = azl. - (6y6le)8g, Z;k = 82*,
Zi = 03, Z~?k = 85:
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The only non-zero components of R and of g are then

R(X,Y,)Y,X)=R(X,Z;, Z;,X)=1.

This shows that My is a 0-model for M. Normalizing the higher covariant
derivatives then follows exactly the same lines as those used in Section 2.9
so we omit the proof in the interests of brevity. O

One new feature for these examples is the indecomposability of 91,:
Lemma 2.10.3 My is indecomposable.

Proof. Suppose we have a non-trivial orthogonal direct sum decomposi-
tion R*+6 = V; @ V4 which decomposes the curvature tensor Ag. Let 7; be
the associated projections on V;. Since

1=(X, X" = (mX, X*) + (mX, X™)

we may assume without loss of generality (m X, X*) # 0. Set a := m1(X).
Let 8 € (X*)X NVa. Then Ag(a,-,3,a) =0 as a € Vi and 8 € V,. Since
[ does not involve X,

0:140(04721'75704) = <OL,X*>2<6,Z~:>, and
0= AQ(CY7 Zi767 CY) = <OZ,X*>2<57Z:> .
Consequently (3, X*) =0, (3, Z;) =0, and (3, Z;) = 0. Thus
B € Span{X*, Z5, ..., 25, Z5y s 25}

so (X*)1 N V4 is totally isotropic. Since the restriction of (-,-) to Va is
non-degenerate and since

dim{(X*)* Ny} > dim{Va} — 1,

we conclude that dim{V2} = 2. Furthermore there must exist an element
of V3 not in (X *)J-. We can therefore interchange the roles of V; and V5 to
see that dim{V; } = 2. This shows that

4046 = dim{V; } + dim{V>} =4
which provides the desired contradiction. O

The arguments given in Section 2.9 now extend without change to es-
tablish Theorem 2.10.1 and Theorem 2.10.2; we omit details in the interests
of brevity.
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2.10.2 Isometry groups

The proof of Theorem 2.10.3 will be based on several Lemmas. We first
reduce the geometric problem to an algebraic one:

Lemma 2.10.4 Let P € R¥**6, Let 0 < pu < £+ 2. Let M be as in
Definition 2.10.3 where f is real analytic. Assume that fU*+3) > 0, that
fUY > 0, and that as(f) is non-constant. Let N,, be as in Definition
2.10.2.

(1) dim{G(N,)} = 40+ 6 + dim{G p(N,)}.
(2) dim{G(M)} =4(+6 — 1 + dim{Gp(M)}.
(3) Gp(N,) = G (N, P).

(4) Gp(M) = G(M (M, P)).

(5) G(Mo(N,u, P)) = G(IM,,).
(6) G(Moo(M, P)) = G(Me2).
(7) dim{G(N,)} =40+ 6 + dim{G(IM,,)}.
(8) dim{G(M)} =5+ 40 + dim{G(M42)}.

Proof. We apply Lemma 1.6.1 to the canonical action of the group of
isometries on the underlying manifold. Assertion (1) follows as N, is a ho-
mogeneous space. We consider the invariants c; of Theorem 2.10.2. These
functions are constant on the hyperplanes y = ¢; thus the group of isome-
tries acts transitively on such a hyperplane. Consequently

dim{G(M)} > dim{Gp(M)} +40+6 —1.

Since M is not a homogeneous space, equality holds.

Assertions (3) and (4) follow from Theorem 2.2.2 since we are in the
real analytic context.

Restriction induces injective maps

r: GMe (N, P)) — GO, (N, P)), and
r: G(Mo (M, P)) — GO, (M, P)).

Since VIR = 0 for j > p for N, if p < £+ 1, any isomorphism of the
p-model is an isomorphism of the co-model which establishes Assertion (5)
for0<pu</l+1.

We complete the proof of Assertions (5) and (6) by dealing with the
manifolds Ny1o and M. Choose a basis B for TpM giving the normaliza-
tions of Definition 2.10.4. If g € G(My42(Nyy2, P)), then gB also satisfies
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the normalizations described above. Expand

9gX = aoX + a1Y 4 Span{Z3, ...},
gY = boX + bly + Span{Zl, } .

For i > ¢+ 1, we have

V'R(9X,gY,gY,9X;9X,...,gX) = (agby — a1bo)*af,
V'R(gX,gY,gY,9X;gY,....gY) = (aobs — arbo)*b} .

Since

0=V™TR(gX, gY,gY,9X;9X, ..., gX),
1=V R(gX,gY,gY,9X:gY, ..., gY),
1=V"*?R(gX,gY,gY,9X;gY,....gY)

we have a; = 0, by = 1, and ag = £1. Consequently g preserves V'R for
all ¢ > ¢ + 1 which establishes Assertions (5) and (6). Assertions (7) and
(8) now follow from Assertions (1)-(6). O

Let R3+2¢ .= Span{X,Y, Z;,Y, Z;}; we may restrict 4; to R3*2¢ without
losing information on the curvature. We introduce the affine models by
restricting the domain and suppressing the metric:

3= (R Ag, Ay, Ay

There is a natural action of G(§,) on R*™2%; let Gx () be the isotropy
subgroup of this action. We also consider the double isotropy group,

Gxy () ={9€GE,) :9gX =X and gy =Y}.
Lemma 2.10.5

(1) If0 < u < €42, then dim{G(M,)} = dim{G(§,)} + (¢ + 1)(3 + 20).
(2) If p <L+ 1, then dim{G(F,)} = dim{Gx (F,)} +2¢+ 3.

(3) We have that dim{G(F42)} = dim{Gx (Fes2)} + 20 + 2.

(4) dim{Gx (Fo)} = (¢ +1)(20 + 1).

(5) If 1 < p < ¢, then dim{Gx (§,)} = dim{Gx vy (§,)} + 20+ 2.

(6) If p="0+1,0+2, then dim{Gx (§,)} = dim{Gx vy (F,)} +2¢(+ 1.
(7) Gxy(Fe) = Gxy (Feq1) = Gx vy (Fera)-
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Proof. Let o(s) be Lie algebra of skew-symmetric s x s real matrices. Set
S L= (Sl, ceey 534_2@) = (X7 Y7 Zl..., Zg, }N/, Zl..., Zg),
S* = (S, Shine) = (XY™ Z5, . 25V 25, Z0),
ker(R) : = {€ € R¥*® : Ao (&, 11,7m2,m3) = 0V i € R}
= Spangcs-{S™}.
Let g € G(9M,). The space ker(R) is preserved by g. Thus

3+42¢ 3+2¢

g5; = Z {go,iksk + gl,ikSZ} and ¢S} = Z 92,ik Sk, -
k=1 k=1
We have (g5;, gS;) = 0 and (gS;, gS5) = ;5. Thus
3420 3424
Z {go,ikgl,jk + gl,ikgo,jk} =0 and Z 90,ik 92,5k = Oij
k=1 k=1

for all 4,j. Set v := gogt. One then has
90 €GF.), 7+7'=0, and gogs=id.

On the other hand, if this identity is satisfied then g € G(9,). The map
g — (go,7y) yields an identification of

G(M,) = G(F,) x 0(3+2¢)
as a twisted product. Assertion (2) follows as
dim{o(3 +20)} = $(3+20)(2+ 20).

Assertions (2) and (3) will follow from Lemma 1.6.1 and from the fol-
lowing relations:
G )X ={¢eR¥*: ((,X")#£0} if k<41,

G(F2)X ={¢€ R3+2 . (€, X*) = +1}. (2.10.a)

We first show D holds in Eq. (2.10.a). Let £ € V with a := (£, X*) # 0.

Define a linear transformation of R3+2¢ by setting gX = ¢ and by setting

g0 := (a2)_’1/(”3), gY =&oY, gy = a*25511~/~,
€ 1= {aQEBH}_l, 9Z; =¢eiZ;, gZf= 5;1(1_221-.

The non-zero components of A; for 0 < ¢ < £+ 2 are then given by
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Ao(9X,gY,gY,gX) = a’cpa2e,t =1,
Ao(9X,9%Zi,9Z:,9X) = a’eie; ta™? = 1,
A1(9X,9Y,9Z1,9X;gY) = a’cfer =1,
Ai(gX,gY,9Y,9X;921) = a’eger = 1,...

Au(9X,9Y,9Z0,9X;9Y, ..., gY)
= Au(gX,qY,qY,9X;9Z,9Y,...) =...
= Au(9X,9Y,gY,9X;gY, ..., gZ0) = et ep = 1,
A1 (9X,9Y,9Y,9X;gY, .., gY) = a’eg™ = 1,
Ary2(9X,9Y,9Y, gX:gY, ..., gY) = a’ep™ = eo.
Thus g € G(F¢41). Furthermore, g € G(Fo12) if a®> = 1. Consequently:

{6 € R3¥*20. (£, X*) £ 0} C G(F,) - X,

{E e R3T20 (¢ X*) = 41} C G(Fry2) - X . (2.105)

We must establish the reverse inclusions to complete the proof. Let
Je(m,m2) = Ao(§,m,m2,§) be the Jacobi form defined by £ € V. Let
a = (£, X*). Expand

‘
E=aX + 00V + 0V + {02+ Z;} .
i=1
We have the following cases

(1) If a = 0, then J; = 0 on Span{Y, Y, Z;, Z;} so Rank(J;) < 1.
(2) If a # 0, then J¢(Y,Y) # 0 so Rank(J) > 2.

If g € G(3,,), then Rank{.J:} = Rank{J4}. Consequently
(€, X") =0« Rank(J:) <1< Rank(Jge) <1< (g, X*)=0.
This relation implies we have

G(3.) - X C{€ € R3¥2 - (€, X*) #0},

- - 2.10.
G(3,) - SpanlY, Z;, Z;} = Span{Y, Z;, Z;} . ( °)

Suppose k = ¢ + 2. Since Rank(Jy) = 0, Rank(J,y) = 0 so (g¥, X*) = 0.
Expand

gX = aX—|—a0Y—|—d0}7—|—aiZ¢ +&iZi, and
gy = boY +boY +b'Z; +b'Z; .
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Then

1= Ap1(gX,gY,gY,gX;gY,...,gY) = a®bi™, and
1= Ap2(9X,gY,gY,gX:gY, ..., gY) = a®biH".

This shows that a®> =1 and by = 1 so

G(Fes2)X C{EeR¥H: (6, X*) = +1},

G(Zria)Y C {€ € R (€ X*) =0, and (£,Y*) = 1}. (2.10.d)

We use Egs. (2.10.b), (2.10.c), and (2.10.d) to derive Eq. (2.10.a). Asser-
tions (2) and (3) of Lemma 2.10.5 then follow.

As noted above, the Jacobi form Jx(+,:) = Ag(X, -, -, X) defines a non-
singular bilinear form of signature (¢ +1,£+ 1) on

W :=Span{Y, Z1,.... Z0,Y, Z1, ..., Z¢}
= {¢ e R*™" : Rank(J;) < 1}.

Let O(W, Jx ) be the associated orthogonal group. If g € Gx(J,,), then we
have gW = W by Eq. (2.10.c). Since ¢X = X, we may safely identify g
with g|w. Furthermore,

TIx(&m) = Tgx (g€, 9m) = Ix(9&,9n) so Gx(F,) C O(Tx)-

Conversely, if g is a linear map of W which preserves Jx, we may extend
g to R3*2¢ by defining gX = X and thereby obtain an element of Gx (go).
Thus Gx (Fo) = O(W, Jx). Assertion (4) now follows since

dim{O(W, Jx)} = 2 dim W (dim W — 1) = 1(2 4+ 20)(1 + 2¢).

Assertions (5) and (6) will follow from Lemma 1.6.1 if we can establish
the following relations:

Gx(F,) Y={£ecW: ({Y")#0} for 1<pu<Y,
Gx(Fop1) Y ={€W (£ Y53 =1}, (2.10.e)
Gx(Frao) Y ={E€eW:(Y*) =1}.

We argue as follows to establish the relations of Eq. (2.10.e). If £ € W,
let Se(n) = A1(X,€,¢,X;n). Expand

E=boY +bY +b'Z; +b'Z;. (2.10.f)
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We then have that

Se(X) =0, Se(Z;) =0,
Se(Y) = 2bgb1, Se(Zy) = b2,
Sg(Zi) =0 for 1>2.

Thus S¢ = 0 if and only if by = (£,Y™*) = 0. Thus for x> 1 one has:

Gx ()Y Cc{§eW: (YY) #0},

v o 2.10.
Gx(3,)Span{Z;, V. Z;} C Span{Z:,V, Z;} . (2.10.8)

Since a = 1, the analysis used to prove Lemma 2.10.5 (2,3) shows b€+3 =1
if k=¢+1and by =1 if £ = ¢+ 2. This establishes the inclusion C in
Eq. (2.10.¢).

We complete the verification of Eq. (2.10.e) by establishing the reverse
inclusion in Eq. (2.10.e). Expand ¢ in the form given in Eq. (2.10.f). Assume
bo # 0. Let &; := by " and define a linear transformation g of R3¥2¢ fixing
X by setting:

gX =X, gY :=¢&, gY = balff,
gZi = Ei{Zi — bali)lyh and

The possibly non-zero components of Ay are then given by

Ao(9X,gY,gY,9X) =1,

Ao(9X,gY, 97, 9X) = ei{b;i — boby *b;} = 0,
Ao(9X, g7, gZi,gX) = s;l{bi — bobalbi} =0,
Ap(gX, gZi,gZi,gX) = Ei_lai =1.

The non-zero components of A; for 1 <+¢ < £ are given by

Ai(9X,9Y,9Zi,9X;9Y,....,9Y) = ...

We also have that

Api1(9X,9Y,gY,9X;gY, ..., gY) = b33,
Api2(9X,9Y, gY,9X; Y, .., gY) = b5H.
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If b5 = 1, then g € G(Fp41); if bo = 1, then g € G(Fp42). This establishes
the reverse inclusions in Eq. (2.10.e) and completes the proof of Assertions
(5) and (6); Assertion (7) of Lemma 2.10.5 is immediate. O

We complete the proof of Theorem 2.10.3 by showing
Lemma 2.10.6 Let1 < pu</.

(1) IngGx)y( u)s then gV =Y.
(2) Gx,y(§u) = A2(R*) & O(f — p, £ — ).
(3) dimGxy (F,) = gp(p— 1) + (€ — p)(20 — 2 — 1).

Proof. Let g € Gxy(§,). Let { € Span{Z;,Y,Z;}. We may use
Eq. (2.10.g) and the relation Ag(X,Y, g€, X) = Ap(X,Y, &, X), to see

¢
gY—Y—I—Z{aij—I—deJ},
j=1
£

9Zi=>_ {bg’zj +B§'Zj},

j=1
{az,+az,}.

Consequently Span{¢Z;, gZ;} = Span{Z;, Z;} and the relation

ng

H
™~

j=1

AO(Xu ngugyuX) = AO(Xgagi/vX) =0

implies a’ = a' = 0; Assertion (1) follows.
To simplify the notation in the proof of Assertion (2), we clear the
previous notation and set:

S=(51,...5) =(Z,...Z,),

T=(Tv,...Ti—p) = (Zps1, s Zo),

SN:( 17,,,75’#):(21,,,,,2#)’

T=(T,..Te—p) = (Zus1, -, Za) .

We let indices a, b (respectlvely a, b) range from 1 through p and index

elements of S (respectively 8) we let indices a, § (respectively &, ﬁ) range
from 1 through ¢ — p and index elements of 7 (respectively 7). Suppose
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that g € Gx,y(J,). Since

o(X,Y, 95, XY, ... Y) =&y,
o(X,Y, 985, X;Y, .., Y) =0,
(
(

XY, gT:Y,...Y) =0,
a XaKgTd7Y7 JY) =0,

a

A
A
A
A

one has that

gSa = Sa +g(§§5 + ggTﬁ + g§Té7

95 = 9355+ 95 T5 + 95 T,
9To = 9055+ 90Ts + g0 T3,
gTs = ggSl; + gng + ggTB .
The non-zero components of Ag are
Ao(X,954,95:,X)=1 and Ay(X,9Ta,9Ta,X)=1.

Consequently we have that

=0, gh=0, gi=0.

S

=0 g4y
Thus

gSa = Sa +gZ§l; + ggTﬁ + ggT@a
9Sa = Sa+ 92Ts + 92T,
9T = 93T + 92T,

9Ts = g5Ts + ggfg :
Since g is non-singular, we must have

Span{gTy, 9T} = Span{T,,Ts} .
Since Ao (X, g5, 97w, X) =0 and Ao(X, 955,974, X) =0,

=0, g?=0, ¢=0, and ¢ =0
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so the variables decouple and we have, where gg + gg =0,

980 = Sa + g0S;,

95 = Sa

T, = BTs+ ¢2T5
g [0 ga B ga 3
9Ta = 95Ts + 93 T5.

Furthermore, the matrix

(9B 48
h=1{"5"5
9a 9a

must belong to O(¢,¢). Conversely, it is immediate that such a matrix g
belongs to Gx,y (§,)- O

We can now complete the proof of Theorem 2.10.3.
(1) By Lemma 2.10.6,

(a) If1 < p <4, then dim{Gx,y ()} = $p(n—1)+(0—p)(20—2u—1).

(b) If = £+ 1,0+ 2, then dim{Gxy (F,)} = 20— 1).
(2) By Lemma 2.10.5 (4-7):

(a) dim{Gx(Fo)} = (¢ +1)(20+1).

(b) If 1 < < ¢, then dim{Gx(F,)} =20+ 2+ Lp(u — 1)

(0= p) (20— 20— 1).

(c) TIf =€+ 1,0+ 2, then dim{Gx ()} = 20+ 1+ $£(£ - 1).

(3) By Lemma 2.10.5 (2,3):

(a) dim{G(Fo)} =2¢+3+ ((+1)(2¢+1).
(b) If 1 < pu < ¢, then dim{G(F,)} =20+ 3+ 20+ 2+ Jpu(u—1)
+ (€ —p)(20—2pu—1).
(c) dim{Gx(Frs1)} =20+3+20+1+ 30(0—1).
(d) dim{Gx (Frs2)} =20+2+20+1+ 30(0—1).
(4) By Lemma 2.10.5 (1), one has:

(a) dim{G(Mo)} = ((+1)(B+20) +20+3+ ((+1)(20+1).
(b) If 1 < p < ¢, then dim{G(M,)} = (L+1)(3+20)+2(+3
+ 20+ 24 Lp(p— 1)+ (0 — p) (20 —2p — 1).
(¢) dim{G(Mep1)} = (L+1)(B+20) +20+3+20+ 1+ $0(0—1).
(d) dim{G(Mp2)} = (L+1)(B+20) +20+2+20+ 1+ 30(0—1).
(5) By Lemma 2.10.4, one has
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(a) dim{GNo)} =40 +6+ (+1)(3+20) + 204 3+ (£ +1)(20 + 1).
(b) If 1 < p < ¢, then dim{G(N,)} =40+ 6+ (£ +1)(3 +2()
+204+3+204+24 spu(p—1)+ (0 —p) (20 —2p—1).
() dim{GNi+1)} = 40+6+(0+1)(3+20) +20+3+20+ 1+ 3£(L—1).
(d) dim{G(Nis2)} = 40+6+(0+1)(3+20) +20+2+20+ 1+ 3(L—1).
() dim{G(M)} =40+5+ (L+1)(3+26) +20+2+20+ 1+ 4(¢—1).



Chapter 3

Other Pseudo-Riemannian Manifolds

3.1 Introduction

In Chapter 3, we continue our study of specific examples; the manifolds of
Chapter 3 for the most part are not generalized plane wave manifolds.

A pseudo-Riemannian manifold M = (M, g) is said to be a generalized
Walker manifold, see Walker (1950), if it admits a parallel totally isotropic
distribution of maximal dimension. The manifolds discussed in Sections
2.3 and 2.5 are generalized Walker manifolds. In Section 3.2, we present
results of Gilkey and Nikéevié (2005d) relating to a family of 3-dimensional
generalized Walker Lorentz manifolds. Let {z,y,%} be coordinates on R3,
let f € C*°(R), and let M := (R3, g) where

These manifolds are VSI Walker manifolds but not generalized plane wave
manifolds. The geodesic structure of these manifolds is examined and their
curvature tensors are determined. Some of these manifolds are geodesically
complete; others exhibit Ricci blowup. There are examples in this family
which are 1-curvature homogeneous but not locally homogeneous; 2-affine
curvature homogeneity implies local homogeneity for this family. There are
examples which are 1-affine curvature homogeneous but not 1-curvature
homogeneous; thus 1-affine curvature homogeneity and 1-curvature homo-
geneity are not equivalent notions. All the members in this family are
modeled on indecomposable symmetric spaces.

The geometry of neutral signature 4-dimensional manifolds is a particu-
larly rich one and we divide our discussion of this topic into two sections. In
Section 3.3 we summarize some work by various authors dealing with this
topic. Section 3.3.1 presents results of Blazi¢, Bokan, and Raki¢ (2001a)

181
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and of Garcia-Rio, Kupeli, and Vdzquez-Lorenzo (2002) which give a nor-
mal form for Osserman algebraic curvature tensors in signature (2,2). A
family of Walker metrics of signature (2,2) on R* is introduced in Defini-
tion 3.3.1. Various subfamilies of this class are then used to illustrate cer-
tain geometric phenomena. Work of Garcia-Rio, Raki¢, and Vazquez-Abal
(2005) dealing with Kéhler Osserman manifolds in this family is discussed
in 3.3.2. Results of Diaz-Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006)
which show that there are Jordan Osserman manifolds which are not nilpo-
tent and whose Jacobi operator is not diagonalizable are given in Section
3.3.3. Conformal Osserman manifolds of signature (2, 2) are studied follow-
ing results of Brozos-Vazquez, Garcia-Rio, and Vazquez-Lorenzo (2005) in
Section 3.3.4; it is somewhat surprising that there are conformal Osserman
manifolds whose conformal Jacobi operator has complex eigenvalues. Our
discussion of neutral signature (2,2) walker manifolds is concluded in Sec-
tion 3.4 when questions of completeness and Ricci blowup are examined for
many of the examples which were presented in Section 3.3.

In Section 3.5, we study Fiedler manifolds. Although there are members
of this family which are generalized plane wave manifolds, the family is
more general. All members of this family are Jacobi—Tsankov; this means
that J(z)J(y) = J(y)J(x) for any two tangent vectors. We will study
this property subsequently. There are members in this family which are
Ivanov—Petrova and which are nilpotent of order 3. There are manifolds
in this family which are Jacobi nilpotent of arbitrarily high order. There
are also members of this family which are Szabd nilpotent of arbitrarily
high order. We also create an example where it is possible to normalize
the components of the metric and of VR but not possible to normalize the
components of R.

3.2 Lorentz Manifolds
Consider the following family of 3-dimensional Lorentz manifolds:

Definition 3.2.1 Let {x,y, 2} be coordinates on R3, let f € C*°(R), and
let M := (R3, g) where g is the Lorentz metric on R? given by:

9(0:,0,) == ~2f(y) and  g(0,,05) = 9(9,,0,) == 1.

Lemma 3.2.1 Let M be as in Definition 3.2.1.
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(1) The possibly non-zero Christoffel symbols are given by:

9(V0,0:,8y) = f',  9(Vo,0y,8:) = 9(Vo,0:,0:) = — ',
Vo, 0 = flaya Vo, 0y = Va =—f"0.

(2) VYR(:) =0 if any entry is Oz.
(8) All the scalar invariants of M wvanish.

Proof. Assertion (1) follows directly from Eq. (1.2.f); Assertion (2) fol-
lows from Assertion (1). Since f'(y) depends on y in general, the Levi-Civita
connection does not have the triangular form for a generalized plane wave
manifold and, as will be noted presently in Remark 3.2.1, M need not in
fact be a generalized plane wave manifold. Thus it is not possible to apply
Theorem 2.2.1 to establish Assertion (3). Instead, we proceed directly. Let

X := 0y + [0z, Y =0, X = 0;,
F= X+ X)/V2, el =(X-X)/V2, ef =Y.

Then {e] , e, es} is an orthonormal frame for T'(R?). Furthermore,

VER(..yef,..) =V*R(...,er,..) = VER(..., 00, .. ) /V2.

Since e] is timelike and since e] is spacelike, terms where e¢; = e and

terms where e; = e] appear with opposite signs in any Weyl summation
and cancel. Thus all the terms must be eJ which yields zero. g

Various properties of certain manifolds in this family have been studied
by Bueken and Djoric (2000), by Bueken and Vanhecke (1997), by Cahen,
Leroy, Parker, Tricerri, and Vanhecke (1991), by Chaichi, Garcia-Rio, and
Véazquez-Abal (2005), by Koutras and McIntosh (1996), and by Pravda,
Coley, and Milson (2002), to give but a few of the many possible refer-
ences. For example the existence of 1-curvature homogeneous 3-dimensional
Lorentzian manifolds which are not locally homogeneous follows from the
discussion in Bueken and Djoric (2000) and the existence of 3-dimensional
VSI Lorentzian manifolds follows from work of Pravda, Coley, and Milson
(2002).

We say that a pseudo-Riemannian manifold M exhibits Ricci blowup
if there exists a geodesic v : [0,7) — M where T < oo and where
lim sup;_, 7 |p(%,¥)| = oo. Such a manifold is necessarily geodesically in-
complete and does not embed as an open subset of a geodesically complete
manifold.
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Definition 3.2.2 We specialize the manifolds of Definition 3.2.1 setting
N = M+ where

fo () == =32, fo (y) == 592,
fi(y)=—e7?, i ly) = ev,

[y (y) == —e7V 4y, [ ) =e¥ 4y,
fs (y)i=—e Y —e"2, fi(y) :=e¥+e?v.

The following is the main result of this section:
Theorem 3.2.1

(1) Ny is a geodesically complete indecomposable symmetric space.

(2) Ny is O-curvature modeled on Ny, is locally homogeneous, and has
Ricci blowup.

(3) Ny is 0-curvature modeled on N, is 1-curvature modeled on N7, is
not 2-affine curvature homogeneous, and has Ricci blowup.

(4) N3 is 0-curvature modeled on Ny, is not 1-curvature homogeneous,
is 1-affine curvature modeled on N1, is not 2-affine curvature homoge-
neous, and has Ricci blowup.

(5) N is a geodesically complete indecomposable symmetric space.

(6) Nyt is 0-curvature modeled on ./\/0"', is geodesically complete, and is
homogeneous.

(7) N3 is 0-curvature modeled on Ny, is 1-curvature modeled on Nyt is
not 2-affine curvature homogeneous, and is geodesically complete.

(8) N3t is 0-curvature modeled on Ny, is not 1-curvature homogeneous, is
1-affine curvature modeled on Ny, is not 2-affine curvature homoge-
neous, and is geodesically complete.

Remark 3.2.1 By Theorem 3.2.1, certain manifolds of Definition 3.2.1
are geodesically incomplete and thus are not generalized plane wave man-
ifolds. Thus Lemma 3.2.1 does not follow from Theorem 2.2.1. All the
manifolds of Definition 3.2.1 are generalized Walker manifolds. The dis-
tribution Span{d;} is a parallel totally isotropic distribution of maximal
dimension.

Here is a brief outline to the remainder of this section; we shall follow
the treatment in Gilkey and Nikéevié (2005d). In Section 3.2.1, we study
the geodesics and curvature tensor of a manifold in this family. In Section
3.2.2, we study questions of geodesic completeness and of Ricci blowup. In
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Section 3.2.3, we turn our attention to curvature homogeneity and complete
the proof of Theorem 3.2.1.

3.2.1 Geodesics and curvature

Lemma 3.2.2 Let M be as in Definition 3.2.1.

(1) The possibly non-zero components of R, of VR, of V2R, and of p are:

R(0y,0y)0y = f"0s, R(0y,0y)05 = —f"0y,
R(0y, 0y, 0y, 02) = f", p(0x, 0r) = f",

Vo, R(0x,0y)0y = f" 0z, Vo,R(0x,0y)0z = —f""0y,
VR(0y,0y,0y,0:;0y) = [, VoyVayR(0z,0y)0y = " 03,
v(’?yv(’?y (awaa ) - _f”l/ayu v@mv(’?m (6m78 ) f”la )
VosVozR(0y,0y)05 = [/ f" 0y, V2R(8w,3y,8y,81,6y,8‘) F

V2R(ama aya ayu aﬂc; 8mu aﬂa) = _f/f”/ .

(2) v(t) = (x(t),y(t),Z(t)) is a geodesic if and only if

(a) z(t) = xp + x1t.
(b) y'(t) = =21 f' (y(1)). )
(c) Z(t) = ZTo + tTH + 221 fo fos f(y(w)y' (u)duds.

Proof. The curvature tensor can be computed from Lemma 3.2.1. We
omit detailed calculation to establish Assertion (1) in the interests of
brevity.

By Lemma 3.2.1 (1), the geodesic equation becomes

2'(t) =0, y'(t) = —f'(y®)2"()2"(t), () =2/ (y()y' (D)2’ (t) .

We solve the first equation to obtain the conclusion of Assertion (2a). The
remaining equations then become

y'(t) = —21f'(y(t)) and (1) =21 f (y(t))y'(2).

Assertion (2b) now follows; once y is determined, we use the second relation
to determine & and establish Assertion (2c). ]

Assertions (1) and (5) of Theorem 3.2.1 will follow from:

Lemma 3.2.3 Let N§~ be defined by f+(y) := £3y?. Then:

(1) Noi is a geodesically complete indecomposable local symmetric space.

+
(2) For any P € R3, expf;,[0 18 neither surjective nor injective.
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(3) For every P € R3, expjg‘; is a global diffeomorphism from TpR? to R3.

Proof. Since f(y) = :I:%y2 is quadratic, VR = 0. Thus Nj and Nj
are local symmetric spaces. Let {X,Y, X} be a basis for R3. Consider the
0-models My = (R3, (-,-), A+) where

(X, X)=(Y,Y)=1, and AL (X,Y,Y,X)==1.

Setting X = 0, + f03, Y = 0y, and X = 9; then shows that M, is a 0-
model for ./\/Oi. Thus to show N is indecomposable, it suffices to establish
the corresponding assertion for M.

Suppose to the contrary that R® = V; @ V4 is an orthogonal direct sum
decomposition which decomposes A4. Choose the notation so dim(V;) = 2
and dim(V,) = 1. Since dim(Vz) = 1, V2 € ker(Ay) = Span{d;z}. This
implies that the metric is totally isotropic on V5. This is not possible as
R3 = V, @ V4 is an orthogonal direct sum decomposition. This contradiction
shows that ./\/OJr and NV are indecomposable symmetric spaces; they are not
irreducible as Span{0; } is a parallel distribution and hence invariant under
holonomy.

Suppose first M = N so f(y) = 2y?. We apply Lemma 3.2.2 (2). The
geodesic equation y”(t) = —a2f'(y(t)) then becomes y” = —a3y(t). We
solve this equation with initial data y(0) = yo and §(0) = y;:

n y0+y6t lfxl :Oa
= Yo cos(x1t) + z—llyé sin(x1t) if 21 #£0.

This shows that ./\/’OJr is geodesically complete. Furthermore, a geodesic
with z(0) = z¢ and z(1) = z¢ + 27 has the form:

~v(t) = (xo + 27t, yo cos(2nt) + %yé sin(2mt), Z(t)) .

Thus y(1) = y(0) and the exponential map is not surjective; neither is it
injective as y, plays no role. This establishes the Assertions of the Lemma
concerning Ny

Next, we study f(y) = —3y? so y”(t) = 23y(t). This yields

y(t) = Yo + Yot if 21 = 0,
%yo{emlt 4 671115} 4 ﬁyé{ezlt _ efxlt} if 24 7& 0.
This shows that S_ is geodesically complete. We take P := (zg, Yo, %) as

the initial point. Suppose @ := (21,y1,Z1) is given. The exponential map
is given by setting ¢t = 1. Thus x(t) = zo + t(z1 — o). If 21 — 29 = 0, then
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set y(t) = yo + t(y1 — yo). If 1 — 29 # 0, we determine y uniquely by
solving the equation:

Y1 = tyo{e™ T + e} 4 m%{e“_% —eroT Ty,

Once z and y have been determined, we use Lemma 3.2.2 (2¢) to solve for
Z(. This shows that N~ is geodesically complete and that the exponential
map is a diffeomorphism. O

3.2.2 Ricci blowup

Recall that a pseudo-Riemannian manifold M is said to exhibit Ricci blowup
if there exists a geodesic v in M with domain [0,T) for T < oo where
lim sup,_, 7 |p(%, ¥)| = co. Such a manifold is necessarily incomplete.

The Assertions of Theorem 3.2.1 concerning geodesic completeness and
Ricci blowup for the manifolds J\fii with ¢ = 1,2, 3 will follow from:

Lemma 3.2.4  Assume that f'(y) > 0 for all y € R.

(1) If 3 C >0 so f'(y) < Cly| for y < —1, M is geodesically complete.
(2) If 3¢,6 >0 s0 f'(y) > ely|* T for y < —1, M has Ricci blowup.

Proof. We suppose that f/ > 0 and that f/'(y) < Cly| for y < —1. Let
v be a geodesic with £(0) = x1. If 1 = 0, then v extends for all time so
we assume x1 # 0. Set h = —a2 f’. The geodesic equation given in Lemma
3.2.2 (2) then becomes y”(t) = h(y(t)). Choose a maximal domain [0,7")
for the solution to this ordinary differential equation with initial condition
y(0) = yo and y'(0) = y. If T < 0o, Lemma 1.5.6 shows that

lim y(t) = —co and limsup
y—T y—T
which contracts the assumption that 0 < f' < Cly|. Thus T = oo and M
is geodesically complete. Assertion (1) now follows.
Suppose f'(y) > 0 for all y and that f'(y) > ely|**® for y < —1.
Choose a geodesic with z(0) = 0, 2/'(0) = 1, y(0) = —1, and ¥'(0) = —1.
The geodesic equation then becomes

Thus by Lemma 1.5.7 for some finite 7', lim;_,7 y(f) = —oo. This shows
that M is geodesically incomplete.
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If [f"(y)] < K on (—00,0], then f'(y) < Kly| + f'(y(0)) on (—o0,0]
which is false. Thus |f”(y)| is not bounded on (—oc, 0]. Since y(t) — —oo
ast — T, f”(y(t)) is not bounded on [0,T). We have p(%,%) = f"(y(t)).
Consequently, M has Ricci blowup. O

3.2.3 Curvature homogeneity

We shall need a technical lemma related to the structure of V¥R when the
defining function f is a pure exponential. Let

VFR(E) = VER(E1, €0, €3, €45 €5y ooy Eagr) for €= (€1, ooy Eagr) -

We suppose & = 0, or & = 0Oy; there is no need to take & = 0; since
V¥ R(€) vanishes if any & = 0;.

—

Lemma 3.2.5 Let ©(§) denote the number of times that £ = 0,. Let
M be as in Definition 3.2.1 where f = ae®. Then there exists a coefficient

—

v(a,b;€) so
VFR(E) = ~(a, b; €)e*® O
Proof . We proceed by induction on k. We define

y(a, b; 0z, Oy, Oy, 0z) = ab?,

Y(a, b; 0y, Oy, Oy, Oz 0y) = ab,

Y(a, b; 0, Oy, Oy, Ou; Oy, 0y) = ab*,

Y(a, b; Oy, Oy, Oy, Op; O, Or) = —ab*.

Lemma 3.2.5 for £ < 2 then follows from Lemma 3.2.2 if we introduce
the appropriate + signs when considering the Z, symmetries in the first

4-indices and if we set the other entries to zero.

We prove the Lemma inductively, the discussion given above shows it
holds when k = 0,1,2. By Eq. (1.2.d),

VFR(E) = &4aVF I R(E, .. Eps) (3.2.a)
k+3

- Z VE IR, ooy &1, Ve u&i Eiv1s s Eiys) - (3.2.b)
i=1

We distinguish two cases:

(1) Suppose &ryq = 0y. Since Vp & is a multiple of Jz, the terms in
Eq. (3.2.b) vanish and only the term in Eq. (3.2.a) must be considered.
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Let ﬁI: (51, ---;€k+3)- Then

VER(E) = 0,VE L R(i)) = 0,7(a, b; f)e 3O Dby
— YD) (a, by if) e 3Oy .

This has the desired form since O(7) = O(&).

(2) Suppose that &4 = 0,. Since &4 VFIR(EL, ..., &ky3) = 0, the term
in (3.2.a) vanishes. Replace &; by 0, in position ¢ to define

i i= (&1, oy &1, Oy Gig 1y oo Ekt3) -

Since Vp, 0y is a multiple of 0z, we can ignore terms where & = 0,.
Furthermore, as Vg, 0, = f'0, = abe®d,, the terms in (3.2.b) yield

—

VFR(E) = —abe® > VFR(i)
4:£;=0q
= —abe® Z Wﬁi(mb)eég(ﬁi)by.
1:£;=04

—

Since O(77;) = O(£) — 2, et¥e2©) = ¢29(M  Consequently this has the
desired form. 0

We make the following
Definition 3.2.3 Assume that f” # 0.

1 prrr

(1) Set ay := %

(2) We say that a basis B = {X,Y, X} for R® is normalized if:
(a) The non-zero components of g are g(X, X) = g(Y,Y) = 1.
(b) The non-zero components of R are R(X,Y.Y, X) = sign(f").
(¢) We have VR(¢1,£2,€3,84; X) =0 for all &,&2, &3, 4.

(3) We say that a basis B = {X,Y, X} for R? is affine normalized if the
non-zero components of R and VR are:
(a) R(X,Y)Y =sign(f")X

(b) R(X,Y)X = —sign(f")Y

(c) VyR(X,Y)Y = X.

(d) VyR(X, V)X =-Y.

The invariant «; of Definition 3.2.3 (1) is similar to the invariant ay de-
scribed Lemma 2.3.1 and plays a similar role in our development. The re-
maining assertions of Theorem 3.2.1 concern curvature homogeneity; they
will follow from the following result.
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Lemma 3.2.6  Let M be as in Definition 3.2.1 where " # 0.

(1) Let € :=sign{f"”}. Then M is 0-curvature modeled on N§.
(2) Assume additionally that "' (y) # 0. Then:

(a) M is 1-affine curvature homogeneous.
(b) M is 1-curvature homogeneous if and only if f" = ae®¥.
(¢) aq is an invariant of §o(M, P).
(d) The following assertions are equivalent:
i. M is locally homogeneous.
it. M is k-curvature homogeneous for all k.
1. M s 2-curvature homogeneous.

w. M is 2-affine curvature homogeneous.
v. f' = ae".

Proof. We may define a basis normalized as in Definition 3.2.3 (2) and
establish Assertion (1) of Lemma 3.2.6 by setting

X = |f"7 V{0 + f0z}, Y :=0,, X:=|f"'?0;. (3.2.c)

We construct a basis which is affine normalized as in Definition 3.2.3
(3) by rescaling the coordinate frame. Let a1, as, and as be constants to
be determined. By Lemma 3.2.2,

R(a10z,a20y)a20y = alagag_lf”ag@j,
R(a10z,a20,)a10, = —a3 f"az0,,

Vasa, R(a104, a20y)a20, = arasaz ' " as0z,
Vaya, R(a10,a20,)a10, = —atasf" a0, .

Assume that f”(y) and f"’(y) never vanish. We define an affine normalized
basis and prove Assertion (2a) by setting

X :=a10,, Y 1= aq0,, X = a30; where

3.2.d
a/l = {l‘]l'//|}71/27 a2 = |f//|{f///}71, a?) = ala%|f//| . ( )

We note for future reference that
VxVxR(X,Y)Y = a}a3Vs, Vo, R(0x, 0y)0y = —aia3 f' f" 0z (3.2.0)
2.e

_ —flflll{f”}_2X-

We study the relevant symmetry group to construct additional invari-
ants of the 1-model. Let B = {X,Y, X} be the normalized basis defined in
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Eq. (3.2.c). Suppose that B; = {X;,Y1, X} is another normalized basis.
Expand:

X1 =anX +apY +aiX,
Vi = a9 X + anY + axnX,
Xl = a31X + 0,32Y + 033X .

Since R(§1,§2,§3,X1) = 0 for any &1, &9,&3, we have ag; = ags = 0. Since
VR(£17§27§37§4;X1) =0 for any 517527537547 a2 = 0. Thus

Xi=anX +ai3X, Yi=anX+anY +anX, X|=a3X.

Because g(Xl,Xl) = 1, a3zl = 1. As g(Yl,Xl) = O7 a1 = 0. Since
9(X1,X1) =0, a13 = 0. Consequently,

X1 =anX, Yi=anY tanX, X = al_llx'

As g(X1,Y1) = 0, a3 = 0. Since g(Y1,Y1) = 1, a3, = 1. Because
R(X1,Y1,Y1, X1) = sign(f"), a3,a3, = 1. Therefore

X1 = allX, Y1 = 0,22}/, Xl = aﬁlf( where a%l = 0,%2 =1.
In particular we may use Eq. (3.2.c) and Lemma 3.2.2 to see:
IVR(X1, Y1, Y1, X1: Y1) = [VR(X, Y, Y, X; V)| = |[f"{f"} 7]

is an invariant of the 1-model. This is constant if and only if f"" = cf”;
this means that f” = ae®. Assertion (2b) now follows.

We now establish Assertion (2d); Assertion (2¢) will follow from our
investigations. The following implications are clear:

(2d-1) = (2d-ii) = (2d-iii) = (2d-iv).

We investigate the implication (2d-iv)=(2d-v) and we establish Asser-
tion (2c). Let B := {X,Y, X} be the affine normalized basis defined in
Eq. (3.2.d). Let

Ty := Spang, ¢, ¢, {R(&1, &)&} = Span{Y, X},
Ko == {n:R(n,&)& =0 for all &, &} = Span{ X},
Ki:={n:V,R(&,&)& =0 for all &, &, &} = Span{X, X}.
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Suppose that By := {X1, Y1, Xl} is another affine normalized basis. Since
the spaces given above are invariantly defined, we may expand

Xi=anX +aisX, Yi=anY +anX, Xi=apX.

We have R(X1,Y1)X: = a3, R(X,Y1)X is a multiple of Y. Since the basis
is normalized, it is also a multiple of Y;. Thus ass = 0. We now compute

R(X1,Y1)Y1 = an1adyazs sign(f") X1, R(X1,Y1) X1 = —a?, sign(f")Y1,
Vy, R(X1,Y1)Y1 = an1ad,a33 X1, Vi, R(X1,Y1)X1 = —a}a20Y; .

Because the basis is normalized, a?; = 1, aga = 1, agz = a1;. Consequently
Eq. (3.2.e) yields

Vx,Vx,R(X1,Y1)Y1 = a}1a3,VxVxR(X, Y)Y
a11a22f Fy ’X = —a11a22a33 f P 2X
_ —f f///{f//} 2X1.

This shows that f/f""{f"”}~2 is an invariant of the affine 2-model and proves
Assertion (2c). Consequently if M is 2-affine curvature homogeneous, then

f/fm{f//}72 —c

We apply Lemma 1.5.5. Either f’ = ae® or f = a(y+b)¢ for some {a, b, c}.
This final choice is ruled out as f” and f” are assumed to be globally
defined and non-zero. Thus we may conclude f’ = ae®; this establishes
the implication:

(2d-iv) = (2d-v).

Finally, we suppose that ' = ae®”; we take f = %eby. Consider the
normalized basis {X,Y, X} defined in Eq. (3.2.¢):

X = |ab|7Y2e~/2{p, + Leb0z}, Y =0, X = |ab|'/2ebv/20; .

Let VkR(ﬁ) = V’“R(m,nz,n&m;ns,---,n4+kl for 77 = (n1,...,mayr) where
nm,=Xorn =Y forl <i<4+ k. Let £ be the corresponding string
where X and Y are replaced by 9, and 9,. We set ©(7]) = O(£) to be the
number of times that X or equivalently 0, appear. We apply Lemma 3.2.5
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to see:
ka(ﬁ) - ‘ab|—®(n)/2e—9(ﬁ)by/2ka(
= |ab|~®M/2e=OMby/2~ (g b,

= |ab| =2y (a, b; ).

)
5)69(5)1711/2

b

This shows that M is k-curvature homogeneous for all k; a local version
of Theorem 1.4.2 now shows that M is locally homogeneous as desired.
Consequently, (2d-v)=-(2d-i). O

3.3 Signature (2,2) Walker Manifolds

In this section, we present results which deal with 4-dimensional pseudo-
Riemannian manifolds of neutral signature (2, 2). In Section 3.3.1 we review
the basic structure theorem for Osserman algebraic curvature tensors of
signature (2,2) which is due to Blazi¢, Bokan, and Rakié¢ (2001a) and to
Garcia-Rio, Kupeli, and Vazquez-Lorenzo (2002). We shall study a family
of Walker metrics of signature (2,2) on R* generalizing the examples of
Definition 2.3.2:

Definition 3.3.1 Let @/}ij(Il,IQ,Ig,.Izl) = wji(Il,IQ,Ig,{hl), where
i,j = 3,4, define a smooth map from R* to S?(R?). Let g = gy be de-
fined by:

g(azlvaﬂﬁs) = g(axzaaz4) =1,
9(0r;,0z;) =y for i,j=23,4.

Define a Hermitian almost complex structure JJ on M := (R*, g) by setting:

SOy, = Oz, JOry = —0uy,
JOry = 1340, + %(1#44 — 133)0z, + Oy,
J8x4 = %(1/)44 - 1/)33)3x1 + 11134312 - 8903 .

Here is a brief outline to Section 3.3. In Section 3.3.2, we present work
of Garcfa-Rio, Rakié, and Véazquez-Abal (2005) dealing with Kahler Osser-
man manifolds in this family. In Section 3.3.3, we present work of Diaz-
Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006) giving Jordan Osserman
manifolds which are not nilpotent and whose Jacobi operator is not diago-
nalizable. In Section 3.3.4, we present work of Brozos-Vazquez, Garcia-Rio,
and Vdazquez-Lorenzo (2005) dealing with the conformal Jacobi operator;
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this yields conformal Osserman manifolds whose conformal Jacobi operator
has complex eigenvalues.

3.3.1 Osserman curvature tensors of signature (2,2)

Zero is always an eigenvalue of the Jacobi operator since J(z)z = 0. If =
is spacelike or timelike, let J(z) be the restriction of J(z) to zt; M is
spacelike Osserman if and only if the reduced Jacobi operator J has constant
eigenvalues on ST (M). As discussed previously in Theorem 1.9.1, this
means equivalently that M is timelike Osserman and that j has constant
eigenvalues on S~ (M).

There is a complete algebraic classification of Osserman curvature ten-
sors of signature (2,2) which is given by Blazi¢, Bokan, and Rakié (2001a)
and by Garcia-Rio, Kupeli, and Vazquez-Lorenzo (2002). We may summa-
rize those results as follows:

Theorem 3.3.1 Let M be a 0-model of signature (2,2). Then M is
Osserman if and only if one of the following four possibilities holds:

(1) Type I-a: The reduced Jacobi operator is diagonalizable with eigen-
values {a, B,v}; J(x) is conjugate to the following matriz for any
z € STV, ()

a 0 0
0 g 0
0 0 ~

This occurs if and only if there is an orthonormal basis {e1, e, e3,e4}
for R* so the non-zero components of A are given by:

Aq291 = Auzzs = Aizz1 = Agooa = —f3,
Ajaa1 = Azze3 = —7, Atgzs = (200 + B+ ),
Ao = 3(a+ 3 —2y), Ajzaz = 3(@ =26 +7).

(2) Type I-b: The reduced Jacobi operator has 2 complex conjugate eigen-
values {a + /—18} and a real eigenvalue v; J(x) is conjugate to the
following matriz for any x € ST(V, (-,)):

|
o ® L

6 0
a 0
0 ~



Other Pseudo-Riemannian Manifolds 195

This occurs if and only if there is an orthonormal basis {e1, ez, es,eq}
for R* so the non-zero components of A are given by:

A1 = Auzze = Aizz1 = Aszos = —q,
Ajaa1 = Aszze3 = —, A2113 = Aza43 = — 3,
Ai204 = A1334 = f3, Aigzs = 2(—a +7),
Avsos = 2(a—7), Arzsr = H(—a+7).

(8) Type II: The minimal polynomial for the reduced Jacobi operator has
a as a double root; J(x) is conjugate to the following matriz for any

z € STV, (,)):

+(a—3 +5 0
Fi H(a+i) 0
0 0

This occurs if and only if there is an orthonormal basis {e1, e, e3,e4}
for R* so the non-zero components of A are given by:

Aroor = Asgaa = £ — 3),  Awzar = Asooa = F(a + 3),

Ayaa1 = Azgez = —f3, Agi1z = Asuus = F3,
Atoog = Argzy = 1, Argzs = 3(H(—a+3) + 1),
Arags = 3(a — ), Ayzar = 3(£(—a—3) + ).

(4) Type III: The minimal polynomial for the reduced Jacobi operator has
a as a triple root; J(x) is conjugate to the following matriz for any

z € STV, (,):

Q
o
|>—l

v

0 « E

1 1 o
V2 V2

This occurs if and only if there is an orthonormal basis {e1, e, e3,e4}
for R* so the non-zero components of A are given by:

Aqoo1 = Aysza = o, Ai3z1 = Asoos = —a,
1
Avgan = Asooz = —a, Ao114 = Aoszy = — 5
= — =L - — _ 1
Az = —Azon = 75, Aoz = Araaz = Auszo = 5,

1
A1442 = _ﬁ .

Let W be the associated Weyl algebraic curvature tensor discussed pre-
viously in Section 1.3.3. Let x be the Hodge operator. We say A is self-
dual (respectively anti self-dual) if W = W (respectively if xW = —W).
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The following consequence can then be drawn from the classification given
in Theorem 3.3.1; we refer to Brozos-Vazquez, Garcia-Rio, and Vazquez-
Lorenzo (2005) for details:

Corollary 3.3.1 Let 9 be a 0-model of neutral signature (2,2). The
following conditions are equivalent:

(1) 9M is Osserman.

(2) M is spacelike Jordan Osserman.

(8) M is timelike Jordan Osserman.

(4) A is either self-dual Finstein or anti self-dual Einstein.

We remark that the examples given in Chapter 2 show that (1), (2),
and (3) are different concepts in the higher signature setting.

3.3.2 Indefinite Kdahler Osserman manifolds

We begin by recalling the following result of Blazi¢, Bokan, and Rakié
(2001a):

Theorem 3.3.2 Let M be a pseudo-Riemannian manifold of signature
(2,2). The following conditions are equivalent:

(1) M is Osserman.
(2) M is locally isomorphic to one of the following manifolds:

(a) A manifold of constant sectional curvature.

(b) A Kdihler manifold of constant holomorphic sectional curvature.

(¢) A para-Kdihler manifold of constant para-holomorphic sectional
curvature.

(d) A manifold whose Jacobi operator is nondiagonalizable, and its
characteristic polynomial has a triple zero c.

The authors note that such a manifold admits a foliation by 2-
dimensional totally geodesic isotropic submanifolds. Thus the study of
Kahler geometry is very relevant and one has Garcia-Rio, Raki¢, and
Vézquez-Abal (2005):

Theorem 3.3.3 Adopt the notation of Definition 3.3.1 to give the
pseudo-Riemannian manifold M = (R, gy) a Hermitian almost complex
structure J. Then M is Kdhler Osserman if and only if there exist smooth
functions £ = Z(xs,x4) and V;; = V,;(x3,24) S0 that:

(1) 33 = x10,,2(23,T4) + 205, =(x3, x4) + Vsz(x3, 24).
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(2) Yaa = —x105,2(x3, T4) — 2202, E(x3, ) + Vas(xs, T4).
(8) Y34 = —x102,2(x3, Ta) + 2202, E(x3, x4) + U3a(x3, T4).

If 6545 + 6%35 % 0, then the Jacobi operator is 3-step nilpotent.

3.3.3 Jordan Osserman manifolds which are not nilpotent

We follow the discussion in Diaz-Ramos, Garcia-Rio, and Vazquez-Lorenzo
(2006) to present manifolds of signature (2,2) which are Osserman but not
nilpotent and whose Jacobi operators are not diagonalizable. We specialize
the examples of Definition 3.3.1:

Definition 3.3.2 Let {z1, 22, 23,24} be coordinates on M = R* and let

f = f(x4) be non-constant. Let M; := (R* g;) have neutral signature
(2,2) where

af (8961 ; 8962) = 1a gf (8962 ) 814)
gf (81‘278$2) = 4]€$% - ﬁf(z4)2v g (8I45 81?4) - 4](3.1‘2,
95Oy, 0zy) = 4k + w2 f(24) — 7 [/ (24) -

One then has that the curvatures are

Ri313 = Roaoa = —4k, Ri3oa = Ryanz = —2k,
Rigsa = kao(4kzy + f(za)), Riaza = 4k*23,
Rosga = 2 f(24)? — 4k%23,  Roaza = L f/(x4) — kaa(4kzy + f(24)),
Rauzs = o5 f/(@4)? + 2karwo f' (24) — 2kad f(x4)?
w1 f"(x4) — flza) (8K 123 — Saof/(w4) — 2 f"(24)) -

Set Py := 24k f(z4) f'(wa)x2 — 12k f" (24) 21 + 3f (04) [ (24) + 4f (24)* . We
refer to the paper cited above for the proof of the following result:

Theorem 3.3.4 [Diaz-Ramos, Garcia-Rio, Vazquez-Lorenzo].

(1) The manifold My is Osserman with eigenvalues {0, 4k, k, k}.
(2) The Jacobi operators are diagonalizable at P if and only if Py(P) = 0.
(3) Let O be an open subset of R* where Py # 0. Let O := (R3 x O, gy).

(a) O is spacelike and timelike Jordan Osserman.
(b) k is a double root of the minimal polynomial of the Jacobi operator.

(4) The manifold My is not 2-Osserman.
(5) The manifold M is not locally symmetric.
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(6) The manifold M is nilpotent Szabd. It is neither spacelike nor timelike
pointwise Jordan Szabo.
(7) The manifold My does not have vanishing scalar invariants.

It has been pointed out to us that this example seems to contradict
Theorem 3.3.2 since the reduced Jacobi operator of O has two different
eigenvalues and it is not diagonalizable if k == 0. Note that O is not locally
isometric to (a)-(d) in Theorem 3.3.2.

3.3.4 Conformally Osserman manifolds

Let W and W be the Weyl conformal curvature tensor and curvature op-
erator, respectively, for a pseudo-Riemannian manifold M as discussed in
Section 1.3.3. Then W is an algebraic curvature tensor in its own right, so
we can form the associated conformal Jacobi operator Jyw as discussed in
Section 1.7.3. One says that M is spacelike conformally Jordan Osserman
if the eigenvalues of Jy are constant on S3 (M) for each point P € M;
the eigenvalues being permitted to vary from point to point. We showed
in Theorem 1.9.9 that this is a conformally invariant notion. Examples of
such manifolds were given previously in Corollary 2.5.1. We now summarize
work of Brozos-Vdzquez, Garcia-Rio, and Vazquez-Lorenzo (2005) giving
additional 4-dimensional neutral signature manifolds.
The following is an immediate consequence of Corollary 3.3.1:

Theorem 3.3.5 Let M be a pseudo-Riemannian manifold of neutral sig-
nature (2,2). Then M is conformally Osserman if and only if there is a
choice of orientation for M such that it is self-dual or anti self-dual.

One can consider the following family of Walker manifolds
Definition 3.3.3 Let M := (R%, g) where g is defined by:
(61176LE3) = 9(61)27814) =1,

(8:637 8I4) = 7/)34(171, x2,T3, ':C4) .

Let ’l/)ij/k = 8zk1/)ij and wij/kl = 8zk<91l1/)ij. One then has that:
Ra334 = i{ﬂfi/g — 2t34/23}, Risia = — 33411,
Rizss = ${¥s4/1034/2 — 2¢h34/13}, Rosoq = —3134/20,
Rouss = 5(—3a/10s3a2 + 203424},  Risoa = —334/12,

Risss = 5(—34t034/1034/2 + 2034734}, Riaos = —534/12,
Riss = {—34/103a/1 + 203414} -

)
)
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As the scalar curvature is given by 7 = 234,12, these need not be general-
ized plane wave manifolds. We shall see presently they are not in general
complete. We refer to Brozos-Vazquez, Garcia-Rio, and Vazquez-Lorenzo
(2005) for the proof of the following result:

Theorem 3.3.6 Let M be as in Definition 3.3.3. Then M is Osserman
if and only if 134 has one of the following forms:

(1) 434 = 1/134(173, T4).
(2) haa = — 2w + (w3, 24).

(3) 34 = mgiaxz + C($3,$4)
(4) Vs34 = ~Taita@s Tl T $3+b($4)172 + c(x3,x4) where the functions a and

b satisfy the relation a’(x3 + b)% + V' (x4 + a)? = 2(x3 + b)(24 + a) and
where the function c is arbitrary.

We note that if ¢34 = 34(x3, 24) is as in Assertion (1), then M belongs
to the family considered in Section 2.2. One also has that the following re-
sult (see Remark 4.4 of Brozos-Vdzquez, Garcia-Rio, and Vézquez-Lorenzo
(2005)) showing all possible algebraic types are geometrically realizable:

Theorem 3.3.7 Let M be as in Definition 3.3.5.

et sy =23 — x en 1s conformally Osserman of type I-a wil
1) Let 9 ¢ % Then M i f lly O f I ith
eigenvalues {0 0,2 2 -1}
2) Let 134 = 22 + 3. Then M is conformally Osserman of type I-b with
( 1 2-
eigenvalues {0,0, @, —@}
(8) Let i3y = 2124 + 2324. Then M is conformally nilpotent of order 2
and is Osserman of type II.
4) Let 134 = 22. Then M is conformally nilpotent of order 8 and is
1
Osserman of type III.
(5) M is not Osserman in (1)-(4) above.

The Jordan normal form of the conformal Jacobi operator can change
depending on the point considered. Let Pp be the minimal polynomial of
the conformal Jacobi operator. The following examples of nilpotent confor-
mally Osserman manifolds illustrate this behaviour. We refer to Remark
4.5 of Brozos-Vézquez, Garcia-Rio, and Vézquez-Lorenzo (2005):

Theorem 3.3.8 Let M be as in Definition 3.3.3 be defined by:
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(1) Let w34 = wox? + m§x4. Then M is conformally Osserman and

N if za(P) # 0,
Pp =14 A2 ifz4(P) =0, a3(P) #0,
A ifxg(P) =24(P)=0.

(2) Let i34 = w223 + x374. Then M is conformally Osserman and

P _{/\3 if z4(P) # 0,
P AN ifau(P) =0.

(3) Let i34 = w123 Then M is conformally Osserman and

P A if x3(P) # 0,
P_{)\ if z3(P) = 0.

(4) Let 34 = x123 + x224. Then M is conformally Osserman and

Pp = {)‘2 if {123 + 2224 }(P) # 0,
g A if {z1xs + xoxa }(P) = 0.

Let Specp(M) be the spectrum of the conformal Jacobi operator on the
unit spacelike vectors for a conformally Osserman manifold. The eigenval-
ues can change. They can even change from real to complex. We refer to
Remark 4.5 of Brozos-Vézquez, Garcia-Rio, and Vazquez-Lorenzo (2005):

Theorem 3.3.9 Let M be as in Definition 3.3.3. Then:

(1) If Y34 = 21 + 22 — 23 — 23, then M is conformally Osserman and

Specp = {O, 0, :t%\/(Gx% +1)(623 + 1)} :

(2) If Y34 = 21 + 2% + 25 + 23, then M is conformally Osserman and

Specp = {0, 0, i%\/—(&ﬁ% +1)(6x3 + 1)} :
(3) If Y34 = 23 — 23, then M is conformally Osserman and

Specp = {0,0,+3\/z175} .
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3.4 Geodesic Completeness and Ricci Blowup

In this section, we study questions of geodesic completeness related to the
manifolds introduced in Section 3.3. Recall that M is said to be geodesi-
cally complete if all geodesics extend for infinite time and that M is said
to exhibit Ricci blowup if there exists a geodesic defined for ¢ € [0,T") such
that lims—,7 |p(¥,%)] = oo. In Section 3.4.1, we study the geodesic equa-
tion for the manifolds of Definition 3.3.3. In Section 3.4.2, we examine
these questions for the manifolds of Section 3.3.4 which are conformally
Osserman.

3.4.1 The geodesic equation

We now study questions of geodesic completeness and Ricci blowup. Let
Vi (21, T2, T3, x4) = Yji(x1, 2, T3, 24) for 4,j = 3,4 define a smooth map
from R* to S?(R?). Following Definition 3.3.1, let M = (R*, g) where
Qw(azuaws) = 9(8127 6E4) =1,
gd,((?xl,az]) = ’(/)ij fOI‘ ’L,] = 374

Let /5 1= Oz, 1i;. We begin by showing:

Lemma 3.4.1 Adopt the notation established above. The geodesic equa-
tion for M is:

(1) 0 =&y + 21831P33/1 + T184Y34/1 + Bod3sg/2 + Toda3a/0
+2d5d3 (Y333 + V3asz/2 + Y33thaz/1)
+2d484 (203074 — Yaass + V3ataas + V33taas1)
+ia324 (3374 + V3493472 + V33%34/1)-
(2) 0=y + 210334/ + D184 4a/1 + T2d3342 + T2B44a/2
+2d303(2034/3 — V3374 + VaaPsz/a + Vsathsz )
+2d484 (Yaaya + Vaathaaso + 3aaa)1)
+@384 (Vaa/3 + VaatP3a2 + 34t3as1)-
(3) 0= i3 — Jigisthssn — ¥3dathgay1 — 3dadatas/-
(4) 0 =iy — Jigisthsg/n — ¥3dathgayn — 3Eadatas/o-
Proof. Following the discussion in Garcia-Rio, Raki¢, and Vazquez-Abal
(2005) one has that:

v(’?ml 6;63 = vazS 811 = %1/133/1811 + %1/134/1812,
v(’?ml 6;64 = v6w4aw1 = %1/134/1811 + %'(/144/1812,
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Vo, 0y = Vo,, 02y = 3133/200, + 5134/20n,,
Vo, 0es = Vo, 02y = 3131/200, + 5014/20n,,
Vo, 0y = 5 (V3373 + Usat33/2 + U331b33/1) 00,
+2(2034/3 — V3374 + Vaathsz /o + ¥3at33/1)0as
—3¥33/102, — 3V33/200,,
Vo,, 0y = Vao,, 02y = 5(133/4 + V3athsa)2 + V33034/1)0a,
+35 (Va3 +Vaathsaso +34034/1) Oy — 5034/1 005 — 3034/20m,4
Vo, 0y = 52053474 — thaays + V34taa)2 + 133044/1)0a,
+ 2 (Yaaya+1aatba 2+ 1034014 /1) Oy — 3044/100, — 3044 /20, -
The Lemma now follows. O
We shall use this in Section 3.4.2 to study the Conformally Osserman man-

ifolds discussed in Section 3.3.4 and the Jordan Osserman manifolds dis-
cussed in Section 3.3.3.

3.4.2 Conformally Osserman manifolds

In this section, we will examine which manifolds of Section 3.3.4 are geodesi-
cally complete and which are geodesically incomplete, and which exhibit
Ricci blowup. Assertion (1) of the following Lemma follows by specializ-
ing Lemma 3.4.1 to the manifolds given in Definition 3.3.3; Assertion (2)
follows from the work of Diaz-Ramos, Garcia-Rio, and Vazquez-Lorenzo
(2006); we adopt the notation of Definition 3.3.3.

Lemma 3.4.2 Let M := (R%, g) where g(0sy,0z5) = 9(0y, 0r,) = 1 and
where §(Ouy, Oz, ) = VY34(x1, 22, 23,24). Then:

(1) The geodesic equation is:
0 =21 + d18434/1 + T2BaVP34/2 + T3TaY34034/2 + TaLat34/4,
0 = Zo + @18334/1 + T2@3VY34/0 + T3T3%34/3 + T3T434Y34/1,

0 =3 — T384tP34/1, and 0 =& — E3%4Y34/2-
(2) The Ricci tensor is:

P13 = 3¥s4/12, p33 = %{—1/)92,4/2 + 234/23},

P14 = 3¥sa/11, P21 = 3Usa/12,

p23 = %%/134/227 P4 = %{—¢§4/1 + 293414},

p3a = 3{th3a/1034/2 + 20341034 /12 — V34/13 — V34724 }-

We study the manifolds of Theorem 3.3.7, of Theorem 3.3.8, and of
Theorem 3.3.9. Only one of these manifolds is complete.
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Case 1: Suppose that 1341 = p(v1) and that 134,4 = 0 where p(z1) > 21
for x1 > 1. This is the case for the warping functions of Theorem 3.3.7 (1,
2, 4) and of Theorem 3.3.9. We set z2(t) = 0, z3(t) = 0 and z4(t) = —t.
The geodesic equations then become:

1 — 21341 =0, T2=0, ¥3=0, Z4=0.
Thus the geodesic equations reduce to the ordinary differential equation.
fél = jrlp(:cl) .

We suppose the associated manifold is complete and argue for a contra-
diction. Let «(t) satisfy initial condition z1(0) = 1 and #;(0) = 1. We
suppose (t) persists for all time. We then have %1 (0) > 1. It now follows
that &1 (t) > 1 for all ¢t and that %1 (¢) and z;(¢) are increasing functions of
t. Let t1 =0 and let ¢, = t,,_1 + % We consider the Proposition:

Py: xi(t,)>n and i1(t,) > n?.
Clearly P; is true since z1(t1) = 1 and 21 (¢1) = 1. We may estimate

21 (tng1) > z1(tn) + @1 (tn) n
1 (tng1) > @1 (tn) + 31 (tn) 2 > 02 + 21 (ty) @1 (t) 2=
2n2+n3n% >n?+3n>(n+1)2.

(t
2
>

3
n2
3
n2

Consequently, Proposition P, holds for all n. Since n% < 00,

T = lim t,

n—oo

exists and is finite. This must be false as

21(T) = lim x1(t) = 00.

n—oo
Consequently, v persists only for finite time. Since
li t)=0, i t)=0, 1l t)y=-T
figa(f) =0, Jigxs(t) =0, fim za(f) = =T,

we must have lim; 7 x1(T) = co. We use Lemma 3.4.2 to compute the
Ricci tensor; only pa4 is non-zero and we have:

p(¥,%) = —ip(z1)? < —3a?.

Consequently

i o(4. %) = —oo.
lim p(%,79) = —o0
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This shows that these manifolds exhibit Ricci blowup. They do not embed
as an open subset of a geodesically complete manifold; they are intrinsically
incomplete.

Case 2. Let 934 = x123 + 2224 be the warping function of Theorem 3.3.8
4). The geodesic equations then become:

) 0= i‘l + Cblj?4I3 + .Cbg.f4$4 + j?g:f4($1I3 + CCQ.I4)I4 + I2$4j74.

) 0= i‘g + :'c1:1'73:1:3 + i2$3I4 + .i‘g.fg.fbl + 1.731.74(561I3 + I2$4)I3.
3) 0= i‘g - Cbgi?4$3.

) 0= i‘4 - Cbg:t4x4.
We start with initial conditions z3(0) = #3(1) = x4(1) = @4(1) = 1. Sym-
metry implies that z3(t) = x4(t) = h(t) where h solves the equation

R () = h (&)W (t)h(t) .

We apply the same argument as that used in Case 1 to show that h — oo
at finite time. We have h(t) and h’ are monotonically increasing as h” > 0.
Let t1 =0and t, =t,_1 + % Consider the Proposition:

P, :h(t,) >n and h(tn) >n?.
Clearly P is true since h(t;) = 1 and h(t;) = 1. We estimate

W(tns1) > Altn) + h(ta)Z > n+ 02 > n+1,
h(tna) = I(tn) + ( n)ir =0 h(ta)(tn) () 25
>n?+n3 >n?+3n> (n+1)2.

This shows that Proposition P, is true for all n. The remainder of the
argument is the same as in Case 1 to show that x3(t) = z4(t) — oo as
t — T for some finite time 7T'. By Lemma 3.4.2, p;; = 0 unless 3 <4, j < 4.
Thus

P33L3%3 + Pasala®y + 2p340374

_ _1,2:2 1.2:2 | 9. :
= —5ridy — 5r38] + 22384 (v324 — 1)

p(¥,%)

= —%(.3.63174 — $3.Tf4)2 — 25&3i4 .
Since &5 = &4 — 00, p(%,7) — —oo and M exhibits Ricci blowup.

Case 3. v34 = z123. This is the warping function of Theorem 3.3.8 (3).
The final two geodesic equations become:

i3 = d3igr: and iy =0.
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Setting z4 = t then yields the equation #3 = #3z3. The same argument as
that given in Case 1 then shows there is some finite ¢ so that x3(t) — oo as
t — T. We compute

p(, ) = 2d384p3a + Badapaa = —2k3d4T3 — FE4E4TY .
Thus lim_,7 p(¥,7¥) = —oo and M exhibits Ricci blowup.

Case 4. 134 = xgxi + x§x4 or Y34 = xgxi + x3x4. These are the warping
functions of Theorem 3.3.8(1, 2). The final two geodesic equations become:

.. .. . . 9
0=23 and &4 = TaTaxy.

The same analysis as that performed in Case 3 shows M is geodesically
incomplete. We take x3 = t so the equation becomes ¥4 = :b4xi. Thus
lim;_,7 x4 = 0o at some finite time. We have

p(Y,7) = @3i3p33 + 238434 — %5635631/154/2 — T3T4%34/24 -
This tends to —oo as t — T and thus M exhibits Ricci blowup.

Case 5. 134 = 2124 + x324. This is the warping function of Theorem 3.3.7
(3). The geodesic equations in the last two variables are:

ig—@3$4$420 and i‘4=0.

Consequently x4 = a + bt is linear. Set X3 := @3; one then has x3 = f Xs.
Since X3 — b(a + bt) X3 =0, X3 = ceb(@+b3t%)  This determines x3. The
equation for x; takes the form:

X1+ L1044 + 42421 = 0.

By changing the parameter ¢, there are really only two cases to be consid-
ered. These are x4 = a and x4 = t. If z4 = a, we get the equation #1 =0
which has linear solutions. If x4, = t, we get the equation

1+t +21=0.
We set 71 := fe~ 2% where f = fce%‘62 solves f"" —tf’ = 0. Then
i1 = (f —tf)e ",

= (f =2f +2f — f),
Bttt ar = (f —2f + 2f — f+tf —£2f + fle 2l = 0.

The final equation takes the form #o + F(x1, 23, %4, 1, %2,24) = 0 which
can be solved. Consequently, this manifold is geodesically complete.
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3.4.3 Jordan Osserman Walker manifolds

We adopt the notation of Section 3.3.3 and set

g(awl7al€3) = 1a 9(312,5:54) = 1,
9(613,8%) = ¢33 = 4]633% — ﬁf(‘rﬁl)a 9(61476w4) = ¢44 = 4kgj%7

g(8$35814) = 1Pgq = 4k + -T2f(554) - ﬁf’(a@) .

We suppose that & # 0 and that f(z4) does not vanish identically.
Choose & so f(&1) # 0. Choose & so 16k%62 = f(&4)?; normalize the
choice of sign so k&1 > 0. As an ansatz, we set 1 = & and x4 = &4 are
constant. The geodesic equations in 1 and 4 then become 1 = &4 = 0
which are satisfied. The remaining geodesic equations then take the form:

0= &9+ F(x1, 22, 23,24, &2, 43, 44) = 0,

0= 5.6.3 - 4]€5€1:f3.f3 .

The arguments given above show this leads to blowup at finite time for
x3; thus this manifold is geodesically incomplete. Note that since we are
dealing with an Einstein manifold, we do not have Ricci blowup.

3.5 Fiedler Manifolds

In this section, we follow the discussion Fiedler and Gilkey (2003) and,
using a single warping function, define the class of Fiedler manifolds. As
noted earlier, the manifolds discussed in Sections 2.3, 2.4, 2.9, 2.10, and 3.2
are Fiedler manifolds so the results of this section apply to those examples.

Definition 3.5.1 Let (z,us,...,u,,y) be coordinates on R**2. Let
f € C*°(R¥) and let = = =, be an invertible symmetric ¥ x v matrix
of signature (r,s). We say that M := (R"*2 g) is a Fiedler manifold if g
is the pseudo-Riemannian metric of signature (r 4+ 1,5+ 1) given by:

g(awa 6;6) = _2f(ﬁ)> g(azu au) =1, g(auaa 6ub) = Hap -

Since the Lorentzian manifolds of Definition 3.2.1 are Fiedler manifolds
and since these manifolds can exhibit Ricci blowup, Fiedler manifolds need
not be generalized plane wave manifolds.

One says that M is skew Tsankov at P if

R(z,y)R(z,w) = R(z,w)R(z,y) Vx,y,z,w e TpM.
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One says that M is skew Tsankov if this condition holds for all P € M.
In Theorem 3.5.2, we shall show that Fiedler manifolds are skew Tsankov;
we will discuss other examples of skew Tsankov manifolds subsequently in
Chapter 6 when we shall conduct a systematic study of Stanilov—Tsankov
theory.

We say that a 0-model My = (V, (-, ), A) is Jacobi nilpotent of order n if
J(&)™ =0 for all ¢ € V and if there exists n € V so J(n)" "1 # 0; since 0 is
the only eigenvalue of the Jacobi operator, 9% is necessarily Osserman. We
say that a pseudo-Riemannian manifold M = (M, g) is Jacobi nilpotent of
order n if J(x)"™ = 0 for all tangent vectors = and if there exists a point P of
M and a tangent vector y € TpM so that J(y)"~! # 0. One uses the skew-
symmetric curvature operator or the Szabé operator to define the related
concepts of Ivanov—Petrova nilpotent and Szabd nilpotent, respectively.

In Section 3.5.1, we summarize the basic geometric properties of Fiedler
manifolds. In the remaining sections, we construct Fiedler manifolds which
are Jacobi or Szabé nilpotent of arbitrarily high orders. We also study other
geometric properties of these manifolds. The main result of this section is
the following;:

Theorem 3.5.1 Let v > 1 be given.

(1) There exists a Fiedler manifold M,4o of dimension v + 2 which is
Jacobi nilpotent of order v.

(2) There exists a Fiedler manifold N, 12 of dimension v+2 which is Szabd
nilpotent of order v.

We note that if M is Jacobi nilpotent of order 1, then by Lemma 1.7.1,
the Jacobi operator vanishes identically and hence M is flat. Similarly, if M
is Szabé nilpotent of order 1, then the Szabd operator vanishes identically
and one can show VR = 0. Thus Theorem 3.5.1 is trivial in these examples
so we shall always assume n > 2; the case n = 2 is somewhat exceptional
and is discussed separately in Section 3.5.2.

3.5.1 Geometric properties of Fiedler manifolds

We summarize the relevant geometric properties of Fiedler manifolds in the
following result:

Theorem 3.5.2 Let M be a Fiedler manifold.

(1) M has signature (r +1,s+1).
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(2) The possibly non-zero components of R, of VR, and of V2R are:

(a) R<awu aua ) 6ub ) aﬂc) = auaaub (f)

(b) VR((%, aua7aub7 O auc) = aua 6% 6uc (f)

(c) V2R(3m, Oy Oy Oz Ouyy Ouy) = OuyOu, Ouy O (f)-

(d) V2R(aﬂca 6ua7 6ub ) aﬂc; 6mu aﬂa) = - Zd ECdaudf : auaaubauc (f)

(8) M is skew Tsankov.
(4) M is Ivanov—Petrova nilpotent of order v < 3.

Proof. Assertion (1) is immediate. We argue as follows to prove Asser-
tion (2). Since dZ = 0, the potentially non-zero Christoffel symbols are:

9(Vo,0z,0u,) = Ou, (f),
g(v8ua 0z,0z) = 9(Vo,0u,,0:) = —0u,(f) -

Let 2% be the inverse matrix. Then

Vo0 = Y 2%, (f)0u,, (3.5.a)
ab
Vo,0u, = Vo, 0r = —0u,(f)3y . (3.5.b)

The quadratic terms in the Christoffel symbols play no role in the calcu-
lation of R. Assertion (2a) now follows. Similarly, the Christoffel symbols
play no role in the computation of VR and Assertion (2b) follows from As-
sertion (2a). When we compute V2R, we use Eq. (3.5.a) in the expansion
of V2R(0z, 0w, , Ouy, Or; Or, Or) to derive Assertion (2d).

The non-zero components of the curvature operator are:

R((?m, 8ua)aub - {auaaubf}aya
RO 0, )0z = — > E*{ 00, O, f }0u, -

b,c

Thus the only potentially non-zero quadratic terms in the curvature are

R(aza aud)R(aza aua)az = - Z Ebc{auaaucf}{audaub f}ay :

b,c

Since this expression is symmetric in the roles of a and d, Assertion (3)
follows. Assertion (4) follows as R(m1)R(m2)R(ms3) = 0 for any 2-planes 1,
T2, and 3. [l
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3.5.2 Fiedler manifolds of signature (2,2)

We begin our study of nilpotent Jacobi and nilpotent Szabé manifolds with
the following example; we change notation slightly to make it compatible
with the notation of Theorem 2.3.6.

Lemma 3.5.1 Let Ny be the Fiedler manifold of signature (2,2) defined
by the metric g(Oy,0x) == —2¢e¥ and g(dy,0z) = g(0y,05) = 1. Then Ny
is a homogeneous generalized plane wave manifold of signature (2,2) which
is Jacobi nilpotent of order 2 and which is Szabd nilpotent of order 2.

Proof. We apply Theorem 2.3.6 to see N, 1+ is a homogeneous generalized
plane wave manifold. Furthermore, by Theorem 3.5.2, the only non-zero
entries of R and of VR are given by:

R(0y,0y,0y,0;) =€ and R(0y, 0y, 0y, 0y; 0y) = €Y.
We normalize the basis to set
X :=e Y20, +eY0;}, Y = 9y, X :=e¥?0;, Y :=0;.
The non-zero entries in the metric tensor and in the curvature tensor are
then given by:
9(X,X) =g(Y,Y) = R(X,Y,Y,X) = VR(X,Y,Y, X;Y) = 1.
This implies that
R(X, Y)Y =X, R(X,Y)X=-Y,
VyR(X,Y)Y = X, VyR(X,Y)X = -Y .
Consequently, if £ is any tangent vector field,
J(€)Span{X, Y} C Span{X, YV}, J(&)Span{X,Y} = {0},
S(¢)Span{X,Y} C Span{X,Y}, S(¢)Span{X,V} = {0}.

This shows J(£)? = S(¢€)? = 0. The Lemma now follows since J(Y) and
S(Y) are non-zero. O

3.5.3 Nilpotent Jacobi manifolds of order 2r

There are pseudo-Riemannian manifolds of arbitrary high nilpotency n. We
first suppose n = 2r is even; the odd case will be dealt with in Section 3.5.4.
The case n = 2 was dealt with in Lemma 3.5.1 so we shall assume n > 4
and thus r > 2.
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Theorem 3.5.3 Let r > 2. Let (z,u1,..., Up, V1, ..., U, y) be coordinates
on R T2 Let o € C*®(R) with ¢" >0 and """ > 0. Let M := (R*" 12 g)
be the Fiedler manifold defined by g(9z,0,) = 1, g(Ou;,0s;) = dij, and
9(0z, 0z) = —2uqv9 — ... — 2Up_10, — 200(uy).

(1) The possibly non-zero components of R, VR, and V2R are:

(a) R(Oy,0u, 0, ,0:) =" (u).

(b) R(Oy,0u;s00,,,,0:) =1 for 1 <i <.

(c) VR(Dy, 04, ,0u,,0:;0u, ) = V" (u).

(d) V2R(0y, 004, ,0u,,04;0z,0z) = —ur_19" (u,).
(e) V2R(0y,0u,,0u,,00;0u,.,04.) =" (u,).

(2) M is a generalized plane wave manifold of signature (r +1,r 4+ 1).

(3) Let X := (z1,u1), Y = (U2, ooy Uy, V2, ..oy ), and Z = (v1,y). Ifv"” £0
and if ¢ is an isometry of M, then there exists Ay € Al(2), a smooth
map Az : R? — Al(2r — 2), and a smooth map As : R?" — Al(2) so
that p(X,Y,Z) = (A1 X, A(X)Y, A3(X,Y)Z).

(4) M is 1-curvature homogeneous but not 2-curvature homogeneous.

(5) M is 2r-Jacobi nilpotent.

(6) M is indecomposable.

Proof. Assertion (1) follows from Theorem 3.5.2. We use Egs. (3.5.a)
and (3.5.b) to see:
Vo,0: = u10uy + oo + Up_104, + 120y, + oo + 0,04 _, + ' (ur)0y, ,
—vi+16y if i< T,
-0, if i=r,
0if ¢=1,
—ui,lay if 7> 1.

v(’?m a'u,Z = Vaui am = {

We take the coordinate ordering (z, uq, ..., U, Or, ..., 01,y } to see that M is
a generalized plane wave manifold.

Adopt the notation of Assertion (3) and denote the corresponding dis-
tributions by

X = Span{a;m aul}a
y = Span{8u2, ceey .aura a’uza () av'r‘}’
Z := Span{dy, Oy, } .

We verify that the assumptions of Lemma 2.2.2 are met as follows. Let
&1, & be coordinate vector fields in X, let 11,72 be coordinate vector fields
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in Y, and let (7, (2 be coordinate vector fields in Z. Then:

Vglgz eYy+ Z, Vglm €z, Vm’UQ € Z,

V&C? = vn1<2 = VC1C2 =0.
Thus covariant differentiation has the proper triangular form. Furthermore,
since ¢” > 0, Assertions (la) and (1b) imply that Z = ker{R}. Thus
Y + Z = ker{R}*. Consequently Z and )Y + Z are preserved by any
isometry of M. We can now derive Assertion (3) from Lemma 2.2.2.

Let R?*2 = Span{X, Uy, ...,U,, V., ..., V1,Y}. To prove Assertion (4),

we introduce the 1-model 9, := (V, (-, ), A, A1) where:

(X,Y):=1, (U,Vy) =1, AX U, U, X):=1,
AX, U, Vi1, X) =1 for 1<i<r,
A(X,U0,.,U,,X;U,.):=1.
We show that 91y is a 1-model for M as follows. Let &; € C°°(M). Define
a frame {X,Y, Uy, ...,U., V4,..., V;.} for T(R?*"+2) by setting:
X :=¢o{0: — %g(@m,am)(?y}, Y = sglay,
Ui = Eiaui, Vl = E;lavi .
The non-zero entries in ¢ are given by ¢(X,Y) =1 and g(U;,V;) = 1. By
Assertion (1), the non-zero entries in R and VR are
R(X, U, Uy, X) = E(Q)Ef1/)//,
R(X,U;,Viy1,X) = E%Eia;rll for 1<i<r,
VR(X,U,,U,, X;U,) = eaeiy” .

We show that 91 is a 1-model for M by setting:

£y = w//(w///)—1, g0 1= (Eiw//)—l/Q,
€ 1= 55251-“ for 1<i<r.
We complete the proof of Assertion (4) by assuming to the contrary
that M is 2-curvature homogeneous and then arguing for a contradiction.

We introduce a topological space valued invariant of the 2-model of M by
setting:

KQ = {5 S R2T+2 : Hgl (S TQR2T+2 : V2R(517§27§37§4;§57§) 7é 0} .
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We expand & = 00, +£10y, + ... + &0, + 4100, + ... + 62700, + E2r410y.
By Assertion (1),

{€eR¥+2: 2+ 240} if 9" #0and u,—1 # 0,
{£ e R¥ T2 ¢, 40} if """ 20 and u,_1 =0,
{€ e R¥T2: ¢ # 0} if """ =0 and u,_1 # 0,
{0} if " =0and u.—1 =0.

Kqg =

Since K is an invariant of the 2-model and M is assumed 2-curvature
homogeneous, K¢, is diffeomorphic to Kg, for any two points (1 and Q2
of R#+2,

Choose u, so 9" (u,) # 0. Let

Q::=(0,..,1,u,0,...,0) and Q2 :=(0,...,0,u,,0,...,0).

Suppose first that ¢ (u,) # 0. Then K¢, is connected and K¢, is not
connected; this is a contradiction. Suppose ¥"”(u,) = 0. Then Kq, is
disconnected and K¢, = {0}. This final contradiction shows that M is not
2-curvature homogeneous and completes the proof of Assertion (4).

To prove Assertion (5), it suffices to show that the associated 0-model
My is 2r-Jacobi nilpotent. Let 1 < ¢ < r. The non-zero entries of the
curvature operator are:

A(Xa UT)UT = Ya A(X7 U’I“)X = _‘/’I“a

AX,U)Vigr =Y, AX, U)X = —Ui;a,

AX Vip)Us =Y, AX,Vip)X = -V;.
If ¢ € R?+2 then:

T(6)X € Span{Us, ... Uy, Vi, ... Vs, Y},

T (U € Span{V,., Y},  J(€)Y = T(§W =0,

J(E) Vi1 € Span{V;, Y},  J(6)U; € Span{U;41,Y } for 1 <i <r.
Consequently
Range J (§) C Span{Us, ..., U, V1,...,V;., Y},
Range J(€)? C Span{Us, ..., U, V1, ..., Vi, Y },...
Range J ()"t C Span{U,, Vi,...,V,., Y},
Range J(&)" C Span{V1,...,V;., Y},
Range J (£)"*! C Span{V4, ..., V;_1,Y},...
Range J (€)1 C Span{Vl,Y}

(&)

Range J(§)*" C Span{0}.
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This shows that J is nilpotent of order at most 2r. To show that J is
nilpotent of order at least 2r, we exhibit a chain of length 2r

JX):U1—»Us— .. o U. >V, >V, 1 —>...—>V; —0.

Assertion (5) now follows.

To prove Assertion (6), we suppose to the contrary that 9y is de-
composable and argue for a contradiction. Suppose there is a non-trivial
orthogonal decomposition

R’ =w'lae Ww? and A=A A%,

Clearly neither W' nor W?2 can be totally isotropic. Let X = X' + X2
for X* € W', Then either J(X*') or J(X?) is nilpotent of order 2r; we
may assume without loss of generality that the notation is chosen so that
J(X1) is nilpotent of order 2r. This shows

dim(W?') >2r so dim(W?)=1,2.

Suppose dim(W?) = 1. Let W? = Span{¢?}. Then A% = 0 so
A(&2,-,+,+) = 0. Consequently £? € Span{V;,Y} is a null vector. This im-
plies W2 is totally isotropic which is false. Thus dim(W?) = 2. Let {£7, &3}
be an orthonormal basis for W2. If A2 = 0, then W?2 = Span{V;,Y} is
totally isotropic which is false. Thus A(£7,£€3,£3,£€3) # 0 so J(£3)€3 = a&3
for a # 0. This contradicts the fact that 7 is nilpotent; this contradiction
completes the proof. O

Remark 3.5.1 If we drop the assumption that ¢” > 0, we may let S
be defined by taking 1 (u,) = u2. Then S is a symmetric space and M is
0-modeled on S.

3.5.4 Nilpotent Jacobi manifolds of order 2r + 1

We construct an example motivated by the discussion in Fiedler and Gilkey
(2003). We shall only define the symmetric space in the family and shall
omit the more general construction in the interests of brevity as our purpose
is to exhibit pseudo-Riemannian manifolds which are nilpotent Jacobi of
odd order 2r+1 of signature (r+1,7+2) for r > 1. Other manifolds can be
defined by replacing —2tu, by —2t(u,) where ¢’ # 0 in what follows; the
analysis would then follow a similar pattern to that described in Section
3.5.3.
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Theorem 3.5.4  Let (z,u1, ..., U, t, V1, ..., Uy, y) be coordinates on R*+3
where v > 1. Let M = (R**2 g) be the Fiedler manifold defined by
9(0z,0y) = 1, g(0u;, 0u;) = 05, 9(0p, 02) = —2tu, — 2ugv2 — ... — 2up 10y,
and g(0¢,0¢) = 1. Then M is a generalized plane wave indecomposable
symmetric space of signature (r + 1,r + 2) which is Jacobi nilpotent of
degree 2r + 1.

Proof. We give the proof in the case r > 2; the case r = 1 follows
similarly where we set g(0;, 0,) = —2tuy. By Egs. (3.5.a) and (3.5.b),

Vo,0z = UupOt + 10y, + 110y, + 1200, + ... + Up—104, + 00y, 4,
o, if i=mr,

vi+16y if i< T,

0 if i=1,

ui,lay if 1< 7,

Vo,0t = V0, = —u,0y .

Vo,0u = Vo, 0 = — {

Vaz 8'Ui = Vavi 8:6 = - {

This has the proper form for a generalized plane wave manifold relative to
the coordinate ordering (z,u1, ..., Up, t, Ur, ..., V1,Y).

By Theorem 3.5.2, VR = 0 so M is a local symmetric space. Further-
more, the non-zero components of R are given by

R(0y,0u,,0:,0,) =1 and R(0p,0u;,00,,,,0:) =1.

Let R?"+3 .= Span{ X, Uy, ..., U, T, Vi, ..., V1, Y} and let Mg := (V, (-, -), A)
where

<Xa Y> = 17 <U17‘/1> = 17 <Ta T> = 1a

AX, U, T,X)=1,

AX, Ui, Vigr, X) =1 for 1<i<r.
Setting X = 9, — %g(@m,aw)ﬁy, Y =0, Uy =04, Vi =0, T =0, then

shows 9y is a 0-model for M. As we have adjusted the metric tensor, the
expression for curvature operator simplifies to become:

AX,Up)T = Y AX,Up)X = -T,
(X U, = (X X = -V,
A(X,U)Vigy = Y AX, U)X = —Upyy for 1<i<r,
(X ViU =Y, AX,Vig)X =-V; for 1<i<r.

The Jacobi operator can now be studied:
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J(X € Span{T,Us,....,Up, Vi, .. Vi., Y},

J (€T € Span{V;., Y},

J (&)U, € Span{T,Y},

JU; € Span{U; 41, Y} if i<,

T (E)Vi

We also have J(§)V7 = J(§)Y = 0. Consequently,

i1 € Span{Y, V;} if i<

Range{J(£)} C Span{Us, ..., U, T, V,, ..., V1,Y},
Range{J (£)}? C Span{Us,...,U,, T, Vy,...,V1,Y },...
Range{J(¢)}"~! C Span{U,, T, V,,...,V1,Y},

)}" C Span{T,V,,...,V1,Y},

)}t ¢ Span{V;,, ..., V4, Y},

Range{J (¢)}"*? C Span{V,._1,..., V41, Y },...
Range{J (§)}*" C Span{V;,Y},

€)}**1 C Span{0}.

This shows 9 is nilpotent Jacobi of order at most 2r+1. To prove equality
holds, we take £ = X and create a chain of length 2r + 1:

JX): U1 -Uys—..-U,—-T—->V, =V, 1 —..— V] =0.

We complete the proof by showing 901 is indecomposable; the proof fol-
lows the same lines as those given to establish a similar fact in the previous
section. Suppose we have a non-trivial orthogonal decomposition

R =W!l'eW? and A= A'® A%.

Let X = X!+ X2, Then either J(X1!) or J(X?) is nilpotent of order 2r +1;
assume the notation chosen so J(X!) nilpotent of order 2r + 1 and thus
dim(W?') > 2r + 1 so dim(W?) < 2. If A2 =0, then

W? C ker(A) = Span{V;,Y}

is totally isotropic. As this is false, A2 # 0 and thus dim(W?) = 2. It now
follows that A2 has constant sectional curvature on W2 and in particular the
Jacobi operator is not nilpotent on W2, which is false. This contradiction
shows My is indecomposable. O
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3.5.5 Szabo nilpotent manifolds of arbitrarily high order

In this section, we complete the proof of Theorem 3.5.1 by studying the
Szabo6 operator. The case n = 2 is dealt with in Lemma 3.5.1. Thus we
shall assume n > 3. Lemma 3.5.2 deals with n-even, and Lemma 3.5.3 deals
with n-odd. Our warping functions will be cubic polynomials. Throughout
the proof, we shall let £ € R™ and we shall let x = x(¢) denote non-trivial
polynomials in the components of &; these polynomials are then non-zero
for generic &.

Lemma 3.5.2  Let {z,u1, ..., Up, Up, ..., 01,y } be coordinates on R?"+2 for
r > 2. Let M be the Fiedler mamfold defined by taking 9(05,0y) =1

9(0u,,0s,) = 1, and g(0r, ;) = —3ui — > i<a<r—1 UaiiVa- Then M is a
generalized plane wave manifold of signature (r + 1,7 + 1) which is Szabd
nilpotent of order 2r.

Proof. We use Egs. (3.5.a) and (3.5.b) to see that

v(’?m 81} a’ul + Z { 2 a+1aua + ua+lvaava+1} .

The remaining covariant derivatives are all multiples of y with coefficients
which do not depend on y. Thus (z, ur, ..., u1,01, ..., Vr,y) gives M a gen-
eralized plane wave structure. Let 1 < a < r — 1. By Theorem 3.5.2, the
non-zero components of VR are:

VR(@I, 871,1, 871,17 8xa 8711) = 13

VR(0z,0u,,,,0 023 0v,) = VR(0y, Oupyr Ovas O3 Oy ) = 1.

Ug+19
Again, we set X := 9, — %g(@m,aw)ﬁy, Ui :=0y,, Vi:=0,, and Y = 9,.

Vo, R(X,U1)U; =Y, Vo, RIX, U)X = —Vi,
Vv, R(X,Ust1)Ust1 =Y, Vv, R(X, Ug1) X = =Voqa,
VU, R(X,Ugs1)Va = =Y, VU, R(X,Ugy1)X = U,,
VU, RX,V)ass ==Y, Vi R(X, V)X = Vaus .
We compute
S(&)X € Span{Uy,...,U,-1, V1, ..., V;., Y},
S U, = *(&)Uq—1 + Span{V,, Y} if 2<a<r,
S(§Ur = *(&)Vi + Span{Y'},
S(EV1 = *(§)V2 + Span{Y'},
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SE)WVae1 =x(§)Va +Span{Y} if 2<a<r,
SV =S8(Y =0.

This pattern shows that §?7(¢) = 0 for all ¢ and that S*"~1(¢) is non-zero
for generic &. 0

We complete our discussion of the Szab6 operator by considering the
case n = 2r.

Lemma 3.5.3 Let {x,uy,...,u1,t,01,....,0,,y} be coordinates on R?"+3
for r > 1. Let M := (R**5 g) be the Fiedler manifold defined by taking
9(817896> = _u%t - Elgagr—l ui-{-lva’ g(azaay) =1, g(aui7avi) =1, and
9(0:,0t) = 1. Then M is a generalized plane wave manifold of signature
(r+ 2,7+ 3) which is Szabd nilpotent of order 2r + 1.

Proof. We adopt the convention that the empty summation is zero and
omit the term u2_ v, if r = 1. We use Egs. (3.5.a) and (3.5.b) to see that
r—1
Vo,0p = uitdy, + %u%&t + Z {%ui_Haua + Ua10a0u, ., } -
a=1
The remaining covariant derivatives are all multiples of y with coefficients
which do not depend on y. Thus (z,u,...,u1, 0, v1, ..., v, y) gives M a
generalized plane wave structure.
Let 1 <a <r—1. By Theorem 3.5.2, the non-zero components of VR
are:

VR(amuauluauuam;at) = VR(awuatuaulvai;aul) = 1’

VR(axa 8ua+1 I’ a’u.a+1 I’ axa 8'Ua) = VR((()I; 8ua+1 I 8'Ua I 8:67 a’u‘ ) == 1

a+1

Again, we introduce a suitable normalized basis and compute:

VrR(X,U)Us =Y, VrR(X, U)X = -V,
Vo, RIX,T)U1 =Y, Vo, RIX,T)X = -V,
Vo, R(X,U)T =Y, Vo, R(X,U1)X = —T,
Vv, R(X,Ups 1) Uar1 =Y, V. R(X,Uss1)X = Vo,
Vo, . RX,Ups)Va =Y,  Vu, R(X,Ups1)X = —U,,

VU, R(X, Vo)Ugp1 =Y, VU,  R(X, Vo)X = =V
If £ € R*+5 then:

S(6)X € Span{Uy_1, .., Uy, T, Vi, s Vi, Y,
S(g)Ua-i—l = *(g)Ua + Span{Tu V17 ) ‘/7‘7 Y}7
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S(&)U; = *(&)T + Span{Vy, ..., V.., Y},
ST = *(§)V1 + Span{Y'},
S(&)Va = *(§)Va+1 + Span{Y'},
SOV, =SEY =0.

From these computations it follows that S(£)?" 1 = 0 and that S(£)* U,
is generically non-zero. The Lemma follows. ]



Chapter 4

The Curvature Tensor

4.1 Introduction

Chapter 4 treats other topics related to the Riemann curvature tensor. In
Section 4.2, we shall summarize the results from algebraic topology that
will be needed subsequently. Some basic results from bundle theory are
introduced in Sections 4.2.1 and 4.2.2. Clifford algebras in arbitrary sig-
natures are defined in Section 4.2.3; Section 4.2.4 treats Bott periodicity
in the context of Riemannian Clifford modules. In Section 4.2.5 we recall
work of Adams (1962) dealing with vector fields on spheres; this is used
in Section 4.2.6 to discuss the possible signatures of pseudo-Riemannian
metrics on spheres. In Section 4.2.7 we exhibit results of Szabd (1991)
concerning equivariant vector fields on spheres. In Section 4.2.8, we state
results of Gilkey (2002) generalizing earlier work by Glover, Homer, and
Stong (1982) concerning geometrically symmetric vector bundles.

Let ¥ € S?(V*) and let U3 € S3(V*) be totally symmetric 2-tensors and
3-tensors, respectively. Following Egs. (1.3.b) and (1.6.a), define an alge-
braic curvature tensor Ay € Algy(V) and an algebraic covariant derivative
curvature tensor Ay v v, € Alg;(V) by:

A\I/('rv Y, 2, ’LU) L= \Ij(xa w)\I](y) Z) - ‘IJ(Ia Z)\Ij(y7 ’LU),
Al,‘l’7‘1’1 ((E, Y, z,w; U) L= \Pl(xv w, U)\Il(y7 Z) + \IJ(l', w)\lll (y7 Z, U)
= Ui (z,2,0)¥(y, w) — ¥(z,2)V1(y, w,v).
In Section 4.3, we follow the discussion of Diaz-Ramos, Fiedler, Garcia-
Rio, and Gilkey (2004a) to show that the tensors Ay and A v, v, generate
the spaces Alg, (V) and Alg, (V). We also obtain an upper bound on the

number of such tensors of this form which are needed to express any fixed
A € Algy(V) or A; € Alg;(V). The primary technical tool which is used

219
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here is the embedding Theorem of Nash (1956).

In Section 4.4, we discuss some results of Gilkey and Ivanova (2001b)
and of Gilkey and Ivanova (2002b) for Jordan Osserman algebraic curvature
tensors. Theorem 4.4.1 shows that the Jordan normal form of a neutral sig-
nature spacelike and timelike Jordan Osserman algebraic curvature tensor
can be arbitrarily complicated. By contrast, Theorem 4.4.2 shows that if
p < ¢ and if A is spacelike Jordan Osserman, then J4(x) is diagonalizable
if x € ST(V,(-,+)); thus the Jordan normal form is trivial if the spacelike
directions dominate.

Let My := (V,{-,-), A, A1) be a 1-model. The Szabd operator is an
analogue of the Jacobi operator which is defined by setting:

S(x):y — Ay, z;20)x

We say that 9, is Szabd if the eigenvalues of S are constant on ST(V, (-, -))
if ¢ > 0 or, equivalently by Theorem 1.9.1, on S~ (V, (-, -)) if p > 0.

Let My be Szabd. In Theorem 4.5.1 we present work of Szabé (1991)
showing that if 9t; is Riemannian, then A; = 0. We then present results of
Gilkey, Ivanova, and Stavrov (2003) and of Gilkey and Stavrov (2002) in the
pseudo-Riemannian setting showing in Theorem 4.5.2 that S is nilpotent
on the null cone N of V and, furthermore, that if 9, is Lorentzian, then
Ay = 0. There are non-trivial Szabé 1-models in the higher signature
setting. If M is as in Definition 2.5.1, we show in Theorem 4.5.3 that M
is Szab6. However such a manifold M is Jordan Szabé if and only if M is
symmetric.

In Section 4.6, we study topics in conformal geometry. Suppose given
a 0-model M = (V,(-,+),A). If {e;} is an orthonormal basis for V, let
g; := {(es,e;). The Ricci tensor p, the scalar curvature 7, and the Weyl
tensor W are given by:

m
§ g A ‘T 61,6173/ § Ezp 61761

i=1
Wz, y,z,w): = A(x,y,z,w) ato(z,w)(y, 2)
+ (:v,w)p(y,Z) - p( z, )<y7w> - (w,z)p(%w)}
+ mf{@,wﬂy,@ — (2, 2){y, w)} .
Since W is an algebraic curvature tensor in its own right, we can form

the Weyl 0-model My, := (V, (-,-), W) and let Jw and Ry be the asso-
ciated conformal Jacobi operator and conformal skew-symmetric curvature



The Curvature Tensor 221

operator, respectively. In Sections 4.6.2 and 4.6.3, we study the spectral
geometry of the conformal Jacobi operator and in Section 4.6.4, we study
the spectral geometry of the conformal skew-symmetric curvature operator.

Let M = (V,{-,-), A) be a 0-model. Let 7 be a spacelike or a timelike
k-plane. Let {eq, ..., er} be an orthonormal basis for 7. In Section 1.8.3 we
defined the Stanilov operator:

mom

O(n) == ZZA(&Z-, ej)Alei, e;).

i=1 j=1

In Section 4.7, we follow the treatment in Gilkey, Nik¢evi¢, and Videv
(2004) to discuss the spectral geometry of this operator.

We adopt the notation of Section 1.6.4. Let J be a Hermitian almost
complex structure on (V, (-,-)). Let My := {V,(-,-),J, A} be a complex 0-
model which is Riemannian. Assume J and A are compatible; this means
by Lemma 1.6.6 that the operator JA(z, Jx) is self-adjoint and complex. In
Section 4.8, we study the spectral geometry of this operator; the geometry
of the complex Jacobi operator will be discussed in greater detail in Chapter
5.

4.2 Topological Results

4.2.1 Real vector bundles

We recall a few notions concerning vector bundles which we will use in what
follows. Let p : E — M be a real vector bundle over a smooth manifold
M. The fibers Ep := p~!(P) are real vector spaces which vary smoothly
with the point P € M. A non-degenerate fiber metric on F is a collection
of non-degenerate inner products on each fiber which vary smoothly on M.
A bundle morphism 1) of E is a collection of smooth linear maps ¥ p of the
fibers Ep which vary smoothly with P. We say ¢ is invertible if each ¢¥p
is invertible. We say ) is self-adjoint if each ¢ p is self-adjoint.

Let V be a vector space with a non-degenerate inner product. We
can decompose V as a direct sum V' @ V™ of complementary orthogonal
subspaces, where VT is a maximal spacelike subspace and V' ~ is a maximal
timelike subspace. There is a similar decomposition possible in the vector
bundle setting:

Lemma 4.2.1 Let E be a vector bundle over a smooth manifold M which
is equipped with a non-degenerate fiber metric. Then we can decompose E as
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a direct sum E+ ® E~ of complementary orthogonal subbundles, where E
is a mazimal spacelike subbundle and E~ is a maximal timelike subbundle.

Proof. As noted above, we can decompose each individual fiber as an
orthogonal direct sum of a maximal spacelike and a maximal timelike sub-
space. The main technical difficulty is to make the decompositions vary
smoothly with P € M. Let (-,-) denote the given indefinite fiber metric
on E. We can use a partition of unity to put an auxiliary positive definite
inner product (-,-). on E. Define a bundle morphism ¢ of E by means
of the identity (v, w) = (¢v,w).. Since each linear map ¢ p is self-adjoint
with respect to the positive definite inner product (-,-). on each fiber Ep,
1p is diagonalizable and has only real eigenvalues. As the original inner
product (-,-) is non-degenerate, each 1p is invertible. Let Ex(¢p) C Ep
be the eigenspaces of ¢p on Ep. We define:

Ep = @0 E\(¥p) and Ef := @rs0Ex(¥p).

The subspaces E}, and Ep are orthogonal, they vary smoothly, and they
have constant rank. Thus they patch together to define smooth orthogonal
complementary subbundles E* of E. The subbundle E~ is a maximal
timelike subbundle and the subbundle E7 is a maximal spacelike subbundle.
The Lemma now follows. O

4.2.2 Bundles over projective spaces

Let F denote either the field of real numbers R or the field of complex
numbers C. Let FP"~! be the projective space of F-lines through the origin
in F™:

FP" ' = {F" — {0} }/{F — {0}}.

Let 1¥ := FP"~' x F* be the trivial F-bundle of dimension k over FP"~'.
We take £k = n and define the tautological line bundle . C 1™ and the
orthogonal complement, the hyperplane bundle, L+ C 1" over FP"~! by
setting:

L:={(m,&) e FP" ' x F" : ¢ € 7},
Lt = {(m, &) e FP" ! xF": ¢ L w}.

These bundles play an important role in the classification of real and com-
plex line bundles.
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In the following Lemma, we show that no positive rank subbundle of
L+ embeds as a subbundle of 1¥ for k < n:

Lemma 4.2.2 LetF =R orF =C. Let F1 be a positive rank subbundle
of L' over FP" ™. Then E is not isomorphic to a subbundle of 1¥ if k < n.

Proof. We suppose F = R; the argument is the same if F = C except
that the Chern classes are used instead of the Stiefel-Whitney classes and
other minor modifications are made in the argument.

The Stiefel-Whitney classes are cohomological invariants of real vector
bundles; we refer to the discussion in Milnor and Stasheff (1974) for further
details. Let w; := wi(L) be the first Stiefel-Whitney class of L. The
cohomology ring of the projective space RP™ ! is the truncated polynomial
ring, see again Milnor and Stasheff (1974),

H*(RP"™; Zy) = Zo|w:]/(w} = 0).

To prove Lemma 4.2.2, we suppose the contrary. We assume that there
exist subbundles E; of L+ and E5 of 1¥ of rank r > 0 so that Ej is iso-
morphic to Fs, and argue for a contradiction. Since we may decompose
Lt = E, @ Ef,

w(E)w(BF) = wlb) =1+w; + ... +wi™t.

In particular, w,(E;) = w]. Furthermore, as E is isomorphic to Es, we
may conclude w,(FE2) = w]. As 1¥ = E; @ F5, we have the following
factorization

1 =w1*) = w(E)w(Ey) = (14 ... + w))w(Ey ).

Since k < n, the truncation (w} = 0) in H*(RP"';Zs) plays no role, so
we have the factorization

I=0+..+w)w(Ey) in  Zy[wi],

which is impossible. 0

4.2.3 Clifford algebras in arbitrary signatures

Let V be a vector space which is equipped with a non-degenerate inner
product (-,-) of signature (p,q). The Clifford algebra Clif(V,(-,-)) is the
universal unital algebra generated by V' subject to the Clifford commutation
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relations:
vkw 4 wxv=—2(v,w)l.
One can also give a somewhat more formal definition. Let
T=RoVe{VeV}e..o{Ve..0V}a&..

be the complete tensor algebra on V. Let Z be the 2-sided ideal of 7" which
is generated by all elements of the form v ® w +w ® v + 2(v,w)1. Then

CIE(V, (-,-)) = T/T

and the Clifford product “+” is induced from the tensor product ®.
The natural inclusion of V' C 7 induces a natural inclusion of V' in
Clif(V, (-,-)). Let {e1,...,e,} be an orthonormal basis for V. Let

I={1<i<..<ip<m}

be a multi-index. Set e; := e;, * ... ¥ ¢;,. The Clifford algebra Clif(V, (-, -))
inherits a natural inner product and the resulting collection {e;} is an
orthonormal basis for Clif(V; (-,-)). In particular,

dim{Clif (V, (-, -))} = 2d4m(V) |

4.2.4 Riemannian Clifford algebras

Let My, (A) be the set of k x k matrices over a unital algebra A where A =R
or A = C or A = H denotes the real numbers, the complex numbers, or
the quaternions, respectively. Give R™ the usual positive definite Euclidean
inner product (-, -)e. Let Clif(n) := CLf(R"™, (-, -)c). One has the following
structure theorem due to Atiyah, Bott, and Shapiro (1964) which is closely
related to Bott Periodicity:

Theorem 4.2.1

Clif (0) = R, Clif(1) = C,
Clif (2) = H, Clif(3) = H & H,
Clif(4) = Mo (H),  Clif(5) = M4(C),
Clif (6) = Ms(R),  Clif(7) = Ms(R) & Ms(R),
Clif(8) = Mig(R), Clif(k + 8) = My (Clif(k)).

Definition 4.2.1 The Adams number v(m) is defined for powers of 2 by:

v(l)=0, v(2)=1, v(4)=3, v =T
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and then inductively by setting v(16m) = v(m) + 8. If a is odd, one sets

v(a2®) = v(2°%).
We say that a collection F = {.J1, ..., Jg} of skew-symmetric real m x m
matrices is a Clifford family of rank ¢ on R™ if they satisfy the Clifford
commutation relations

JiJj + JJJZ e —251'3' .

Such a family defines a representation of Clif(¢) on R™. One can then draw
the following consequence from Theorem 4.2.1; we refer to Karoubi (1978)
for further details:

Corollary 4.2.1 There exists a Clifford family F of rank £ on R™ if and
only if £ < v(m).

Such a family played a central role in the proof of Lemma 1.7.2. These
families will also be central to the discussion of Chapter 5; we use Corollary
4.2.1 to establish the following estimate:

Lemma 4.2.3 Let F be a Clifford family of rank € on a vector space of
dimension m. If £ > 16, then m > £(¢ — 1).

Proof. 1If a vector space V of dimension m admits a Clifford family of
rank ¢, work of Adams gives a lower bound for m in terms of the Adams
number. Let a(f) be this lower bound as described in Corollary 4.2.1. Let
b(¢) = £(£ — 1). The following table gives the values of ¢, of a(¢), and of
b(¢) for 6 < ¢ < 25:

¢ a@) b(O)] € a(t) O] € a(0) b©)] ¢ a(f) b(0)
6 8 307 8 42[8 16 56| 9 32 72
10 64 9011 64 110(12 128 132[13 128 156
14 128 182[15 128 210[16 256 240[17 512 272
18 1024 306(19 1024 342[20 2048 380[21 2048 420
22 2048 462[23 2048 506(24 4096 552[25 8192 600

It is clear a(¢) > b(¢) for 16 < ¢ < 25. The Adams number a(f) is growing
exponentially; b(¢) is growing quadratically. It now follows that a(£) > b(¢)
for all ¢ > 16. O
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4.2.5 Vector fields on spheres

Let S™~! be the unit sphere in (R™,(-,-).). We refer to work of Adams
(1962) for the proof of the following result:

Theorem 4.2.2 [Adams] Suppose given a non-trivial decomposition of
the tangent bundle T(S™ ') = Eo & ... ® E¢ as an orthogonal direct sum
of vector bundles of dimension u; := dim(E;), where pg > ... > ue. Then
w1+ o+ pe < vim).

Clifford algebras can be used to show this estimate is sharp. Suppose
that m is even. Let v = v(m). Then Theorem 4.2.1 implies R™ admits a
Cliff (v) structure. Consequently, there exist v skew-adjoint m X m matrices
{e1,...,e,} satisfying the Clifford commutation relations. Let

E;(z) := Spang{e;x}.

The Clifford commutation relations imply that {z,ejz,...,e,a} forms an
orthonormal set. Consequently one has that:

Ei(z) L Ej(z) for i#j and FEj(z) CT,S™ ' ={¢:¢ 1L a}.

We set Eg :=TS™I'n {E18... GBE,,}L to obtain a maximal decomposition
of the tangent space of the sphere

TS '=E,0F,®..0F,

and show Theorem 4.2.2 is sharp.

4.2.6 Metrics of higher signatures on spheres

We can apply Theorem 4.2.2 to study the question of constructing pseudo-
Riemannian metrics of higher signature on spheres:

Theorem 4.2.3 Let p+qg=m — 1 where p < q. There ezxists a pseudo-
Riemannian metric of signature (p,q) on S™~1 if and only if p < v(m).

Proof. Suppose p < v(m). If p = 0, there is nothing to show so we
suppose 1 < p. Let {eq, ..., e,} be a family of skew-symmetric matrices on
R™ satisfying the Clifford commutation relations. We let

E_(z) := Span{ejx, ...,ep,z} and Ey(z):=E_(x)*"

relative to the standard Euclidean inner product (-, ). on R™. Decompose
tangent vectors v; € T,,S™ ! in the form v; = Vi~ + v+ for v; x € Eyx(z).
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Define a metric of signature (p, q) on S™~! by:

g(vi,v2) = —<01,7702,7>e + <Ul,+,vz,+>e-

Conversely, let g be a metric of signature (p,q) on S™~! where p < g.
By Lemma 4.2.1, we may decompose

T(S™H=V_aV,

where g is negative definite on V_ and positive definite on V. The desired
estimate p < v(m) now follows from Theorem 4.2.2. O

4.2.7 Equivariant vector fields on spheres

In this section, we present a technical result of Szabd (1991) that we shall
need in Section 4.5.

Theorem 4.2.4

(1) Let § be a continuous tangent vector field on the sphere S™~1. Then
there exists x € S™! so that §(z) = —5(—x).

(2) Let A(x) be a continuous map from S™~1 to the space of self-adjoint
linear maps of R™. Assume that A(—z) = —A(z), that A(x)z = 0,
and that dim ker(A) is constant on S™~1. Then A = 0.

Proof. Suppose that Assertion (1) is false. Thus there exists a continuous
tangent vector field § on the sphere S™~! so that 5(z) + 5(—z) # 0 for all
x € S™~1. We argue for a contradiction. Set

. S@+s(=2) . gm-1 m—1

By assumption f(x) L x. We show f is a degree 1 map by constructing
the following homotopy f. connecting f to the identity map:

fe(z) = cos(e) f(x) + sin(e)z  for €€ [0, %w] .

On the other hand, as f(z) = f(—x), f descends to induce a map [f] from
real projective RP™ ™! to S™~1. This shows that the degree of f is even.
This contradiction establishes Assertion (1).

Suppose that A satisfies the hypotheses of Assertion (2). As A(x)z =0,
A(z) preserves z-. We let A(z) denote the restriction of A(z) to at.
Since A(m) is self-adjoint with respect to a positive definite inner product,
A(z) is diagonalizable. We let E_(z), Fo(z), and E, () denote the span
of the eigenvectors with negative, zero, and positive eigenvalues. Since
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dimker A(x) is constant, E_, Ey, and E, are vector bundles over S™~ 1.
This gives a decomposition of the tangent bundle of the sphere:

T(S™ 'Y =FE_® FEy®E,.

Suppose that dim E, > 0. Fix a point zg € S™~!. Since S™ ! — {z}
is contractible, the vector bundle E is trivial over S™ 1 —{z(} and we can
choose a continuous unit section sy to £y on S™ ! — {z0}. Let ¢, be a
continuous function on S™~! which vanishes only at zg. Then sy := 1), s,
is a continuous section to E which vanishes only at z¢. The equivariance
property A(—z) = —A(x) shows that the section sz(x) = s1(—x) is a
continuous section to E_ which vanishes only at —zp. As A(x) is self-
adjoint, £y L E_. Let

s(x) == s1(x) + s2(x).

Since s; vanishes only at z¢ and so vanishes only at —x, s is a nowhere
vanishing vector field on S™~!. Since s(—x) = s(z), this contradicts As-
sertion (1). Thus, we conclude dim F = 0. Since E_(x) = F4(—x), we
also have dim F_ = (0. Consequently, A = 0. (|

4.2.8 Geometrically symmetric vector bundles

We shall need the following result in Section 4.8 when we discuss complex
Ivanov-Petrova manifolds. We shall also need it in Section 5.2 when we
discuss complex Osserman manifolds. We refer to Gilkey (2001a) for the
proof and omit details as the methods are entirely algebraic topological in
nature; a slightly different treatment may be found in Gilkey (2002). It
generalizes earlier work by Glover, Homer, and Stong (1982).

We recall the notation of Section 4.2.2. Complex projective space CP"
is the set of complex lines in C™. Let 1" be the trivial complex n-plane
bundle. The complex tautological line bundle L over CP"™' is the sub-
bundle of 1™:

I"=CP" ' xC" and L={(m&ecl":cn}.

We say that a sub-bundle E of 1" is a geometrically symmetric vector bundle
if 7 C E(0) implies that o C E(7) for any 0,7 € CP""'. The tautological
line bundle L is clearly geometrically symmetric since 7 = ¢ in this instance.
The orthogonal complement L+ is also geometrically symmetric because
clr=71lo.
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Theorem 4.2.5 Suppose given a decomposition 1" = ®F; where the E;
are complex vector bundles over CP" ' of dimension k;. We choose the
ordering so that ko > ... > k¢ > 1. Suppose at least one of the vector
bundles E; is geometrically symmetric and that £ > 1. If n is odd, then
{=1and ky = 1. Ifn is even, then £ =1 and k1 = 1,2 or { = 2 and
k1 =ky=1.

Theorem 4.2.5 is sharp. The decomposition 1" = L+ @ L where L is
the tautological line bundle provides an example with £ =1 and k; = 1 in
Theorem 4.2.5; the possibility £ = 0 can be realized by taking Ey := 1". If
n = 2n, we can identify C" = H" where the complex structure is given by
J = Ji and where {Jy, Jo, J3 := J1J2} give the usual quaternion structure
on H. We set

Ey(z) := Spanc{z} =L C 1",
Es(z) := Spang{Jox} = Jo{L} C 1",
Eo(z) := {E1(x) @ Ba(x)}t c 1m.

This yields an example of a decomposition where £ = 2 and k; = ke = 1; a
decomposition where £ = 1 and k; = 2 can then be formed by combining
E; and Es. Each of these vector bundles is geometrically symmetric.

4.3 Generators for the Spaces Alg, and Alg,

In this section, we discuss work of Diaz-Ramos, Fiedler, Garcia-Rio, and
Gilkey (2004a) which was motivated by work of Diaz-Ramos and Garcia-
Rio (2004) and which gives generators for the spaces Alg, (V) and Alg, (V)
of algebraic curvature tensors and algebraic covariant derivative tensors de-
fined in Section 1.3.1. Additionally, we shall complete the proof of Theorem
1.6.2 and give a different proof of Theorem 1.6.1 (1).

We recall the notational conventions established previously. Let V' be
a finite dimensional real vector space. Let SP(V) C ®PV* be the space
of totally symmetric p forms on V. If ¥ € S?(V) and if ¥; € S3(V), we
adopt the notation of Egs. (1.3.b) and (1.6.a) to define Ay € Algy (V) and
A1w,w, € Alg, (V) by setting:

A\p(x,y,z,w) = \P(mﬂu)\l’(% ) \I/(,T,Z) (y7 )7
AL v, (z,y, z,w;0) 1 = Uy (z,w,v)¥(y, 2) + U(z,w)V1(y, z,v)
— Uy (x,2,0)¥(y,w) — U(x, 2)¥1 (y,w,v) .
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In a formal sense, one can think of ¥, as the covariant derivative of ¥ and
one can think of A; g g, as the covariant derivative of Ay. This analogy
is, of course, purely formal. It is, however, useful in motivating certain
formulas and will play an important role in the subsequent discussion.

Let A € Alg, (V). Suppose there exists a finite collection {¥;}1<i<, of
symmetric 2-tensors such that

A= Z Aidw,
i=1

for some suitably chosen constants \;; by rescaling we may always assume
A; = +1. We then set v(A) to be the minimal v so such a decomposition
exists; set ¥(A) = oo if no such decomposition exists. Similarly, suppose
given A; € Alg, (V). If there exist finite collections ¥; € S%(V) and
U, ;€ S3(V) so that

v1
A=Y A g
1 LW, 9,
Jj=1

for suitably chosen constants A; ;, then we set v1(A;1) to be the minimal
number of terms possible; by rescaling the ¥, ;, we may always assume
A1, = 1. We shall show presently that such decompositions always exist;
this means that v(A) < oo and v(4;1) < co. Set
vim):= sup v(A) and wvi(m):= sup vi(A1).
AecAlgy (V) AeAlg, (V)

Let [-] denote the greatest integer function. Theorem 1.6.1 (1) and Theorem
1.6.2 follow from the following result:

Theorem 4.3.1 Let m > 2.

(1) [3m] < v(m) and [$m] < v1(m).
(2) v(m) < m(m+1) and v1(m) < Im(m+1).

Remark 4.3.1 The bounds of Theorem 4.3.1 are, of course, not sharp.
For example, it is known, Diaz-Ramos and Garcia-Rio (2004), that v(2) =1
and v(3) = 2.

We shall establish the lower bounds of Assertion (1) in Section 4.3.1.
The upper bound for v(m) which is given in Assertion (2) is due to Diaz-
Ramos and Garcia-Rio (2004). In Section 4.3.2, we shall generalize their
approach to establish the following simultaneous “diagonalization” result
from which Theorem 4.3.1 (2) will follow as a Corollary:
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Theorem 4.3.2 Let V be an m-dimensional vector space. Suppose given
A€ Algy(V) and Ay € Alg, (V). Then there exist tensors ¥; € S*(V) and
Uy, € S3(V) satisfying

im(m+1) Tm(m+1)

A= A\Ill and Al = Z A17‘Ili)\1,1,i .
i=1 i=1

The study of the tensors Ay arose in the original instance from the
Osserman conjecture and related matters; we refer to Garcia-Rio, Kupeli,
and Viazquez-Lorenzo (2002) and to Gilkey (2002) for a more extensive
discussion than is possible here.

We fix the following notational convention for the remainder of this
section. Let (-,-) be an auxiliary positive definite inner product on V.
Given an algebraic curvature tensor A € Alg, (V') and an algebraic covariant
derivative curvature tensor A; € Alg,(V), we let My := (V, (-,-), A, A1) be
the associated 1-model. We use (-,-) to raise indices and to define the
associated curvature operators A and 4; by means of the identities:

<A(§1,§2)27u}> = A(£1,§2,z7w)7 and
(A1(61,82,83)2,w) = A1(&1, &2, 2, w5 &3) -

4.3.1 A lower bound for v(m) and for vi(m)

Theorem 4.3.1 (1) will follow from the following Lemma:

Lemma 4.3.1 Let m =2m or let m = 2m + 1.

(1) If ¥ € S*(V) and if U1 € S3(V), then for any &1,&2,&3 €V one has:

Rank{Ay(£1,62)} <2 and  Rank{A: v, (1,62,83)} < 2.

(2) If A e Algy (V) and Ay € Alg,(V), then for any &1,£2,63 € V' one has:
Rank{A(&1,&)} < 2v(A) and Rank{A;(&1,&2,83)) < 2v1(4y).

(3) There exist A € Algy(V), A1 € Alg,(V), and &,&2,63 € V so:

Rank{A(£1,&)} =2m  and Rank{A;(&1,8,6)} =2m.

Proof. If ¥ e S%(V) and ¥ € S3(V), let ¢ and 1 (-) be the associated
self-adjoint endomorphisms characterized by the identities

(Yz,y) = W(z,y) and (Y1(z)z,y) = Vi(2,y,2).
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Assertion (1) follows from the expression:

Aw(61,8)y = {¥ (&2, v)v} — {¥ (&, 9)¢}E2, and
Aiww, (§1,62,83)y = {W(E2,9)¥1(§3) + P1(€e, 9, &3)¥ 1
—A{U (&, y)1(&) + P1(61,y,&3)0 e .

Let B; := Ay, and let By ; := Al,\ifj,\ifl , Set

v(A) v1(Ar)
A= Z \B; and A; = Z A1,jB1j.
i=1 =

Assertion (2) follows from Assertion (1) as

v(A) v(A)
Rank{A(-)} = Rank { Z )\iBi(-)} < Z Rank{B;(-)} < 2v(4),

i=1
I/l(A)

Rank{A;(-)} = Rank Z A iBi(c) ¢ < Z Rank{B ;(-)} <2v1(41).
=1

If dim(V') = 2m, let {ex,...,em, f1,..., fin} be an orthonormal basis for
V; if dim(V) is odd, the argument is similar and we simply extend A and A,
to be trivial on the additional basis vector. Define the non-zero components
of ¥, € 52(V) and \11171' S SS(V) by:

‘I’i(ejaek) = \Ili(fjvfk) = 5ij5ik7
Uy i(ej,exs er) = Vii(fi, fu, fi) = 0i50indir;
U,(-,-) and ¥y 4(-,-,-) vanish if both an “¢” and an “f” appear. Let

B :=Ay,, Bii:=A1v, 9,

A= ZB“ A= ZBU,
§ii=e +-~-+€m7 52 =h+tfm G=4+8&.
We may then complete the proof of Assertion (3) by computing:
(51752)31’ = (61, fz)ez —[is
A1, 62) fi = (e’ta fi)fi=
L
(

A1 (61,82,83)e; = ,i\Ciy f ei + fi)ei = =2fi,
Al(§17§27§3)f1 Al,z ezufzaez+fz)fz—2ei- a
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4.3.2 Geometric realizability

Let (-,-) be the standard Euclidean inner product on R™. Assume given a
1-model My = (R™, {(-,-), A, A1). We apply Lemma 1.6.2 to find the germ
of a Riemannian metric g on R™ such that:

(TORmv g(O), R(0)7 VR(O)) =M.

We apply the Embedding Theorem of Nash (1956) to find the germ of a
map f : R™ — R™*'* realizing the metric g. By writing the submanifold as
a graph over its tangent plane, we can choose coordinates (z,y) on R™*t*
where z = (21, ..., &y ) and y = (y1, ..., Ys) so that

f(x) = (z, f1(z),..., fu(x)) where df,(0)=0 for 1<v<k.
Since f,(0F) =(0,...,1,...,0,07 f1,...., OF f,.), we have

9ii (@) =655+ Y _ 07 fo - O] fr -

o=1

As dg;;(0) = 0, Lemma 1.6.2 can be applied. Let W7 := 0797 f,(0) for
1 < o < k represent the second fundamental forms. One has that:

Rijn(0) = 5 Z { WIE + W77 + (VU7 + U3, u7)
- (UG + W) - (W0, + w5 |
= Z { v, — WG Ug } .
This shows that
A= iA\ya so v(A)<k.
Let W7, == 07070 f-(0). One may compute similarly that:

Rijkl;n (O) = % Z {(\Iﬂ;ln + \IJgkn ?i + \IJ;TZ ?kn + \IJ lzn
o=1

ERVEAR AN LA (A IR T AN A GO (A T

iln

+\IJU\I]an + qu;lqjgn + \IJU \I]zjl) (\Ijgznqlzl + \Ijjlnlllzi
+\IJG- \Ijgln + \IJG \Ijgzn + qj]zlqjgn + \IJG \I]gzl) (\111]71\1]0
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+V3, Y+ Vv, + YT

ikn J ljn + \P%klpgn + \Ijgn\ka)}

K
— o o o o o o o o
—E {‘I’iln et Vi Vo — Vi, Y5 — Vi jln}'
o=1

Thus similarly

A=) Ajgews so vi(Ar) <k.

o=1

In the analytic category we may take k < %m(m—i—l) in the Nash Embedding
Theorem. The desired upper bound of Theorem 4.3.2 now follows. a

4.4 Jordan Osserman Algebraic Curvature Tensors

In this section, we present two results which deal with Jordan Osserman
algebraic curvature tensors. The first result is due to Gilkey and Ivanova
(2001b); it shows that in the neutral signature contex there are Jordan
Osserman algebraic curvature tensors with arbitrarily complicated Jordan
normal forms.

We adopt the following notational conventions. Let R(?9) denote R(#+9)
with the canonical inner product of signature (p, q) given by:

(,y) = =191 — . = TpYp + Tpt1¥Yp+1 + o + TpiqUptq -

If n < p, we can choose a timelike embedding of R™ in R, Let End(R*)
denote the vector space of linear endomorphisms of R”; these are the k x k
matrices. If J € End(R"), extend J to be 0 on {R"}* to define a linear
map J @0 € End(R®9); J @0 is said to be the stabilization of J — it is
uniquely defined up to conjugacy. Relative to suitable bases, it takes the
following form in matrix notation:

J 0
o= (19).
Theorem 4.4.1 Let J € End(R"™). There exists £ = ¢(n) and a spacelike

and timelike Jordan Osserman algebraic curvature tensor A on RUE so
that Ja(z) is conjugate to £J @0 for any x € SE(RE).

However, the situation is very different if p < ¢; in this setting, the
spacelike directions in a certain sense dominate the timelike directions as
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the following result of Gilkey and Ivanova (2002b) shows:

Theorem 4.4.2 Let A be a spacelike Jordan Osserman algebraic curva-
ture tensor on RWP9  where p < q. Then Ja(x) is diagonalizable for any
r € ST(RPD),

The remainder of this section is devoted to the proof of these results. In
Section 4.4.1, we establish Theorem 4.4.1 and in Section 4.4.2, we establish
Theorem 4.4.2.

4.4.1 Neutral signature Jordan Osserman tensors

Let so(R(T’S)) be the Lie-algebra of the associated orthogonal group on
R,

so(R")) = {T € End(R") : T+ T* = 0} .

We say that R(™*) admits a Clif(R®9) module structure if there exists a
linear map ¢ : R®”%) — 50(R(™*)) so that

P(v)p(w) + p(w)p(v) = —=2(v,w)Id  for all v, w € RPD

This means, of course, that ¢ defines a representation of Clif(R(®9)) into
the algebra of endomorphisms of R(®-9).

Lemma 4.4.1 Let (p,q) be given.

(1) There exists £ so that RO admits a Clif(R®9) module structure.
(2) Let ¢ be a Clif(R?PD) module structure on R, Let x € S*(RED),

(a) v — ¢(v)xt is an isometric embedding of RP jn RE,
(b) v — ¢(v)x~ is a para-isometric embedding of R®9) jn RO,

Proof. Assertion (1) follows from standard results in the theory of Clif-
ford algebras, see, for example, Karoubi (1978). Since we are not interested
in optimal estimates, it is possible to give an elementary proof. We give
the exterior algebra A*(RP'9), with the canonical positive definite inner
product, a Clif (RP*9) module structure by defining c(v) = ext(v) — int(v)
where ext(v) : § — v A0 is given by left exterior multiplication and where

int(v) is the dual, interior multiplication; c¢(v)? = —|v|?Id. Let {e;} be the
standard orthonormal basis for RPT? and let ¢; := c(e;). We complexify
and let

V= A*(RPT9) @ C.
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We extend the Euclidean inner product to be complex bilinear and we
extend ¢; to be complex linear. Let R denote the real part of a complex
number. We set

V—=1¢; for 1 <i<p,

(v,w) :=R(v,w) and &, 5—{ ¢; for p<i<p+gq.

Then (v, w) is a neutral signature metric on the underlying real vector space
and {®;} is a collection of real endomorphisms satisfying

<(I)7;’U,’U}> = _<U7 q)lw>7
0,4+ ®,®;, =0 for i#j,
{ Id for 1<i<p,

P2 =
—Idfor p<i<p+gq.

2

This establishes Assertion (1); this trick of complexification plays a crucial
role in other arguments we have given.

Let ¢ give R(“9 a Clif(R?®9) module structure. Let {e;} be an or-
thonormal basis for R?®% and let ¢; := ¢(e;). Suppose i # j. We use the
Clifford commutation relations to compute:

(piz, pjx) = —(d; iz, x) = (Pig;x, x) = —(d;x, pix)
and consequently ¢y L ¢;z if i # j. One also has that
(piz, pizx) = —(digiz, ¥) = (e, €:)(w, @) .
Assertion (2) now follows. 0

We now establish Theorem 4.4.1. Let ¢ € s0(R(“:Y)) be skew-adjoint.
We adopt the notation of Eq. (1.3.b) and define:

Ay(z,y)z = Yy, 2)Yr — (Y, 2)Yy — 2P, Y)Yz

We then have

Ta, @)y =3y, pa)pz. (4.4.2)

Let J € End(R™). Apply Lemma 1.5.4 to choose an inner product of
signature (p, ¢) on R™ so J is self-adjoint with respect to this inner product.
By choosing an orthonormal basis, we may identify R with R(®%) . Apply
Lemma 4.4.1 to choose a Clif(R(”®) module structure ¢ on R,
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Let {e;} be the standard orthonormal basis for R(®4) . Expand
Jei = Z Jijej .
J

Let ¢; and ¢;; = ¢;; be constants to be determined presently. Let ¢; := ¢(e;)
and let

A= ZciAd’z‘ + % Z CijA¢i+¢j
i i#]

be an algebraic curvature tensor on R(“*) . Let J; be the Jacobi operator
defined by Ay, and let J;; be the Jacobi operator defined by Ag, 14,

Let x € S*(R(“Y). We will show J4 is conjugate to +.J @ 0; this will
complete the proof of Theorem 4.4.1. Let f; := ¢;x and let

7T(CC) = Span{fla ) fp+q} S Grpyq(R(f’e)),

By Lemma 4.4.1, {f1,..., fp+¢} is an orthonormal basis for n(z). By
Eq. (4.4.a), Range Ja(x) C m(x) and Ja(x) =0 on U := 7(z)*. Expand

Ja(z)fi = Zjijfj-
j

Let ¢ and j be distinct indices. Let €j := (e, ex) = £1. By Eq. (4.4.a):

o [ 3@ )exfi if k=1,

S = {0 ik £,
3z ek (fi + 1) it k=i, 7,

j”fk_{o if k #1,7,
ij 3(55755)51-017- if i # 5.

We solve the relations jl-j = (x,x)J;; for 1 <4,j < p+q tosee that if i # j,
then:

1 1 E
Cij = §5iJij and C; = gf':i J“ — Jij
J#i

We have ¢; = £1. Since J is self-adjoint we have that €;J;; = €;J;; so
%siJij = %Eiji. Consequently, ¢;; = c;; as required. It is now clear that

Ja(zx) is conjugate to (x,x)J & 0. This completes the proof of Theorem
4.4.1. O
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4.4.2 Rigidity results for Jordan Osserman tensors

Before proving Theorem 4.4.2, we must recall some results from linear al-
gebra.

Let R(A) and $(X) be the real and imaginary parts of a complex number
A. If J is a linear map of a real vector space V' of dimension m, then let Jy
be the real operator on V defined by:

J—X-1d if AeR
Jy = - ’ 4.4.b
A {(J—A-Id)(]—/\~1d) if AeC-R. (4.4.)
We define the generalized eigenspaces by setting
E) :=ker{J"}. (4.4.c)

Lemma 4.4.2 Let V be a vector space of signature (p,q) and let J be
a self-adjoint linear map of V. Then V can be decomposed as an orthogo-
nal direct sum V = ©gn)>0Fx. Furthermore, the induced metrics on the
generalized eigenspaces Ey are non-degenerate.

Proof. Let A and p be complex numbers with A # p and A # . Since
J is self-adjoint and vanishes on F, we have

0= (J\'zx,zu) = (xr, JN'zy) for z) € E\ and z, € E,,.

Since J commutes with J,,, J preserves E,,. Since the eigenvalues of J on
E, are p and fi, the linear maps J — A -1Id, J — X - Id, and hence Jy are
isomorphisms of E,;; thus J{*(E,) = E,. It now follows that

Ex L E, and ExN E, = {0}. (4.4.d)

Let V€ := V®&C be the complexification of V. We extend J to VC to be
complex linear and set ES := ker{(J —\)™}. A complex vector space may
be decomposed as the direct sum of the generalized complex eigenspaces
defined by a linear transformation. Consequently,

VE = @,Ef. (4.4.¢)

As ES @ ES = Ex®C, V = ©g>0Fx. By Eq. (4.4.d), the direct sum
given in Eq. (4.4.e) is orthogonal; thus, the induced metric on each E) is
non-degenerate. O

We continue our preparation for the proof of Theorem 4.4.2 by studying
vector bundles equipped with non-degenerate fiber metrics and self-adjoint
bundle morphisms which have constant Jordan normal form:
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Lemma 4.4.3 Let E be a vector bundle over a smooth manifold M which
is equipped with a non-degenerate fiber metric. Let J be a self-adjoint bun-
dle morphism of E which has constant Jordan normal form. Let X be an
eigenvalue of J. If Jx # 0 on E\, choose i > 1 mazimal so Ji(Ey) # 0.
Then Ji(E)) is a totally isotropic subbundle of E of non-zero rank.

Proof. Assume that E and J satisfy the hypothesis of the Lemma. Set:
E\,; = Ji(Ey).

Since J has constant Jordan normal form, E) ; is a smooth vector bundle
over M. Fix a point P of M and let v; and v be vectors in the fiber Ey ;(P).
There exist vectors wi,ws € Ey ;(P) so v1 = J§w1 and vy = Jﬁ\wg. Note
that 2i > i + 1, that Jy is self-adjoint, and that J3* = 0 on E,. We
demonstrate that E) ; is totally isotropic by computing:

(’01,’02) = (Jiwl, Jiwz) = (inwl, ’w2) = 0
The Lemma now follows. O

We use Lemma 4.2.2 to establish the following Lemma. We adopt the
following notational conventions. Let V be a vector space of signature
(p,q). Decompose V = V* @ V™ as an orthogonal direct sum where V1
is a maximal spacelike subspace of dimension ¢ and where V'~ is the com-
plementary maximal timelike subspace of dimension p. Let RP(VT) be the
associated projective space of lines through the origin in V. Let

VE =RP(V*') x V*
be the associated trivial vector bundles and let
Vi=VteV =RP(V') x V.
Let Lt C VT be the orthogonal complement of the tautological line bundle.

Lemma 4.4.4 LetV =V1T®V™ be a vector space of signature (p,q) for
p < q. There is no totally isotropic positive rank subbundle of L+ @ V™.

Proof. We suppose, to the contrary, that there exists a totally isotropic
positive rank subbundle E of Lt @ V~. Let 7+ be orthogonal projection
on Lt and let 7~ be orthogonal projection on V. Set

Et :=7%(E)cL* and E =7 (E)CV".
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Note that ker7+ = V~ and kerm~ = L*. As E is totally isotropic, every
vector in F is null. Thus

ENV™- =EnL* = {0}.

Consequently, the projections 7+ define isomorphisms between E and E*.
Thus EF, which is a positive rank subbundle of L+, is isomorphic to E—,
which is subbundle of V~. This contradicts Lemma 4.2.2. O

Proof of Theorem 4.4.2. Let V = VT®V ™ be a vector space of signature
(p, q), where p < g, and where VT and V'~ are orthogonal maximal spacelike
and timelike subspaces of V', respectively. Let A be a spacelike Jordan
Osserman algebraic curvature tensor on V. Let x € ST(V,(-,-)). Since
Ja(z) is self-adjoint and since Ja(z)x = 0, Ja(x) preserves the orthogonal
complement z+; we let J4(x) denote the restriction of Ja(z) to ; this
is often called the reduced Jacobi operator. The Jacobi operator can be
represented in the form

0 0

Talz) = ( 0 Fala)

) on @zt
Thus to prove Theorem 4.4.2, it suffices to show that Ja(z) is diagonaliz-
able.

If A € C, then let Jy and E) be defined by J4 using Egs. (4.4.b) and
(4.4.c), respectively. We may then use Lemma 4.4.2 to decompose

LtV = @Q(A)ZQE)\ over P(V+),

where the induced metric on each eigenbundle E) is non-degenerate. By
Lemma 4.4.4, E\ does not contain a totally isotropic subbundle. Thus, by
Lemma 4.4.3, Jr =0 on E,. Consequently Ta is diagonalizable on F) if
AeR.

To complete the proof, we must show that all the eigenvalues are real.
Suppose, to the contrary, that there exists an eigenvalue A\ of Ja so that
S(A) # 0; we argue for a contradiction. By Lemma 4.2.1, Ey = EY & Ey
decomposes as the orthogonal direct sum of maximal spacelike and timelike
subbundles. We define a bundle map Z of E) by setting:

—R(\) Id

7= Ja Myl SJ&()) .
The definition of J given in Eq. (4.4.b) and the fact that Jr = 0on Ey then
imply that Z2 = —id on E. Since 7 is self-adjoint, Z is a para-isometry of
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E\ that interchanges the roles of spacelike and timelike vectors. Thus, 7
defines an isomorphism between Ej\r and £ .

Let 7+ and 7~ be orthogonal projections on L+ and V~, respectively.
Since E contains no timelike vectors and since ker(r) = V= is timelike,
ker 7 NEY = {0} and 7" is an isomorphism from E to 7 (E)). Similarly,
7~ is an isomorphism from E to 7~ (Ey). Thus 7+ (E)), which is a positive
rank subbundle of L, is isomorphic to 7~ (E} ), that is a subbundle of V.
This contradicts Lemma 4.2.2. (]

4.5 The Szabdé Operator

Let My = (V,(,-), A, A1) be a 1-model. The Szabd operator S is charac-
terized by the identity:

(S(x)y, 2z) = A1(y, z, z, z; ) .

The algebraic curvature tensor A plays no role and one can take A = 0
without loss of generality. One says that 21, is Szabo if the eigenvalues of
S are constant on ST(V, (-,-)) if ¢ > 0 or, equivalently by Theorem 1.9.1,
on S=(V,(-,-)) if p> 0.

We have the following result of Szabé (1991):

Theorem 4.5.1 Let My = (V,(-,-), A, A1) be a Riemannian Szabd 1-
model. Then A, = 0.

Szabd used Theorem 4.5.1 to give an elementary proof that any local
2-point homogeneous Riemannian manifold is locally symmetric; of course
more is true as (M, g) is either a local rank 1 symmetric space or is flat in
this setting. This result motivates the study of this operator in the higher
signature setting; a proof is given in Section 4.5.1. In Section 4.5.1, we shall
also prove the following results of Gilkey, Ivanova, and Stavrov (2003) and
of Gilkey and Stavrov (2002):

Theorem 4.5.2 Let My = (V,(-,-), A, A1) be a Szabd 1-model. Then:

(1) S is nilpotent on the null cone N
(2) If My is Lorentzian, then A; = 0.

Theorem 4.5.1 and Theorem 4.5.2 show that any Riemannian or
Lorentzian Szabd manifold is necessarily locally symmetric. In Section
4.5.2, we give examples of Szabo neutral signature pseudo-Riemannian man-
ifolds which are not locally symmetric.
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4.5.1 Szabo 1-models

Proof of Theorem 4.5.1. Since §(Z) = —S(—Z), since §(Z) is self-
adjoint, and since S(Z)Z = 0, we may apply Theorem 4.2.4 to see S = 0.
By Lemma 1.8.1, A; = 0. O

Proof of Theorem 4.5.2 (1). Let My = (V,(-,-), A, A1) be a Szabé
1-model. To show that the Szabé operator S is nilpotent on the null cone
N, it suffices to show that Tr{S(n)*} = 0 for any n € N.

Let k € N. Since 9 is Szabé, there is a constant ¢ so Tr{S(x)*} = ¢y
for z € ST(V, (-,-)). We rescale to see that

{Te{S(2)*}}* = & (a,z)

if x is spacelike. Since this polynomial identity holds on an open subset of
V, it holds on all V. Thus if n is a null vector, Tr{S(z)*}? = 0 and hence
Tr{S(x)*} = 0 as desired. O

Theorem 4.5.2 (2) will follow from the following more general result:

Lemma 4.5.1 Let My = (V,(-,-), A, A1) be a Lorentzian 1-model. If
Tr{S(-)?} is constant on S™(V,{-,-)), then A; = 0.

Proof. We apply an argument similar to that used in Section 1.9.3 when
we discussed natural operators with bounded spectrum. Choose an or-
thonormal basis B := {eq, e1,...,eq} for V, where e is timelike and e; is
spacelike for ¢ > 0. Let 6 be a real parameter. We define a new orthonormal
basis B(#) by:

eo(0) :=cosh@ - eg +sinh 6 - ey, e1(0) :=sinh - ey + cosh b - ey,
ei(0) :=e; for i > 2.

By assumption, there is a constant C' so C' = Tr{S(e¢(#))?}. Since p = 1,
one may express:

Al (ei(G), 60(9)7 60(9), €j (9), 60(9))2.
1

=y

q
=1 j=
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As coshf = (e + e¢7) and sinh 6 = (e’ — e?), we may expand:
5
Av(ei(8), e0(9), eo(6),¢;(0);ea(0)) = D aijwe””,
v=-—5

,109 ZZ{U‘Z]5}2+O 70)

=1 j=1

We take the limit as § — oo to see Zz‘j{aijﬁ}Q = 0 and hence a;55 = 0 for
all 4, j. An analogous argument shows that a;; —5 = 0. We proceed in this
fashion to show that a;;,, = 0 for v # 0. Consequently

Ai(ez,e0(0),e0(8),e2;e0(0)) = a0

is independent of 6. On the other hand, as there are three terms involving
6, odd powers of e’ appear in this expression. Thus ags o = 0 so

Aq(e2, €0, €0, €2;€0) = 0.

Similarly we conclude Aj(e;, e, €g,€:5¢0) = 0 for any ¢ > 1. We polarize
to see Aq(e;,eo,€0,€5;€0) = 0 for any i, j; the vanishing being automatic
ifi =0orj=0. Thus S(eg) = 0. As ey was arbitrary, S(-) = 0 on
S(V,(-,-)). Rescaling and analytic continuation then imply S(-) = 0 on
V. By Lemma 1.8.1, A; = 0. O

4.5.2 Balanced Szabo pseudo-Riemannian manifolds

We recall the notation of Definition 2.5.1:

Definition 4.5.1 Introduce coordinates {z1,...,2p,&1,...,3p} on R?P.
Let indices ¢, j, k range from 1 through p. Let v¢;; = 1 be a symmet-
ric 2-tensor field where 9;; = ;;(21,...,x,) only depends on the first p
coordinates. Let M := (R?",g) be the pseudo-Riemannian metric g of
signature (p,p) where

9(0z;,0z;) = Yij(w1,...,2p) and  g(0s,,0z,) = i -
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By Lemma 2.5.1, this manifold is a generalized plane wave manifold.
Furthermore, the non-zero components of VR are given by:

R(a% ) 8Ij ) 81k I 8301 ; 8In)
= =100, (uyjk + Vjkja — Viksji — Yjyix) -
Theorem 4.5.3 Let M be as in Definition 4.5.1. Then M is Szabo.

Furthermore, if M is not symmetric, then M is neither spacelike Jordan
Szabd nor timelike Jordan Szabo.

(4.5.a)

Proof. Let X := Span{d,,} and let X := Span{d;,}. Decompose a
tangent vector { € TR™ in the form § = {x + {3 where {x € & and
£ € X. By Eq. (4.5.a),

SE)=8SEx): X —>X—0.

Thus S is nilpotent so 0 is the only eigenvalue of S and M is Szabé.

Let 9y (M, P) := (TpR™,gp, Rp,VRp) be the 1-model of M at a
point P of R?P. Suppose that 9i; is spacelike Jordan Szabé. We will show
this implies that VRp = 0. A similar argument can be used to prove that if
M is timelike Jordan Szabd, then VRp = 0. This will complete the proof
of the Theorem.

If 9t (M, P) is spacelike Jordan Szabd, then Rank{S(-)} = r > 0 is
constant on S*(TpM). Let VT be any maximal spacelike subspace of
TpM and let V= := (VT)+ be the complementary timelike subspace. Let
p* be orthogonal projection on V. If Z € ST(V*), then we define:

8(2) = p* (2"

We wish to show that Rank{S(Z)} = r. Let {Z1,..., Z,} be tangent
vectors at P so {S(Z)Z1,...,8(Z)Z,} is a basis for Range(S(Z)). Use
the decomposmon TpM Vt 4+ X to decompose Z; = VJr + Xi, Where

€ Vtand X; € X. Since X C kerS(Z), 8(2)Z; = S(Z)V;" and
thus {S(Z)Vfr, ...S(Z)V*} is a basis for Range(S(Z)). As kerpt =V~ is
timelike, as X is totally isotropic, and as Range(S(Z)) C X, the vectors

{pTS(Z)p*Vit, .., p*S(2)p* V)

are linearly independent. Consequently, Rank{S(Z)} > r. Since the reverse
inequality is immediate, we have as desired that

Rank{S(Z)} =r for Ze€ SP~':=8T (V")
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Since S is self-adjoint and p is self-adjoint, S(Z) is a self-adjoint map
of V. 8(=2) = -8(Z), and §(Z)Z = 0. Thus by Theorem 4.2.4, S = 0.
This shows that r = 0. Hence, S(-) vanishes identically on ST (TpM).
Thus by analytic continuation, S = 0. Lemma 1.8.1 now shows VRp =0
as desired. g

4.6 Conformal Geometry

In Section 4.6, we discuss the spectral geometry of the conformal Jacobi
operator and of the conformal skew-symmetric curvature operator. Section
4.6.1 contains a brief review of conformal geometry. In Section 4.6.2, we
discuss the spectral geometry of the conformal Jacobi operator. In Section
4.6.3, we discuss 4-dimensional conformal Osserman manifolds. In Section
4.6.4, we discuss the spectral geometry of the conformal curvature operator.

4.6.1 The Weyl model

Let 9 = (V,(-,-), A) be a 0-model, let {e;} be an orthonormal basis for V,
and let €; := {e;, ¢;). The Ricci tensor p = pa, the scalar curvature 7 = 74,
and the Weyl conformal curvature tensor W = Wy are given by:

m m
p((E,y) L= ZEiA(x7eiuei7y)u T = Zgip(eiaei)u
=1 i=1

W(z,y,z,w) : = A, y, 2, w) — 75 {p(x, w)(y, 2) + (x,w)p(y, 2)}
+ 5 {p(x, 2) (y, w) + (x, 2)p(y, w)}
+ mT{@jv w><y’ Z> - <1‘, Z><y7 w>} .

Note that pw = 0. Since W is an algebraic curvature tensor, we can
consider the associated Weyl 0-model

My = (‘/a <'v '>v W) .

We say that 9t is conformally Osserman if and only if 91y, is Osserman; the
other conformal properties are defined analogously. Note that by definition,
My is Ricci flat.

If M is a pseudo-Riemannian manifold, let

My (M, P) := (TpM, gp, Wp)
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be the associated Weyl model. We say that M is conformally Osser-
man if My is Osserman for every point P € M; the notions conformally
spacelike /timelike Jordan Osserman, conformally Ivanov—Petrova, and con-
formally spacelike/timelike/mized Jordan ITvanov—Petrova are defined simi-
larly. These are conformal notions by Theorem 1.9.9; if M = (M, efg) is
conformally equivalent to M, then M has one of these properties if and
only if M has the corresponding property.

4.6.2 Conformally Jordan Osserman 0-models

The following Theorem of Blazié¢, Gilkey, Nikécvié, and Simon (2005a) deals
with conformal geometry.

Theorem 4.6.1 If 90 is an Finstein 0-model, then M is conformally
Osserman (respectively conformally spacelike Jordan Osserman or confor-
mally timelike Jordan Osserman) if and only if M is Osserman (respectively
spacelike Jordan Osserman or timelike Jordan Osserman).

Proof. 1If M is Einstein, then there is a scalar A = A(m, 7) so that

W(z,y, z,w) = Az, y, z,w) + M(z, w)(y, 2) — (z,2)(y, w)},
_]0 if y=u,
Jw(@)y = { {Ta(z) + Mzx,z)Id}yy  if ylzx.

Thus apart from the trivial eigenvalue 0, the Jordan normal form of Jyy ()
and Ja(z) are simply shifted by adding a scalar multiple of the identity if
x is not a null vector. Theorem 4.6.1 is now immediate. ]

The classification is complete in certain settings:

Theorem 4.6.2 Let M = (V,(,-), A) be a 0-model which either is odd-
dimensional and Riemannian or Lorentzian. Then M is conformally space-
like Jordan Osserman if and only if M is conformally flat.

Proof. 1If the associated Weyl model My = (V, (-,-), W) is Osserman
and if m is odd, work of Chi (1988) shows that 9y has constant sectional
curvature A. Similarly if 9%y, is Lorentzian, then 9%y has constant sec-
tional curvature A by Blazi¢, Bokan, and Gilkey (1997a) and Garcia-Rio,
Kupeli, and Vazquez-Abal (1997). Since My has vanishing Ricci tensor,
A =0and W = 0. This implies 997 is conformally flat. O

The classification is almost complete in Riemannian setting if m = 2
mod 4 as well. We refer to Blazi¢ and Gilkey (2004) for the proof of the
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following result and omit details in the interests of brevity:

Theorem 4.6.3 Let (M,g) be a conformally Osserman Riemannian
manifold of dimension m = 4k + 2 > 10. Let P be a point of M where
Wp # 0. Then there is an open neighborhood of P in M which is confor-
mally equivalent to an open subset of either complex projective space or its
negative curvature dual.

Any local rank 1 Riemannian symmetric space is necessarily conformally
Osserman since the group of local isometries acts transitively on the unit
sphere bundle. Based upon Theorems 4.6.2 and 4.6.3, we conjecture that
the converse holds; this is a corresponding counterpart to the Osserman
conjecture in this setting:

Conjecture 4.6.1 A connected Riemannian manifold M is conformally
Osserman if and only if M is locally conformally equivalent to a rank 1
symmetric space.

Theorem 2.5.1 and Theorem 2.7.3 show Conjecture 4.6.1 fails in the
higher signature setting.

4.6.3 Conformally Osserman 4-dimensional manifolds

One can say a bit more in the 4-dimensional setting. We follow the discus-
sion in Blazi¢ and Gilkey (2005).

Theorem 4.6.4 Let I be a 4-dimensional Riemannian 0-model. The
following conditions are equivalent:

(1) M is conformally Osserman.
(2) M is self-dual or anti self-dual.

Let ® be a skew-symmetric endomorphism of V with ®2 = —1. Fol-
lowing Eq. (1.3.a), define an algebraic curvature tensor Ag with associated
curvature operator

Ag(2,y)z := (Py, 2)Px — (Px, 2) Py — 2(Px, y) Pz .

We say that {®q, o, D3} is a unitary quaternion structure on V if the ®;
are skew-adjoint and if the usual structure equations are satisfied:

(I)i(I)j + (I)J(I)l = —26ij id and @1‘1’2(1)3 =—id.

Theorem 4.6.3 is a consequence of the following purely algebraic fact:
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Lemma 4.6.1 Let MM = (R* (.,), A) be a Riemannian 0-model. The
following assertions are equivalent:

(1) A is conformally Osserman.
(2) A is self-dual or anti self-dual.
(8) There exists a unitary quaternion structure on R* so that

W = )\1A<p1 + )\2A<p2 + /\3A<1>3 where A1 + Ao + A3 = 0.

Proof. We begin by showing that Assertion (1) implies Assertion (2) in
Lemma 4.6.1. Suppose 91 is conformally Osserman. Zero is always an
eigenvalue of Jw since Jw (z)x = 0. Let e; be a unit vector. Since Jw ()
is symmetric, it has an orthonormal basis of real eigenvectors. Thus we
may extend e; to an orthonormal basis {e1, 2, 3, €4} so that

Jwer)es = aea, Jw(er)es =bes, JTw(er)es = cey.

Since Tr(Jw) = 0, we have a + b+ ¢ = 0.

The argument given by Chi (1988) in his analysis of the 4-dimensional
setting was in part purely algebraic. This algebraic argument extends with-
out change to this setting to show that, after possibly replacing {es, e3, €4}
by {—e2, —e3, —e4} that the non-vanishing components of the Weyl curva-
ture on this basis are given by:

Wiza1 = Wayyz = —Wiazs = a,
Wisgr = Waaaz = —Wigas =0, (4.6.a)
Wiggr = Wazzo = —Wigo3 = c.

Let €¥ := e A ¢ where {e'} is the dual basis for (R*)*. We consider the
following bases for A3 (R*):

+ _ 124 34 e+ _ 13 24 g+ _ 14 4 23
fi=e"Fe”, f=e"Fe", f =e"FTe*.
Since W(eP?) = W€,

W(fl_):Oﬂ W(fQ_)ZO, W(f?j):(h
W) = =2af, W(f3) = =2bf5", W(f5) = —2¢fs .

Thus conformally Osserman algebraic curvature tensors are self-dual.
Next we show that Assertion (2) implies Assertion (3) in Lemma 4.6.1.

Suppose that A is a self-dual algebraic curvature tensor on R%. Let e; be a

unit vector. Choose an orthonormal basis {e1, ea, €3, e4} for R* so that

Jw(er)ez = aea, Jwl(er)es =bes, Jw(ei)es = cey.
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We then have

Wiza1 = a, Wiaz1 = 0, Wiagy = 0,
Wizar = 0, Wizz1 = b, Wizqr =0, (4.6.b)
Wigzr = 0, Wigzr =0, Wigqr = c.

By replacing {es,es,eq} by {—e2, —e3, —eq} if necessary, we can assume
that {e1, e, e3,e4} is an oriented orthonormal basis. We have
W(e'? — ') = (Wia12 — Wagiz)e'? + (Wizga — Wagza)e®
+ (Wi213 — Waaiz)e' + (Wiaia — Wagra)e™
+ (Wiazs — Waazs)e® + (Wiaog — Waana)e** .

Since W is self-dual, W(e'? —e31) = 0. One may use Eq. (4.6.b) to see that

W3412 = Wi212 = —a, Wayzs = Wiazs = —a, Wag13 = Wi213 = 0,
Wag14 = Wi214 = 0, Wigo3 = Wioa3 =0, Wigos = Wig24 = 0.

We argue similarly using e'® + e?* and e'* — 3 to see that the formulas
of Eq. (4.6.a) hold. We define a unitary quaternion structure by defining
(1)3 = @1(132 where

(1)1261—>€2,(I)1262—>—€1,(I)1!€3—>64, (131164—>—€3,
‘1)2Z€1—>€3,(I)2Z€3—>—€1,(I)2Z€4—>—€2,(I)2162—>€4.

It is then immediate that the formulas of Eq. (4.6.a) hold for

W = aWs, + bWy, + cWao,

and thus W = W. Thus Assertion (2) of the Lemma implies Assertion (3).
Finally, if W is given by a unitary quaternion structure, then the dis-
cussion of Gilkey (1994) shows that W is Osserman. O

4.6.4 Conformally Jordan Ivanov—Petrova 0-models

The classification of Riemannian conformally Ivanov-Petrova 0-models is
complete if m # 3.

Theorem 4.6.5 Let M = (V, (-,-), A) be a conformally Ivanov—Petrova
Riemannian 0-model of dimension m # 3. Then 9 is conformally flat.

Proof. If m = 2, then 91 is conformally flat. Suppose first m > 5. We
apply Theorem 1.9.11 to see that there exists a self-adjoint isometry ¢ of V'
with ¢? = Id so that W = AA, where A, is the canonical curvature tensor
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given in Eq. (1.3.b) and whose associated curvature operator and Jacobi
operators are:

A¢(I7 ’y)Z = <¢y’ Z>¢I - <¢I, Z>¢y7
Decompose V = VT @ V'~ into the &1 eigenspaces of ¢. Since W has
constant sectional curvature if ¢ = £1d, the argument given to establish

Theorem 4.6.2 shows W = 0 if ¢ = £1Id. Thus we may assume that
a* = dim{V*} > 1. Let e* € S(V*) and let z € S(V). One has:

Jw @)y = Mo, x)¢y ity L ¢,
Te{Jw (")} =Aat —1—a"), (4.6.d)
Tr{Jw(e )} =Xa" —1—a™).

As W is Ricci flat, Tr{Jw (z)} = 0 for any = € V. Thus by Eq. (4.6.d),

(4.6.c)

(at —a—1A=0 and (¢~ —a™ —1)A=0.

Adding these two equations implies —2A = 0 and hence W = 0. This
establishes the Lemma except when m = 4.

We complete the proof of the Lemma by dealing with the exceptional
case m = 4. We follow the discussion in Ivanov and Petrova (1998) to see
that either W has the form given in Eq. (4.6.c), in which case the argu-
ment given above shows W = 0, or that there exists an orthonormal basis
{e1, ea,e3,e4} for V so that the non-zero components of W are:

Wizi2 = a1, Wiaza = a2, Wizi3 = az, Wizas = —ay,
Wigia = a2, Wigez = a1, Wazaz = az, Wazis = ay,
Wasos = az, Wag13 = —a1, Wagzs = a1, Waa12 =  ag,

where as + 2a; = 0. Since W is Ricci flat, pw(e1,e1) = —2a2 — a3 = 0.
Consequently a1 = az = 0, which once again implies W = 0. ([

There are analogous results in the higher signature setting, although
with slightly more restrictive hypotheses.

Theorem 4.6.6 Let M be a 0-model of signature (p,q) which is confor-
mally spacelike Jordan Ivanov—Petrova. Assume that one of the following
conditions holds:

(1) p=1and ¢>9.
(2) p=2, q > 10, and neither g nor q + 2 are powers of 2.
(3) 3<p<3q—6and {q,q+1,....q+p} does not contain a power of 2.
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Then either 9 is conformally flat or the skew-symmetric curvature operator
A is nilpotent.

Proof. Theorem 1.9.15 shows that Rank{.A(m)} = 2 for any spacelike 2-
plane 7. By Theorem 1.9.13, there exists a normalizing constant A\ so that
W = AA, where Ay is given by Eq. (4.6.c) and where one of the following
conditions holds:

(1) ¢? =1d and ¢ is a self-adjoint isometry of V.
(2) ¢? = —1d and ¢ is a self-adjoint para-isometry of V.
(3) ¢ =o0.

If ? = 0, then W () is always nilpotent. We complete the proof by showing
that either (1) or (2) imply A = 0.

Suppose ¢ is a self-adjoint isometry of V with ¢? = Id. As in the proof
of Theorem 4.6.5, we decompose V = VT @& V™ into the &1 eigenspaces of
#. Again, set a* = dim{V*} where a™ > 1 and a~ > 1. These eigenspaces
are orthogonal with respect to the metric (-,-) and thus the restriction of
the metric to each eigenspace is non-degenerate. Choose unit vectors e* in
V* and let e* := (e*,e®) # 0. One may extend Eq. (4.6.d) to have

Tr{Jw (")} =ctA(a™ —1—a7), and
Tr{Jw(e )} =c Aa —1—a™).

We argue as in the proof of Theorem 4.6.5 to see that this implies A = 0.
If ¢ is a para-isometry, we complexify. Replacing ¢ by ¢ := v/—1¢ and

applying the argument given above to the self-adjoint (complex) isometry

é to see that /—I\ = 0 and thus, again, W = 0. O

Remark 4.6.1 Examples of such manifolds are given in Theorem 2.5.1.
On the other hand, the manifolds of Theorem 2.7.3 are Ricci flat and provide
examples of conformally Ivanova—Petrova manifolds which are not of this

type.
4.7 Stanilov Models
We follow the notation introduced in Section 1.8.3. Let I = (V, (-,-), A) be

a 0-model of signature (p, ¢). Let 7 be a spacelike or a timelike k-plane. Let
{e1,...,er} be an orthonormal basis for . The Stanilov operator is defined
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by setting:

O(r) == ZA(% ej)Ales, ej) .

Let 1 < k < p+qandlet k < q. We say that 9 is a spacelike k-Stanilov 0-
model if the eigenvalues of 9t are constant on the Grassmannian of spacelike
k-planes in V. The notions timelike k-Stanilov, spacelike Jordan k-Stanilov,
and timelike k-Jordan Stanilov are defined similarly.

One says that a pseudo-Riemannian manifold M has one of these prop-
erties if (M, P) has the appropriate property for all P € M. Examples
of Stanilov manifolds were given previously in Theorem 2.5.1 and in Theo-
rem 2.7.3. In this section, we follow the treatment in Gilkey, Nikéevi¢, and
Videv (2004) and present some theoretical results concerning these man-
ifolds. We begin by showing that Ivanov—Petrova models are k-Stanilov
under certain conditions.

Theorem 4.7.1 Let M be a spacelike Jordan Ivanov-Petrova model of
signature (p,q). Assume that one of the following conditions holds:

(1) p=0and ¢ > 5.

(2) p=1andqg>9.

(8) p=2, q > 10, and neither g nor q + 2 are powers of 2.

(4) 3<p<3q—6and {q,q+1,....q+ p} does not contain a power of 2.

Let2 <k <p+q—1. If k <gq, then M 1is k-spacelike Jordan Stanilov. If
k < p, then M 1is k-timelike Jordan Stanilov.

Proof. The hypotheses of the Theorem permit the use of Theorem 1.9.13
to see that if 7 is a spacelike 2-plane, then Rank{A(7)} = 2. Thus by
Theorem 1.9.15, there exists a self-adjoint map ¢ so that A = cA,, where
Ay is as described in Section 1.6.3, and where ¢ = 1d, ¢* = —1d, or ¢* = 0.
If 9> = 0, then A(7)? = 0 and hence © = 0. Thus we suppose ¢? = ¢ Id. If
{e1,e2} is an orthonormal basis for an oriented spacelike 2-plane 7, then

Aler, e2)z = c{(des, x)der — (ger, x)gea} .
Let p, be orthogonal projection on 7 and let x 1 ¢m. Then

A(r) : pes — ceder,  A(m) : peg — —cepes, A(rw):x — 0,
A(m)? : peg — —cPpea, A(T)? : pe1 — —c?per, A(m)? 12— 0.
A(m)? = —Ppyr -
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If i is a spacelike k-plane, then
O(mk) = —2(k — 1) pyr,. -

This shows O(m) has constant Jordan normal form and hence 9 is k-
spacelike Jordan Stanilov. The argument that 9t is k-timelike Jordan
Stanilov is essentially the same modulo an appropriate change of signs and
thus is omitted. g

The situation is particularly simple if k = 2:
Theorem 4.7.2 Any 2-Stanilov 0-model is Tvanov—Petrova.

Proof. There is nothing to prove if m = 2 so we assume m > 3. Let 91 be
2-Stanilov. Let {\;(m)} be the eigenvalues of A(m) for an oriented 2-plane
7. Then {\?(m)} are the eigenvalues of O(r). Since these eigenvalues are
independent of 7, since the Grassmannian of oriented 2-planes is connected,
and since the eigenvalues vary continuously, we may conclude that A(7) also
has constant eigenvalues so 91 is Ivanov—Petrova. O

4.8 Complex Geometry

We adopt the notation of Section 1.6.4. Let 9 := {V,(.,-),J, A} be a
Riemannian complex 0-model. This means that (V (-, -), A) is a Riemannian
0-model and that J is a unitary almost complex structure on V. We assume
that A and J are compatible; this means, by Lemma 1.6.6, that

JA(x, Jz) = Az, Jx)J forall zeV.

Thus this operator is complex linear and self-adjoint.

We say that 9 is complex Ivanov—Petrova if the eigenvalues of the op-
erator JA(-) are constant on the associated complex projective space or,
equivalently, if the eigenvalues of the operator JA(z, Jx) are constant on
S(V). As this operator is self-adjoint, the eigenvalues are necessarily real.
Let {A;, i} be the eigenvalues and multiplicities of JA(7) where we order
the multiplicities so pg > ... > pe > 0. Since JA(7) is J-linear, the y; are
even.

Theorem 4.8.1 Let MM = (V,(-,-),J, A) be a complex Ivanov—Petrova
Riemannian 0-model with eigenvalue structure {\;, p;}. Assume £ > 0. If
m =2 mod4, then { =1 and uy = 2. If m = 0 mod 4, then either £ =1
and p1 = 2,4 or £ =2 and p1 = pe = 2.
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Proof. We use methods of algebraic topology and follow the discussion in
Gilkey (2001a) to prove Assertion (1). Let m = 2n. Choose a unitary basis
for V to identify V' = C™ and to identify (-,-) with the standard Euclidean
inner product. Since A and J are compatible, the operator JA(x, Jx) is
both self-adjoint and complex. Let

Ex(z) :={¢: JA(z,JX)¢ = X¢}

be the associated eigenspaces. Since dim E(z) is constant on S™~1  the
E\(x) patch together to define smooth real vector bundles over S™~!. They
are in fact complex vector bundles which are well defined over CP™ . They
define a decomposition of

1" = @®\E\ over CP" !,

The desired conclusion will follow from Theorem 4.2.5 if we can show that
any of the F) is geometrically symmetric.

Let A be the maximal real eigenvalue. Let & € E)(x) be a unit eigen-
vector. We then have A{ = JA(x, JX)& and thus

A= <J~A('Ta J$)£,€> = _<A(x7 ‘]x)fv J§>
= Az, Jz, JE, &) = A(E, JE, Jx, x)
= (JA(, J)x, x) .

Since A is maximal, we may apply Lemma 1.5.1 to conclude that
A&, JE)x = M.

Consequently, z € Ey(§). This shows that E) is a geometrically symmetric
vector bundle as desired. (]

These results are sharp as the following examples show. Let ¢ be a
skew-adjoint linear map. Let the associated skew-symmetric bilinear form
® € A%2(V*) be defined by ®(v,w) := (¢pv,w). Use Eq. (1.3.a) to define:

A¢((E, Y, z, ’lU) = (I)(SL', ’ll))(b(y, Z) - (I)(.’IJ, Z)(I)(y7 ’lU)
—20(z,)0 (2, w).

This is an algebraic curvature tensor by Lemma 1.6.3; by Eq. (1.3.b), the
associated curvature operator is given by:

Ap(2,y)z = (Qy, 2)dx — (¢, 2)py — 2(px, y) P2 .
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Example 4.8.1 Let V = C™ with the usual Hermitian almost complex
structure J. Let A = Ay and let 9 := {R?" (-,-),J, A;}. Let x € S(V).
Then:

Az, Jx)z = (JJx, 2)Jx — (Jx, 2) JJx — 2(Jx, Jx)J 2,
JA(x, Jx)z = (z, 2}z + (Jx, 2) Jx + 22,
B {32 if z € Span{x, Ja},
2z if z L Span{z,Jz}.

This shows 9t is complex Ivanov—Petrova. There are two distinct eigenval-
ues; one has multiplicity 2 and one has multplicity m — 2.

Example 4.8.2 Let V = H" with the usual Hermitian quaternion
structure {Ji,Ja, J3} where J3 = JiJo and J} = J7 = —1Id. Let
A = c1 Ay, + c2Ay,. We show that 9 := {R?" (...}, J;, A} is complex
Ivanov—Petrova by computing:
Az, hx)z = er{{ 11z, 2) Jix — (Jiz, z) h Jvoe — 2(Jyz, Jyz) J1 2}
+ co{{(Jo 1z, 2) Jox — (Jox, 2) JoJ1x — 2(Jox, J1x) oz},
JIA(z, J12)z = er {{z, 2)x + (J1z, 2) J1x + 22}
— CQ{<J1J2:E Z>J1J2$ + <J2£Z? Z>J2:E}
3c1z if z € Span{z, Jiz},
=< —2¢9z if z € Span{Jaz, J3x},
2¢1z if z L Span{x, Jix, Jox, J3x}.
This shows that 91 is complex Ivanov—Petrova. Furthermore, the possible

eigenvalue structures of Theorem 4.8.1 may be illustrated by choosing c;
and co appropriately.

Remark 4.8.1 In Chapter 5, we will show that the 0-models in these
two examples are also complex Osserman. These examples can be modified
by adding the algebraic curvature of constant sectional curvature c to shift
the eigenvalues. If we set

A=coRy+c 1Ry
where ¢ = %/\1 and ¢y = \g — 3¢y, then

[ (co+3c1)z if z € Span{z, Ja},
TA(m:) = { 2¢0% if z 1 Span{z, Jx}.
_ [ Mz if z € Span{x, Jx},
~ | Aoz if z L Span{z, Jx}.
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This has eigenvalue structure {(Ag,m — 2),(A\1,2)}. We can also modify
Example 4.8.2 similarly.



Chapter 5

Complex Osserman Algebraic
Curvature Tensors

5.1 Introduction

In Chapter 5, we give a partial classification of complex Osserman algebraic
curvature tensors which are given by Clifford families. The material of
Chapter 5 is joint work with and as well is coauthored by M. Brozos-
Viézquez.

Section 5.1 is both a statement of results and also serves as an outline
to the remaining sections in Chapter 5. In Section 5.1.1, we review material
concerning Clifford families. In Section 5.1.2, we define complex Osserman
models. Section 5.1.3 summarizes our classification results in the algebraic
context. Section 5.1.4 presents some geometric examples. Section 5.1.5
outlines the remainder of Chapter 5.

5.1.1 Clifford families

We shall work exclusively in the Riemannian setting in Chapter 5. We
recall some notation established previously. Fix a positive definite inner
product (-, -} on a real vector space V of dimension m. We say that a linear
map J is a Hermitian almost complex structure on V if J is an isometry
of V with J2 = —id. The canonical curvature tensors discussed in Section
1.3.2 are given by:

A<'1'>($7y727w) = <$7w><y72> - (w,z><y7w>7
and
Aj(z,y, z,w) := (x, Jw)(y, Jz) — (x, J2)(y, Jw) — 2(x, Jy){z, Jw) .

It now follows that the associated Jacobi operators are given by:

257
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B 0ify ==z,

jA(,y,)('r)y - { y 1fy 1z,
0ifu L J (5.1.a)

j T — 1 y z,

as @)y yify=Jz.

We say that F = {Ji,...,J¢} is a Clifford family of rank ¢ if each J;
is a Hermitian almost complex structure and if the Clifford commutation
relations

JiJj + JjJi = _261’]’ Id
are satisfied. If ¥ = (¢;;) belongs to the orthogonal group O(¢), let
ji = wiljl —+ ...+ d)ujl for 1 <1</

define a new Clifford family F := {J1, ..., J¢;} which will be said to be a
reparametrization of F. If £ = 3, then F = {Jy,J2,J3} is said to be a
quaternion structure on V if J3 = JyJo; such structures exist if and only if
the dimension of V' is divisible by 4. If

A= C()A<,),> + 6114‘]1 “+ ...+ CgAJe

with ¢; # 0, ..., ¢p # 0, then A is said to be given by a Clifford family of
rank £. Let (V,{-,-), A) be a 0-model. We suppose m # 16. Work of Chi
and Nikolayevsky as discussed in Theorem 1.9.6 shows that 9t is Osserman
if and only if A is given by a Clifford family. Thus these tensors form a
very natural family of examples.

5.1.2 Complex Osserman tensors

We first review some notation that we have established previously. Let
CP(V) = CP(V, (-, -), J) be the projective space of complex lines in V. Let
7 = Span{x, Jx} € CP(V) for x € S(V). The map # — m, defines the
Hopf fibration S(V) — CP(V). The higher order Jacobi operator J(m;) is
given by setting

J(72) =T (x) + T (Jx).

We say that 0t = (V, (-, -), J, A) is a complex 0-model if J is a Hermitian
almost complex structure on (V, (-,-)) and if A is an algebraic curvature
tensor. We say that J and A are compatible and that 9 is a compatible
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complex model if any of the following conditions, which are equivalent by
Lemma 1.6.6, is satisfied:

(1) J*A= A.
(2) J(m) is complex linear for every « in CP(V).
(3) R(m) is complex linear for every 7 in CP(V).

We say that a complex 0-model 9 is complex Osserman if J and A are
compatible and if the eigenvalues of J are constant on CP(V'). Since the
eigenvalues are constant, the multiplicities are constant as well. If m = 2
and if 9 is a complex 0-model, then necessarily 9% is complex Osserman
since CP(V) consists of a single point. We shall therefore assume m > 4
for the remainder of Chapter 5.

5.1.3 Classtification results in the algebraic setting

We have a complete classification if Rank(F) < 3 except in a few cases.

Theorem 5.1.1 Let M = (V, (-,-), J, A) be a complex 0-model. Assume
that A = coA(. .y +c1Ay + ... + oAy, is given by a Clifford family of rank
/. AssumecZ#Oforlgzgﬁ.

(1) Let £ =0. Then A = coA(..y and M is complex Osserman.

(2) Let £ =1. Then:
(a) If co =0, then M is complex Osserman if and only if JJ, = £J1J.
(b) If co # 0, then M is complex Osserman if and only if J = £J1 or

JJp=—-J1J.

(8) Let £ = 2. If cg # 0, assume that dim(V) > 12. Then M is complex
Osserman if and only if there is a reparametrization {J;} of F with
A =coA(,.y+aAy +2Aj, so al least one of the following holds:

(a) J:Jljg.

(b) J=J.

(C) Co = O, JJl = J1J, and JJ2 = —JQJ.
(4) Let £ =3. Then:

(a) If co =0 and if dim(V) > 12, then M is complex Osserman if and
only if there is a reparametrization {jz} of F so J = JoJs and so
A= ElAjl + EQAjz + 53A z

(b) If co # 0 and if dim(V) > 16 then M is complex Osserman if
and only if there is a reparametrization {J} of F so J = Ji, so
J1Jods = Id, and so A =coA(. .y +C1Aj L+ C2Aj , T+ C3A =
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The work of Chi and of Nikolayevsky which was discussed in Theorem
1.9.6 also shows that the higher rank Clifford module structures do not arise
in the geometric setting. Still, it is worth examining the algebraic context.
We will prove the following results in the higher rank setting:

Theorem 5.1.2  Let M = (V, (-,-), J, A) be a complex 0-model.

(1) Let A = 3, ¢; Ay, be given by a Clifford family of rank £ > 4 where
¢ 20 for1 <i < (. If¢ =45, assume that m > 2°. If m > 6,
assume that m > £(¢ — 1). Then M is not complex Osserman.

(2) Let A= coA .y + 3, ciAy, be given by a Clifford family of rank £ > 4
where ¢; 0 for 0 < i< /(. If{ =4, assume m > 32. If { = 5,6,7,
assume that m > 2°. If £ > 8, assume that m > £({ —1). Then M is
not complex Osserman.

Remark 5.1.1 It follows from Lemma 4.2.3 that if £ > 16, then neces-
sarily m > £(¢ — 1). Thus this condition plays no role if £ > 16.

5.1.4 Geometric examples

There are examples of complex Osserman Riemannian manifolds. Recall
that 9 is a complex space form if 9 is an open subset of m-dimensional
complex projective space with the Fubini-Study metric or the negative
curvature dual.

Theorem 5.1.3

(1) Let (M,g) be an even-dimensional contractible manifold of constant
sectional curvature c. Let J be any Hermitian almost complex structure
on M. Then (M,g,J) is complex Osserman.

(2) Let (M,g) be a complex space form. Let J be the canonical almost
complex structure.

(a) (M,g,J) is complex Osserman.

(b) Suppose that m = 0 mod 4 and M is contractible. Let K be a second
Hermitian almost complex structure on (M, g) with JK = —KJ.
Then (M, g, K) is complex Osserman.

Proof. Let (M,g) be a contractible manifold of constant sectional cur-
vature ¢p. Then R = c¢oR, and the tangent bundle T'(M) is trivial. Thus
we can choose a global orthonormal frame {ey,...,e,,}. As m is even, we
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can define a Hermitian almost complex structure J by
J62i = €2;—1 and J€2i,1 = —€9; .

Thus Hermitian almost complex structures exist. The desired conclusion
then follows from Theorem 5.1.1 (1).

If (M,g,J) is a complex space form, then R = ¢o{R, + R,}; see, for
example, Lemma 1.15.1 of Gilkey (2001a). Theorem 5.1.1 shows M is com-
plex Osserman. If M is contractible, we can choose a global orthonormal
frame {e1, Jeq, ..., €m, Jem } for T(M). If m = 0 mod 4, then m is even and
we can define K by setting

Key; = e2; 1, Kegi 1 = —ey,
KJQQ»L' = —J€2i,1, KJ€2i71 = Jegi .

We set jl =K, c =0, jg =J, cs = ¢y, j3 = jljg, and c¢3 = 0. Theorem
5.1.1 (2) then implies that (M, g, K) is complex Osserman. O

5.1.5 Chapter outline

The remainder of Chapter 5 is devoted to the proof of Theorem 5.1.1 and
of Theorem 5.1.2. In Section 5.2, we establish some technical preliminaries.
We give criteria to ensure that a 0-model is complex Osserman, we examine
the eigenvalue structure of a complex Osserman 0-model, we give some
examples of complex Osserman 0-models, and we establish some additional
useful observations of a technical nature. We then consider Clifford families
of low rank. Assertions (1) and (2) of Theorem 5.1.1 are proved in Section
5.3, Assertion (3) of Theorem 5.1.1 is proved in Section 5.4, and we complete
the proof of Theorem 5.1.1 in Section 5.5 by establishing Assertion (4). In
Section 5.6 and in Section 5.7 we establish Theorem 5.1.3 which deals with
the higher rank case. Section 5.6 deals with the case A = >, ¢; Ay, and
Section 5.7 deals with the case A = coA. .y + >, ciAy,.

5.2 Technical Preliminaries

In this section, we present some results we shall need subsequently. In
Section 5.2.1, we give necessary and sufficient conditions that a complex
model M = (V, (-, -), J, A) is complex Osserman in terms of the eigenspaces
of the complex Jacobi operator. In Section 5.2.2, we use methods from alge-
braic topology to control the eigenvalue structure. In Section 5.2.3, we give
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examples of complex Osserman 0-models that show the results of Section
5.2.2 are sharp. In Section 5.2.4, we discuss reparametrization of a Clifford
family. In Section 5.2.5, we examine the dual Clifford family associated
to a rank 3 Clifford family. In Section 5.2.6 we study complex 0-models
given by Clifford families where J and A are compatible and where certain
additional hypotheses are imposed on J. In Section 5.2.7, we present some
technical results which deal with linear independence of endomorphisms
defined by a Clifford family. We conclude in Section 5.2.8 by establishing
some additional technical results concerning Clifford families.

5.2.1 Criteria for complex Osserman models

Let Spec{J(mz)} C R be the set of eigenvalues of the complex Jacobi
operator:

Spec{J (1)} :={A e R:det{J (my) — AId} = 0}.
Let Ey(m;) be the associated eigenspaces:
Ej\(rg) :=={v eV :J(m\)v =X v}.
We then have an orthogonal direct sum decomposition for any 7, € CP(V):

V' = @xespec( T (m.)} EA(T2) -
The following result will be central to our discussion.

Lemma 5.2.1 A complex 0-model M = (V, {(-,-), J, A) is complex Osser-
man if and only if the following two conditions are satisfied:

(1) JEx(7g) = Ex(mz) for all 7, € CP(V) and for all A € Spec{J (74)}.
(2) Spec{ T (mz)} = Spec{ T (my)} for all my,m, € CP(V).

Proof. If M is complex Osserman, then A and J are compatible and Con-
dition (1) holds. Furthermore, the eigenvalue structure is independent of 7
and Condition (2) holds. This establishes one implication of the Lemma.
Conversely, if Condition (1) holds, then all the eigenspaces F are preserved
by J. This implies that JJ(7;) = J(7,)J and consequently by Lemma
1.6.6, J and A are compatible. Assumption (2) then implies 9t is complex
Osserman. O
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5.2.2 Controlling the eigenvalue structure

If 9 is complex Osserman, let X = (Mo, -y Ax) and [ = (uo, ..., ths) be
the associated eigenvalues A; and eigenvalue multiplicities p; := dim(E},)
where the eigenvalues are ordered so that po > p; > ... > u, > 0. The
following result is based on Theorem 4.2.5.

Theorem 5.2.1 Let M = (V, (-,-), J, A) be a complex Osserman 0-model.
Assume that k > 1 so there are at least 2 distinct eigenvalues. Then:

(1) If m =2 mod 4, then kK =1 and p = 2.
(2) If m =0 mod 4, then one of the following alternatives holds:

(a) k=1 and p1 = 2.
(b)) k=1 and pup = 4.
(c) k=2 and p1 = pg = 2.

Proof. Recall that a sub-bundle E of the trivial bundle V:= CP(V) x V
over CP(V) is said to be a geometrically symmetric vector bundle if for all
o,7 € CP(V), 7 C E(0) implies that o C E(7).

The proof we shall give is similar to the proof of Theorem 4.8.1. By
Lemma 5.2.1, the eigenspaces E, () have constant rank and patch together
to define smooth vector bundles E, over V which give an orthogonal direct
sum decomposition

VZE)\OGB...EBEAN.

Furthermore, since the eigenbundles are invariant under J, they inherit nat-
ural complex structures so the decomposition given above is in the category
of complex vector bundles. The desired conclusion will follow from Theo-
rem 4.2.5 if we can show that one of the eigenbundles E, is geometrically
symmetric.

Let A be the maximal eigenvalue. Let z,y € S(V). We must show
y € Ex(m) implies ¢ € Ex(my). We have J(m,;) = J(z) + J(Jx) and
J(my) =T (y) + T (Jy). Since A and J are compatible,

A= (T (m2)y,y) = Ay, z,z,y) + Ay, Jz, Jx,y)
= Az, y,y,x) + Az, Jy, Jy,z) = (T (7)), 1) .

Since A is the maximal eigenvalue, Lemma 1.5.1 shows J (my)z = Az. O
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If A = copAo+ 1Ay, + ... + ciAy, is given by a Clifford family, we
introduce the reduced complex Jacobi operator

\7(71-96) = j(ﬂ'z) —2¢old .

Corollary 5.2.1 Let M = (V,(-,-),J, A) be a complex Osserman model
which is given by a Clifford family of rank . Assume that m > 2¢ + 6.
Then Rank{J (7,)} < 4.

Proof. We compute that

4

J(m2)y = 2¢coy + Z3Ci{<y7 Jix)Jix + (y, JiJx)J; J}
i=1
— cof(y, z)z + (y, Jz) Jx} .

Consequently
J(mz)y = 2¢oy for y L Span{z, Jzx, Jix, ..., Jyx, K Jx, ..., JpJx} .

This implies that 2¢y is an eigenvalue of multiplicity at least m — 2¢ — 2.
Thus if m > 2¢ 4 6, then 2¢y is the dominant eigenvalue and the other
eigenvalues have multiplicity at most 4. The Corollary now follows since

J (mz) is defined by shifting the spectrum appropriately. O

5.2.3 FExamples of complex Osserman 0-models

If m = 0 mod 2, then there exists a Hermitian almost complex structure J;
on V. If m = 0 mod 4, then there exists a quaternion structure on V’; this
means that there is a Clifford family {.Ji, J2, J5} so that J3 = J1J2. The
following result shows that Theorem 5.2.1 is sharp.

Theorem 5.2.2 Let A= coA .y +c1dy, +...+ciAy, where F = {J;} is
a Clifford family. Let M := (V, {-,-), J1, A) be a complex 0-model. Not all

the ¢; need be non-zero.

(1) If £ =1, then M is complex Osserman. Furthermore:
(a) If (co,c1) = (3,1), then k =0 and i = (m).
(b) If (co,c1) = (0,1), then k =1 and i = (m — 2,2).
(2) If £ =3 and if J3 = J1Ja, then M is complex Osserman. Furthermore:
(a) If (co,c1,c2,c3) = (3,1,0,0), then kK =0 and i = (m).
(b) If (co,c1,c2,¢3) = (0,1,0,0), then Kk =1 and i = (m — 2,2).
(c¢) If (co,c1,c2,¢3) = (0,2,1,1), then k =1 and i = (m —4,4).
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(d) If (co,c1,co,c3) =(0,2,2,2), then k =2 and i = (m —4,2,2).

Proof. Suppose that A = coA( .y + 14y, and that J = J;. By
Eq. (5.1.a),

2coy if y L 7y,
co+3a)y if yem,.

Jﬁﬁy—{(

Lemma 5.2.1 implies 9 is complex Osserman. The eigenvalues are distinct
if and only if 3¢; # co; Assertion (1) follows.
Next let A = coA(. .y +c1Ay, +c2Ay, +c3Ay,, let T, = Span{.Jox, Jaz},
and let J = J;. Assume that J;Jo = J3. By Eq. (5.1.a),
2coy if y L mp,y L 7y,
J(m)y = (co+3cr)y if y € my,
(200 + 3co + 303)y if (TS Ty -

Assertion (2) now follows similarly. O

5.2.4 Reparametrization of a Clifford family

Let F = {Ji,...,J¢} be a Clifford family. If ¥ = (¢;;) belongs to the
orthogonal group O(¢), we defined the reparametrization F = {J1, ..., Js}
of F by setting Jl = ’L/)ilJl + ...+ wilt]l for 1 S 1 S £.

Lemma 5.2.2  Suppose that F is a reparametrization of the Clifford fam-
ily F. Then Ay, +...+ Ay, =Aj +...+Aj,.

Proof. Let A= A; + ...+ Ay, and let A= Ajl + ...+ Afz' We use
Eq. (5.1.a) to see that

0 if y L Span{Jiz,..., Jez},

Jaly) = {33/ if y e Span{Jyz,..., Jez}.

This shows that J4 = J; and hence A = A by Lemma 1.7.1. O

5.2.5 The dual Clifford family

Let F = {J1, J2, J3} be a Clifford family on V. The dual Clifford family
F* is given by:

F* .= {Jl* = JoJs, J; = J3Jq, Jg = J1J2}.
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The dual structure is a skew-quaternion structure since JiJ5J3 = —1Id; F~*
is a reparametrization of F if and only if J;J; = £J3. Set

0:=J1JoJs, Vi:={zx eV :0z=Fz}, and

N = {%(m.‘_ +xz_):x4 € S(Vi)} . (5.2.a)

Lemma 5.2.3 Let F = {J1,J2,J3} and let F* = {J5y, J3, J5} be a Clif-
ford family and the associated dual Clifford family. Assume J1Ja # £J3 so
N is non-empty.

(1) If x € N, then {z, 1z, Jox, Jsx, Jix, J3x, Jix,0Ox} is an orthonormal
set.
(2) If F is a reparametrization of F, then F* is a reparametrization of F*.

Proof. Suppose that JyJo # £J3 so N is non-empty. Let x € N. Asser-
tion (1) follows from the decomposition:

x:%(:mr—l—:c,), @x:\%(a@r—z,),
Jixz = \/LE( 14 + Jizn), Jiz= %(Jlgmr —Jiz_),
Jox = \%(JQ:EJr + oz ), Jix= %(ngﬂr — Joz_),
Jsz = \%(Jgaur +Jsz_), Jijx= %(Jg$+ — J3x_).

Let the orthonormal basis {7, ¥z, U3} for R? define a reparametrization

jii

U - (J1, Ja, J3) = vin J1 + viaJa + vi3J3 .

Let v; X v; denote the cross product on R3. Then

Jl_(U x v3) - (J7, J3, J3),
Jz—(U x 1) - (J7, 3, J3),
‘]3_(6 Xﬁ) (‘]15‘]27‘]3)'

Since {vg X U3,U3 X U1,0; X Uz} is also an orthonormal basis for R3,
{Jr,J%,J5} is a reparametrization of F*. O

5.2.6 Compatible complex models given by Clifford families

Lemma 5.2.4 LetM:= (V,(-,-),J, A= coA(. y+c1Ay +coAy,+c3Ayy)
be a complexr Osserman 0 model which is given by a Clifford family of rank
at most 3; we permit some of the ¢; to be zero. Assume J and A are
compatible.
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(1) Suppose that Jx = (a1J1 + asJa + asJs)z for some x € S(V). Then
(ci —¢j)asa; =0 fori < j.

(2) Suppose that J1Jo # +J3 so N is non-empty. Also suppose that Jx
belongs to Span{Jix, Jax, J3z, Jix, J5x, Jix} for all x € N. Then
either J € Span{Jy, J3, J5} or J € Span{.Jy, Jo, J3}.

Proof. Let Jr = (a1J1 + agJ2 + azJs)x for some z € S(V). One has:
JA(z, Jr)x = —J T (z)Jz
= —J(coJx+3c1{(Jx, Jix) Jyx+3ca{Jx, Jox) Jox+3cs{Jx, Jsx) J3x)
= cox — 3c1a1J J1x — 3cgasJ Jox — 3czaszd Jsx,
Az, Jr)Jr = T (Jx)x
= cox + 3e1(x, 1 Ja) Jy Jx + 3ea(x, JoJx) JaJx + 3es(x, JsJx) I3 Jx
= cox — 3crarJ1Jx — 3coas o Jx — 3ezazJ3Jx.
Since J and A are compatible, JA(z, Jz)r = Az, Jz)Jz so
0= (Cl — cz)alangng =+ (Cl — 03)a1a3J1J3:1: + (CQ — Cg)CLQagJQJg:E.
Since {J1 oz, J1J3x, JoJ3x} is an orthonormal set, Assertion (1) follows.

Let J1Jo # J3 so N is non-empty. Assume we may decompose

3

Jr =" (ai(w)J; + af (x)J} )z

=1

for every x € N; the coefficients are uniquely determined and vary contin-
uously by Lemma 5.2.3 (1). We generalize the discussion given to establish
Assertion (1). Let x € N'. We compute:

3
JA(x, Jo)x = —J T () Jx = —J {COJJ: + 3Zci<J:1:, Jﬂ:}Jix} )
i=1
3
Az, Jx)Jz = J(Jx)x = cox + 3201-(:6, JiJx)yJ;Jx .
i=1

Since J and A are compatible, JA(z, Jx)z = A(x, Jx)Jx so

3
Z (Jx, Jz)(JJ; — JiJ )

ar(z){az(z)(J2J1 — J1J2) + as(x)(Js 1 — J1J3)
+a§(m)(J3J1J1 - J1J3J1) + a§(x)(J1J2J1 — J1J2J1)}1'
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+eaaz(z){ar(x)(J1J2 — JoJ1) + as(x)(J3J2 — JaJ3)
+ai(z)(JadsJa — Jodods) + aj(x)(Jr1Jads — JoJi1Jo) b
+egaz(x){a1(x)(J1Js — J3J1) + as(x)(JoJs — J3.J2)
Vi (@) (Jadsds — Jadods) + a3(x)(Ja 1 Js — JaJay) ).

By Lemma 5.2.3 (1), {1z, Jaz, Jsz, Jyx, Jyx, Jix} is an orthonormal set.
Consequently the relations derived above yield:

(c1 — c2)ar(z)az(x)
(ca — c3)az(z)as(x)
(cs — c1)as(z)a(z)

0, 5 1 0
0, coas(x)aj(x) — csaz(x)as(x) =0, (5.2.b)
0, 1 3 0

Our first step is to establish the dichotomy that

Jx € Span{J1z, Jox, Jsx} or (5.2.0)
Jx € Span{Jiz, J3z, 5z} if zeN. -
If Jx ¢ Span{Jiz, Jiz,J5x} we must show Jx € Span{Jiz, Joz, Jsz};
this is independent of reparametrization. Since Jx ¢ Span{J;z, J3z, Jiz},
a;(x) # 0 for some ¢; we may suppose without loss of generality a;(x) # 0.
We apply Eq. (5.2.b). If ¢; # ¢3 and ¢2 # c3, then we have az(z) = 0
and az(z) = 0. If ¢4 = c2 but ¢ # c3, then az(z) = 0 and we can
reparametrize F (and thereby F* as well by Lemma 5.2.3) to have that
az(z) = asz(z) = 0. Finally, if ¢; = c2 = c3, we can reparametrize F
and F* so az(x) = as(z) = 0. Thus after a suitable reparametrization
of F, we may assume as(z) = az(x) = 0. By Eq.(5.2.b) we then have
a3(z) = a%(x) = 0 and thus

Jr = ay(z) iz + a3 (x)J .
As Jx is a unit vector, a;(z)? + af(x)? = 1. We expand

Jr = al(.r)%((]lir + Jizo) + a’{(:c)%((]lzzur —Jiz_)

Jrg +Jxo).

_ 1
= 75(
This shows Jry = (a1(x) + aj(z))Jizs so (a1(x) + aj(x))? = 1 as
well.  This implies aq(z)ai(z) = 0 and thus a1(x) = +1 and hence
Jx € Span{Jiz, Jox, Jsx}. This establishes Eq. (5.2.c).
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Since Jz is a continuous function of x, since N is connected, and since

Span{Jyz, Joz, Jsx} L Span{Jix, J5z, J5z}, Eq. (5.2.c) implies

either Jz € Span{Jiz, Jox, Jsx} Vo € N

or Jz € Span{Jyz, Jsx, Jix} Vo € N.
Let G := {G1,G2,G3} where G = F or where G = F* is the Clifford family
of rank 3 so that Jz € Span{G,x, Gax, Gsx} for all z € N. Expand

3
> ai( T5les + 2 )){Giay + Gz}

=1

%J(IJF +x_)=

N

This implies

(z4 +2))Giz4, (5.2.d)

Jry = Zaz
3

=1

s|~

(x4 +2_))Giz_ . (5.2.e)

<

By Eq. (5.2.d), @i(%(ﬂh + x_)) is independent of x_; by Eq.(5.2.e),

di(%(aur + x_)) is independent of xy. Thus &, is a constant and

3
Jrg = ZdiGixi Vry € V.

=1

Since V =V, @ V_, we conclude Jv =), 4;G;v for all v € V. O

5.2.7 Linearly independent endomorphisms

If {T1,...,T.} are linearly independent linear maps from a vector space V
to another vector space W, it does not necessarily follow that there exists
x € V so that {Thz,...,Tyx} are linearly independent vectors in W; it is
clearly necessary that dim(W) > & for this to be possible. The following
Lemma gives conditions under which the condition of linear independence as
linear transformations can manifest itself as linear independence of vectors.

Lemma 5.2.5 Let 7 := {T4,...,T} be a collection of linear maps from
a vector space V' of dimension m to a vector space W. Assume there exists
N € N so that if (a1,...,a,) is any collection of real constants, not all of
which are zero, dim{Range(a1Ty + ... + a, )} > N. Then:
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(1) If N > &, there exists © in V so {T1x,...,Txx} is a set of k linearly
independent vectors.

(2) If N > 2k, there exist x and y in V so {Thz,....,Txx,T1y,....,Txy} is a
set of 2k linearly independent vectors.

(8) Suppose that Tz € Span{T1z, ..., Tz} for all z in' V and that there exist
z,y €V so {Thz,....,Twx, Thy, ..., Ty} is a set of 2k linearly indepen-
dent vectors. Then T belongs to Span{Ty, ..., T} }.

Proof. Suppose N > k. For each z in V, choose r(z) minimal so
{Tx,...,T,x} is a set of r linearly independent vectors but {T1«, ..., T 12}
is a linearly dependent set; if Tyx = 0, we set r(z) = 0. Choose x in V
so r(z) is maximal. If r(x) = &, then Assertion (1) holds. We therefore
assume r = r(z) < k and argue for a contradiction. Note that since T} # 0
we have r(x) > 1. Let

S = a1T1 + ...+ GJTTT + TT+1

where the constants (aq, ..., a,) are chosen so Sz = 0. By hypothesis, we
have that dim{Range(S)} > N > k. Since r < k, we can find z in V
so {Thx,...,Tyx,Sz} is a linearly independent set of r + 1 vectors. By
continuity, there exists ¢ > 0 small so that {T1(z + ¢z2), ..., Ty-(x + €2), Sz}
is a linearly independent set. Since

Trii(x+ez)=8S(x+ez) —aTi(z+ez) — ... —a,Tr(x +€2)
=eS(z) —a1Ti(z+ez) — ... —a,Tr(x +€2),

one has that {Ty(z +¢€2),...,T-(x +€z), Try1(x +¢€2)} is a linearly indepen-
dent set of r + 1 vectors. Thus r(z 4+ £2z) > r + 1 which contradicts the
choice of x. This contradiction establishes Assertion (1).

Suppose N > 2k. By Assertion (1), choose  in V so {Tix,..., Tz} is
a linearly independent set of k vectors. Let Wy := Span{Thz, ..., Txx} and
let 7 : W — W/Wj be the natural projection. Let T; := 7T} : V. — W/Wj,.
If (a1, ..., ax) are constants not all of which are zero, then

dim {Range{mﬂ + ...+ a,{T,{}} >N —-—dimWy=N — k.

Since N — k > k, we can apply Assertion (1) to the family {7}, ..., Ty}
to choose y in V so that {Tyy, ..., Txy} is a linearly independent set of x
vectors. The pair {z,y} now satisfies the conclusions of Assertion (2).
Suppose the hypotheses of Assertion (3) hold. Choose = and y in V
so {Thz,...Tex,T1y,....,Txy} is a set of 2k linearly independent vectors.
There then exist small neighborhoods O, and O, of  and y, respectively,
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so that if z1 € O, and y1 € Oy, then {Thz1,...,Tex1, Thy1,.... Tetn } is a
linearly independent set. We may expand

K K

Tz, = Zai(m)Tixh Ty, = Zai(yl)ﬂ-yl,
=1 =1

T(x1+11) =Y ai(y +y)Ti(wr + 1)
i=1

The condition of linear independence permits to equate coefficients and to
conclude

ai(z1) = ai(r1 +y1) = ai(y1) -
Consequently a; := a;(z1) = a;(y1) is independent of the choice of 21 € O,
or of y; € O,. We therefore have Tz, = Zl a;T;x1 on O,. Since this

polynomial identity holds on an open subset of V', it holds on all of V' so
T = Ei CLlTll O

We apply Lemma 5.2.5 in three different situations. We begin with:

Lemma 5.2.6 Let F := {J1, ..., J¢} be a Clifford family on a vector space
V' of dimension m.

(1) LetT =", a;J; where at least one of the coefficients is non-zero. Then
dim {Range{T}} = m.

(2) If m > {, then there exists © in 'V so {J;x} is a linearly independent
set of € vectors.

(3) If m > 24, then there exist x and y in V so {Jx,Jyy} is a linearly
independent set of 20 vectors.

(4) If m > 2¢ and if Jx € Span{J;x} for all x € V, then J € Span{J;}.

Proof. LetT = ZZ a;J; where not all the coefficients a; vanish. We have
T? = —>".a?id. Thus T is invertible and (1) follows. We take N = m.
Assertions (2), (3), and (4) then follow from Lemma 5.2.5. O

Next we apply Lemma 5.2.5 to the family {J;J;}i<;:

Lemma 5.2.7 Let F :={Jy,..., Jo} be a Clifford family on a vector space
V' of dimension m.

(1) Let T =737,y ajiJjJi where aji, = —ay; and where at least one of the
coefficients is non-zero. Then dim {Range{T}} > im.

(2) If m > ((£—1), then there exists x in'V so {J;Jyz} is a set of $0(0—1)
linearly independent vectors.
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(3) If m > 20(¢ — 1), then there exist x and y in V so {J;Jpx, J; Jpy} is a
set of L(¢ — 1) linearly independent vectors.

(4) If m > 20(¢ — 1) and if Jx € Span{J;J;jz}ic; for all x € V, then
J € Span{J;J;}.

Proof. To prove Assertion (1), we suppose to the contrary
dim {Range{T'}} < $m. Let K := ker{T}. Then dim{K} > im. Choose
indexes u and v S0 ay, # 0. Since 2dim{K} > m, we may choose
x € S(K N J,K). We establish the desired contradiction by noting:

0= (Tz, J,Jyx) + (J Tz, J, J,2)
=3 ap((JiJk + Judj Tedu), JuJu)

ik
=4 aw(JiJux, JoJuz) = dap, # 0.
iFu
This contradiction establishes Assertion (1). Assertions (2), (3), and (4)
then follow as in the proof of Lemma 5.2.6 from Lemma 5.2.5. O

Remark 5.2.1 The estimate of Lemma 5.2.7 is sharp. Let £ > 4 and let
a = JyJoJ3Js. Then a? =Id so we can decompose V = Vi @ V_ into the
+1 eigenspaces of . Since J; anti-commutes with «, J; intertwines V.
and V_ sodimV; =dimV_ = %m. Thus

dimker{J1J2 + J3J4} = dimker{J3J4(J1J2 + J3J4)}
= dimker{a FId} = dim V4 = im
dim Range{J1Jo £ J3J4} =m — %m = %m

5.2.8 Technical results concerning Clifford algebras

Let F = {J1, ..., J¢} be a Clifford family of rank ¢ on a vector space V of
dimension m. We set Jij = JiJj, Jijk = JiJij, and Jijkn = JZJJJ]CJ”
In Section 5.2.8, we study the cases { =4, =5, =6,and £ =T.

Lemma 5.2.8 Let F := {J1,..., Ju} be a Clifford family of rank 4 on a
vector space V' of dimension m. Then:

(1) If m > 8, there exists x € S(V) so that (Ji2sy,y) = 1, so that
(Jijky,y) = 0 if {i,4,k} is not a permutation of {1,2,3}, and so that
{Jijx}i<; is an orthonormal set of 6 vectors.

(2) If m > 16, there exist x,y € S(V) so that {Ji;x, Jijy}i<; is an or-
thonormal set of 12 vectors.
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(3) If m > 16, there exists z € S(V') so that {Jr} is an orthonormal set of
16 vectors where I ranges over all possible multi-indices.

(4) If m > 32, there exists x,y € S(V) so that {Jiz, Jjxx, Jiy, Jjxy}j<k is
an orthonormal set of 20 vectors.

Assertion (1) is a bit technical. It, and a similar result for rank 5 Clifford
structures to be established presently in Lemma 5.2.9, will be used in the
proof of Lemma 5.6.2 when we generalize Lemma 5.2.4 (1) to the higher
rank setting.

Proof. In studying (J;jrz, ), we may assume all 3 indices are distinct
since if at least 2 indices agree, Ji;r = £J, and x L J,x. Since Jyo3 is
self-adjoint and since JZ; = Id, there is an orthonormal decomposition
of V.=V, & V_ into the + eigenvalues of Ji23. The eigenspaces Vi are
preserved by Ji, Js, and J3 since these commute with Ji23. However, since
J4 anti-commutes with Jio3, Jy intertwines V4 and V_. Thus

dim(V4) = dim(V_) = im.

Choose =4 € S(V4). Then (Jigszy,x4+) = 1. If {i,4,k} are distinct in-
dices which do not form a permutation of {1,2,3}, then J;pz4 € A_ so
<Jijk517+; I+> =0.

Leti < j and k < n. Then (J;;24, Jen®4) = —(Jijen®4, z4). If exactly
2 indices agree, this vanishes since (Jgpx 4, 24+) = 0 for a < b. If all 4 indices
are different, then Jijgn, = £J1234 50 (J123424,24) = 0 as Jiggazy € V_.
Assertion (1) now follows.

We have {Jjsxy, Jogxy, J3az+} C Vo. Since m > 16, dim(V) > 8 so
we may choose yy € Vi with yy L {x4, Jisxy, Jiszy, Joszi b {24, v}
then satisfy the conditions of Assertion (2). Finally z = (z, + Jyyy)/V2
satisfies the conditions of Assertion (3). Doubling the dimension permits
to derive Assertion (4) from Assertion (3). O

Next we study rank 5 Clifford families.

Lemma 5.2.9 Let F := {J1,...,J5} be a Clifford family of rank 5 on a
vector space of dimension m.

(1) If m > 16, there exists x € S(V) so x L Jijpx for all i,j,k and so
Jrox L Span{Jijatic; (i) (1.2)-

(2) If m > 16, there exists x € S(V) so (x, Jiesx) =1 and so x L J;J;Jpx
if {i,7,k} is not a permutation of {1,2,3}.

(3) If m > 16, there exists x € S(V') so {Jijx}i<; is an orthonormal set.
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(4) If m > 32, there exists x,y € S(V') so {Ji;x, Jijy}icj is an orthonormal
set.

Proof. Since x L J;z, we may assume 1 < ¢ < j < k < 5 in proving
Assertion (1). Because J1223 = J1245 = Id and because Jy93J145 = J145J123,
we can decompose

V=V oVi_aeV. oV _

into the simultaneous eigenspaces of Ji23 and Ji45. Since J anti-commutes
with Ji45 and commutes with Jy23 and since J; anti-commutes with Ji23
and commutes with Jy45, they intertwine these spaces so all these spaces
have the same dimension; since m > 16, dim{Vz} > 4 for any choice of
signs €= (e1,€2). Let x € Vz. We have

J1247 = 124123 J145T = TJ135w € Vo) s,
J125T = £J195J123J145% = £J1347 € Vg e,
{2347, Jazsw} C Vg, ey,

{Joasz, Jasz} C Vo ey,

{J1237, Juasz} C Vo) ey

Since dim Vz > 4, we may choose 11 € S(Vi4) and x__ € S(V__) so
that Jijpoqy L x__ for i,j, k distinct. Let x = (v44 +2__)/v2 € S(V).
Since

{J123a, J1235%, Ji2asx} C Vi ®V_4

we have z L Jyo3ax, © L Jio3sz, and L Jioasz. Since z L J;;x for ¢ # j,
we may conclude

J12:E 1L Span{Jijx}i<j7(i)j)¢(1)2) .

Furthermore Jjjrx L = except possibly for Jiz3 and Ji45. We complete the
proof of Assertion (1) by checking:

<£17,J123I> = <SC7 J145$> = % — % = 0

To prove Assertion (2), we choose x4 4 in (Vi) and 24— in S(V,_) so
that Jijpoqy L x4 for i, 4, k distinct. Let x = (v44 +24-)/v2 € S(V).
As Jijx L x except possibly for Jia3 and Jias, Assertion (2) follows since:

<:E7J123:E>:%+%:1, and <.’177J145J:>:%—%:O.
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Let ¢ < j and k < I. To prove Assertion (3), we must choose = so
x L Jijrx unless (¢,7) = (k,1). Since x L Jyux for u < v, we may assume
1,7, k, 1 distinct. Let z € V;, .,. Then

J12347 € V_g e, J12357 € V_g e,
J12457 € Vo _es, J13a57 € Vo, —es,
Jozgsw = —e180w € Vo, 1,

Choose 44y € Vi and x_4 € V_4 so
Jijin®44+ Loy forall 4,75,k n.
Consequently
R CANE N YAV

satisfies the conditions of Assertion (3). If dim(V) > 32, we can also choose
Ypq € Vg and y_4+ € V_4 so Jijknng— Ty and setting

yi= (yss +y1-)/V2
then yields a pair {z,y} which satisfies the conditions of Assertion (4). O

We will use the following Lemma for rank 6 and rank 7 Clifford algebras;
the estimate m > 2¢ is significantly worse than the polynomial estimates
obtained in Section 5.2.7.

Lemma 5.2.10 Let F = {J1,..., J¢} be a Clifford family of rank £ =6 or
¢ =7 on a vector space of dimension m > 2°.Then there exists x € S(V)
so that x L Jipx for any i, j,k and so that {Jijx}i<; is an orthonormal
set of $0({ — 1) elements.

Proof. Suppose first that £ = 6. Let A := Clif(R%). By Theorem
421, A = Mg(R). Thus there is only one irreducible A module of di-
mension 8 and any two A4 modules of dimension m are isomorphic. If
€ € RO, let ext(¢) denote exterior multiplication and let int(£) denote the
dual operator interior multiplication on the exterior algebra A(R®). We set
(&) := ext(&) — int(€) to define a Clifford module structure on A(RS). Let
{e1,...,e6} be the standard orthonormal basis for R® and set J; := c(e;). If
1< <...<1ip <6, then

Jil---']ipl = €4 A A eip

so {J;1} forms an orthonormal family. Since dim{A(R®)} = 64, (V,F)
contains (A(R®), F) as a submodule. The Lemma now follows if ¢ = 6.
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If ¢ =17, let a:= Jp...J7. Because a? = Id, we may decompose
V=VioV_

into the £1 eigenspaces of «. Since the J; commute with «, the spaces Vi
are A modules. Since dim (V') > 128, either dim(Vy) or dim(V_) is at least
64. By replacing J; by —J;, we may assume without loss of generality that
dim(V,) > 64. This means that J; = —Jj...Js. The argument given above
shows we may find = so {Jyz} forms an orthonormal set as I ranges over
all collections of indices less than 7. Thus

{1z, T Jrx} <3, k<2

is an orthonormal set where I and J consist of indices less than 7 since
JiJ7 = Jg where K consists of the complementary set of at least 5 indices
less than 7. O

5.3 Clifford Families of Rank 1

Let M = (V, (-,-),J, A := coA(. .y +c14,,) be a complex 0-model. If ¢; =0,
then A = coA(. .y and 9 is complex Osserman by Theorem 5.2.2. This
establishes Assertion (1) of Theorem 5.1.1 when the Clifford family has
rank 0. We therefore suppose ¢; # 0 so the rank is 1. We have the following
examples:

Lemma 5.3.1 Let M = (V,(,-),J,A := coA .y + c1Ay,) be a complex
0-model which is given by a Clifford family of rank 1 with ¢q # 0.

(1) If co =0 and if JJ1 = JJ1 or JJ1 = —J1J, M is complex Osserman.
(2) If co £ 0 and if J = +Jy orif JJ1 = —J1J, M is complex Osserman.

Proof. Suppose that ¢g =0 and JJ; = £J1J. If x € S(V), then we have
that Jyz L JiJz. By Eq. (5.1.a),

0 if y L Span{Jyz, JyJa},

c1Ja(me)y = {3013/ it ye Span{Jw, Jle} :

Thus Spec{Ja(m;)} = {0,3c1} is independent of = € S(V'). We have

B3, (my) = Jimy and  Ey(m,) = Jim)t.
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Since JJ; = *JiJ, JJim, = Jim, and JJlﬂ'wL = Jﬂrj. Thus the
eigenspaces are J-invariant. Lemma 5.2.1 now implies 97 is complex Os-
serman.

Suppose ¢g # 0. If J = £J7, then we may use Theorem 5.2.2 (1) to see
M is complex Osserman. If JJ; = —J1J, then {J, J;} is a Clifford family.
Furthermore, A = ¢oRo + OR; + ¢1Rj,. Theorem 5.2.2 (2) then shows 9
is complex Osserman. O

We complete our study of the case £ = 1 and establish Assertion (2) of
Theorem 5.1.1 by showing:

Lemma 5.3.2 Let M = (V,(,-),J,A 1= coA .y + c1Ay,) be a complex
Osserman 0-model which is given by a Clifford family of rank 1 with c1 # 0.

(1) IfCQ :O, then JJl = JJl or JJl = —J1J.
(2) If co £ 0, then J ==+Jy or JJy = —J1J.

Proof. Since A. .y and J are compatible and since A and J are com-
patible, A;, and J are compatible. If x € S(V), then {Jyz, J;Ja} is an
orthonormal set. By Eq. (5.1.a),

Ta o (m)y =2y — (y,x)x — (y, Ja)Jz,

5.3.a
Ty, (x2)y = 3ly, Jua) Jua + 3{y, JuJ ) Ju T (5.3.2)

Thus Range{Ja,, (7)} = Span{Jiz, JiJz}. As both J and J; are Hermi-
tian almost complex structures on this 2-dimensional space,

Jhr =¢e,iJr for e, =(JhJz,x) ==+1.

Since the map & — €, is continuous, since S(V') is connected, and since
€z = *1, €, is constant. Therefore either J;J = JJ; or J1J = —JJ;. This
proves Assertion (1).

Suppose ¢y # 0. We argue as above to see J;J = +£JJ;. To complete
the proof of Assertion (2), we must deal with the case JJ; = J1J. We
suppose J; # +J and argue for a contradiction. Since (J.J;)? = Id, there
is a non-trivial decomposition of V' of the form

V=V,®V_ where J;=4J on V..
Let x4 € S(Vy). Since Jxy = £J124, Eq. (5.3.2) yields:

(co+3c)y if ye€mpy,
2c0y if y Ly, .

Tr(Tey )y = {
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This shows that:
if co # 3¢y then X = (2¢q, co + 3¢1), and fi = (m — 2,2),

o 5.3.b
if ¢g = 3¢y then A = (2¢), and = (m). ( )
Let # = (x4 +x_)/v2 € S(V). The following vectors
r=(zy +2_)/V2, Jr = (Jzy + Jz_)/V?2,
Sx=Jry —Jz )/V2, JiJr = (x4 +x_)/V?2,
form an orthonormal set. We use Eq. (5.3.a) to see:
2coy ity L {z, iz, Jx, J1Jx},
J(m)y = coy if y € Span{z, Jx},
(2¢o + 3c1)y if y € Span{Jiz, 1 Jx}.
This shows that:
if ¢ # —3¢1 then X = (2¢q, co, 2¢0 + 3¢1), and 7= (m — 4,2,2), (5.3.0)

if co = —3¢; then X = (2c, co), and = (m—4,4).

It follows from Egs. (5.3.b) and (5.3.c) that J (7., ) and J(7;) do not have
the same eigenvalues and eigenvalue multiplicities. This contradicts the
assumption that 9 is complex Osserman and establishes Assertion(2). O

5.4 Clifford Families of Rank 2

Let M = (V,(-,-),J, A := coA(..y + 14y, + c2Ay,) be a complex 0-model
which is given by a Clifford family of rank 2 for ¢; # 0 and ca # 0. As-
sertion (3) of Theorem 5.1.1 will follow from the results of this section. By
Eq. (5.1.a),

Ja(ma)y = co{2y — (y, x)x — (y, Ja) Ja}
+ 3er{y, Jix) iz + 3er {y, JiJx) J1 Jx (5.4.a)
+ 3ea(y, Jax) Jox + 3ca(y, JaJx) JaJx .
One implication of Theorem 5.1.1 (3) is provided by the following result:

Lemma 5.4.1 Let M = (V,(-,-),J, A := coA( .y + 1Ay, +c2A4,) be a
complex 0-model which is given by a Clifford family of rank 2 where c¢1 # 0
and co # 0. Then M is complex Osserman if any of the following holds:

(1) J =1 Jo.
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(2) J=J.
(3) 00:0, JJl :J1J, and JJQZ—JQJ.

Proof. Let Js:= JiJs. Then {Ji, Ja, J3} is a Clifford family of rank 3.
By Theorem 5.2.2 (2),

M= (V,(-,-), Ji,coA( .y +c1Ay, + oAy, +c3Ay,)

is complex Osserman for ¢ = 1,2, 3. Assertions (1) and (2) follow by setting
c3 = 0 and by choosing i = 3 or ¢ = 1.

Suppose that Cy = 0, that JJl = J1J, and that JJQ = —JQJ. Let
xz € S(V); the vectors {Jiz, J1Jz, Jox, JoJx} form an orthonormal set.
Thus by Eq. (5.4.a),

3cry if y € Span{Jyx, J1Jx},
Ja(mg)y = 3eay if y € Span{Jox, JoJx},
0 ify L {Jhz, 1Jz, oz, JoJa}.

This shows that the spectrum of Ja(m,) is independent of z. Furthermore
the eigenspaces are invariant under J as

Span{J;z, J;Jx} = Span{J;x, JJ;z} for i=1,2.

Consequently by Lemma 5.2.1, 997 is complex Osserman. O

5.4.1 The tensor c1 Ay, + c2Ay,

We begin our study of the case ¢y = 0 with the following technical Lemma.
Let r := Rank{J4(m)}; this is independent of the particular 7 € CP(V) if
I is complex Osserman.

Lemma 5.4.2 Let M = (V,(-,),J, A := c1A;, + c2Ay,) be a complex
Osserman 0-model which is given by a Clifford family of rank 2 where ¢1 # 0
and c3 # 0. Define o, := (J1Jox, Jx) € [—-1,1]. Then

(1) The function oy is constant on S(V).
(2) If r =4, then a # £1.

(8) If r <4, then a = £1.

(4) IfOé =0, then JyJoJ + JJ1Jo = 0.
(5) If a = £1, then J = +£J, Js.

Proof. We have by definition that:

ap = (J1Jox, Jx) = (i, JoJx) = —(Jazm, 1 Jx) .
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By Eq. (5.4.a) one has that:
Range{Ja(m,)} C Span{Jiz, JoJz, Jox, J1 Jx},
Ja(mg) iz = 3e1J1x 4 3agzca JoJx,
TJa(mg)JaJx = 3azer Jix + 3ca o,
Ja(mg) i Jx = 3er 1 Jx 4 3agea(—Jax),
TJa(m)(—=J22) = 3azcer J1Jx + 3ea(—J2x).
This shows that the spaces
Vi(x) := Span{Jiz, JoJx} and
Va(z) := Vi(Jz) = Span{Jy Jx, — Jox}
are invariant under Jx (7). Clearly
Range{Ja ()} C Vi(z) @ Va(z) and
Vi) L Va(a).
Suppose that r = 4. This implies that:
dim{Vi(z)} =2, dim{Va(z)} =2, and
Range{Ja(m.)} = Vi(2) & Va(z)

Furthermore, relative to the given bases we have

3¢y 3o¢xc1) (5.4.)

jA(Ww)"/l(m) - jA(Wm)le(z) - (30@62 3¢
2
det { T4 (72) |Range{Ta(ma)} } = {9c1c2(1 —a2)}" .

Since the eigenvalues of J4(m) are constant, det{Ja(m)} is constant. This
implies that a := «, is independent of z. Furthermore, » = 4 implies
a? # 1. This establishes Assertions (1) and (2) if r = 4.

Suppose next r = 2. We note Jy1Jz : Vi(x) < Va(z) and hence

dim{V1(z)} = dim{Va(x)}.

If dim{Vi(z)} = dim{Vz(z)} = 2, then a2 = 1 by Eq. (5.4.b). On the other
hand, if

dim{Vi(2)} = dim{Va(a)} = 1,

then Jyx is a multiple of JoJx. As these are unit vectors, Jyx = +J2Jx and
again a2 = 1. Suppose finally r = 0. This is not possible if dim{V;(z)} = 2
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by Eq. (5.4.b) since ¢; # 0. Thus
dim{V(2)} = dim{V3(z)} = 1

so again a2 = 1. As q, varies continuously, a = a is constant and takes
the value 1. This completes the proof of Assertion (1) and also completes
the proof of Assertion (3).

Suppose aw = 0. Let © := JJ;J2. As o =0, (Ox,2) = 0 for all xz. We
polarize to see

(061,62) + (©&2,61) =0 forall & eV
so © + ©* = 0. Assertion (4) follows since
9* = —J2J1J = J1J2J.

Since J1Jox and Jx are unit vectors, = +1 implies JyJox = £Jx. This
proves Assertion (5). O

The case J = +.J;.J; leads to Case (3a) of Theorem 5.1.1. We therefore
assume o # £1 and continue our analysis. If & # 0 or ¢1 # c2, then the
following Lemma shows that we obtain Case (3¢) of Theorem 5.1.1:

Lemma 5.4.3 Let M := (V, (), J,c14y, + c2Ay,) be a complex Osser-
man 0-model which is given by a Clifford family of rank 2 where ¢1 # 0
and c2 # 0. Let a # £1. Assume either a # 0 or ¢1 # ca. Then either
J1J: JJl and JQJ = —JJQ or J1J = —JJl and JQJ: JJQ

Proof. The operator Ja(w) is self-adjoint and hence diagonalizable. It
also has rank 4. Since either @ # 0 or ¢; # ¢2, we may apply Eq. (5.4.b)
to see that J4 is not a scalar multiple of the identity on Vj(z). Thus the
eigenvalues of J4 are not equal on Vi(x). As J defines an almost complex
structure and preserves the eigenspaces of Ja(m,), J maps Vi(z) to Va(z).
Let

e1(x) == Jiz, ea(x) = (V1—a?) " HlJr —aliz},
fi(x) :== S Jx, fo(z) :i= (V1 — a2)"H~Jox — aJy Jx}
define, respectively, an orthonormal basis for Vi(x) and an orthonormal

basis for Va(z) = Vi (Jz). Note that fi(z) = ei1(Jz) and fa(x) = ex(Jx).
Relative to these bases, the action of Ja(7;) on V;(x) is given by the matrix

0. 3c1 4+ 3a2cs 3av1 — a2es
T\ 301 = a?cy 3(1—a?)ey )
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Furthermore, using this identification of Vi (z) and Va(z) with R?, we may
express J as an orthogonal matrix ¥, which commutes with the matrix
© 7. There exists an 0, and a sign §, = £1 so that:

_ (Uei(z), fi(z)) (Jea(), fi(2))
Vo= <<J€1(9C)7f2($)> <J€2($)=f2($)>>

B cosf, sindb,
~ \ —6,sinfb, 5, cosb, )
Let {v1,v2} be unit eigenvectors for © 7 corresponding to the two dis-
tinct eigenvalues. Then U, v; = §;(x)v; where §;(x) = £1. As §;(x) varies
continuously, J; is constant; thus ¥ = ¥, § = 0,, and § = §,02 are inde-

pendent of x. Furthermore, the inner products (Je;(z), f;(x)) are constant
and

(5.4.c)

(Jei(z), f1(x)) = det{W}(Jez(x), f2(z))
where § =det{¥} ==+1.

Suppose that det(¥) = 1. Then §; = d2 = £1 so ¥ = +1d. This implies
JJZZE = 51J1JZZ? SO JJ1J2{E = J1J2J$.
Since (JJ1J2)? = Id, we can find 2 so JJiJox = 4 and consequently

a = a, = +1. This is false as we assumed a # +1. Consequently §162 = —1
SO

(Jer(x), fi(x)) = —(Jea(x), f2(x)) . (5.4.d)

Since « is constant, we replace x by Jox, Jiz, and by JyJx to see:

a = (J1Joz, Jx) = —(Joz, J1Jx) = (12, o Jx),

o = <J1J2J2£L‘, JJ25L'> = —<J1£L‘, JJ25L'>, (5 4 e)
o = <J1J2J1{E, JJ1$> = <J2{E, JJ1.7E>, o
a={(LJr,JhJz) = —(JJoJx, J1Jx).

Let {Jaz, &, } be an orthonormal basis for Va(z). We may use Eq. (5.4.e) to
choose

gm = (1 - Oéz)_l/2{J1JCE + CYJQLL‘} .
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Since (JJiz, Jox) = «, there is a sign ¢ = 41, which by continuity is
independent of x, so (JJiz,&;) =e1v1 — 2. Thus:

(JJx, JyJz) = (JJiz, (1 — o)V %€, — adox)

=e1(1—a?) —a?.
If ey = —1, then (JJiz, J1Jx) = —1. Consequently
JJi=—-J1J and cosf, =-—1

in Eq. (5.4.c). Thus ¥ = diag(—1,1). Since JJa (7)) = Ja(ms)J,

-10 3c1 +3a%cs 3av1 — a2ey

01 3av1 — a2co 3(1—a?)cy

B 3c1 +3a2cs 3av1 — a2ey —-10
3oVl — a?ey 3(1—a?)ey 01"

This implies

—3aV1 —a2c; = 3avV1 — a?cy.

Since ¢ # 0 and since o # +1, this shows that &« = 0. Thus by Lemma
5.4.2(4), JJ1Js = —J1JoJ. Thus JoJ = JJo. This is one of the possibilities
given in the Lemma.

After applying a similar argument to Jy, we have €1 = &5 = 1 so

(Jha, JJx) = (JJox, JoJz) = 1 — 202 . (5.4.f)
We argue for a contradiction. It is implied by Egs. (5.4.€), and (5.4.f) that:

(Jer(x), fr(x)) = (Jhw, J1Jx) = 1 — 207,
(Jea(x), fa(x)) = (1 — a®) Y JJpJx — a iz, —Jox — oJy )
= (1 - )Y (JJx, JJox) + *(J 1z, J1 Jx)
+a(J iz, Jox) — alJJoJx, J1Jz)}
=(1-a®) (1 -2a%) +a*(1 —2a%) +2a°} =2a% + 1.

Applying Eq. (5.4.d) then yields the identity:
—(1-2a%) =2a% +1.

This is not possible; this contradiction completes the proof. (|
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We deal with the remaining case o« = 0 and ¢; = ¢o # 0.

Lemma 5.4.4 Let M := (V,(-,), J,A := c1Ay, + c2Ay,) be a complex
Osserman 0 model which is given by a Clifford family of rank 2 where
c1=cy # 0 and a = 0. Then there exists a reparametrization F of F so

A= cl(Aj1 +AJ~2), so JiJ = JJi, and so JoJ = —J Js.
Proof. Since o = 0, Rank{Ja(7,)} = 4 and {J1z, J1Jz, Jox, JoJx} is
an orthonormal set. Lemma 5.4.2 (4) implies JJ1Jo = —J1J2J. Set
@1 = JJl and @2 = JJQ

Then

0,0F = JI1J =id, ©,0% = JJoJo] = id,

@1@3 + @QG)T =JNhJoJ+ JJJ1J =0, (54g)

0,109 = J 1 JJo =JNJJ1JoJy = —JJ1J1JaJ I = 0201 .
We have that

Range{Ja(m;)} = Span{Jiz, Jox, Jy Jx, JoJx} .

This subspace is J invariant. Since o = 0, Eq. (5.4.e) yields JJiz L Jox
and JJyx L Jiz. Consequently:

JJl.TE = <JJ1£Z?, J1JZZT>J1J$ + <JJ1£Z?, J2J$>J2JZZ?,
1= (Jha, Jhz) = 0%z, 2)% + (0,0, x)% . (5.4.h)

By Eq. (5.4.g), ©1 and O3 are commuting orthogonal maps. Let
V=VieV_eoVieo..0oV

be a decomposition of @1 where ©; = +Id on V4 and where O is a rotation
through an angle between 0 and 7 on each V;.

Suppose k > 1 so that © has a non-trivial rotation angle 0 < 6; < 7.
The maps ©; and ©; commute. We can simultaneously diagonalize the
complexification of ©1 and ©5 on V3 ® C. Over the reals, this means we
can find a 2-dimensional subspace of V; which is spanned by an orthonormal
set {x1, 22} which is invariant under ©; and ©3. We may choose {z1,x2}
so that

0121 = cos(61)x1 + sin(f )2,

©122 = —sin(f1)z1 + cos(br)xs .
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If ©2 is a reflection on this subspace, we could further normalize the basis
so that @Q.Il = I and @2172 = —X3. The identity @2@1171 = @1@2171
would then imply sin(f;) = 0 which is false. Thus ©3 is a rotation on this
subspace and hence there exists 02 € [0, 27] so that:

O9x1 = cos(b2)x1 + sin(hz) 2,
O3 = — sin(f)x1 + cos(fa)ws .
We compute:

010311 = cos(01 — O2)x1 + sin(by — O2)xa,
020711 = cos(fz — 01)x1 +sin(f2 — 01)xs .

As ©,035 4 0,07 = 0 by Eq. (5.4.g), cos(§; —02) = 0. Thus 6 = 6; + 7 so
JJ2$1 = @2171 = :Fsinﬁlarl =+ cos 91$2,
JJ2xo = Oox9 = Fcosbix1 Fsinbizs.

Set

Jl = cos01J1:Fsin91J2 and j2 ::l:SiH91J1+C0501J2.

This yields a reparametrization of F. The curvature tensor is unchanged;
by Lemma 5.2.2

A= CI{AJl + AJz} = cl{Ajl + Ajz} '
Furthermore,

élIl = COS 91®1I1 F sin91®2x1
cos(01){cos(61)x1 + sin(f1)x2}
F 51n(01){2|2 sin(@l)xl + COS(Gl)IQ}

=T .

Consequently, O has the eigenvalue +1. We note that if —1 is an eigenvalue
of ©1, then setting jl = —J; and jg = J, yields a reparametrization so 1
is an eigenvalue of .

The argument given above shows that after a possible reparametriza-
tion, that we may assume dim(V, ) > 0; this means that +1 is an eigenvalue
of ©;. Suppose ©; has an additional non-trivial rotation angle 0 < 6; <7
on Vi. Choose x4 so ©1z4 = x4 and choose x7 in the rotation block V3
corresponding to #;. Let

v = (2 +21)/V2.
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Since ©1 = Id on V,, ©] = 01 so ©5 = —0O3 on V,. Furthermore ©; is
given by a rotation of #; and © is given by a rotation of ; & § on V1.
Thus

(O, zy) =1, (010224, 24) =0,
<@%$1, $1> = COS(201), <@1@2I1, I1> = F sin(291) .
We may now apply Eq. (5.4.h) to compute:
1 = (0%, z)% + (0,042, )2
= i{(l + cos(261))? + (0 F sin(2604))?}
= 1{2+ 2cos(261)} .
This implies cos(261) = 1; this is not possible for 0 < 6; < 7. Consequently

O has only the eigenspaces £1. Since J = +J; on V¢, we have JJ; = J1J.
Since JJ1J2 = J1J2J, JJ2 = —JQJ. [l

5.4.2 The tensor coA(. .y + c1A;, + c24;,

We complete the proof of Assertion (3) of Theorem 5.1.1 by considering the
case ¢g # 0. This will complete our study of the rank 2 case.

Lemma 5.4.5 Let M := (V,{,-),J, A= coA( .y +c1dy, +c2Ay,) be a
complex Osserman 0 model which is given by a Clifford family of rank 2
where ¢g # 0, ¢1 # 0 and co # 0. If dim{V'} > 12, then there exists a
reparametrization of F so that A = coA(. .y + 1Ay + é2Aj, and so that
either J = jl or J = jljz.

Proof. Let
W .= Span{z, Jix, Jox, Jx, 1 Jx, Jo Jx} .
Suppose first dimg (W) = 6. We argue for a contradiction. Set

j(wz) = TJa(me) — 2¢0id,  «:= (J1Jox, Jx),
ay = (Jiz, Jz), ag = (Jow, Jx) .

We change notation slightly and assume R := coA(. .y + %ClAJl + %CQAJz
to simplify the computations. We have

J(mz)x = —cox — cran 1 Jx — cacn o J 2,
j(ﬂ'x)JI = —coJr + crayJ1x + caan o,
j(ww)Jlx = —coarJx + c1Jix + caar o Jx,
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J (7)o = —coaaJx — cradiJx + caJax,
j(m)Jle = coa1x + c1 1 Jx — oo,
j(m)Jng = coaox + craJix + ca o,
T(m)E=0if €€ Wt

As {z, Jz, Jyz, Jax, Jy Jx, JoJx} is a basis for W; the matrix of j(x)|w is
given relative to this basis by:

—Cp 0 0 0 Cox1 CpQig
0 —Cp —Cplx1 —CoQx2 0 0
0 cor 0 0 [G]e
M =
0 cas 0 co —coax 0
—cia; O 0 —c1a Cq 0
—coag 0 Coxx 0 0 Co

One then has
det(M) = cacica(—1+a? +a? +a3)?.

Since dim{W+} > 6 and since J = 0 on WL, we may apply Corollary
5.2.1 to see 0 is an eigenvalue of multiplicity m — 6. Consequently 0 is
an eigenvalue of J on W and det(M) = 0. Since cpcice # 0, we have
a4+ a2 +a% = 1. Since a, aj, and ay are the Fourier coefficients of Jx
with respect to an orthonormal set {Jy Joz, Jiz, Jox}, we have

Jr =aJiJox + a1 iz + asdox .

It now follows that dim(W) = 4 which is a contradiction. Consequently
dim{W?} <5 so

Span{z, Jyz, Jox} N Span{Jz, Jy Jx, JoJx} # {0}.
Thus we can find £ = (£, &1, &) so that &2 + €2 + £2 = 1 with
(&o + & J1 + &oJa)Jx € Span{z, Jiz, Jox} . (5.4.1)

Set Js := J1J2 to define a quaternion structure H on V. Then Eq. (5.4.1)
implies Jx € Hx. Consequently for any unit vector z, there exist constants
a;(z) so that

Jx = ay(z) 1z + az(x)Jox + az(z) 32 .
Since m > 12, we can apply Lemma 5.2.6 (4) to see

J=a1J1 +asJs+azJs.
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Note that A and J are compatible. Since ¢; # 0, ¢2 # 0, and ¢3 = 0,
Lemma 5.2.4 implies

(ca —c3)azas = (c1 — c3)araz =0 so ajaz = azaz =0.

Thus if ag # 0, a1 = az = 0 so J = +J3 as desired. If a3 = 0, then
J = a1J1 + agJo. Furthermore, the relation (¢; — c2)ajas = 0 shows either
a1 = 0,o0r az =0, or ¢ = co. If a1 = £1, we are done. If a; = 0, then
as = £1 and we simply interchange the roles of J; and Js. If a; # 0 and
az # 0, then ¢; = ¢ and we may reparametrize the family by taking

J1 = a1J1 +azds and jz =asJ1 —a1Jy

and still have A = coA(. .y + clAjl + clAj2 and J = J;. O

5.5 Clifford Families of Rank 3

In this section, we complete the proof of Theorem 5.1.1 by studying a
complex 0-model where the algebraic curvature tensor is given by a Clifford
family of rank 3. We establish one implication of Theorem 5.1.1 (4) by
giving the following cases where 91 is complex Osserman:

Lemma 5.5.1 Let M = (V,(:,-),J,A:= coA( y+c1Ay +c2Ay, +c3Ay,)
be a complex 0-model which is given by a Clifford family of rank 3 where
c1#0, co #0, and c3 # 0.

(1) Let co =0. If J = JaJs, then M is complex Osserman.
(2) If J1Jods =1d and if J = Jy, then M is complex Osserman.

Proof. Suppose that ¢y = 0 and that J = JoJ3. By Eq. (5.1.a),

3cy if y € Span{Jix, J;J2J3x},
J(me)y = 3(ca +c3)y if y € Span{.Jax, J3x},
0 if y L Span{Jiz, J;JoJsx, Jox, J3z} .

Assertion (1) now follows from Lemma 5.2.1. Assertion (2) follows from
Theorem 5.2.2 (2). O

5.5.1 Technical results

Recall that we defined the dual family

F* .= {Jl* = JoJs, J; = J3Jq, Jg = J1J2}.
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Adopt the notation of Eq. (5.2.a) to define Vi, and N.

Lemma 5.5.2 Let M = (V,(-,-),J, A:=coA( y+c1Ay, +cady, +c3Ay,)
be a complexr Osserman 0-model which is given by a Clifford family of rank

3 where c1 #0, ca # 0, and c3 # 0.

(1) If J € Span{Jy, Jo, J3}, then there exists a reparametrization of F so
A = C()A<.).> + &1Aj1 + &QAjz + &3Aj3 and SO J = Jl.
(2) Suppose J1Jy # +J3. Then J # Ji. If cg £ 0, then J # JaJs.

Proof. Expand J = a1J1 + asJs + asJs. By reparametrizing F, we can
permute the indices. Thus all indices play the same role. We suppose
ay # 0. Assertion (1) is immediate if ag = a3 = 0. Suppose az # 0 but
as = 0. Then J = a1J1 + a2J2 and, by Lemma 5.2.4 (1), ¢; = ¢o. Define a
reparametrization

jl =J=a1J1 + asJs, jg = —agJ1 + a1Js, j3 = J3.

Assertion (1) then follows from Lemma 5.2.2. Finally, suppose a; # 0,
az # 0, and a3 # 0. By Lemma 5.2.4, ¢; = ¢ = c¢3. The desired conclusion
will then follow from Lemma 5.2.2 after choosing any o € O(3) so aJ; = J.

To prove Assertion (2), we suppose that 9 is complex Osserman and
that J;Jo # +J3. Suppose first that J = J;. We argue for a contradiction.
Choose ¢4+ € V4 so J1JoJ3 = £x4. Then:

(co+3c1)y if y € Span{z, Jixy},
T (7 )y =< (2¢0 + 3c2 + 3c3)y if y e Span{Joxy,J3z1}, (5.5.a)
2¢oy if y L Span{zy, Jizy, Joxy, Jsxs}.

On the other hand, if we let x := %(a@r +x_) € N, then the orthogonality
relations of Lemma 5.2.3 (1) imply:

(co +3c1)y if y € Span{z, 1z},
) (2¢c0 + 3c2)y if y € Span{Jy Jox, Jox},
J () = (2¢o + 3c3)y if y € Span{Jy Jsz, J3z}, (5.5.b)

2¢oy if y L Span{z, iz, Jox, Jsx, Jy Jox, J1 J3x} .

Since Spec{J (7, )} = Spec{J(n,)}, and since the multiplicities must be
the same, either 2cg = 2¢g + 3c2 and ¢3 = 0 or 2¢cg = 2¢g + 3¢3 and ¢z = 0.
This is false.

Finally, assume that ¢y # 0, and that J = JyJ3. Let x4+ and x be
as above. Since J = +J; on Vi, Eq.(5.5.a) continues to hold. However
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Eq. (5.5.b) must be replaced by

coy if y € Span{x, JoJ3z},
() = (2¢o + 3c1)y if y € Span{Jyz, J1J2J32},
=) (200 + 3¢ + 3e3)y if y € Span{Joz, J3x},

2coy if y L Span{z, Jyz, Jax, Jsx, Jy JoJsx, JoJsx} .

Since Spec{J (7., )} = Spec{J(7,)}, since the multiplicities must be the
same, either the following unordered sets must be equal:

{CO + 301, 200} = {Co, 260 + 361} .

This is not possible as ¢y # 0 and ¢; # 0. This contradiction completes the
proof. O

We continue our study of the rank 3 case.

Lemma 5.5.3 Let M = (V,(,-),J,A:= coA( y+c1Ay +c2Ay, +c3Ayy)
be a complex 0-model which is given by a Clifford family of rank 3 where
c1#0, co #£0, and c3 # 0. Assume that J1Jo # +J3 and that

Jz € Span{Jyx, Jox, Jsx, Jix, Jox, sz} if zeN.

Then ¢y = 0 and there exists a reparametrization of F so that J = JaJ3
and so that A = ¢1 A5 + oAy, + EgAj3.

Proof. We apply Lemma 5.2.4 to see either that J € Span{Jy, J2, J3} or
that J € Span{J;}, J5,J5}. Suppose J € Span{.Ji, Ja, Js}. We can apply
Lemma 5.5.2 (1) to reparametrize F and assume that J = J;. We may
then use Lemma 5.5.2 (2) to rule out this possibility.

Thus we may suppose that J = ajJi + a3J5 + a3J3. Restrict the
structures to define:

Fq = {J1|Vi7‘]2|vi"]3|vi}a
My = Vi, () vy Jlvie, Alvy ) -

We then have J = +{a1J; + aaJ2 + azJs} on V. The argument given to
prove Lemma 5.5.2 (1) shows we can reparametrize F so that J = +.J; on
V4 where the signs must differ. This ensures that J = J; on V. By Lemma
5.5.2 (2), ¢ = 0. O
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5.5.2 The tensor A =c1 Ay, +c2Ay, + c3Ay,

Lemma 5.5.4 Let M = (V,(-,-),J, A := L(c1 Ay, + c2Ay, + c3A4,)) be
a complex Osserman 0-model which is given by a Clifford family of rank
3 where ¢ # 0, co # 0, and c3 # 0. Assume m > 12. Then there is
a reparametrization of F so that either J = Jy or J = J{ and so that
A= %(61Aj1 + 52Aj2 —+ 53Aj3)

Proof. Set a;; = (J;J;z, Jz). By Eq. (5.1.a),
Wz)Jldf = 61J1.TE + CQQ12J2JI + 030413J3J$,
Ty )Jox = coJox — craoJ1Jx + cgangJ3Jx,

e JgI = Cng:E - Cla13J1JI - CQO&QgJQJ.I,

)
)
) J1Jx = c1 J1Jx — caa o — csanz s,
7)o Jx = caJaJx 4+ 1121 — cyans s,
7 )JsJx = cgJ3Jx + craisJix + coansJox.

Let W(x) := Span{Jiz, Jox, Jsx, J1 Jz, JoJx, J3Jx} = Range{TJ (7;)}. If
dim(W) = 6, then the matrix associated to Jr(m,) in W is

C1 0 0 0 C1¥12 C1(13
0 C2 0 —C20¢12 0 Co(l23
M = 0 0 C3 —C3(013 —C3023 0
0 —C1(12 —C1(13 C1 0 0
Co(X12 0 —C20(23 0 C2 0
C3(¥13 C3(¢23 0 0 0 C3

Computing the determinant yields
det(J (m2)lw) = (=1 + aiy + aiy + a3)’cf g -

Since dim{V} > 12 and since J(m;) = 0 on W+, the eigenvalue 0
has multiplicity at least 6. Thus by Theorem 5.2.1, the eigenvalue 0 has
multiplicity at least m — 4. Consequently 0 is an eigenvalue of M and thus
det(M) = 0. This shows

afy +afs +azz=1.
As {1 Jazm, J1Jsx, JoJsx} is an orthonormal set and as the coefficients

{@12, 13, ang} are the Fourier coefficients of a unit vector,

Jx € Span{Jy Jox, 1 Jsz, JoJsx} = Span{Jiz, Jox, Jox} .
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Consequently W (z) = Span{Jiz, Jox, Jsx, J1 J2J3x} so dim(W) < 6, which
is a contradiction.
Suppose on the other hand that dim(W) < 5. We then have:
dim {Span{Jiz, Jox, Jsax} N Span{Jy Jz, Jo Jz, J3Jx}}
>3+3-5>0.

This implies that we have a unit vector (a1, asq, as) so that
(a1 J1 + azJo + asJs)Jx € Span{Jyz, Jox, Jsx}.
Since (a1J1 + azJo + azJsz)? = —1d,
Jx € (a1J1 + asJa + agJs) Span{Jix, Jox, Jsx}
= Span{x, Jy Jox, J1 Jsx, JoJ3x} .
Since Jz L x, this implies
Jx € Span{J;z, Jyx, J5x} .

Since m > 2¢ = 6, Lemma 5.2.6 shows that J € Span{J},J3, J5}.
Suppose J1Jo = £J3. Then J € Span{Ji, J2, J3} and Lemma 5.5.2 may
be used to reparametrize the family F so J = Jj. On the other hand,
if J1Jo # +J3, then Lemma 5.5.3 may be used to reparametrize F so
J = JoJs. O

We use Lemma 5.5.4 to complete the proof of Theorem 5.1.1 (4a). We
reparametrize the family if necessary. If J = Jf, we have J = JyJ3 as
desired. If J = Jy, then Lemma 5.5.2 (2) implies J1J; = +J3 and again
yields the desired conclusion. ]

5.5.3 The tensor A = coA(. .y +c1A;, +c2A;, + c3Ay,
Assertion (4.b) of Theorem 5.1.1 will follow from the following result.

Lemma 5.5.5 Let M = (V,(-,-),J, A:=coAr .y +c1Ay +cady, +c3Ay,)
be a complexr Osserman 0-model which is given by a Clifford family of rank
3 where cg # 0, ¢c1 # 0, ca # 0, and c3 # 0. Assume that m > 16. Then
J1Jo = tJ3 and there is a reparametrization of F so that J = jl and
A= COA<.).> + 51Aj1 + &QAjz + 53Aj3.

Proof. We change notation slightly and let

A= C()A<.7.> + %(ClAJl + CQAJ2 + C3AJ3) .
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Let Vi :={z €V : J1JoJsz = £z}. We wish to show
Jx € Span{Jiz, Jox, Jsx} for x e Vi. (5.5.¢)

We suppose x € V., the analysis is similar if z € V_. Set ay := (J1z, Jz),
ag := (Jax, Jx), and ag := (Jsx, Jz). Then:

Jr(my)x = cox — cran J1Jx — coan JoJx — csasJsJx,

JIr(me)Jx = coJx + cran J1x + caaaJox + csasJsx,

JIr(my) 1z = —cparJz + (2¢0 + ¢1) 1z + coazJaJx — czas sz,
Tr(my)Jox = —coanJz + (2¢0 + c2)Jox — crazJiJx + czag J3Jz,
Tr(my) 3z = —coasJz + (2¢0 + ¢3)J3x + crasJ1Jx — coay oz,
Jr(me)J1Jx = coanx + (2¢9 + ¢1)J1Jx — coag Jox + czaa sz,
Tr(my)JaJx = coanx + (2¢9 + c2)JoJx + cragJix — ez Jsx,
Tr(mz)J3Jx = cpasz + (2¢0 + ¢3)J3JJx — cranJix + caay Jou.

We set W = {z,Jz, 1z, Jox, Jsz, 1 Jx, JoJx, J3Jx}.  We suppose
dim(W) = 8 and argue for a contradiction. Relative to this basis, the
matrix of J(m,) becomes:

Co 0 0 0 0 Co(v1 CoQlg [e]0%:]

0 Co —CpO1 —CpQ2 —CpQ¢3 0 0 0

0 cog2c+c 0 0 0 c1Q3 —C102

M — 0 coao 0 2co + ¢ 0 —Co20i3 0 CoQvq

0 Cc3(3 0 0 260 +c3 Cc3ao —C301 0
—C101 0 0 —C1Q3 C1Q2 200 + 0 0
—C20(2 0 Co(d3 0 —C201 0 200 + co 0
—C303 0 —C302 C3(1 0 0 0 200 +c3

We then have
det(M —2co1d) = cacicaci(—1+ a2 + a2 + a3)*.

We have dim(V) > 16 and thus dim(W=) > 6. Thus 0 is an eigenvalue
of multiplicity at least 6 and thus, by Theorem 5.2.1 (or, equivalently, by
Corollary 5.2.1), zero is an eigenvalue of multiplicity at least m — 4 for

the reduced complex Jacobi operator. Consequently 0 is an eigenvalue of
M — 2¢Id so det(M — 2¢9Id) = 0. Consequently

l=a?+a2+ oz§ so Jx € Span{Jyz, Jox, J3z}.

This shows that W = Span{z, Jiz, Jox, J3z} so dim(W) = 4 which is false.
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We have shown that dim(W) < 7. We set

U, := Span{z, Jiz, Jox, Jsx},
Us := Span{Jz, J1Jzx, JoJx, J3Jx} .

Then dim(U;) = 4 and dim(Us) = 4. Since
dim(Uy) + dim(Usz) > dim(W),
U; NUy # {0}. Thus there exist constants a; with a3 + a3 + a3 + a3 =1 so
(ap + a1J1 + a2 J2 + asJs)Jx € Span{z, Jiz, Jox, Jsx}.
Multiplying this relation by (ag — a1J1 — asJa — agJs) yields
Jx € Span{z, Jix, Jox, Jsx} if xeVi.

Since Jz L x, this establishes Eq. (5.5.c).
If iJy,=4Js,then V=V, or V=V_so

Jx € Span{Jyz, Jox, Jsx} forall zeV.
Lemma 5.2.6 then shows J € Span{Ji, J2, J3} and the desired conclusion
then follows from Lemma 5.5.2. If on the other hand J;Jo # +J3, then N/
is non-empty. Let z = (v +, z_)/v/2 € N. Expand

Jry = alijlxi + a2iJ23:i + a,g:Jg.I:t .

Set a; :== (af +a;)/2 and a} := (af —a;)/2. Since Jizvy = £y,

3
Z (aiJi +a;J) )z %Z{(ai—l—a;‘)(ﬁm—I—(ai—a;-“)Ji:z:,}
i=1 i=1
Consequently

Jx € Span{Jyx, Jox, Jsx, Jix, Jyz, Jsx} forall xeN.

Lemma 5.5.3 then shows ¢ = 0 which is false. O
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5.6 Tensors A =c1Aj, + ...+ ceAy, for £ >4

This section is devoted to the proof of Assertion (1) of Theorem 5.1.2. Let
M .= (‘/, <-, ->, J, A= 6114‘]1 —+ ...+ C[AJ[)

be a complex Osserman 0-model on a vector space V' of dimension m which
is given by a Clifford family F := {Ji, ..., Jo} . We shall suppose that ¢; # 0
for all 7 and that ¢ > 4 throughout this section. We begin by using Theorem
5.2.1 in an essential way to show:

Lemma 5.6.1 Let M := (V,(-,"),J,A=c14), +...+ctAy,) be a complex
Osserman 0-model which is given by a Clifford family of rank ¢ > 4 where
ci 20 for alli. If ¢ =4 or if { = 5, assume that m > 2°. If m > 6, assume
that m > £(¢ —1).

(1) If x € S(V), then Rank{J4(m;)} < 4.
(2) If v € S(V), then Jx € Span; <, ;;{JiJjr}.
(8) £=4 orl=5.

Proof. Since ¢y =0, J(m,) = J (7). We note:

=4 = m-—2(>16-8 >4,

{>5 = m-—20>32-10 >4,

£>6 = m-—20>L(—-3)>4.
Thus by Corollary 5.2.1, 0 is an eigenvalue of multiplicity at least m — 4.
This establishes Assertion (1).

Let a; = () := (Jyz, JyJx). Set
U(zx) := Span{Jiz, ..., Jyx, J1Jx},
V(z) := Span{JoJz, ..., JoJx},
W(x):=U(z) + V(z) D Range{TJa(ms)} .

Let p be projection on W(x)/V (x). We may express:

pTa (7)) iz = p{3¢;J;x + 3cra 1 Jx}, (5.6.a)
pTa(mg) iJe = p {ZfﬁqaiJix + 3c1JJ1x} .

If dim{U(z)} < ¢, then J;Jx € Span;{J;x} since {J;z} is an orthonor-
mal set. Consequently, Jx € Span,{J;J;x}. As {z, J1Jaz, ..., Jy Jex} is an
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orthonormal set and as Jx L z, this implies Jz € Span, ;{J:1J;z} which
establishes Assertion (2) in this special case.

We therefore assume dim{U (x)} = ¢+ 1. We use Eq. (5.6.a) to see that
pTa(my) = pM on U(x) where M is the following matrix:

C1 0 0.. 0 C1(01
0 C2 0.. 0 C1(9
M:=3 0 0 C3 ... 001043
0 0 0... ¢pcray
C1(¥1 C20ig C3Q3 ... CyQy C1
We have det(M) = 3" 1clcy...co(1 — a2 — ... — a?). Since the «; are

the Fourier coefficients of J; Jx relative to the orthonormal basis {J;z} and
since by hypothesis JyJz ¢ Span,{J;z}, af + ...+ aZ < 1. This shows that
M is invertible. Consequently

dim{pU (2)} = dim{pMU ()} = dim{pTa(m)U (2)}
< Rank{Ja(m;)} <4.

We may now use the short exact sequence
0—V(z) - W) — W(x)/V(zx)=pU(x) =0
to see that
dim{W(z)} = dim{V(2)} + dim{pU(z)} < (¢ —=1)+4=¢+3.
We can now estimate:

dim { Span{Jiz, Jox, Jsx, Jyz} N Span{J;Jx}}
=44+ 0—dim(W)>4+¢—(£+3)>0.

Thus we have unit vectors d, b so
arJ1x + asJox + azJsx + agJyx = by i Jxr + ... + by Jx .
We invert this relation by multiplying by (b1 J1 + ... + beJy) to see
Jx € Rx @ Span, 4 ;< {JiJjz} .

Since this is an orthogonal direct sum and since Jx L x, we may take i < j
and establish Assertion (2) in this case as well.

Suppose that £ > 6; we argue for a contradiction. As by assumption
m > {({ — 1), Lemma 5.2.7 (2) shows there exists = so {J;J;z};<; forms
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a linearly independent set of 1¢(¢ — 1) vectors. We use Assertion (2) of
Lemma 5.6.1 to expand

6
Jr = Z Z cij(z)JiJj;

i=1 i<j

the coefficients c;; are uniquely determined. Since in fact, the sum may be
restricted to i < 4, we have cs6(z) = c5j(x) = ¢g;(x) = 0 for j > 7. By
permuting the roles of the indices {1,2,3,4,5,6} we conclude that all the
coeflicients are 0 which is false. O

The following Lemma is a crucial one; it will also be applied presently
in Section 5.7; this is the crucial stage where we use the assumption m > 32
if £ =5 rather than just m > 16.

Lemma 5.6.2 Let M := (V,(-,"),J,A=c14y, +...+ctAy,) be a complex
0-model which is given by a Clifford family of rank £ = 4 or £ = 5 where
c; # 0 Vi and where m > 2¢. Assume that A and J are compatible and
that Jx € Span;_;{JiJjx} for all z € V. Then we can reparametrize F so
A=, 51'Aji and so J = JyJs.

Proof. We have by assumption that Jx € Span{J;J;jz} for all z.
By Lemma 5.2.8 (2) and Lemma 5.2.9 (4), there exist z,y € S(V) so
{JiJjz, J;Jjy}ticj is a collection of £(¢ — 1) orthonormal vectors. Thus
Lemma 5.2.5 (3) shows we may expand

J = ZaijJiJj where Qi = —Qjj -
ij
We now apply an argument similar to that which was used to establish
Lemma 5.2.4 (1). By Lemma 5.2.8 (1) and by Lemma 5.2.9 (2), we may
choose z so (JiJaJsx,z) = 1 and so (J;J;Jyz,x) = 0 if {4, j,k} is not a
permutation of {1,2,3}. We compute:

JA@, Jo)z = —JJa(z)Jz = =3T Y > aser(JiJjz, ) Jpx
ij k
= 6J(a23c1J1x + asicadox + a1263J3:E),
Az, Jx)Jx = Ja(Jz)x = 32 Zaijck@, JeJiJjx) JpJx
ik
= 6(a23c1J1 + asicads + a1203J3x)J:v .
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Since J and A are compatible, 0 = A(x, Jz)Jz — JA(z, Jr)z. Therefore:
0 = {agzcr (J1J — JJ1) + azica(Jod — JJ2) + aracs(J3J — JJ3) o
We take the inner product with Jiz to see
0 = ai2a13(c2 — ¢3) .

We permute the indices to see that if {i,j, k} are distinct, then

0= aijaik(cj — C;g) . (5.6.b)
Since J is an almost complex structure, J?z = —z. If z € S(V), then
—r = —Za?jx—FQZZaikaijiij (5.6.c)
i<j i<j k
+ 2 Z (aijakn + QinGjk — aikajn)JiJijJnx .

i<j<k<n
We replace = by Jiz and then multiply the equation by J; to see
Tr = Zafjx—FQJlZZaikaijiJlex (56d)
1<J 1<j k
+ 2J; Z (aijakn + ainajr — aikajn)JiJijJnJlx.

i<j<k<n
We add Egs. (5.6.c) and (5.6.d). Because

JlJiJle = —JiJj, and
JlJiJijJljl = —JiJijJl for > 1,

these terms cancel and after multiplying the result by J; we obtain
0=>" awatx (5.6.¢)
1<j k

+ E (aljakn — G1nGjk + alkajn)JijJna:.
1<j<k<l

We apply Lemma 5.2.8 (1) and Lemma 5.2.9 (2) to see that there exists x
so (J;JgJnx, ) # 0 only for j =2, k = 3, n = 4. Taking the inner product
of Eq. (5.6.e) with such an = shows

0 = ai2a34 + a14a23 — a13az4 .
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We can then permute the indices to conclude that
0 = ajjapn + ainajr — aipa;, for i1<j<k<n. (5.6.1)

Consequently
—r = Z a?jx +2 Z Z aipajiJiJ;T .
i<j i<j k

2 =1so

Taking the inner product with z yields the identity >, O =

0=2 ZZ aikaijiij =0.
i<j k
By Lemmas 5.2.8 (2) and 5.2.9 (3), we can choose x so {J;J;z},<; is an
orthonormal set. Consequently:

Zaikajk =0 for i#7. (5.6.g)
k

By permuting the indices, we may suppose that a2 # 0. We apply
Eq. (5.6.b) to see that if ca # cs, then a3 = 0. If, however, ca = c3, then
we can set

Jo :=cosfJy +sinfJs, Js := —sinfJy + cos 0Js,
Jo =cosfJ, —sinfJs, J3 = sinfJy + cosfJs,
a12 = COS 9(112 + sin 9(113, &13 = —sin 9(112 —+ cos 9(113 .

Choose 0 so a13 = 0. This yields a13 = sinfaq2/ cosd. This then yields

The arguments establishing Egs. (5.6.b), (5.6.f), and (5.6.g) are un-
changed by reparametrization; thus these equations continue to hold. We
argue similarly to choose a reparametrization so ay; = 0 for ¢ > 3. We take
i=1and j > 3in Eq. (5.6.) to see

0= Z 1%k = G120j2
k
and hence ajp = 0for j > 3 as well. Wenowseti=1,j=2,and3 <k <n
in Eq. (5.6.f) to see

0 = a12akn — 102k + A1EA2n = Q120K -

This shows that all the a;; = 0 except a2. O
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In light of Lemma 5.6.1 (1) and Lemma 5.6.2, we may complete the
proof of Theorem 5.1.2 by showing:

Lemma 5.6.3 Let M := (V,(-,),J,A=c14;, +...+ciAy,) be a 0-model
which is given by a Clifford family of rank ¢ = 4 or £ =5 where ¢; # 0 Vi,

and where m > 2¢. Then I is not complexr Osserman.

Proof. Assume to the contrary that 90t is complex Osserman. We apply
Lemma 5.6.2 to assume without loss of generality that J = J;J2. Suppose
that £ = 4. We may decompose V =V, @ V_ where

Vi = {x : J1J2J3$ = :E.%‘}

Then V; and V_ are preserved by Ji, by Ja, and by J3 while V. and V_
are intertwined by J4. Let € V.. Then

{CC, Jg:E, lezr, JQZZ?, J4{E, J1J2J4117}

is an orthonormal set. Consequently

3cay if y € Span{z, J3x},
(3c1 + 3c2)y if y € Span{J1z, Joz},
Ir(mz)y = .
3cqy if y € Span{Jyx, J1JoJyx},
0 if Yy 1 {l‘, J3£L', Jlx, JQ,T,J4$,J1J2J4$} .
On the other hand, since (J1J2J3J4)? = Id, we may choose z so

J1J2J3J4Z = +2. Then

3(c1 4+ c2)y if y € Span{Jyz, Jaz},
jR(ﬂ-Z)y = 3(03 + 04)y if Yy e Span{ng, J4(E},
0 if y L {1z, oz, Jsx, Jyx}.

As J(m;) and J () have different eigenvalue structures, 91 is not complex
Osserman. This completes the proof if ¢ = 4.

Suppose ¢ = 5. By Lemma 5.2.9 (3), we may choose z € S(V') so that
{J;J;z} is an orthonormal set. These vectors are all orthogonal to z as
well. Multiplying by J; then yields that

{lev, JQ,T, J3$, J1J2J3$, J4LL‘, Jl J2J4$, J5£L', Jl J2J5£L'}
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is an orthonormal set. We may then compute:

(3c1 +3c2)y  if y € Span{Jyz, Joz},

Tn(ma)y = 3c3y if y € Span{Jsx, J1 JoJ32},
R\Tz)Y = BRI if y € Span{Jyx, J1 JoJsz},
3esy if y € Span{Jsx, J1 JoJ52} .

Since c3, ¢4, and ¢z are all non-zero, Ja(m,) has rank at least 6. This
contradicts Lemma 5.6.1 (1). O

5.7 Tensors A = coA(. .y +c1ly + ...+ ciAy for £ > 4

This section is devoted to the proof of Assertion (2) of Theorem 5.1.2. Let
Mm .= (‘/7 <'7 '>7 J7A = COA(»,») + ClAJl + ...+ CgAJe)

be a complex Osserman 0-model on a vector space V' of dimension m which
is given by a Clifford family F := {J1, ..., J¢}. We shall suppose that ¢; # 0
Vi and that £ > 4. We begin our study by establishing an analog of Lemma
5.6.1 and reducing ourselves to considering the cases { =4 and ¢ = 5.

Lemma 5.7.1 Let M := (V,(-,),J,A = coA( .y + c1Ay, + ... + ciAy,)
be a complexr Osserman 0 model which is given by a Clifford family of rank
£ >4 where ¢; 0 Vi. If{ =4, assume m > 32. If 5 < ¢ < 7, assume
m > 20 If€>8, assume m > L({ —1). Set T, = J(ms) — 2¢o1d.

(1) dim Rank{7,} < 4.

(2) If x € V, then Jx € Span{J;z, J; Jxx}j<k.

(3) Let £ > 6. If x € V, then Jo € Span{J;J;x}i<6ic;-
(4) FEither £ =5 and J ¢ Span{J;J;}i<; or £ = 4.

Proof. Set Te 1= J(7z) — 2¢oid. Then:

Ty = —coly, x)x — coly, Ja)Ju
14
+3> el (y, Jix)Jiw + (y, JiJx) Ji Tz}
=1

(5.7.a)

Thus dim{Range{ 7, }} < 20+2so0 0 is an eigenvalue of multiplicity at least
m — 2{ — 2. We observe:

4<0<T = m-2-2>2-20-2>4,
(>8 = m—-20—-2>0(—-3)—2>4.
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Corollary 5.2.1 yields 0 is an eigenvalue of multiplicity at least m — 4 for
Jz- Assertion (1) now follows.
To prove Assertion (2), we use Eq. (5.7.a) to compute:

Tut = —cox + Z 3ci{x, J;Jx)J;Jx,
TeJx = —coJz + Z 3ci(Jx, Jix)J;x, (5.7.b)

TuJix = 3¢ Jix + Z 3ei(Jix, JiJx)y S Jx — co{Jix, JryJx .

J

Let

M = diag(—cy, 3¢1, ..., 3¢e),

U(z) := Span{z, J1z, ..., Jpx},

V(x) := Span{Jx, J1Jx, ..., JoJx},
W(x):=U(z)+ V(z) D Range{J (7;)} -

Let p be projection on W (z)/V (z). Then pJ, = pM on U. Since M is
invertible, we then have

dim{pU ()} = dim{pJ.U(z)} < 4,

dim{W(z)} <4+0+1,

dim{U(z)NV(z)} >l+1+L+1—-£—-5=(—-3>0.
Thus there exists a non-trivial relationship

(ao +arJi+ ... +agdy)Jr = (bg+b1J1 + ... + ngg)x.

We invert this relationship to see Jx € Span;_;{, J;x, J;Jyx}; eliminating
the orthogonal summand Span{x} establishes Assertion (2) by showing:

Jx € Span{J;x, J; Jxx}j<k -
Suppose that ¢ > 6. We can estimate similarly that:

dim { Span{Jiz, ..., Jex} N Span{J, Jx, ..., Jng}}
>64+¢—dim(W)>64+¢—(5+¢) >0.

Thus we have a non-trivial relationship from which Assertion (3) will follow
after eliminating the orthogonal summand Span{z}:

(ard1 + ... +agJy)Jz = (b1J1 + ...+ bsJs)x.
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Suppose ¢ > 8; we argue for a contradiction. As m > £(£ — 1), Lemma
5.2.7 (2) shows there is z € V so that {J;J;z} forms a linearly independent
set with 2¢(¢ — 1) elements. We use Assertion (3) to expand

-1 ¢

-5 Y e

i=1 j=i+1
the coefficients c;; are uniquely determined. Since in fact, the sum may
be restricted to i < 6 by Assertion (3), we have crg(x) = 0. By permut-

ing the indices, we conclude that all the coefficients are 0 which is false.
Consequently,

4<0<7.

If ¢ = 6, then m > 64 > 60 = 12 - 5. On the other hand, if £ = 7, then
m > 128 > 84 = 14-6. Thus m > 2{(¢{ — 1). By Lemma 5.7.1 (3),

Jx € Span,; ;{J;J;r}.
Thus by Lemma 5.2.7 (4),
J € Span{JiJ;} if (=67,

Alternatively, if £ = 5, simply assume that J € Span;_;{J;J;}. Thus we
may expand

-1 ¢
J = Z Z aijJiJj.

i=1 j=i+1
By Lemma 5.2.9 and by Lemma 5.2.10, we may choose x so that
L JiJjJkx Y 4,5k,
{JaJsx} L Span{JiJ;jx}ic (i j)(4,5) -
Fix such an z. Since (x, J;Jz) = 0 and (Jz, J;x) = 0, Eq. (5.7.b) yields

Tot = —cox,  JoJx = —colJz,

_ 14

Todiz = 3e;Jiw + Y 3¢;(Jiw, JyJx)J; J.
i=1

Thus Z(z) := Span{z, Ja} is a 2-dimensional subspace which is invari-
ant under J,. Consequently Rank{J7,| Z(@)+ } < 2. We clear the previous
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notation. Define

U(zx) := Span{Jiz, ..., Jpx},
V(z) := Span{J1Jz, ..., JoJx},
W(z) :=U(x)+V(z) C Z(z)*.

T

Let p be the projection on W (z)/V (x). We argue as above to see
dim{pU(z)} = dim{pJ,} <2 so dim{W(z)} <2+7.
Thus there exists a non-trivial relationship
(a1 J1 + agJs + asJs)x = (b1 J1 + beJa + ... + beJy) Jx .
This shows that
Jz € Span{J;Jjz}i<3,i<; -

Since JyJsx L Span; <5 ;;{JiJj}x, we may conclude that as5 = 0. We can
permute the indices to see a;; = 0 for all ¢,j which is impossible. This
shows we have the two possibilities enumerated in Assertion (4). O

We can now eliminate the case ¢ = 5.

Lemma 5.7.2  Let M := (V,(-,-),J,A = coA( .y +c1Ay +...+c5A7;) be
a complex 0 model which is given by a Clifford family of rank £ = 5 where
c; # 0 Vi and where m > 32. Then 9 is not complex Osserman.

Proof. We suppose to the contrary that 9t is complex Osserman and
argue for a contradiction. Let

C:={xeV:JxeSpan{Jx}}

(5.7.¢)
={x:JeANJixA...\Jsz=0}.

Clearly C' is closed. We wish to show C is nowhere dense. Suppose
to the contrary that C' contains a non-empty open subset of V. We argue
for a contradiction. Since Eq. (5.7.c) is defined by a series of polynomial
identities, this would imply that Eq. (5.7.c) holds identically and therefore
that Jx € Span{J;z} for all z € V. Since m > 2¢, Lemma 5.2.6 (4) implies
J =3 ,a;J;. By Lemma 5.2.9 (3), we may choose x so {J;Jjz}i<j is a



Complex Osserman Algebraic Curvature Tensors 305

linearly independent set. We then have
Tot = —coJz — Z 3cia;J; Jx,
Tudz = —coJa —|—lz 3cia;J;x,
0=JTpx+JTpJo = — Z 3¢iai(JiJx — JJix)

= — Z 60iaiajJiij .
i#]

This leads to the relation (¢; — ¢j)a;a; = 0. We choose the notation so
ay # 0. Then if a; # 0, ¢; = ¢;. Thus we may reparametrize the family
in question so that J = J;. By Lemma 5.2.9 (1), we may choose x so
x L J;J;Jix. It now follows from Eq. (5.7.b) that:

Tex = (3¢1 — co),

Tedix = (31 — o),

Todiz = 3¢; iz for i=2,3,4,5,
TodiJix = 3¢;JiJyx for i=2,3,4,5.

Because Jyjrx L x for all 4, 7, K,
{J2$, J3£L', J4£L', J5£L', J1J2£L', Jl J3$, J1J4£L', Jl J5$}

is an orthonormal set of 8 elements. Thus Rank{J,} > 8 which is false.
This contradiction shows C' is a closed nowhere dense set.

Let x € C° Let o; := (Jz,Jx) be the Fourier coefficients. Since
Jx ¢ Span{J;z}, we sum the Fourier coefficients to see

5
Z a? <l1.
i=1
Introduce the spaces

U(z) := Span{J1z, ..., Jsz, Ja},
V(x) := Span{J1Jzx, ..., JsJx},
W(z) =U(z)+V(z).

T



306 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Let p be projection from W (x) to W(z)/V (z). By Eq. (5.7.b)

pijix = p(3¢;Jix — co; Jx),
pijx = Z?)ciaiJix —coJx.

Consider
361 0 0 0 0 —CpQ1
0 362 0 0 0 —CpQ2
M — 0 0 363 0 0 —CpQ3
0 0 0 3¢y 0 —coay
0 0 0 0 3¢5 —coas
3ciaq 3coan 3czaz 3caay 3csas —Cp

Then

det(M) = —cocicaczcacs(1 —af — ... —aZ) £ 0.

Thus we can invert this matrix to see

dim{Range p} = dim{Range p.7,} < 4,

dim{W (z)} = dimker(p) + dim Range(p) < 5+4 =9,

dim { Span{J1z, ..., Jsz} N Span{J1 Jz, ..., JsJa}} > 10— 9 > 0.
Thus Jx € Span{J;J;z},<; on an open dense subset of V. We now use
in a crucial fashion the assumption that m > 32. Since C' is a nowhere
dense closed set, Lemma 5.2.5 (3) and Lemma 5.2.9 can be applied to see

that J € Span;_;{J;J;}. This contradicts Lemma 5.7.1 (4) and thereby
completes the proof. O

We conclude our study by considering the case ¢ = 4.

Lemma 5.7.3  Let M := (V,(-,-), J,A = coA( y+c1Ay, +...+caAy,) be
a complex 0 model which is given by a Clifford family of rank £ = 4 where
¢; # 0 Vi and where m > 32. Then 9M is not complex Osserman.

Proof. Again, we suppose to the contrary that 9t is complex Osserman.
Since m > 32, Lemma 5.2.8 (4) shows there exist vectors z,y € V so that

{Jiz, Tk, Jiy, Jikytj<k
forms a linearly independent set of 20 vectors. By Lemma 5.7.1 (2),

Jx € Span{J;z, Jjxx}tj<r forall zeV.
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Consequently by Lemma 5.2.5 (3) there exist coefficients a,; and a;x so that

4 3 4
J:ZaiJi—I—Z Z aijjk.
1=1

J=1k=j+1

Suppose first that a; # 0 for some 7. By permuting the indices if need
be, we may assume without loss of generality that ay # 0. We shall argue
for a contradiction. By Lemma 5.2.8 (3), we may choose x so {Jrz} is an

orthonormal set of 16 vectors. We set a;; = —a;;. We compute:
4 4
Jut = —coz + Z cilx, J;Jx)J;Jx = —cox — 3 Z ca;J;Jx,
i=1 i=1
4
ijx = —cpJxr+3 Z cia;J; .
i=1

Since J and A are compatible, 0 = Jpz + JTpJ . Consequently:

4
0=-3 C;,a;Q4 JZ — Jz X 5.7.d
J J

i,5=1
4 3 4
_32 Z Z ciaitjr{Jijr — Jiki}z. (5.7.€)
i=1 j=1 k=j+1

These relations decouple and the summation in Eq. (5.7.d) leads to the
identity (¢; — ¢j)a;a; = 0. We have assumed a; # 0. Thus if a; # 0, we
have ¢; = ¢;. This permits us to reparametrize the family to assume

J=a1J1 + ZaijJij .

]

The summation in Eq. (5.7.e) shows

Z ajk{Jljk — ijl}:c =0.
i<k

This implies a;; = 0 for j = 2,3,4. Consequently we have
J =a1J1 + agsJaz + azaJas + azadss
Squaring this relation and setting J?z = —z then yields

2a1a23J1237 + 2a1a24J124% + 2010341347 = 0.
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Thus ag3 = a4 = azq = 0. This shows J = +J;. Consequently:

jmJg,T = nggx, jmjg,f = C3J3£L‘, jmJ4£L' = C4J4LL‘,
Tudodx = cododz, TudsJz =csJsJz, TpdaJr = cyJiJz.

This implies Rank{.7,} > 6 which is false. This contradiction shows that
J = Z Qi JZJJ .
i<j
Let A1 = c1Ay, + oAy, +c3Ay, +caAy,. Since coA(. .y is compatible
with any almost complex structure J, A; and J are compatible. We can
use Lemma 5.6.2 to reparametrize the family F so that
J = jljg and Al = 51Aj1 + &QAjz + &3Aj3 + &4Aj4 .
Thus without loss of generality, we may assume that J = J;J2. Again, we
choose x so {Jyz} is an orthogonal set of 16 vectors. We may then compute:
jml' = CoT, jmJlJQJJ = C()Jljgl',
jmjg,f = 3C3J3$, jmJ1J2J3$ = CQJ1J2J3£L',
jmJ4$ = 3C4J4$, jmJ1J2J4$ = CQJ1J2J4£L'.

This shows Rank{J,} > 6 which is false. This final contradiction shows
£ # 4 and completes the proof of Theorem 5.1.2. O



Chapter 6

Stanilov—Tsankov Theory

6.1 Introduction

In Chapter 6, we study commutativity properties of the Jacobi operator
and of the skew-symmetric curvature operator. M. Brozos-Véazquez is a
coauthor on this section and, except as will be noted via explicit references,
the material of this section is joint work with M. Brozos-Vazquez. It is a
pleasure to acknowledge the foundational contributions of Prof. Stanilov
who originally posed many of the questions being studied in this section. It
is also a pleasure to acknowledge the contributions of Prof. Tsankov who
proved the results which motivated much of our investigations. Professors
Nik¢cevié and Videv also contributed to the development of the material of
this section.

Let 9 = (V,(-,-), A) be a 0-model. Let A be the associated curvature
operator. The Jacobi operator J, = J(x) is given by:

Toz =T @)z := Az, 2)z.

The Jacobi operator is quadratic in x and can be polarized to define a
bilinear operator Jy, = J(z,y) by setting

Toyz = T (2,9)z = ${A(z,z)y + A(z,y)z} .
This operator was first introduced and studied by Videv (1993). Note that

T = T, jzyy = _%jyx,

) ) s (6.1.a)
Tecos 0z+sin 6y = €05~ 0T + 2 cos 0 sin 0 Fy + sin” 07, .

If {e1, ez} is an oriented orthonormal basis for an oriented non-degenerate

309
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2-plane 7, the skew-symmetric curvature operator A, = A(r) is given by:
Arz = A(m)z := Aley,e2)z.

Let p be the Ricci operator. We begin by stating the basic definitions
in the subject:

Definition 6.1.1 Let 9t = (V,(-,-), A) be a 0-model.

(1) M is Jacobi Tsankov if T, Ty = Ty Ty for all x,y € V.

(2) M is orthogonally Jacobi Tsankov if T, Jy = JyJy for all z,y € V with
z 1Ly.

(3) M is skew Tsankov if A A, = A, A, for all non-degenerate oriented
2-planes 7 and o.

(4) M is orthogonally skew Tsankov if A A, = A, A, for all non-
degenerate oriented 2-planes 7 and o with 7 L o.

(5) M is Stanilov-Tsankov if Ay, gy Toy = Tog Az, for all z; € V.

(6) M is Jacobi Videv if Jpp = pJ, for allz € V.

(7) M is skew Videv if Ryyp = pRay for all z,y € V.

If M = (M, g) is a pseudo-Riemannian manifold, then M is said to have
one of the properties discussed above if and only if the associated model
MM, P) = (TpM, gp, Rp) has this property for all points P of M.

Here is a brief outline to this introductory section. In Section 6.1.1,
we discuss Jacobi Tsankov theory; this relates to the Jacobi operator. We
sketch some of the results in this field which will be described in further
detail in Sections 6.2, 6.3, and 6.4. Section 6.1.2 deals with the skew-
symmetric curvature operator; we introduce some of the basic material in
this area that will be treated more extensively in Section 6.4. Section 6.1.3
deals with Stanilov—Videv manifolds. We present the two main results in
this area and refer to the literature for further details as we shall not pursue
this matter further. Section 6.1.4 presents some foundational material re-
lating to Jacobi Videv manifolds and models and serves as an introduction
to the more complete discussion in Section 6.6.

6.1.1 Jacobi Tsankov manifolds

The notation “Jacobi Tsankov” is motivated by the seminal paper of
Tsankov (2005) which studied hypersurfaces with these properties. Let
L denote the second fundamental form of a hypersurface M in R™*! and
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let {A1, ..., An} be the eigenvalues of the associated shape operator or Wein-
garten operator. Tsankov showed:

Theorem 6.1.1 [Tsankov] A hypersurface in R™* is orthogonally Ja-
cobi Tsankov if and only if either Ay = ... =Xy or Ay = ... = A1 =0.

In Sections 6.2, 6.3, and 6.4, we shall present results of Brozos-Vézquez,
Gilkey, and Nikéevié (2006), of Brozos-Vazquez and Gilkey (2005), and of
Brozos-Vézquez and Gilkey (2006). In Section 6.2, we study these questions
in the Riemannian setting. Theorem 6.2.1 contains a complete classification
of Riemannian Jacobi Tsankov 0-models and of Riemannian orthogonally
Jacobi Tsankov 0-models. A corresponding classification in the geometric
context is provided by Theorem 6.2.2.

In Section 6.3, we turn to the pseudo-Riemannian setting. Let 9t be a
pseudo-Riemannian Jacobi Tsankov 0-model. In Theorem 6.3.1, we show
J2 =0 for all z € V. This implies 91 is Osserman and shows A = 0 if 901 is
Lorentzian. In Theorem 6.3.2, we show there exist 0-models with jf =0
for all  which are not Jacobi Tsankov. In Theorem 6.3.3 we show that
if m < 13 and if 9 is Jacobi Tsankov, then J,J, = 0 for all z,y € V.
In Theorem 6.3.4, we classify all indecomposable 0-models satisfying the
condition 7,7, = 0 for all z,y.

In Section 6.4, we show the condition dim(V) < 13 in Theorem 6.3.3
is sharp; there is a 14-dimensional 0-model of signature (8,6) which is
Jacobi-Tsankov but which does not satisfy J,J, = 0 for all z,y. This
model is geometrically realizable and we examine the properties of various
geometrical realizations.

6.1.2 Skew Tsankov manifolds

One can raise similar questions for the skew-symmetric curvature operator.
The following result of Tsankov (2005) is seminal in the subject.

Theorem 6.1.2 [Tsankov] A hypersurface in R"™+1 is orthogonally skew
Tsankov if and only if M| = ... = |Am|, or A1 = ... = A1 = 0 and
A #0, 0r A =... = Ap—2=0, and \jy—1 # 0 and A\, #0.

We have additional examples provided by our previous discussion:
Theorem 6.1.3

(1) If M is the neutral signature generalized plane wave manifold of Defi-
nition 2.5.1, then M is skew Tsankov and Jacobi Tsankov.
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(2) Let M be as in Definition 2.7.1. If s = 2, then M is skew Tsankov.

Proof. Let M be as in Definition 2.5.1. Adopt the notation established
in Section 2.5. By Lemma 2.5.1, A¢ ¢, Aese, = 0 for all & € TM and
I Tn, = 0 for all n; € TM.

Let M be as in Definition 2.7.1 with s = 2. Adopt the notation
established in Section 2.7. The only non-zero quadratic curvatures are
Av,u; Av,u,- Since s = 2, we need only consider Ay, r,. It is now immedi-
ate that M is skew Tsankov. We remark that if s = 3, then A is not skew
Tsankov since

Av, v, Av,u,Us = Av,u, (—T3) = Va,

Av,vs Avyu, Uz = 0.
O
In Section 6.5 we follow the treatment in Brozos-Vazquez and Gilkey
(2006a). We shall present a complete classification of Riemannian skew
Tsankov 0-models and we shall exhibit some irreducible 3-dimensional and
4-dimensional Riemannian skew Tsankov manifolds.

6.1.3 Stanilov—Videv manifolds

Let {e;}1<i<k be a basis for a non-degenerate k-plane 7. Recall that the
higher order Jacobi operator [J, of Stanilov and Videv (1992) is defined by:

jrr = Z gijjeiej

1<ij<k

where &;; 1= (e, ;) and where ¥ is the inverse matrix. Note that if 7 = V'
is the whole vector space, then p = Jy is the Ricci operator.

If £k =2, let A; := Ac,., be the skew-symmetric curvature operator.
Motivated by the discussion in Stanilov and Videv (2004), one says that
M is Stanilov—Videv if AT, = JrAr for all non-degenerate 2-planes 7.
One has the following result of Stanilov and Videv (2004), see also Videv
(2005):

Theorem 6.1.4 Let M be a 4-dimensional Riemannian 0 model. Then
M is Finstein if and only if M is Stanilov—Videv.

There is also related work by Ivanova and Videv (2004) showing

Theorem 6.1.5 Let M be a 4-dimensional Riemannian 0-model. Then
Tn A = AL Ty for all 2-planes w if and only if 9N has constant sectional



Stanilov—Tsankov Theory 313

curvature.

6.1.4 Jacobi Videv manifolds and 0-models

We follow the discussion of Gilkey, Puffini, and Videv (2006) in Section 6.6.
Let p be the Ricci operator of a 0-model M = (V, (-,), A). Recall that 9
is said to be Jacobi Videv if pJ(x) = J(z)p for all zx € V. In Theorem
6.6.1, we give some equivalent characterizations of this property in terms
of the higher order Jacobi operator. In Theorem 6.6.2, we establish some
decomposition theorems; in particular we show that an indecomposable
Riemannian model is Jacobi Videv if and only if it is Einstein; we present
some examples showing this fails in the higher signature setting.

6.2 Riemannian Jacobi Tsankov Manifolds and 0-Models

In this section, we present work of Brozos-Véazquez and Gilkey (2005) that
deals with the Riemannian context and postpone until Section 6.3 a dis-
cussion of the pseudo-Riemannian setting. We adopt the notational con-
ventions established in Section 6.1. Recall that a 0-model 9 = (V, (-, -), A)
has constant sectional curvature if A = cA. .y for some constant ¢ where
the associated curvature operator is

Ay (z,y)z = (y, 2)x — (2, 2)y .

Let © be a Hermitian almost complex structure on V; © exists, of course,
if and only if m is even. Following Eq. (1.3.a), the curvature operator is
defined by:

Ao(z,y)z := (Oy, 2)Ox — (Ox, 2)Oy — 2(Ox,y)Oz.

Let W C V. To simplify the notation, we let S(W) := S(W, (-, -)|w) be
the sphere of unit vectors in W. Let z € S(V). One then has

_Jy ity Lz,
jA(.,) (‘T)y - {0 if y € Span{x}7 (62&)
Jae()y = 3(0z,y)Ox .

We have the following classification results:
Theorem 6.2.1 Let M= (V, (-,-), A) be a Riemannian 0-model.
(1) M is Jacobi Tsankov if and only if A =0.
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(2) M is orthogonally Jacobi Tsankov if and only if either I has constant
sectional curvature or there is a Hermitian almost complex structure ©
so that A is a multiple of Ao.

This result has a corresponding geometric analog

Theorem 6.2.2 Let M be a connected Riemannian manifold of dimen-
sion m.

(1) M is Jacobi Tsankov if and only if M is flat.
(2) Let m > 3. M is orthogonally Jacobi Tsankov if and only if M has
constant sectional curvature.

Here is a brief outline to Section 6.2. In Section 6.2.1, we shall estab-
lish Theorem 6.2.1 (1); Theorem 6.2.2 (1) then follows as an immediate
consequence. In Section 6.2.2, we shall establish Theorem 6.2.1 (2) and in
Section 6.2.3, we shall establish Theorem 6.2.2 (2).

6.2.1 Riemannian Jacobi Tsankov 0-models

Let MM = (V, (-, ), A) be a Riemannian Jacobi Tsankov 0-model. The Jacobi
operators {7, }zey form a commuting family of self-adjoint operators. Such
a family can be simultaneously diagonalized; there is an orthogonal direct
sum decomposition:

V=@\E, where JT,(=\Nz)(VEECE,, VzeV.

Fix a unit vector ny € Ey. Then Axa) = (Jonr,mr). Consequently the
functions * — A(z) are continuous functions of z.

Choose £ € V and decompose £ =), &y for &, € Ey. Let
O:={cV A0V A}

Then O is the complement of a finite number of hyperplanes and hence is
a dense open subset of V. Let £ € O. One then has:

0=Tcl =D M-
A

Since the {&)} are linearly independent, this implies A\(§) = 0 for all A.
As A(-) vanishes on O which is an open dense subset of V', A(-) vanishes
identically. Thus J, = 0 for all x € V. By Lemma 1.7.1, A = 0. This
completes the proof of Theorem 6.2.1 (1). O
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We remark that another proof is given in Section 6.3.1.

6.2.2 Riemannian orthogonally Jacobi Tsankov 0-models
One implication of Theorem 6.2.1 (2) follows from:

Lemma 6.2.1 Let M = (V,(-,-), A) be a Riemannian 0-model. If there
is a constant ¢ so that either A = cA(. .y or A = cAg for some Hermitian
almost complex structure © on V', then M is orthogonally Jacobi Tsankov.

Proof. We apply Eq.(6.2.a). Let z,y € S(V) with « L y. Suppose
A= A(.y.). Then

if z 1y,
if z € Span{y},

B {ziszx,%

0 if z € Span{z,y}.

This is symmetric in the roles of z and y and thus J,J, = JyJ. If, on
the other hand, A = Ag, then (6x,0y) = (x,y) = 0 so

Tz Jy = 37:{(Oy, 2)0y} = 9(Oy, 2)(Oy, Ox)Oz = 0.

Again, this is symmetric in the roles of x and y so 91 is orthogonally Jacobi
Tsankov. g

Before establishing the converse to Lemma 6.2.1 and completing the
proof of Theorem 6.2.1 (2), we shall need a number of technical results.
Let

r(z) := Rank{7,} .
Since Jyx =0, r(x) <m —1 for any xz € V.

Lemma 6.2.2 Let M = (V,(-,-), A) be a Riemannian orthogonally Jacobi
Tsankov 0-model of dimension m. If there exists x € V with r(z) = m —1,
then A has constant sectional curvature.

Proof. Let O := {a: e V:Rank{J,} =m — 1}. We suppose O is non-
empty. We wish to show O is an open and dense subset of V. Let z € O.
Let B := {e1,...,em_1} be an orthonormal basis for z+ = Range(7,). Let
Jij(2) == (Tz€5,€5). Set

pi(z) == det(Ji5)(2) -
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Then pg is polynomial in z and by hypothesis pg(z) # 0. Thus

Op :={z:pg(z) # 0}

is a non-empty open dense subset of V' which contains z. If y € Opg, then
r(y) > m — 1. Since r(y) < m —1, r(y) = m — 1. This shows that O C O
and O is a neighborhood of x; since z was arbitrary, O is open. Since O
contains a dense subset, this shows, as desired, that O is an open dense
subset of V.

Since 9 has constant sectional curvature if m = 2, we suppose m > 3.
Let € O and let y € z. Then

To Tyt = TyTex =0 so (Jyx,Jzz) =0 forall =z.
As range(J,) = x+, we have (J,z,2) = 0if 2 L z. Thus
Alz,y,y,2)=0 if z€0, z1Lz, ylzx. (6.2.b)

Since O is dense, Eq. (6.2.b) holds for all z € V. Thus if {e;} is an or-
thonormal basis for V' and if {4, j, k} are distinct indices,

Alei,ej,ej,ex) =0 for 4,4,k distinct.

Suppose that ¢ is a fourth distinct index; this is impossible, of course, if
m = 3. Polarization yields

Alei,ej,ep,ex) + Alei,ep ej,e,) =0 for i,7,k,¢ distinct.

The previous relation together with the first Bianchi identity and the other
curvature identities of Eq. (1.2.g) show that:

=A elaejvekvez) + A(elvekvezvej) + A(eiaefaejaek)

(
Alei,ej, e, er) — Alei, ex, e5,e0) — Alei, e, er, ex)
- A( 'Laejvekvel) + A(ehejaek;ef) + A(e’wejvekvel)

= 3A(e;, e5,ex,e¢) for 4,7k, £ distinct.

Thus the only non-zero curvatures are A(e;, €j,¢€;,e;) = ¢;; for i # j. Con-
sider the new basis

cosfe; +sinfe; if v =1,
e, (0) :== < —sinfe; + cosbe; if v=j,
e, if v#£i,j.
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If ¢, j, and k are distinct indices, then:
0= A(e;(0), ek, ex, e;(0)) = cos O sin6{—cix, + ;i } -

It now follows that c;r = cji for 4,7, k distinct and, consequently, A has
constant sectional curvature. ([

In light of Lemma 6.2.2, we may suppose that r(z) < m — 1 for all x
henceforth. Thus, in particular, given x, we can always choose y so x L y
and J,y = 0.

Lemma 6.2.3 Let M = (V,(-,-), A) be a Riemannian orthogonally Jacobi
Tsankov 0-model of dimension m. Assume r(z) < m—1 for allz € V. Let
0#xzeS(V). Chooseye S(V) soy Lz and so Jyy =0. Then:

(1) Jyx =0 and JpJ, = 0.

(2) 0=7J} +TZ —4T2,, Ty Te = TyTay, nd ToTey = TuyTy.

(8) Let {x,z1,22} be an orthonormal set. Suppose that J.z1 = A\1z1 and
Juz2 = Aaza where A1 # Xo. Then J,, 22 = 0.

(4) Let = = diag(Aq, ..., \.) where \; are the non-zero eigenvalues of J,
repeated according to multiplicity. We can choose an orthonormal basis
for V' so that

200 000 1OEO
Je=(000]),Fy=10E0 ,jxy:§ =00
000 000 000

Proof. Suppose that J,y = 0. By Eq. (6.1.a),

{Tcos 0a+sin 0y T — sin fa+cos 6y Y
= Jeos 0ztsin (9y{sin2 0T, — 2sin6 cos 0Ty, + cos® 0T, by
= {cos? 07, + 2sinf cos 0T, + sin® 0.7, }{sin 6 cos 0.7, x}
= 2sin? 0 cos? 0Ty Ty + sin® 6 cos 0T, Ty
= {J_ sin 6a+cos 0y Jcos 0z-+sin 0y }Y
= J- sin z-+cos oy 1082 0T, + 2 cos 0sin 0T, + sin® 6.7, }y
= {sin? 0J, — 2cosOsin 0T, + cos® .7, }{— cosOsin 0.7, x}
= 2cos? Osin® 0.7,, T,z — cos® 0sin 0.7, T,x.

This equality for all # shows jy?:v = 0. Since J, is self-adjoint and the
metric is definite, Jyz = 0.
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We have J,J,y = 0 and J,Jyx = 0. Let z L {z,y}. To complete the
proof of Assertion (1), we must show J,J,z = 0. We compute:

0= c7cos fx+sin ezjyx = Jyjcos fx+sinfzT

= jy{0082 0T, + 2cos0sin 0T, + sin’ 0T}z

= —cos0sin 07, T,z + sin®* 07, Ty

= —cosfsin 7, T2 .

We now prove Assertion (2). Because Jpyx = —%jyx = 0 and because
Tayl = —%jmy = 0, we have:

Toy{—sinfz + cosfy} =0, so
Toos 0z+sinoy{ — sin bz + cos by} = 0.

Thus applying Assertion (1) to the pair {cosfz + sin 8y, — sin 6z + cos 0y}
permits us to derive Assertion (2) from the following identity:

0 = Jeos 0x+sin 6y T — sin §z+cos by
= {cos® 0T, + 2sin 6 cos 0T, + sin® 0.7, }
{sin? 07, — 2sin 0 cos Ty, + cos® 0.7, }
= cos” Osin® 0{J} + J7 — 4T2,} + 2sin’ 0 cos 0{ Toy T — Ty Ty }
+ 2sin 0 cos® { Ty Ty — Tu Ty} -
Let {x, 21, 22} be an orthonormal set with [J,z; = \;z; where \; # Aq.
To prove Assertion (3), we compute
T Jeos 021 +sin 02221 = Tp{2c0808in 0T, -, + sin® 0T, } 21
= Ju{—cos0sin07,, zo +sin?07.,21}
= —Agcosfsinb7,, z2 + A1 sin? 07,21
= Jeos 021 4sin 020 Tz 21 = M{2c0808in 0T, -, + sin® 0.7, } 21
= —AjcosOsinf7,, 20 + M1 sin? 0,21

Assertion (3) now follows since we have
ATz 22 = Mz 22 -

To prove Assertion (4), choose an orthonormal basis {eq,...,e,} for
Range(Jy) so

Jmei = )\iei for )\z 75 0.
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We then have J,e; = 0 and thus 4._7x2yei = )\fei. Define:
fi =207 Tayes -
The collection { f1, ..., f+} is an orthonormal set since:
(fis F3) = 4NN W Tayei, Tuyes) = 407N W T2 eiseg) = 04 -
Furthermore, f; € ker(7,) = Range(J,)* because:
Jofi = 207 T Jayei = 207 Tay Tyei = 0.
This shows {e1, ..., es, f1,..., fe} is an orthonormal set. We set
= = diag(A1, ..., Ao) -

Since Jy Tpy = Jzy Tz, we have Jy f; = A; fi. Note that

Toyei = 3hifi and  Toyfi = 207 T2 e = $hies -

On the subspace Span{ey, ..., g, f1, ..., f¢} one has that

(20 (00 B 0 1=
2=(50) #=(2) ==(2 %)

On the other hand, clearly J, = J, = 0 on {Range(7,) ® Range(J,)}+.
If ¢ € {Range(J,) ® Range(J,)}+, then J.& = J,& = 0 so Assertion (2)
yields

This shows J;,& = 0 as well and gives the desired decomposition. (|

We continue our study. Let
W (z) := Span{z} ® Range(7;) .

Lemma 6.2.4 Let M = (V, (-,-), A) be a Riemannian orthogonally Jacobi
Tsankov 0-model of dimension m. Assume that r(x) < m—1 for all z. Let

xeS(V). Ifwe S(W(x)), then:

(1) Range(Jw) C W(z) and J,, vanishes on W (x)*.
(2) Jw is similar to Jy.

(8) J. has at most one non-zero eigenvalue.
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Proof. Fix w € S(W(x)). Expand w = apx + Y a;w; where we have
Jew; = Njw; for \; # 0. Let y € W(z)*t NS(V). We apply Lemma 6.2.3.
As y 1 Range(J,), Joy = 0 so Jyx = 0. Furthermore since J,y = 0, since
Jrw; = Aw;, and since A; # 0, one has Jyw; = 0. Thus Jyw = 0 and
consequently 7,y = 0 for all y € W(x)*. Thus

Range(J,) C W(z) and J, =0 on W(z)t.

This proves Assertion (1). Furthermore J,y = 0 and 7,y = 0 implies J,
is similar to J, and J,, is similar to J,. This establishes Assertion (2).
To show that Assertion (3) is true, we apply Assertion (2) to see

Rank(Jy) = Rank(Jw|w (z)) = dim(W(z)) — 1 = r(x).

Suppose J, has two distinct non-zero eigenvalues A; # A; for some i < j.
Then Jy,w; = 0. Since Jy,w; = 0, we would have Rank{7,,} < r —1
which is false. Thus J, = Aid on Range(7,,). O

Lemma 6.2.5 Let M = (V,(-,-), A) be a Riemannian orthogonally Jacobi
Tsankov 0-model of dimension m where A # 0. Assume that r(z) <m —1
for all x. Then M is Osserman, J has only one non-zero eigenvalue A on
S(V), and that A has multiplicity 1.

Proof. Let ey =z and fo = y. Let A be the non-zero eigenvalue for 7,
and let r = r(x). Let the index 4 range from 1 through r and the index
k range from 1 through dim(V) — 2r — 2. By Lemma 6.2.3 there is an
orthonormal basis {eg, ..., €r, f0, -y frs g1, ..., ge} for V so that

jeon = 07 jfoeo = Oa J(iofoeo = Oa

j€0f0:o7 Jfof0:O7 Jeofofozou

Teoi = Aei,  Tf.ei =0, Teo fo€i = %)\fj for 1<i<r,

Teofi =0, Tpfi =Afis  Teogofi = 3rei for 1<i<r,

jeogk:(), jfogk:(), jeofogk:() for 1<k<V/.
Suppose that r(x) > 2. Note that J., preserves Span{eo, ..., e, } = W(eop).

Since A is an eigenvalue of multiplicity r on W(ep), since J., vanishes on
W (ep)*, and since Je,e; = 0,

j8162 = ABQ, and jel f2 =0.
Let 5 = %(60 +f0); '-75 = %{jeo +Jf0 +2'-7€0f0} S0

Jefeat = sM(e2 + fo).
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The following contradiction shows r(z) < 1:
TJeTer f2=0 and T, Jef2 = %/\262.

Since 2 + 2r < dim V, one has that m > 4. Suppose that m > 4. Let
z,z € S(V). Let

W (z, z) := Span{z, Range(Jx), z, Range(Jz)} .

Since dim{W(z,z)} < 4 < dim{V}, we may choose y € S(V) so that
y L W(z, z). We then have J,y = 0 and J,y = 0. Thus 7, is similar to J,
and 7, is similar to J,. This shows J, and J. are similar and hence have
the same eigenvalues as desired. This establishes the Lemma if m # 4.

Suppose that m = 4. Choose an orthonormal basis {e1, eq, es, e} for
V so that Je,es = 0 and ez € Range{J., }. We assume without loss of
generality that A = 1. Let J; := J,, and let J;; := J¢,¢;. By Lemmas 6.2.3
and 6.2.4, the non-zero components of J; are:

J1€2 = €2, J2€1 = €1, J364 = €4, J463 = €3. (62(3)

Since Jies = ez, Lemma 6.2.4 applies. We conclude that Jeosge; +sin ges
preserves Span{ey, es}, has spectrum {0, 1}, and is zero on the orthogonal
complement Span{es,es}. Thus Jizes = Jizes = 0. By Eq. (6.1.a), we
have J;;e; = —%Jjei. Consequently:

_ 1 _ 1 _ _
Jiger = —5e2, Jizea = —ze1,  Jigez =0, Jizeq =0.

This determines Ji2; J34 is determined similarly. On the other hand, since
Jies = 0, we can apply Eq. (6.1.a) and Lemma 6.2.3 to see

1 1
Jige1 =0, Jizea = E35eq, Jize3 =0, Jigea = t35e€2.

Similar arguments can be employed to study Ji4, Jo3, and Ja4. This shows
there exist constants &;; = 1 so the non-zero components of J;; are:

_ 1 _ 1 _ _

Jiger = —ge2, Jigea = —ge1, Jizea = 1364, Jizeq = 1362,

Jises = c1ae3, Jisez = c1ae2, Jozer = cigeq, Jozeq =c14e1,  (6.2.d)
1 1

Joser = €a4€3, Jasez = eaq€1, Jaae3 = —5e€4, Jaseq = —5e€3.

We consider the moving frame

e1(0, ¢) := cosfey + sinfles, ea(0,d) = —sinfe; + coses,
e3(0, @) := cos des + sin dey, e4(0, ¢) = — sin pes + cos ey .



322 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

We then have

jel(9,¢7)62 (97 ¢) = €2 (97 ¢)7
Ter(0,0)€3(0,9) =0,
Te1(6,8)€4(0,0) =0

Similar calculations hold for J,g,4) for i = 2,3,4. Consequently
Egs. (6.2.c) and (6.2.d) continue to hold as functions of (#,#). Thus the
signs €;;(0, ¢) are constant. One has:

e13 = €13(0,0), e14 = —e13(0, 37) = —¢13,
€23 = —813(%7,0) = —€13, €24 = 513(%7T5 %77) = €13

By replacing e by —es if necessary, one can also assume that €13 = 1. One
then has ey = —%, €93 = —%, and e94 = % This completely determines the
structure of J; and J;; and thereby J. By Lemma 1.7.1, this determines
A. This shows that up to gauge equivalence there is only one orthogonally
Jacobi Tsankov algebraic curvature tensor on V with a point z € S(V) so
that r(z) =1 and A = 1.

Let © be any Hermitian almost complex structure on R*. Then %R@
defines a Riemannian orthogonally Jacobi Tsankov model with r(z) = 1
for any z € S(V) and with A = 1. Thus A is isomorphic to 3 Ae which is
Osserman. O

We have now established the necessary preliminaries to complete the
proof of Theorem 6.2.1 (2). Suppose M = (V,(-,-)) is an orthogonally
Jacobi Tsankov Riemannian 0-model. Suppose that A # 0. If r(z) = m—1
for any vector z € S(V), then A has constant sectional curvature by Lemma
6.2.2. On the other hand, if r(z) < m — 1 for every point = € S(V'), then
A is Osserman and Rank{J,} = 1 for every z € S(V) by Lemma 6.2.5.
Theorem 1.9.5 then shows A = coA. .y + c1Ae for some Hermitian almost
complex structure on V; necessarily ¢y = 0 since the rank is 1. O

6.2.3 Riemannian Jacobi Tsankov manifolds

Let M = (M,g) be a connected Riemannian manifold. We shall apply
Theorem 6.2.1 to prove Theorem 6.2.2. Suppose first that M is Jacobi
Tsankov. Then R =0 so M is flat.

Suppose M is orthogonally Jacobi Tsankov and m > 3. Let O be open
subset of points P € M so that there exists a unit tangent vector z(P)
with r(z(P)) = m — 1. Then g|o has constant sectional curvature. Thus
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Rp = cPR(,7,> on O. Since m > 3, the multiple cp is locally constant. Thus
R = cA. .y on the closure of O. Thus O is an open and closed subset of M
and hence all of M.

Thus if M does not have constant sectional curvature, r(z) < m — 1
for all zx € S(M,g). Hence r(z) = 1 for all x € S(M). Furthermore m
is even and there is an almost complex structure O(Q) defined on T for
every Q € M so that R = MAg. In addition, the almost complex structure
is uniquely determined up to sign. After a bit of technical fuss, one can
see that © can be chosen to vary smoothly with @, at least locally; global
questions are irrelevant to our argument. The metric in question is Einstein
and thus p(z,z) = 3A(z) is constant. Thus M is globally Osserman. This
possibility is ruled out by Theorem 1.9.5; results of Tricerri and Vanhecke
(1981) could also be used. The generalized complex space forms of Olszak
(1989) play no role here. O

6.3 Pseudo-Riemannian Jacobi Tsankov 0-Models

In this section, we present work of Brozos-Vazquez and Gilkey (2006). Let
m = (V,(-,-),A) be a 0-model. We set 7, := J(z). Recall that I is
said to be Jacobi Tsankov if J,Jy = JyJ, for all z,y € V. We showed
in Section 6.2 that any Riemannian Jacobi Tsankov 0-model is flat. Thus
A = 0. In this section, we study the higher signature setting. The following
result will be established in Section 6.3.1:

Theorem 6.3.1 Let M = (V,(-,-),A) be a Jacobi Tsankov 0-model.
Then:

(1) J2=0 forallz €V.
(2) M is Osserman.
(8) If M is Riemannian or Lorentzian, then A = 0.

Theorem 6.3.1 has the following geometrical consequence:

Corollary 6.3.1 Let M be a Jacobi Tsankov pseudo-Riemannian man-
ifold of signature (p,q). Then M is nilpotent Osserman. If p = 0 or if
p =1, then M is flat.

One might conjecture that the condition 72 = 0 for all # € V is suffi-
cient to imply 91 is Jacobi Tsankov. We show this is not the case in Section
6.3.2 by showing
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Theorem 6.3.2 There exists a 0-model M = (V, (,-), A) which is not
Jacobi Tsankov but which has jf =0 foralzeV.

If 7.7, = 0 for all z,y € V, then necessarily 9 is Jacobi Tsankov. In
Section 6.3.3, we will show that the converse holds in low dimensions:

Theorem 6.3.3 Let M = (V,(-,-), A) be a Jacobi Tsankov 0-model of
dimension m. If m <13, then J,J, =0 for all z,y € V.

The following classification theorem will be established in Section 6.3.4:

Theorem 6.3.4 Let M = (V,(-,-), A) be a 0-model. The following state-
ments are equivalent:

(1) M is indecomposable and T Ty =0 for all z,y € V.

(2) M is indecomposable and Ay, gy Agsz, =0 for all x; € V.

(3) We can decompose V.=W © W and A = Ay &0 where (W, Ay) is
an irreducible weak 0-model and where W and W are totally isotropic
subspaces of V.

In Section 6.4, we will show the assumption m < 13 in Theorem 6.3.3
is sharp by studying the geometry of a model of signature (8,6) which is
Jacobi Tsankov, which is indecomposable, but which does not have the
form given in Theorem 6.3.4.

6.3.1 Jacob: Tsankov 0-models

This section is devoted to the proof of Theorem 6.3.1. We adopt the nota-
tion of Section 6.1 to define J, and J;,. A central role in our discussion
will be played by Eq. (6.1.a). Let 9t = (V,(-,-), A) be a Jacobi Tsankov
0-model. Polarizing the identity J,J, = J,J, yields:

jiEliEQjIE3$4 = jm3m4jm1mg for all T1,T2,T3,Tq4 € V.

As Jyx =0, Eq. (6.1.a) yields Assertion (1) of Theorem 6.3.1 since

Since the Jacobi operator is nilpotent, {0} is the only eigenvalue of 7.
This shows that A is Osserman. If p = 0, then J, is diagonalizable. Con-
sequently, 72 = 0 implies J, = 0 for all 2. It now follows A = 0. If p =1,
then A is Osserman implies A has constant sectional curvature ¢ by Theo-
rem 1.9.7. Since J2 = 0, ¢ = 0 which again implies A = 0. This completes
the proof of Theorem 6.3.1. a
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In fact, it is possible to work in a slightly more general setting. Following
Bokan (1990), one says that C is a generalized curvature operator if it has
the symmetries of the curvature operator which is defined by a torsion free
connection. This means that one imposes the symmetries:

This is a slightly more general class than the set of affine curvature ten-
sors described in Definition 1.3.3. The proof given above then generalizes
immediately to yield:

Corollary 6.3.2 IfC is a generalized curvature operator on V which is
Jacobi Tsankov, then Jc is Osserman and Jco(z)? =0 for allx € V.

6.3.2 Non Jacobt Tsankov 0-models with Jzz =0Vax

We showed in Theorem 6.3.1 that if 9 = (V, (-,-), A) is Jacobi Tsankov,
then J2 = 0 for all z € V. In this section, we exhibit a 0-model such that
J2 =0 for all z € V but which is not Jacobi Tsankov. This will complete
the proof of Theorem 6.3.2.

Let ¢ be a skew-symmetric endomorphism of V. Following Eq. (1.3.a),
define an algebraic curvature tensor A4 and associated Jacobi operator Jy:

A¢(CL‘, Y, %, ’U}) = <¢y> Z><(b{)3, w> - <¢£L’, z><¢y, w> - 2<¢$7 y><¢z> w>>
Ts(@)y = 3(y, px) ¢z .

Let R(®9 denote Euclidean space with a metric of signature (p,q). The-
orem 6.3.2 is a consequence of the following result:

Lemma 6.3.1 There exist skew-symmetric endomorphisms {®, U} of
REA) for some £ so that ®* = U2 = 0, so that PV + P = 0, and so
that ®¥ # 0. Set M := (RED (), A) where A = 1{As + Ay}. Then
jx? =0 for all z and M is not Jacobi Tsankov.

Proof. By Lemma 4.4.1, there is a collection of skew-symmetric endo-
morphisms of R4 so that

¢7 = ¢35 =1id, d)?zcbﬁ:—id, Gip; + ¢ =0 for i # j.

Lemma 1.4.5 of Gilkey (2002) shows one may take £ = 4. One may then set
® = 1 + 3 and set ¥ = ¢o + ¢4 to construct skew-adjoint endomorphisms
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SO
P2 =02=0, PV+UP=0.

Suppose that ®¥ = 0. We argue for a contradiction. We conjugate the
identity

(61 + ¢3) (P2 + ¢4) =0
by ¢1 yields

= (=01 + ¢3)(¢2 + ¢4) .

Adding these two equations yields ¢3(¢2 + ¢4) = 0. Multiplying by ¢3
implies ¢ + ¢4 = 0. Conjugating this identity by ¢o yields ¢o — ¢4 = 0
and thus ¢o = 0. This is not possible. Thus ®¥ # 0. One computes:

Tu Ty = (y ><<I>v Du)du + (y, Sv)(Pv, Pu)Pu
+ (y, Po) (T, Du)du + (y, Po)(Tv, Tu)Tu
= (y, @v)(Dv, Tu)Tu + (y, Yv)(Pv, Pu)du
Since (Px, V) = —(Vdz, z) = (DVx,x) = —(Vz, Px), we have, as desired,

Choose u so U®u # 0. Set y = Pu. Choose v so (Pu, Pv) # 0. Then:
TuTvy = (Du, Pv)(Pv, Vu)Vu + (Du, Vo) (Pv, Pu)du
= (Qu, Vv)*du # 0,
ToTuy = (Du, Pu)(du, Vo) Pv + (Du, Vu)(Vu, Pv)dv
=0.

Then J,J,y # 0 while J,J,y = 0. Consequently 9t is not a Jacobi
Tsankov 0-model. O

6.3.3 0-models with 7,J, =0V x,y €V

Theorem 6.3.3 will follow from the following result which also plays a central
role in motivating the example to be studied presently in Section 6.3.4:

Lemma 6.3.2 Let M := (V, (-,-), A) be a Jacobi Tsankov 0-model. Sup-
pose that there exist x,y € V so that JpJy # 0.
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(1) There exists w € V so (ToTyw, w) = (TyTuwx, ) = (JuwTzY,y) # 0.
(2) S:={e1,...,es5, f1,s [5, 91, -, ga} 18 a linearly independent set where

€1 = w, eg = jxijv €3 1= jzwv €4 1= ija €5 1= jxyw7
fl =z, f2 = jijxv f3 = jyxv f4 = ija f5 = ijxa
91: =Y, 92:=JuwIzy, g3:=TwY, 94:=TaY, G5 := Juway-

(3) es+ f5+g5=0.
(4) dim(V) > 14.

Proof. Choose w and f so (JxTJyw, f) # 0. Set w(e) :=w+¢ef. Then

p(e) : = (w(e), To Tyw(e))

As (TpTyw, f) # 0, p(e) is a non-trivial polynomial in €. Thus it is non-zero
for a suitable choice of e. Thus after replacing w by w(e) for suitably chosen
e, we see that there is w € V with (w, 7, Jyw) # 0. Applying Eq. (6.1.a)
yields:

Similarly, (Jw 72y, y) = (JaJyw, w) and Assertion (1) follows.
Because JyteyTztey = 0 for every ¢ € R and because 90 is Jacobi
Tsankov, we have the following relations:

jzz 207 JyZ 207 ijy :jija

We have J, Jyx # 0 and J, Ty # 0 by Assertion (1). To prove Assertion
(2), suppose there is a non-trivial dependence relation among the elements
of the set S:

5
0= Z{aiei +bifi +cigi}
i—1
= a1w + a2 Jp Tyw + a3 Jpw + as Tyw + a5 Tpyw (6.3.2)
+ b1z + b2 Ty Twx + b3 Ty + baTw® + bs Tyw

+ a1y + CQijmy + CBJwy + C4jzy + C5jwzy7

where, since g5 ¢ S, we suppose ¢5 = 0.
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We can apply J.J, to Eq.(6.3.a) to see a1JzJy,w = 0. Since, by
Assertion (1), JpJyw # 0, a1 = 0. Similarly by = ¢; = 0. If we now apply
Jz to Eq. (6.3.a), we see

ag T Jyw + 3T Ty =0 s0
0 = (a4 To Tyw + c3Tp Twy, w) = as(Te Tyw, w) .

By Assertion (1), aq = 0. Similarly, ag = bs = by = ¢3 = ¢4 = 0. Thus
Eq. (6.3.a) simplifies to become

0= G,szij + a5jxyw + bgjij.f + b5ijI + c2JuwTzy + s Twal -
Applying J, then yields

0= a5j962yw + b5g7myc7ywx + C5jzijwy
= (a5jm2y + %(b5 + 65)\71\7y)w
= (a5 — %(b5 + 05))Jm2yw.
This shows a5 = %(b5 + ¢5); since as, bs, and ¢5 play symmetric roles, we
obtain a5 = bs = ¢5. Since ¢5 = 0, we have a5 = b; = 0. Taking the inner
product with x, y, and w then yields, respectively by = 0, co = 0, and

as = 0, which completes the proof of Assertion (2).
To prove Assertion (3), we use the curvature symmetries to compute:

es + f5 + 95 = jxyw + ijx + jwzy
= 2{Away + Auwy® + Azyw + Agwy + Ay + Aygw}
=0.

Assertion (4) is immediate from Assertion (2). O

6.3.4 0-models with A,y A,, =0V z,y,z,w €V

In this section, we prove Theorem 6.3.4. The following Lemma shows that
Assertion (3) implies Assertion (2) in Theorem 6.3.4.

Lemma 6.3.3 Let MM be as in Theorem 6.3.4 (3). Then M is indecom-
posable and Ay, 4y Azsz, =0 for all z; € V.

Proof. Let M = (V,(-,-,), A) be as in Theorem 6.3.4 (3). This means
that V = Wa@W, that A = Ay @0, that W and W are totally isotropic, and
that (W, Aw ) is irreducible. Suppose there is a non-trivial decomposition

M =9 O My where iUIl:(VZ,<,)Z,Al)
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This would then induce a non-trivial decomposition of (W, Aw). Since
(W, Aw) is assumed indecomposable, either W C V; or W C Va; we suppose
without loss of generality that W C V;. As W and W are totally isotropic
and as V = W@ W, we have W+ = W. Because Vo L W, we may conclude
that Vo C W. Since Vo N'V; = {0}, this implies V2 = {0} which is false.
Consequently 9 is indecomposable.

Choose a basis {e;} for W and choose a basis {€;} for W so the only non-
zero components of the inner product are (e;,&;) = 1. The only non-zero
components of A are

Alei,ej)er = ZAW((% €j, €k, €1)e] .
]

This shows Ay, 5, Azse, = 0. O
We now show Assertion (2) implies Assertion (1) in Theorem 6.3.4.

Lemma 6.3.4 Let M := (V,{-,), A). If Ay 0, Azs0, =0 for all z; €V,
then JpJy =0 for all z,y € V.

Proof. Suppose Ay, 4, Azsz, =0 for all x; € V. One then may compute:
0= _<A$1$2A$314I47$2> = <~A96314I4a A1112I2>
= <c7m4$37u712$1> = <u712c7m4x37x1>-
This shows Jz,Jz, = 0 for all ze,24 € V. O

Before completing the proof of Theorem 6.3.4, we must establish a tech-
nical result.

Lemma 6.3.5 Let M := (V,(-,),A).  Suppose that T,y = 0 for all
x €V. Then A(x1,22,23,y) =0 for allxz; € V.

Proof. We compute:

A($17$27$37y) + A($17$37$27y) = 2<j1213I1,y>
= 2<x1a\7129€3y> =0.

Consequently A(z1,xza,23,y) = —A(x1, 23, 22,y) for all z; € V. Thus

= L1,T2,T3, )+A(‘T25I3;I17 )+A(gj37$17$25y)
) A($2,$1,I3,y)_A(.Tl,l'g),l'g,y)
L1,X2,T3, )+A($1,I2,I37y)+A($1,$27$3,y)
Y

:314(1‘1,5[:2,1:3, ) O

A(
= A(l’l,l’g,l’g},
(x
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We complete our discussion by showing that Assertion (1) implies As-
sertion (3) in Theorem 6.3.4. Suppose that 90t is indecomposable and that
JoTy =0 for all x,y € V. Set

W* = Spanvl,vzeV{j’Ulv2}7
U={veV:Jv=0%v €V}.

Then by assumption, W* C U.  Furthermore, by Lemma 6.3.5,

A(vy,v2,v3,v4) = 0 if any of the v; € U. Choose a complementary subspace
Wi sothat V =U @ Wj.
If w* € W*, then w* =37, Jp;y;. Thusif u € U,

J

As (-,-) is non-degenerate, there must exist w € Wi so (w,w*) # 0. Fix
a basis {wy,...,w;} for W*. The argument given above shows we can find
corresponding elements {11, ..., Wy } in Wi so

If {41, ..., } does not span Wi, choose 0 # w € Wi so that w 1L W*.
Since w ¢ U, there exists y so that J,w # 0. Choose z € V so

This contradicts the fact that w L W*. Thus {wy, ..., Wy} is a basis for W;.
We set w; 1= w; — %Zj<u7i,@j)w;f. We then have
W .= Span{w;}, W* =Span{w}}, V=WaU,
(wi,wj) =0, (wf,wﬁ =0, (wi,w;> = 0 -
Let {w],...,w}, 1, ..., } be a basis for U. Set
U = ’L~Li — Z(wj,&i>w; .
J
By Eq.(6.3.b), (wf, ;) = 0. Consequently (u;,w;) = (u;,wj) = 0 for
1<i<land1<j <k Let T :=Span{u;}. Then:

(Vv <'v '>v A) = (W ewr, <'7 >|W€BW* ) A|W S5 0) D (T’ <'a '>‘T7 0) .

Since (V, (-, ), A) is indecomposable, T' = {0}. Since W and W* are totally
isotropic, the Lemma follows. O



Stanilov—Tsankov Theory 331

6.4 A Jacobi Tsankov 0-Model with 7,7, # 0 for some z,y

The condition dim{V} < 13 in Theorem 6.3.2 is sharp. In this section,
we present work of Brozos-Vazquez, Gilkey, and Nikéevié (2006) showing
that there is a counter example if m = 14. The study of this tensor in the
algebraic context and then subsequently in the geometric context will form
the focus of this section. We begin by specifying the 0-model of interest:

Definition 6.4.1 Let {a;, o}, 8i1,Bi2, 4.1, P12} be a basis for R4 where
we shall let the index i range from 1 through 3. Let M4 := (R, (-,-), A)
be the 0-model where the non-zero components of (-,-) and of A are given,
up to the usual symmetries, by:

(i, a > <6i,1,ﬁi 2) =1,
(B, Ba1) = (Bagz, Ba2) = —3, (Ba1,Ba2) =1,

042,041,041752 1) = A(as 041,041753 1) =1,

B

A )
Alar, as,a3,01,1)
Alar, oz, 03,04,1)

)=

A(Oé2,043,0417542

a3 042,0427532

)= (6.4.a)
Aoz, a3, 03, 2,2) =
Ao, a3, 00, 841)

)=

A(@2701,0437542

) =
( (
( Ao, g, az, 12
( (
( (

l\Jl)—‘ [\JIH

One may then check by inspection that the Zs symmetries of Definition
1.3.1 are satisfied as is the first Bianchi identity. Thus A is an algebraic
curvature tensor; the metric (-, -) has signature (8, 6).

Let Sli(3) be the group of all 3 x 3 matrices of determinant +1 and
let G(M14) be the group of isomorphisms of M14. We will establish the
following result in Section 6.4.1 that describes the basic properties of the
model Nq4.

Theorem 6.4.1 Let My4 be the 0-model of Definition 6.4.1.

(1) Myy is Jacobi Tsankov.

(2) There exist ©; € V $0 ApygsAusny # AvgzysAviazs- Thus Mg is not
skew Tsankov. Furthermore, there exist x,y € V so JpJy # 0.

(3) There is a short exact sequence 1 — R*' — G(My4) — Sl (3) — 1.

(4) One has Ay 5y Twy = TugAwyz, for all x; € V. Thus, in particular,
M4 is Stanilov—Tsankov.

In Section 6.4.2, we show 9114 is geometrically realizable by considering
the following family of examples:
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Definition 6.4.2 Let {x;, 2}, 1,¥i2,Y41,Ya2} be coordinates on R
where the index 4 ranges from 1 through 3. Suppose given a collection of
functions ® := {¢; 1, ¢i2} € C°(R) with ¢} ;¢ 5, = 1. Let Mg := (R', gg)
where the non-zero components of g¢ are, up to the usual Z, symmetry,
given by:

Oz,; Op ) = gq)(ayi,l’ayi,2) =1,

Ya,1) U4 1) = 9‘1’(61/4,2781/4,2) = _%7 9<I>(6y4,1aay4,2) = %7
Ory50ny) = —2¢2.1(22)y2,1 — 2¢3,1(23)y3.1,

Oy, Ony) = =203 2(73)y3,2 — 201 2(21)y1,2,

Oy, Ony) = —201,1(71)y11 — 202,2(22)y2,2,

Oy, 025) = T2Ya,2,  90(0ry, Ozy) = T1Ya1-

Q3

ga(
ga(
ga(
ga(
ga(
ga(

Theorem 6.4.2 Let Mg = (R gg) be as in Definition 6.4.2. Then
Mg is a generalized plane wave manifold which has 0-model 9 14.

If we specialize the construction, we can say a bit more. We will establish
the following result in Section 6.4.3 by constructing isometry invariants:

Theorem 6.4.3  In Definition 6.4.2, set ¢2.1(x2) = d2,2(x2) = x2 and set

¢3.1(x3) = qbg 2(xz3) = 3. Let {¢1,1,¢1.2} be real analytic with ¢ ¢} 5 =1

and with ¢ ; # 0. Then

(1) =:= {1 120 (@] )22 s a local isometry invariant of Mg.

(2) If ¢171(11) 75 be“l, then = is not locally constant and hence Mg is not
locally homogeneous.

There are symmetric spaces which have model 9t14.

Definition 6.4.3 Let {x;, 2}, yi1,¥iz2,Ya,1,ya2} for 1 < i < 3 be coor-
dinates on R'. Let A := {a;;} be a collection of real constants. Let
My := (R, g4) where the non-zero components of g4 are given, up to the
usual Zy symmetry, by:

gA(awwawf) = gA(aym ) 8%2) =1,
1

=2(1—az1)z1y21 + 2(1 — a1,2)x2y1,2,
= w1ya,1 + 2(1 — az2)w2ys,2 + 2(1 — az,2)x3y2,2,

QA(8y4,1a8y4,1) = QA(ay4,zvay4,2) =9 QA(ay4,1vay4,2) = iv
9A(Oz,,0z,) = —2a2,122Y2,1 — 2a3,123Y3,1,
9A(Ozy, 0z,) = —2a3,223Y3,2 — 201 221Y1,2,
9A(Ors, Ors) = —2a1171Y1,1 — 202,222Y2,2,
(
(
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9A(Ozy, Ons) = Taya2 +2(1 —az1)w1y3;1 + 2(1 — a1,1)w3y1,1-
We will establish the following result in Section 6.4.4:
Theorem 6.4.4 Let M 4 be described by Definition 6.4.3. Then M4 is

a generalized plane wave manifold with 0-model M4 . Furthermore M 4 is
locally symmetric if and only if

ai,1 +as2 +aszaz2 = 2,

3@2)1 + 3a371 + 3(11)2@1)1 =4, and

3(1112 + 3(1372 + 3(12@&212 =4.

6.4.1 The model M4

We study the algebraic properties of the model 914 which was introduced
in Definition 6.4.1 to establish Theorem 6.4.1. We establish the following
notational conventions. The following spaces are invariantly defined:

Vg,ax = Spang, cgis{Te, &2} = Span; <;<31<;j<2{Bij, Baj o
Vo 1= SpangieRm{j@j&&s} = Spanlggs{ai‘} .
Define

(6.4.b)

Bi1:=—5B11— 312, Bio=—30u1— 3Pu2.
One then has that
(B1.isBag) = 0ij -
Proof of Theorem 6.4.1 (1). If £ € R, then
TJea; CVaar, JTebij CVar, and Jeaj =0.
Thus to show J,J, = JyJ; for all z,y, it suffices to show
T Tyoti = Ty Tnei;
for all z,y,¢. Since J,Jy; € Vo=, this can be done by establishing:
(Teai, Tyaj) = (Tyu, Turj)

for all ,y,1,j. Since Ty, .0 € Vi if either z; or 9 € V3 o+, we may take
1 = oy and T2 = ay. Let Jijk := Jasa; k- We must show:

(Tivinis> Tirjags) = (Tivinjss Tjrjais)  Vitizizjijajs .

The non-zero components of J;i = Jjir are:
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J112 = P2, J11s = P32, J221 = P11,
Ja23 = P31, J331 = B1,2, T332 = P21,
T = —10a2, Jiz2 = —1p11, Tz = —10s.2,
Jiss = —1012, Jazz = —2 031, Jozz = —2fa1,
Jiza = 1011 — 5852 = Ba2,

Jos1 = —50i1 + 3852 = Ban,

Ji2s = 1011 + 1852 = —Ba1 — Baz.

The non-zero inner products are given by:

(J112, JT332) = 1, (T2, Jass) = —3, (121, Jas2) =
(Ji21, J233) = (J113, J223) =1, (J113, Jas2) =
(Jh31, J223) = %, (Tos2, Tis1) = 1, (Ja21, J331) = 1
(J221, J133) = %, (Jh22, Tsa1) = —%, (J122, Jass) = 1,
(J123, J123) = (T2, Jis2) = 1, (Ji2s, Jas1) = 1,
(132, J132) = (Tr32, Jaz1) = 3. (J231, J231) = *.

The desired symmetries are now immediate:

(T2, Jass) = —% = (Tu1s, Jes2),  (Ji2s, Jisz) = + = (Ji22, Jiss),

(Jho1, Tas2) = —5 = (J122, T331),  (J123, Jas1) = + = (Jr21, Jass),

(Tis1, Tazs) = —5 = (Tiss, Je21),  (Jis2, Jes1) = + = (Jis1, Josz) -
This completes the proof of Theorem 6.4.1 (1). O
Proof of Theorem 6.4.1 (2). It is immediate from the definition that

jagjagal = Jagﬁl,l =«

so there exist z,y € V so JpJ, # 0. Let A;; := A(a;, ;). One shows My
is not skew Tsankov by computing:

ApAizaz = Aipf1 2 = —as,
Ars Aoz = =3 A13{B;, — Bio} = A1s{3611 — 2Ba2} = 20
This establishes Theorem 6.4.1 (2). O

Proof of Theorem 6.4.1 (3). Let G = G(M14) be the group of sym-
metries of the model 9M14. Note that the spaces V3 o+ and V- defined in
Eq. (6.4.b) are preserved by G. Consequently one has that

TVye C Ve and TVgoe C Vi if TEG. (6.4.c)
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Let 7 : G — GI(3) be the restriction of T to V- = R3. We will prove
Theorem 6.4.1 (3) by showing:

Sl+(3) =7(G) and ker(r) = R?.

We argue as follows to show Sl (3) C 7(G). Let Ba3 := —fa,1 — Ba.
Define a linear map T of R' which interchanges the first 2 coordinates of
R3 by setting

T:o1 a2, T:azg—az, T:af a3, T:0j < a3,
T:B11 Pop, T P12 Bo1, T : P31 P2, T : 041 Pag.

It is then immediate by inspection that T preserves the relations of Def-
inition 6.4.1 and hence T' € G. One may define a map T € G which
interchanges the first and third coordinates by setting:

T:o1 a3, T:axe=a, T:o]—a; T:aj«al,
T:010< B33, T: P12 P2, T : 021 < Boo, T :Ba1 < Bags,
T: 54,2 - 54,2-

To define a map T' € G which induces a rotation in the first two coordinates,
we set

Ty : oy — cosBay + sinfas,

Ty : g — —sinfay + cosBao,

Ty : af — cosfaf +sinfal,

Ty : a5 — —sinfaj + cosfas,

Ty : a3 — az, Tph:aj — aj,

Ty : P11 — cosBB1 1 +sinffs 2,

Ty : P12 — cosBB1 2+ sinbfs 1,

Tp: 321 — —sindf 2+ cosOfa1,

Ty : P20 — —sinbf;1 1 + cosfs 2,

Ty : Bs1 — sin? 0339 — 2sinfcos P43 + cos? 033 1,

Ty : Bs2 — cos? 0339 +2cosfsin 08y 3 + sin? 633 1,

Ty : Pag — % sin 6 cos 95372—% sin 6 cos 033 1 —sin? 0842 +cos? 0841,

To: Pao — % sin 6 cos 95372—% sin 6 cos Hﬂg)l—f—COSz 95472—sin2 0B4,1.
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Finally, we show that the dilatations of determinant 1 belong to Range{7}.
Suppose ajazasz = 1. We may define T € G by setting:
Toyg = alal, Tay = azee, Taz=asa3, Taj= %oﬁ{,
Taj = aza Taz = _0‘37 Tpia= Z—zﬁl,la TPz = Z—zﬁm,
TB21 = G2P2,1, Th22 = 2022, T30 = 2 P31, Th32 = ¢t P3,2,
TBa1 = Pay, Tha2=Paz.

Since these elements acting on V,« generate Sli(3),
Sli(3) - T(g) .

Conversely, let T € G. We must show 7(T") € Sl4(3). Since one has that
Sl (3) C Range(r), there exists S € G so that 7(T'S) is diagonal. Thus
without loss of generality, we may assume 7(T") is diagonal and hence:

To; = a;o; + Zb;jﬁu + ZcZa;‘,
J

—MﬁZdu ay,

We have the relations

= A(Ton, Tag, Tas, Tfa1) = —Farazasba 1,
= (TB1,1,TBa1) = —3ba1ba1 .

1
2
1
2

These relations show that bil = 1 and thus ajaza3 = £1. Consequently,
Range(7) = Sl (3).

We complete the proof of Theorem 6.4.1 (3) by studying T € ker(7).
One has

TO[Z—OL»L‘FZbyﬁv_"Z C; ja

Tﬁy—ﬂy+zdy aj,

Ta; =af .
Using the relations A(«;, a;, g, ;) = 0 then leads to the following 6 linear

equations the coefficients b} must satisfy:
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0 = A(TOLQ, TOél, Tozl, TO&Q)
2,1 1,2 2.1 1,2
= 2A(b2 6271, 1,00, 042) + 2A(b1 6172, a9, (g, 041) = 2b2 + 2b1 R
0= A(TOég, TOél, Tozl, TOég)
= 2A(b3" Ba.1, 1, a1, a3) + 2A(b7 " B, s, s, o) = 265" + 207
0= A(Tag, TOCQ, Tag, TOég)
_ 3,2 2,2 3.2 2,2
= 2A(b3 5372, a2, 2, CY3) + 2A(b2 5272, ag, 3, ag) = 2b3 + 2b2 s
0= A(TO[Q, TOél, Tal, TOég)
= A(by" B30, 01, 01, ) + Aoz, oy, an, b5 Ba 1)
+ A2, b1 Bay + 072 Ban, a1, az) + Az, ar, by Bag + b1 Ba 2, az)
R b
A(TOél,TOAQ,TOZQ,TOég)
A(b7? 3.2, a2, a2, a3) + Alar, az, a2, by B1 )
+ A1, by Bay + b3 B, o, az) + A, ag, by Ba1 + by * Ba2, az)
=077 + by — 3037 + Syt — 1037,
0= A(Tal, TOég, TCY37 TO(Q)
= A(b7?Bo, 3, a3, 2) + A(ar, oz, az, by B 1)
+A(a1, b3 Bat + b3 Ba, s, an) + A, az, by Bu1 + b3 Ba 2, as)
= b7 + byt + Lbg® + Lbyt

0

These equations are linearly independent so there are 18 degrees of free-
dom in choosing the b’s. Once the b’s are known, the coefficients di, are
determined;

0= (T, T,) =di+ > By, )bl -
n

The relation (T'a;, Te;) = §;; implies CZ + C; = 0; this creates an additional
3 degrees of freedom. Thus ker(7) is isomorphic to the additive group R?!.
This completes the proof of Theorem 6.4.1 (3). O

Proof of Theorem 6.4.1 (4). Let & € V. We wish to show
A51§2JE3 = ‘753“45152 forall &eV.

Since Ag¢ ¢, Jey, = Jey Acie, = 0 if any of the & € Vg o+, we may work
modulo Vg o« and suppose that & € Span{«;}. Since Ag ¢, = 0 if the &
are linearly dependent, we suppose &1 and & are linearly independent.
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There are 2 cases to be considered. We first suppose &3 € Span{&1,&2}.
The argument given above shows that a subgroup of G isomorphic to Sl4(3)
acts on Span{a;}. After reparametrizing by this action, we may suppose

Span{¢1, &2} = Span{ay,as} and & = ;.

Furthermore, because A¢, ¢, = cAn a,, We may also assume §; = oy and
& = az. We set Aij := An,a; and Ji := Ja,. The desired result is
obtained by computing:

A2Jiar =0, JiApar = —J1f22 =0,
AroJiag = A12fe2 =0, ThAeas =J16,1 =0,
ApJias = A1afls2 =0,  JiAas = 371(—Bi, + Bis) =0.

On the other hand, if {£1,&2,&3} are linearly independent, we can apply a
symmetry in G and rescale to assume &; = «;. We compute:

ApJzar = Apfio = —as,  J3Apar = —T3f22 = —a3,
A Jzoe = A12821 = of, JsAjpae = J3611 = af,
ApJza3 =0, TsArzas = £ J5(—Bi 1 + Bi4) = 0.

Theorem 6.4.1 follows. O

6.4.2 A geometric realization of M4

The following is an ansatz which constructs generalized plane wave mani-
folds; this ansatz is an extension of Definition 2.9.1. The crucial fact is that
certain variables appear linearly as warping functions.

Definition 6.4.4 Let indices ¢,j range from 1 through a and indices
p,v range from 1 through b. Let {x;,27,y,} be coordinates on R?2*0.
We suppose given a non-degenerate symmetric matrix €}, and smooth
functions 1/}@# = ’(/)ZJ#(CE) with d)ij,u = ij- Let MC,T,ZJ = (R2a+b,g01¢),
where

gcxw(aﬂﬂm 6Ij) =2 Z yu"/’ijua
k

gc,w(am“am;.*) = 1a
9o, (0y,,0y,) = Cuy .

Lemma 6.4.1 Let Mcy = (R**° gc ) be as in Definition 6.4.4. Then
My is a generalized plane wave manifold and the possibly non-zero com-
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ponents of the curvature tensor are, up to the usual Zo symmetries,

R(awm 8;Ej bl 6LEk b aUy) = _3111/13191/ + awj wikllu
R(0y,,0x;,00,,02,) = Z C'* {ikp bty — Yupbirw

vp

+ > 0y {00, 00,jt + O, O Vit — O, Oy — O, D Vi } -

Proof. The non-zero Christoffel symbols of the first kind are given by:

b
9(Vo,,00,,00,) = > {0estibn + Oy Vit — On, Viju Yy
p=1
g(va ax]7 ) wljlj;
g(vazl ay,,vaxk) = ( ay,, 8Iiaazk) = w’iklj7

and the non-zero Christoffel symbols of the second kind are given by:

Va Z yu{amleku + aﬂcj wzku mkwiju}awz
p=1
b b
=303 CMpi0y,,
p=1lv=1
Vaz ay,/ — Va Zwlkvazz .

This shows that M is a generalized plane wave manifold; furthermore, the
curvature can now be computed. (Il

Proof of Theorem 6./4.2. We use Lemma 6.4.1 to see M is a generalized
plane wave manifold and that the possibly non-zero components of the
curvature tensor defined by the metric of Definition 6.4.2 are:

G
( Oyors Ons) = Oyt R(Dar, 0y Oy, Oay) = Dy 31,
(D12 Dy Dyazs Duy) = Ongbnzy  R(Orgsrys Dy Ors) = Oy 2,
ROy 0rss Oyprs Oay) = 006115 ROy Oy gy D) = Dy 2.2,
(Dra Oy Oy Oy) = R(Dry, By, Dy 1, O = —
( ) = )

611 ) 6;62 9 ay4,2 9 613

7]

11'4) = *7

6117 T2
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We introduce the following basis as a first step in showing M4 is a 0-model
for My4. Let the index i range from 1 to 3 and the index j run from 1 to
2. Set:

~ o— * .
Q; =0y, Qf:= 61 ,

K2

B4,j :: Ya,j5 ﬁl,] = {¢ } ylj :

Since ¢; ; - ¢; o = 1, the relations of Eq. (6.4.a) are satisfied. However, we
still have the following potentially non-zero terms to deal with:

(6.4.d)

g(@;,a;) =+ and R(a,a;,ak, ) = *.

To deal with the extra curvature terms, we introduce a modified basis
setting:

& := a1 + R(an, do, a3, a1)Bag — 3R(A1, Gz, G2, 01) P12,

g := @2 + R(G2, 1, A3, G2)Pa2 — 3R(A2, s, s, &2) 2,2,

a3 := @3 — 2R(as, a1, Gz, a3) P41 — 3 R(a1, a3, a3, 1) 33,1,

Br1 = P11+ s R(an, Az, Ga, 1), B2 = P2,

B2 = Baj + R( , a3, (i, i) O3, Bapo = ?2,2, (6.4.0)
Bs,2 := P32 + s R(an, a3, As, 1) o, Bs,1 = B3,1,

Ban = Baq + 5R(0n, a2, a3, 01 )0 — T R(G2, 01, i3, Gi2) 0

R( , 0, Qig, Ql3) V3,
Baz =Pz — ( 1,82, a3, 1)} + 3 R(ag, 01, &g, o) s

(063, ay, G, 043)043

All the normalizations of Eq. (6.4.a) are satisfied except for the unwanted
metric terms g(&;, &;). To eliminate these terms and to exhibit a basis with
the required normalizations, we set:

3
=a; — %Zg &;, &) O (6.4.1)

j=1
6.4.3 Isometry invariants

We now turn to the task of constructing invariants.

Lemma 6.4.2 Adopt the assumptions of Theorem 6.4.3. Let {a;} be
defined by Eq. (6.4.f), let {8,} be defined by Eq. (6.4.¢), and let {af} be
defined by Eq. (6.4.d). Set 1 := ¢ | and ¢z := ¢} 5.



Stanilov—Tsankov Theory 341

(1) VR(v1,v2,v3,v4;v5) = 0 if at least one of the v; € V.
(2) VR(vi,v2,v3,v4;05) = 0 if at least two of the v; € Vg o».
(3) VFR(ou, s, g, Br9; a1,y ey 1) = ¢ (k)~

(4) ka(alua?nai%ﬁl,l;alu"'7 ) _¢1 gk)
(5) VR(a, o, g, Bu;auyy ...y, ) = 0 in cases other than those given in
(3) and (1) up to the usual Zo symmetry in the first 2 entries.

Proof. Let v; be coordinate vector fields. To prove Assertion (1), we
suppose some v; € V,«. We use the second Bianchi identity and the other
curvature symmetries to assume without loss of generality that vy € V.
Since V,,v1 = 0 and since R(vy, -, -, ) = 0, Assertion (1) follows. The proof
of Assertion (2) is similar and uses the fact that R(-,-,-,-) = 0 if 2-entries
belong to Vg o+. The proof of the remaining assertions is similar and uses
the particular form of the warping functions ¢; ;; the factor of qﬁl_; arising
from the normalization in Eq. (6.4.d). O

Definition 6.4.5 We say that a basis B := {&Z—,By,d;‘} is 0-normalized
if the normalizations of Eq. (6.4.a) are satisfied and 1-normalized if it is
0-normalized and if additionally

VR(dy,ds, a3, B1.1; 1) = —VR(@s3, a1, ds, fra;01) £ 0,
VR(&1, a2, ds, f1.2;61) = —VR(Gg, &1, Ga, B1.2;01) # 0,

VR(&;,d;,dk, By;a) =0  otherwise.
Lemma 6.4.3 Adopt the assumptions of Theorem 6.4.3. Then:

(1) There exists a 1-normalized basis.

(2) If B is a 1-normalized basis, then there exist constants a; so ajazaz = €
for e = £1 and so that exactly one of the following conditions holds:
(a) &1 = a101, G2 = azas, 3 = azag, P =2 2011, Brp=e 01,2
(b) 61 = a1an, G2 = azas, G = axaz, B = e 2 01,2, Bro = Ea_iﬂl 1-

Proof. We use Eq.(6.4.d), Eq. (6.4.¢), and Eq. (6.4.f) to construct a 0-

normalized basis and then apply Lemma 6.4.2 to see that this basis is

l-normalized. On the other hand, if B is a l-normalized basis, we may

expand:

a1 = a1101 + a1202 + ajzas + ...
Qo = a2101 + a2 + a3z + ..., B2 =bafr11 + bafra+ ...,

= a1 + azaq + aszaz + ..., Pig=b11fi1 +bi2fia 4 ...

Q
@
|
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Because

0 # VR(a1, sy, g, F1,2; 41)
= an {( aiiazz — a12G21)a22b22)¢2 ¢2
+ (a

11a33 — a13a31)assba )¢ ¢},

we have aj; # 0. Because

0 = VR(, G2, G2, B1,2; G2) = 222V R(du, G2, G2, P1,2; 1),

ai

we have ag; = 0; similarly az; = 0. Since Span{e;} = Span{a;} mod V3 4.,
a2a33 — azsasze 7 0.

By hypothesis R(&1, &g, as,8;&1) = 0 for any S which belongs to
Span{f,, &} = Vj.a+ s

s ~ -1

0 = R(a1, a2, a3, 1,2;01) = afaazgy ¢,
. - 2 —1

0 = R(a1, a2, as, B1,1;01) = ajqasassdy ¢ -

Suppose that ass # 0. Since a?;azaszz = 0 and since aj; # 0, we
conclude aza = 0. Because 22033 — A23432 }é 0, ass 7§ 0. As 0,%1£L23a33 = 07
we also have as3 = 0. Since the basis is also O-normalized,

. -1 -1 -1
diag(ayy, azy , as3 ) € Sl(3)

from the discussion in Section 6.4.1. Thus

a a
€ = aj1a22a33 = :|:17 b11 =& 23 b22 = Eﬁ .

These are the relations of Assertion (2a). The argument is similar if agy #
0; we simply reverse the roles of & and a3 to establish the relations of
Assertion (2b). O

Proof of Theorem 6.4.3. Let

N . 2
V2R(a1, 62,02, f12;01,81)  V?R(Ga, G, a3, fr1; 01, G1)
{VR(a1, @2, G2, Br2501)}2  {VR(an, a3, s, B1,1;501) 1}
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We apply Lemma 6.4.3. Suppose the conditions of Assertion (2a) hold.
Then:

I —1
VR(dn, b, G2, B1,2;01) = a1y ¢4,
V2R(G1, Gg, Go, B1,2; 01, 1) = atgy ¢y,
VR(a1, a3, a3, f1.1;01) = a1y ¢},

V2R(G1, a3, @3, f11;61,01) = aig; ¢ .

Consequently one has that:

(B) = 1 {¢2¢'z’ _ pio }2

4\ da0y PN
The roles of ¢ and ¢o are reversed if Assertion (2b) holds. It now follows
that Z is a local isometry invariant. Since

G2=01", =01, ¢y =200 01 — b1 ¢y

we may establish Assertion (1) of Theorem 6.4.3 by computing
0205 _ 811 (200°040% — 61 %)) _, ol

Do) o1 o1 P

_1 {2 _ 9101 }2

4 P o1

If Mg is locally homogeneous, then = must be constant. Conversely, if =
is constant, then ¢1¢Y = k) ¢} for some k € R. Lemma 1.5.5 applies. The
solutions to this ordinary differential equation take the form ¢4 (t) = a(t+b)¢
if k # 1 and ¢1(t) = ae® if k = 1 for suitably chosen constants a and b and
for ¢ = ¢(k). The first family is ruled out as ¢; and ¢} must be invertible
for all . Thus ¢1(t) is a pure exponential; Assertion (2) of Theorem 6.4.3
follows. g

(1]

SO

(1]

6.4.4 A symmetric space with model M4

We give the proof of Theorem 6.4.4 as follows. Let M 4 be as described by
Definition 6.4.3. By Lemma 6.4.1 one has that:

R(Ozy, 0015 021, 0ys y ) = R(Ony Ony s Ony, Oy ) = 1,
R(0zy, 0s1 02y, Oys o) = R(0zy, Osy Oy, Oyy ) = 1,
R(0z,, 05, 0z5,0y,,) = R(0zy, Oryy Ozs, Oyy ) = 1,
R(awuawzv 6w3=aU4 1) = R(amuamg,7 6mgaau4,1) = _%7
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R(aﬂﬁz ) 8137 8961 ) a.744,2) = R(aﬂcz ) 811 ) 896'; ) a.744,2) = _%'

The same argument constructing a 0-normalized basis which was given
in the proof of Theorem 6.4.1 can then be used to construct a 0-normalized
basis in this setting and establish that M 4 has 0-model My 4.

We can also apply Lemma 6.4.1 to see:

R(azl 5 amg 5 81:27 aml) == —0,311£L312$§,
((911,6;33,(913, 6m1) = —%(2 + 3&2)1@2)2)1‘%,
(8137 8962 ) 8127 aﬂﬁ%) =
(O Opys 0py3Ony) = (L —a11 —a12+ a1,161,2 + az
—ag,102,2 + a3,1 — 43,103,2)T2T3,
R(Oyy s Opgy Oy, Ozy) = (1 +a12 —az1 —a1,161,2 — az22
+az, 1022 + az2 — a31a3,2)T123,
R(Oyy, Opgy Oy, Opy) = (% +a1,1 —ai,101,2 + a2
—ag,1022 —G3,1 — a3,2 + 113,1&3,2)561332-

= l=y)

—%(2 + 3&111&112)56%,

The Christoffel symbols describing Vo, 9,; are given by:
Vo, Oz, = (2= a21)y210:3 + (2 — a3,1)y3,10z; + a2,1720y, ,

+a3,1730y, ,,

Vo,,0e, = (2 = a12)y1,20:r + (2 — a32)y3,20:; + 12710y, ,
+a32w30y, ,,

Vo,,0cy = (2= a1,1)y110: + (2 — a2,2)Y2,20:5 + 22720y, ,
+a1,1710y, ,,

_ Ya,1+Ya,2
Vo, 0, = —021Y2102: — a1,291,2025 + =520

+(a1,2 — D)a20y, , + (a2 — 1)210y, ,,
Opy = —a3,1Y3,10, + L2520, — a1,191,10.;
+(a1,1 - 1)x36y1,2 + (a’371 - 1)1‘1(9‘1/3‘2 + 2330_281/4,1 + 4%81/4,27
Vazz 313 = %ﬂjuaz; - 03,2y3,23m; - a2,2y2,2az§
+(a’2,2 - 1)1738742,1 + ((1372 - 1)56287!3,1 + 4%87!4,1 + 2§_18y4,2'

x1

Vo

z1

It is now easy to show that the non-zero components of VR are:

VR(OyyyOpyy Oy Opy; Opy) = —=2(—2 + a1,1 + a2,2 + a3,1a32) T3,
VR(0z, 5005, 024,00, 0n,) = —3(—4 + 3a1,2 + 3az 2 + 3az,1a2,2) 72,
VR(Oyy, Opys Onygs Oy Opy ) = —%(—4 + 3ag,1 + 3as,1 + 3a1,1a1,2)x1,
(02, Oy s Oy s 023 02y) = (2 —a1,1 — 12 + a1 — az2

+a31 —az2 +a1,1a1,2 — A2,1022 — A3,103,2)T3,
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VR(aEw 81‘1581?1781‘3;81‘3) = (2 — a1 —a1,2 + a2,1 — G2.2
+as1 —as2 +ai1a1,2 — a2,102,2 — A3,103,2)T2,
VR(Ogy,00ys0py,02430z,) = (2—a1,1 +a1,2 —az1 — azp
—az1 + a2 — a1,1a41,2 + a2,102,2 — 43,103,2) T3,
VR(Ogy,0pys0pyy 02y302,) = (2—a1,1 +a1,2 — a2 — a2
—az1 + a2 — a1,1a41,2 + a2,102,2 — 43,1a3,2) %1,
. _ /2
VR(81178I358137 81‘2781‘1) - (§ + a11 —ai2 —az;1 + Q2,2
—az 1 —asz —ai101,2 — G21022 + 113,103,2)1172,
. _ /2
VR(81178I358137 81‘2781‘2) - (§ + a11 —ai2 —az;1 + Q2,2

—az 1 —asz —ai1012 — G21022 + a3,1a3,2)171-

We set VR = 0 to obtain the desired equations of Theorem 6.4.4; the first
3 equations generate the last 6. ad

6.5 Riemannian Skew Tsankov Models and Manifolds

Recall that a 0-model 991 is said to be skew Tsankov if
-Axy-Au'u = Au'quy v xT,Y,u,vV € V.

A pseudo-Riemannian manifold M is said to be skew Tsankov if the 0-
model M(M, P) := (TpM, gp, Rp) is skew Tsankov for every P € M. We
shall follow the discussion in Brozos-Vézquez and Gilkey (2006a) to give
a complete classification of Riemannian skew Tsankov 0-models and to
exhibit some irreducible Riemannian skew Tsankov manifolds of dimension
3 and of dimension 4.

Consider the following family of algebraic curvature tensors:

Definition 6.5.1 Let (-, ) be a positive definite inner product on a finite
dimensional real vector space V. Let {Uy,..., U} be a collection of self-
adjoint linear maps of V' which satisfy

\IJZ'\IJJ‘ = 5”\1}1 and Rank{\IfZ} =2.
Let m; := Range{V;}; ¥, is orthogonal projection on 7 and m; L ; for

1 # j. Following the discussion in Section 1.3.2, we introduce the associated
canonical algebraic curvature tensors and algebraic curvature operators by
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setting:

Ay, (‘TJ Y, %, w) = <\11ix7 w><\11iy= Z> - <\Iliy= w> <\Pi$u Z>7
A, (2,9)2 = (Viz, y)Vix — (Viz, 2) U,y .

Let a; be real constants and let
A= alA\pl + ...+ akAq,k .

Let mp := (m1 @ ... ® )" and let (-, -); == (-, )

;- Let

M= (V. (), 4), Mo = (mo, ()0,0), My o= (7, (-, )iy aiAy, ) -
We then have 9 =My M, D ... M.

The following result will be established in Section 6.5.1:

Theorem 6.5.1 Let MM be a Riemannian 0-model. Then M is skew
Tsankov if and only if A has the form given in Definition 6.5.1. Such
a 0-model M is indecomposable if and only if dim(V') =2 and k = 1.

This result gives a complete algebraic classification of Riemannian skew
Tsankov 0-models. Despite the fact that the algebraic classification is com-
plete in the Riemannian setting, the geometric classification is incomplete.
Since the Cartesian product of skew Tsankov models or manifolds is again
skew Tsankov, it is natural to look for indecomposable examples. In Sec-
tion 6.5.2, we establish the following result which exhibits irreducible 3-
dimensional skew Tsankov manifolds arising as a warped product of an
interval with a Riemann surface:

Theorem 6.5.2 Let N := (N,gn) be a Riemann surface which does not
have constant sectional curvature +1. Let M := (N x (0,00),gn) where
g = dx3 + 23gn. Then M is an irreducible skew Tsankov manifold with
scalar curvature Tay = x5 2 {Tn — 2}.

Theorem 6.5.2 immediately specializes to yield the following special case
which is closely related to the original construction of Tsankov.

Corollary 6.5.1 Let f be an isometric embedding of a Riemann surface
N in the round sphere S* C R*. Let M := N x (0,00). Let F(z,t) :=tf(z)
define an embedding of M in R* and let gps be the induced metric. Then
M is skew Tsankov.
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In Section 6.5.3, we construct irreducible 4-dimensional skew Tsankov
manifolds by taking a warped product of two flat 2-dimensional manifolds.
Let (1,22, 73, 74) be the usual coordinates on R*. Let 9; := d,, and let

O = {(z1,22,23,24) € R*: 23 > 0,24 > 0}.
Theorem 6.5.3 For >0, let Mg := (O, gg) where

93(01,01) = a3,  gp(02,02) = (3 + Br4)?,
93(03,03) =1,  g3(04,04) =1.

Then Mg is an indecomposable skew Tsankov manifold with scalar curva-
ture 75 = —2x3 (w3 + Bry) "', Furthermore, Mg, is not isometric to Mg,

for 51 7 fa.

We remark that the curves ¢ — (,¢) in the manifolds of Theorem 6.5.2
and the curves t — (21, x2,t, 24) in the manifolds of Theorem 6.5.3 are unit
speed geodesics along which the scalar curvature blows up ast — 07. Thus
these manifolds are geodesically incomplete and may not be embedded as
an open subset of a geodesically complete manifold.

We now study manifolds where R has rank 2; this corresponds to taking
k = 1in Theorem 6.5.1. The geometric structures are quite rigid; Theorems
6.5.2 and 6.5.3 provide examples of these structures. In Section 6.5.4, we
will prove:

Theorem 6.5.4 Let M be a Riemannian skew Tsankov manifold. As-
sume Rank{R} = 2. Let £ := Range{R} and let F := EL. Then:

(1) The distribution F is integrable.
(2) Let X be a leaf of the foliation defined by F.

(a) X is totally geodesic and flat.
(b) The normal distribution & is parallel along X .

Note that in Theorem 6.5.2 one has F = Span{d,, } and that in Theorem
6.5.3 one has F = Span{0y,, 0z, }. These are flat. In these examples, £
is integrable as well and M is a warped product of £ over F. We do not
know if this is always the case.

6.5.1 Riemannian skew Tsankov models

This section is devoted to the proof of Theorem 6.5.1. Suppose that

A= alAq,l + ...+ akA\pk
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is as in Definition 6.5.1. Let {e},e?} be an orthonormal basis for the 2-
dimensional subspaces 7; := Range{¥;}; one has m; L m; for ¢ # j. Define
7o := (m1 @ ... )L, This yields an orthogonal direct sum decomposition

V=mg®..D7m.
Decompose

v=Y) (aiej +afel) oo and y=3) (yei +yied) +yo

% %
for Zo,Yo € To- Set

Ei(Iay) = ley? _‘Tz2y11 = <I,€}><y,€i> - <x7€i><y7€i> .

One may then express:

—aigi(z,y)e? if € =el,
Ai(z,y)§ = aigi(z,y)er if €= e,
0 if ¢enit

Consequently

—aZei(z,y)ei(Z, )€ if Lem,i>0,
Asy Azl = { 0 if £€mp.

Since (z,y) and (Z, 7) play symmetric roles, 91 is skew Tsankov. One may
let Ap := 0 and, similarly, one may let A; := A;|.,. Then:

V=ng®m®..0m, and A=A DA D..0A,.

Thus 9 is indecomposable if and only if dim(V) = 2 and k = 1.

Conversely, suppose that 91 is skew Tsankov. We simultaneously skew-
diagonalize the collection { Ay, }» yev of commuting skew-adjoint linear op-
erators. Let {e},e?} be an orthonormal basis for 2-dimensional subspaces
m; where m; L m; for i # j. Let mp = (m1 @ ... @m)t. For 1 <i <k, let
gi(x,y) be the associated skew-eigenfunctions so that

_Ei(xvy)eg if 5 = ezlv
-Amyf = Ei(xvy)€% if 5 = 6127
0 if § € 7o .

Let {f1,..., fi} be an orthonormal basis for my. Then

B:= {e},e%, ...,e,lc,e%,fl, o fi}
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is an orthonormal basis for V. The only non-zero entries in the curvature
tensor relative to this base are

Ay - el e?) = —A(-, - e2 el).

19 % 191

Interchanging the first 2 entries with the last 2 entries shows the only non-
zero curvatures are

Aej, €7, €5, €5)

On the other hand, if ¢ # j, we can use the first Bianchi identity to express

1.2 1 2 1.1 2 2 1.2 2 1
A(ei,ei7€j,e]‘) == _A(ei7€j7€j,ei) - A(ei7€j,ei,€j) == O
and thus the only non-zero curvatures are a; := A(e}, e?,€?, el). Setting ¥,
. . 1 2 .
to be orthogonal projection on Span{e;,e7} then permits us to express
A= Z aiA\yi
i
and complete the proof of Theorem 6.5.1. O

6.5.2 3-dimensional skew Tsankov manifolds

Any 2-dimensional Riemannian manifold is necessarily skew Tsankov.
What is perhaps somewhat surprising is that there are irreducible exam-
ples of higher dimension. In this section, we discuss the warped product
construction of Theorem 6.5.2. Choose isothermal coordinates to express

ds% = e**(dx] + dx3),
at least locally. Let a; := 0;(a) and a5 := 9;0;(cr). We take
9(01,01) = g(8s,02) = a3e®,  g(Ds,03) = 1.

The non-zero Christoffel symbols of the first kind must have at least one
repeated index different from 3:

2.9 _ 2 92 _ 2
I = agzze®, Ii12 = —apxge®, 113 = —x3e*,
_ 9229 _ 9
121 = o1 = apxge™®, Tz =311 = x3e”,
_ 2 2 _ 2.9 _ 2
221 = —a1z5€*7, Tagp = anxze, 23 = —x3e*,

2 2«
)

_ = _ 2
122 =T'212 = a23e T390 = T'o30 = x3e°“.
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Since the metric is diagonal, we can raise indices to see:
Val (91 = 041(91 - 012(92 — $362a(93,
Vo,02 = Vg,01 = 0201 + 0102,
Vo, 03 = Va,01 = x50y,
Vi, 02 = —a101 + aa0s — 136> 03,
Va283 = Va382 = 563_182 .
We can now compute the curvatures. We begin by computing:
R(01,02)01 = (Vs,Va, — Va,Vo,)01
= Vo, (@201 + 2102) — Vi, (101 — a0z — :c3620‘83)
= 1201 + 1102 + az(10) — a0z — x3*03)
+ aq (a281 + alﬁg) — 1201 + (205 + 2x3a2620‘63
— Qa1 (04281 + 04182> + 042(—04181 + a9y — I3€2a83>
+ x3620‘x§182
= (0411 —+ oo + €2a)82 .

Similarly R(01,02)02 = —(a11 + age + €2*)9;. Consequently:
R(01,02,02,01) = —2%e**(a11 + aao + €2%),
R(81782582583):07 R(81582581583):0'

We also compute:

R(01,03)03 = (Va,Va, — Vo, Vo, )03
= —Vaa (Iglal) = —(—Igzal =+ zglxglal) =0.

Similar computations yield R(92,05)03 = 0. This shows
R(01,03,03,01) = R(01,03,03,02) = R(02,03,03,02) = 0.

Thus the only curvature is R(91, 92, 92, 01) so, by Theorem 6.5.1, M is skew
Tsankov. One also has:

T = 29(0h,01) ' g(02,02) "' R(01, 02,0, 0)

= 1‘;2{—26_2a(0411 + agg) - 2} .

An analogous computation on N yields:

_ 2.2 _ 2 2 _ _ 22
T'i11 = apx5e?, 12 = —agxze”, T'io1 = a1 = apwze®,

_ 2.2 _ 2 2 _ _ 2.2
Pao1 = —aqwze®, Tz = apx3e”®, 22 = T'o10 = cyz5e=®.
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Thus the Christoffel symbols of the second kind are given by:

Vo, 01 = 101 — 202,
Valaz = Va231 = 06281 + 0618%
Vo,02 = —a101 + a20s,
and the curvature is given by
R(81,82)81 = (Val Vo, — Vo, V51)31
= Val (042(91 + Oélag) — Vaz (041(91 — Oégag)
= 1201 + 1102 + 062(04181 — a282) + 041(01281 + 04182)
— 1201 + g0y — Oél(a281 + 04182> + ()42(—04181 + 06282)
= (11 + @22)02 .

Theorem 6.5.2 now follows; one can see that M is indecomposable since
Range{R} = Span{0;, 0}

and since 7o exhibits non-trivial dependence on x3. This establishes The-
orem 6.5.2. g

6.5.3 Irreducible 4-dimensional skew Tsankov manifolds

The metric takes the form:

g(01,01) = 23, 9(D2,02) = (w3 + Bxa)®, 9(Ds,03) = g(0a,04) = 1.
The non-zero Christoffel symbols are therefore:

113 = —u3, Ti31 =311 = 23,
Io93 = —(x3 + Bag), Pagp = I'300 = 23 + By,
Toos = —B(z3 + Bra), Tosg =Taoe = B(az + Bxa).

Since the metric is diagonal, we may raise indices to compute:
Vo, 01 = —1303,
Vo, 03 = Vo,21 = x5 01,
Vo,00 = —(23 + Br4)03 — B(23 + Br4)0s,
Vo,03 = Vg, 00 = (CCg + 5CC4)_1827
Vo,01 = Vo, 00 = B(x3 + frs) 10

The curvature operator can now be studied:
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R(D1,09)01 = —V9,V,01 = Vo, {x303} = x3(x3 + fr4) 10,

R(01,02)02 = Vi, Vi, 02 = =V, {(z3 + B24)03 + a3 + B4)04}
= 23 ' (z3 + Br4)0,

O1,02)05 = Vo, {(z3 + Bra) 102} — Vo, (x5 '01) =

O1,02)04 = Vo, {B(xs + Brs) 102} =0,

O = Vo {30} — Vo, {—2303} = =03 + 93 = 0,

R

A
®

(
(01,02)
(01,05)
(01,03)02 = Vo, {(x3 + Brs) L0} =0,
R(01,03)05 = =V, {501} = (25701 + 23 '25'01) =
(01,03)04 = 0,
(01,04)01 = =V, {—x303} =0,
(01,04)02 = Vo, {B(xs + fra) 102} = 0,
(01,04)05 = =V, {301} =0,
R(01,04)04 = 0.
The curvature symmetries can now be used to reduce the number of re-
maining computations that must be performed by eliminating the index 1.
We have
R(02,05)02 = Vo, {(x3 + Bra) "' D2}
—Vo{— (3 + B24)05 — B(x3 + Bra)0s}
= (w3+Pxs) {—(x3+024)03 — B3+ B24)04} + 03+ 504 = 0,
R(02,05)05 = =V, {(z3 + Bwa) "' 92}
= —{—(w3+ fra) " + (x3 + Bra) (3 + fr4) "' }02 = 0,
R(02,03)04 = —Va,{B(x3 + Brg) 102}
= —{—0(x3 + Bra) % + B(xs + fra) (@3 4 Brs) "'}z = 0,
R(92,04)02 = Vo B3 + Brs) 102}
+Vo,{(x3 + Bx4)03 + B(x3 + fr4)0s}
= —[03 — 3?04 + 003 + °04 = 0,
R(02,04)05 = =V, {(z3 + Bra) 02
= —{—B(x3 + Bra) "> + (w3 + fra) " Bxs + Bra) " 102 =0,
R(D2,04)04 = —Vo,{B(x3 + Brs) 102}
= —{—P(x3+ Bra) ? 4 B(w3 + Bra) ' Blas + fra) "' }02 = 0.
Thus we may eliminate the index 2. The only remaining curvatures are

R(Ds,04)03 = R(Ds3,04)0s = 0.
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This shows that the only non-zero curvature is
R(01,02,02,01) = —w3(x3 + Br4)

and hence M is skew Tsankov by Theorem 6.5.1.
The calculations performed above show that the scalar curvature is:

7= 225" (v3 + frs) " .
Let

& := Range{R} = Span{d1, 02},
F:= &L = Span{ds,0,} .

These spaces are invariantly defined. Let H := V?{—In7}|z. Since
Va,0p =0 for a = 3,4 and b = 3,4,

H(0s,05) = 02{—In7} = 232 + (23 + Bas) "2,
H(83,0s) = H(84,05) = 9304{—In7} = B(x + Bas) 2,
H(04,04) = 02{—In7} = §*(x3 + fx4) "2,

det(H) = Ba5° (x5 + Brg) 2 = 1672,

This shows that § is an isometry invariant of M. Furthermore since H|r
has rank 2, M is irreducible. The remaining assertions of Theorem 6.5.3
now follow. 0

6.5.4 Flats in a Riemannian skew Tsankov manifold

Let M be a Riemannian skew Tsankov manifold. We apply Theorem 6.5.1
to classify the 1-model. We suppose & = 1 and hence Rp = a(P)Ry(p)
where W is a self-adjoint map of rank 2 with ¥(P)? = ¥(P). After a minor
bit of technical fuss, one can show that ¥(P) and a(P) can be chosen to
vary smoothly with P, at least locally. We begin the proof of Theorem
6.5.4 with

Lemma 6.5.1 Let M be skew Tsankov with curvature tensor R = aRy.
Let {e;} be a local orthonormal frame field where {e1,e2} is a frame for
Range{U}. Let ¥, := V.,V and let a; := e;(a;). Then

(1) If p > 3, W;e, € Span{er,ea}. If p < 2, Wse, € Span{es, ..., em}.
(2) If p,v > 3, then ¥ e, = Vye,.

(3) If v <2 and p > 3, then ¥ e, = 0.

(4) If p > 3, then a, = a(¥ie,, e1) + a(Vae,, €2).
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(5) If p > 3, then ¥, = 0.

Proof. Since ¥2 = ¥, we have U;¥ + ¥, = ¥,. Assertion (1) follows
from:

<\IJ1'6J', €k> = <\I/\I/i6j, €k> + <\I/1'\I/€j, 6k> = 0 lf j, k Z 37
<\Pi6j, €k> = <\I/\I/i6j, €k> —+ <\1/1'\I/€j, 6k> = 2<\I/i6j, €k> if j, k<2.

We compute:

Ve, R(ej,ex)ee = ai(Wer, e0) Ve, + a(Wie, eq)We; + a(Vey, er) W e
—a;(Pej,en) Ve, — a(Wie;, e) Ve, — a{Tej, e) U ey.

The first Bianchi identity yields no information giving only a trivial identity
where all the terms cancel. However, the second Bianchi identity yields
non-trivial information:

0=V, R(ej,er)ec+ Ve, R(er, ei)ee + Ve, Riei, e5)er
=a;(Pey, er)Ve; + a(Viex, e0)Ve; + a(Tey, er) e,
—a;(Pej,en) Ve, — alWie;, en) Ve, — a(Vej, e0)Vsey,
+a;(Pe;, e0)Pey + a(¥je;, en)Vey, + a(Te;, e0) U ey,
—aj(Pek, er)Ve; — al¥ ek, eq)Ve; — a(Vey, e0) ¥ je;
+ar(Wej,e) Ve, + a(PUre;, er)Ve; + a(Vej, ep) Uie;
—ar(Ve;,e0)Ve; — a(Uye;, e0)Ve; —a(Te;, ep) Ure;.

We set ¢ = ¢ =1 and assume 2 < j < k.

0=ai(Tex, e1)¥e; + a(Piex, e1)Ve; + a(Vex, e1)V1e;
—a1(Pej,e1)Ver —a(Uie;,e1)Per — a(Pej,e1) Ve
+a;(Per,e1)Ver + a(Vjer,e1)Vep + a(Per, e1) ¥ ey
—a;(Vek, e1)¥er —a(V er, e1)Ver — a(Pey, e1)¥jeq
+ar(Tej,e1)Per + a(Urej, e1) Vet + a(Pej, e1)Vreq
—ar(Ver,e1)Pe; —a(Urer,e1)Ve; — a(Per,e1)Tre;
=a¥je, —a(¥jex, e1)er + a(Vre;,e1)er —a¥ie;
= (a¥ ex, e1)er + (a¥jer, ea)es — a(¥jex, e1)er
+a(Trej, e1)er — a(¥re;, er)er — a(¥re;, ea)es
=a(Vre; — Vjey, ea)es.

A similar argument shows (Ue; — U,eg,e1)er = 0. Assertion (2) now

follows from Assertion (1).
We set i = ¢ =1 and assume 2 = j < k.

0=a1(Vek,e1)Ves + a(Vieg, e1)Ves + a(Pey, e1)Vies
—a1(Vey, e1)Wep — a(Uieq, e1) Ve — a(Pes, e1)Vqey
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+asg
—ay
+ay
—ay,

Pey,e1)Wey + a(Paer, e1)Ve, + a{Peq, e1)Vaek
\Ilek, 1>\I/61 — 0,<\I/2€k, 1>\IJ€1 — 0,<\I/€k, 1>\I/261
Weq, e1)Wer + a(Urea, e1)Wer + a(Peg, e1)Vreq
Pey,e1)Wes — a(Wrer,e1)Wes — a(Weq, e1)Uieo
= a(Uieg, e1)es + aPaer, — a{Uaeg, e1)er — agea — aPien

o~~~

= a(Uieg, e1)es + a(Paey, ea)es — ages — a¥Wyies.

Since Uyes € Span{es, ..., e}, Urea = 0; Assertions (3) and (4) now follow.
If we were to set ¢ = 1, = 2 and assume 3 < j, k, no new information

is obtained. Similarly, if we were to set £ =1 and let 3 < i < j < k, no new

information would be obtained. We set i =1, j =2, 2 < k, 2 < {, to see:

0=ua1(Vek,e)Tes + a{Prex, er)Vea + a(Vey, er)Preo
—a1(Veq, er) Ve, — a{Pies, e0) Ve — a(Pes, e)Urey
+az(Teq,en)Vey, + a(Paer, e) Ve, + a{Peq, ep) Uaey
—a2(Vey,e)Wey — a(Paer, er)Vey — a(Vey, er)Uaey
+ap(Tea, e) ey + a(Vrea, er) Ve + a{Pea, ) Uyeq
—ap(Per,en)Ves — a{Prer,er)Vey — a(Pey, ep)Upeo
= a(Pres, er)er — a(Prer, ep)es.

o o~~~

It now follows that (¥yes,es) = 0. Since Wies € Span{es, ..., e} this
means that Uieo = 0. Similarly Uie; = 0. Thus ¥, = 0 on Span{ey, ea}.
On the other hand (Urep,e1) = (er, Prer) = 0 and thus ¥, = 0 on
Span{es, ...,em } as well. Assertion (5) now follows. Were we to set ¢ = 1,
3 < j <k, 3 </{ no additional information would be obtained. |

We can now give the proof of Theorem 6.5.4. Let £ := Span{ej, ea} and
let F := Span{es,...,e;}. Then We =eif e € £ while Uf =0 if f € F.
Let j,k > 3. We compute:

(Ve-ek - v6k6j7 61)

(Ve.ek — Vekej, ‘1161)

(\IIVEJ € — \Pvekejuel)

(Ve,Wer, — Ve, We; — Wiep + Vrej, e1)

Thus [e;, ex] belongs to F as well. Assertion (1) of Theorem 6.5.4 now
follows.

Let {f1, fo} be vector fields tangent to a leaf X. We can extend {f1, f2}
to be vector fields on M which remain tangent to the leaves. Thus ¥.¢, = 0.
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If e is a vector field which is perpendicular to the leaf, then

g(vflf27e) = g(vflan \116) = g(qjvflf27e)
= g(vfllllf2 - \Ij;flf?ve) =0.

Thus the second fundamental form of X in M vanishes; equivalently, the
Levi-Civita connection of M restricts to the Levi-Civita connection on X.
The restriction of the curvature of M to X is the curvature of X; Assertion
(2a) now follows. Assertion (2b) follows similarly since

9(Ve, fa) =g(e,Vy f2) = 0.

This completes the proof of Theorem 6.5.4.

6.6 Jacobi Videv Models and Manifolds

Let {-,-) be an inner product of signature (p,q) on V. Recall that
Gr, s(V, (-, -)) is the Grassmannian of all non-degenerate linear subspaces of
V' which have signature (r, s); the pair (r,s) is said to be admissible if and
only if Gr, 5(V, (-,-)) is non-empty and does not consist of a single point or,
equivalently, if one has the inequalities:

0<r<p, 0<s<q, 1<r+s<m-—1.

Let J () be the higher order Jacobi operator associated to a non-degenerate
plane € Gr, 4(V, (-,-)). We shall prove the following result in Section 6.6.1.

Theorem 6.6.1  Let M = (V, (-,-), A) be a 0-model. The following asser-
tions are equivalent; if any is satisfied, then we shall say that M is a Jacobi
Videv 0-model.

(1) There exists (ro,s0) admissible so that J(m)J () = J(71)T (%) for
all m in Grpy s (V, (-, ).

(2) There exists (rg,So) admissible so that J(m)p = pJ(w) for all m in
GrTo,SU (V7 <'7 >)

(3) J(m)JT(nt) = T (7)) T (7) for every non-degenerate subspace 7.

(4) T (m)p = pJ (w) for every non-degenerate subspace .

It follows from Theorem 6.6.1 that the direct sum of Jacobi Videv 0-
models is again such a model. By Theorem 6.6.1, any Einstein 0-model is
Jacobi Videv. More generally, the direct sum of Jacobi Videv models is
again Jacobi Videv. One says that a 0-model is pseudo-Einstein either if
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the Ricci operator p has only one real eigenvalue A or if the Ricci operator
p has two complex eigenvalues A1, Ay with A1 = Ao. This does not imply
that p is diagonalizable in the higher signature setting and hence 9 need
not be Einstein. We shall establish the following decomposition result in
Section 6.6.2:

Theorem 6.6.2 Let M = (V, (-,-), A) be a 0-model of arbitrary signature.

(1) If M is Jacobi Videv, then we may decompose I as the direct sum of
pseudo-FEinstein 0-models.

(2) If M is Riemannian and indecomposable, then M is Jacobi Videv if
and only if M is Finstein.

We note that Theorem 6.6.2 fails on the geometric level. The manifolds
described by Tsankov in Theorem 6.1.2 or, more generally, those detailed
in Section 6.5 are irreducible Riemannian skew Tsankov manifolds which
are Jacobi Videv but which are not Einstein. At each point of the manifold,
the 0-model decomposes as the direct sum of Einstein models. However the
1-model is irreducible.

There are indecomposable pseudo-Riemannian Jacobi Videv manifolds
which are not Ricci flat but where p? = 0; thus not every indecompos-
able Jacobi Videv manifold is Einstein. There are indecomposable pseudo-
Riemannian manifolds where p? # 0 but p3 = 0 which are not Jacobi Videv;
thus not every pseudo-Einstein manifold is Jacobi Videv. Finally, there are
pseudo-Riemannian Jacobi Videv models where p? = —Id; thus 0 is not
the critical eigenvalue. We refer to Gilkey and Nikéevié¢ (2006e), which is
work in progress, for further details.

6.6.1 FEquivalent properties characterizing Jacobi Videv
models

We shall follow the discussion in Gilkey, Puffini, and Videv (2006). Let
M= (V, (), A) be a0-model. If {vy, ..., v} is a basis for a non-degenerate
k-plane m, recall that

k k

J(m) == ZZfijJ(Uz‘, v;) - (6.6.a)

i=1 j=1
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Here &;; := (v;,v;) and €Y is the inverse matrix. Let p be the Ricci operator.
Since Jr + Jr+ = p, one may conclude that

jﬂjﬂ-l- - 1.771-1-\.7#
= \771'{\771’ + jﬂ-L} - {\771’ + jﬂ-L }\777
= jwp - Pjﬂ- .

This establishes the equivalence of Assertions (1) and (2) and of Assertions
(3) and (4) in Theorem 6.6.1. It is immediate that Assertion (4) implies
Assertion (2). Assume there exists (19, sg) admissible so that

J(m)J (x) = T (7). T (1) ¥ 7 € Grrg,s (V. ()

Let 1 < k:=19+ 59 <m:=dim(V). Let {eq, ..., €x, €xt1, .-, &m } be an
orthonormal basis for V' where {eq, ..., €} spans a non-degenerate plane 7
of signature (ro, so). Let ; := (e;, e;). Then

J(r) = eT(e).
i=1
We distinguish two cases. Suppose first that €1 = e,41. Set
e1(0) := cos(f)er + sin(f)ey 41 -

Then {e1(0), ez, ...,e,} is an orthonormal basis for a non-degenerate plane
m(0) of signature (rg, sg). One has for any 6 that:

0=p,J(x(0)) =T (m)] =0
— [p, (cos?0 — 1) T (ex)
+ 2sinfcos 0T (e1, enr1) +sin? 0T (eny1)] .

This identity for all § implies
[p,T(e1) = T(ens1)] =0 if e1=ex1.

Suppose next that 1 = —e,41. Set e1(0) := cosh()e; + sinh(f)e,t1. A
similar computation, after paying attention to the signs involved, yields:

0 = [p, (cosh®@ — 1) T (e1) — 2sinh @ cosh 6.7 (e1, ex11)
+sinh? 07 (enr1)] V 6.

This yields the identity
0=[p,J(e1) + T (ex+1)]-
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We combine these two calculations to see that for all 1 < 4,5 < m one has:
eilo, T(e)] = &1lp, T (e,)]. (6.6.)

We use Eq. (6.6.b) to see that

0=[p,J Zal p, T (ei)] = keilp, T (e1)]

and thus [p, J(e1)] = 0. This shows that [p, J(v)] = 0 for every unit
spacelike vector if s > 0 and for every unit timelike vector if o > 0. We
can rescale to conclude [p, J(v)] = 0 on a non-empty open subset of V' and
hence, as this is a polynomial identity, conclude [p, J(v)] =0 for allv € V.
It then follows from Eq. (6.6.a) that [p, J(7)] = 0 for every non-degenerate
k-plane . O

6.6.2 Decomposing Jacobi Videv models

We now establish Theorem 6.6.2. If 9 is Einstein, then p = cId is a scalar
multiple of the identity. Consequently Condition (4) holds in Theorem
6.6.1. Conversely, suppose that 9t is an indecomposable Riemannian 0-
model such that J,p = pJ, for all x € V. Decompose V = @,;V; into the
eigenspaces of the Ricci operator corresponding to distinct eigenvalues ;.
Then J, preserves each eigenspace. We suppose that 91 is not Einstein
and argue for a contradiction.

Choose z; € S(Vy,). Polarization yields Jy,., preserves each
eigenspace. Suppose that A\; # A\y;. One then has (J(x2,23)x1,24) = 0.
Consequently

A($1,$2,$3,!E4) = —A($1,$3,,’E2,!E4) if )\1 75 )\4. (66(3)

Suppose that Ay # A4 and that Ao # A\y. We use Eq. (6.6.c), the first
Bianchi identity, and the other curvature identities to see:

A(Il,I2,$3,$4) = _A(I27x37xlax4) - A(x37x17x25x4)
= A(x2, 21,23, 24) + A(x1, 23,22, 24)

= _A(‘Tla Z2,T3, $4) - A(.’El, Z2,T3, $4) .
This shows

A($1,$2,$3,$4) =0 if )\1 75 )\4 and )\2 75 )\4. (66d)
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Suppose that A(z1,ze,zs,24) # 0 and that A\y # A\y. By Eq. (6.6.d),
A2 = A4 and, similarly, A3 = A1. Applying Eq. (6.6.c) then yields

A(Ilva; zs3, I4) = _A(l‘la x3,T2, I4) .

A final use of Eq. (6.6.d) then shows A(z1,x3,x2,24) =0 as \1 = A3 # A\4.
Consequently

A(Il, I2,$3,$4) 7§ 0 implies Al = )\2 = )\3 = )\4 . (666)

Let A; = Alv,. By Eq. (6.6.€), A = ®A,. If p has more than one eigenvalue,
this gives a non-trivial decomposition of 91 which contradicts the assump-
tion that 9 is indecomposable. This completes the proof of Theorem 6.6.2
(2). A similar argument using the Jordan normal form decomposition rather
than the eigenvector decomposition then suffices to establish Theorem 6.6.2

D). O




Bibliography

Adams, J., ‘Vector fields on spheres’, Ann. of Math. 75 (1962), 603-632.
Adkins, W., and Weintraub, S., Algebra - an approach via module theory, Grad-
uate Texts in Mathematics 136, Sprinter-Verlag, New York (1992).
Alekseevskii, D. V., ‘Riemannian manifolds with exceptional holonomy groups’,

Funct. Anal. Appl. 2 (1968), 97-105.

Arvanitoyeorgos, A., ‘An introduction to Lie groups and the geometry of ho-
mogeneous spaces’, Student Mathematical Library 22, Amer. Math. Soc.
(2003).

Atiyah, M.F., Bott, R., and Patodi, V.K., ‘On the heat equation and the index
theorem’, Invent. Math. 13 (1973), 279-330; Errata 28 (1975), 277-280.

Atiyah, M. F., Bott, R., and Shapiro, A., ‘Clifford Modules’, Topology 3 suppl. 1
(1964), 3-38.

Belger, M. and Kowalski, O., ‘Riemannian metrics with the prescribed curvature
tensor and all its covariant derivatives at one point’, Math. Nachr. 168
(1994), 209-225.

Belger, M., and Stanilov, G., ‘About the Riemannian geometry of some curvature
operators’, Annuaire Univ. Sofia 1 (1995), in press.

Berger, M., ‘Riemannian geometry during the second half of the twentieth cen-
tury’, Jahresber. Deutsch. Math.-Verein. 100 (1998), 45—208.

Berndt, J., and Samiou, E., ‘Rank rigidity, cones, and curvature-homogeneous
Hadamard manifolds’, Osaka J. Math. 39 (2002), 383-394.

Besse, A. L., Manifolds all of whose Geodesics are Closed, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, Springer, Berlin, 1978.

Blazié, N., ‘Natural curvature operators of bounded spectrum’, Differential Geom.
Appl. 24 (2006), to appear.

Blazié¢, N., Bokan, N., and Gilkey, P., ‘A Note on Osserman Lorentzian manifolds’,
Bull. London Math. Soc. 29 (1997), 227-230.

Blazi¢, N., Bokan, N., Gilkey, P., and Rakié¢, Z., ‘Pseudo-Riemannian Osserman
manifolds’, Balkan J. Geom. Appl. 2 (1997), 1-12.

Blazi¢, N., Bokan, N., and Rakié¢, Z., ‘The first order PDE system for type III
Osserman manifolds’, Publ. Inst. Math. (Beograd) (N.S.) 62 (1997), 113—
119.

361



362 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Blazié, N., Bokan, N., and Rakié, Z., ‘Nondiagonalizable timelike (spacelike)
Osserman (2, 2) manifolds’, Saitama Math. J. 16 (1998), 15-22.

Blazi¢, N., Bokan, N., and Rakié¢, Z., ‘A note on the Osserman conjecture and
isotropic covariant derivative of curvature’, Proc. Amer. Math. Soc. 128
(2000), 245-253.

Blazi¢, N., Bokan, N., and Rakié¢, Z., ‘Osserman pseudo-Riemannian manifolds
of signature (2,2)’, Aust. Math. Soc. 71 (2001), 367-395.

Blazi¢, N., and Gilkey, P., ‘Conformally Osserman manifolds and conformally
complex space forms’, Int. J. Geom. Methods Mod. Phys. 1 (2004), 97-106.

Blazi¢, N., and Gilkey, P., ‘Conformally Osserman manifolds and self-duality in
Riemannian geometry’, math.DG/0504498.

Blazi¢, N., Gilkey, P., Nikc¢evi¢, S., and Simon, U., ‘The spectral geometry of the
Weyl conformal tensor’, Banach Center Publ. 69 (2005), 195-203.

Blazi¢, N., Gilkey, P., Nikcéevié, S., Simon, U., ‘Algebraic theory of affine curvature
tensors’, preprint.

Blazié, N., and Vukmirovié, S., ‘Examples of Self-dual, Einstein metrics of (2,2)-
signature’, Math. Scand. 94 (2003), 1-12.

Boeckx, E., Kowalski, O., and Vanhecke, L., Riemannian Manifolds of Conullity
Two, World Scientific (1996).

Boeckx, E., and Vanhecke, L., ‘Curvature homogeneous unit tangent sphere bun-
dles’, Publ. Math. Debrecen 53 (1998), 389-413.

Bokan, N.; ‘On the complete decomposition of curvature tensors of Riemannian
manifolds with symmetric connection’, Rend. Circ. Mat. Palermo XXIX
(1990), 331-380.

Bonome, A., Castro, R., Garcia-Rio, E., ‘Four-Dimensional Generalized Osser-
man Manifolds’, Classical Quantum Gravity 18 (2001), 4813-4822.

Bonome, A., Castro, R., Garcia-Rio, E., Hervella, L., and Vézquez-Lorenzo, R.,
‘Nonsymmetric Osserman indefinite Kéhler manifolds’, Proc. Amer. Math.
Soc. 126 (1998), 2763-2769.

Borel, A., ‘Sur la cohomologie des espaces fibrés principaux et des spaces ho-
mogenes de groupes de Lie compactes’, Ann. of Math. 57 (1953), 115-207.

Bott, R., and Loring, T., Differential Forms in Algebraic Topology, Graduate
Text in Mathematics, Springer-Verlag, Berlin, (1982).

Brozos-Vazquez, M., Garcia-Rio, E., and Vazquez-Lorenzo, R., ‘Conformally Os-
serman four-dimensional manifolds whose conformal Jacobi operators have
complex eigenvalues’, Proc. Royal Society A 462 (2006), 1425-1441.

Brozos-Véazquez, M., Garcia-Rio, E., and Gilkey, P., ‘Relating the curvature ten-
sor and the complex Jacobi operator of an almost Hermitian manifold’,
preprint.

Brozos-Véazquez, M., and Gilkey, P., ‘Manifolds with Commuting Jacobi Opera-
tors’, math.DG/0507554.

Brozos-Véazquez, M., and Gilkey, P., ‘Pseudo-Riemannian manifolds with Com-
muting Jacobi Operators’, math.DG/0608707.

Brozos-Véazquez, M., and Gilkey, P., ‘The global geometry of Riemannian mani-
folds with commuting curvature operators’, math.DG/0609500.



Bibliography 363

Brozos-Vazquez, M., Gilkey, P., and Nikc¢evi¢, S., ‘Jacobi-Tsankov manifolds
which are not 2-step nilpotent’, math.DG/0609565.

Bryant, R., ‘Pseudo-Riemannian metrics with parallel spinor fields and vanishing
Ricci tensor’, Global Analysis and Harmonic Analysis (Marseille-Luminy,
1999), Sémin. Congr. 4, Soc. Math. France, Paris 2000, 53-94.

Bueken, P., ‘On curvature homogeneous three-dimensional Lorentzian manifolds’,
J. Geom. Phys. 22 (1997), 349-362.

Bueken, P., ‘Three-dimensional Lorentzian manifolds with constant principal
Ricci curvatures p1 = p2 # p3’, J. Math. Phys. 38 (1997), 1000-1013.
Bueken, P.; and Djoric, M., ‘Three-dimensional Lorentz metrics and curvature

homogeneity of order one’, Ann. Global Anal. Geom. 18 (2000), 85-103.

Bueken, P., Gillard, J., and Vanhecke, L., ‘Mean and scalar curvature homoge-
neous Riemannian manifolds’, Gen. Math. 5 (1997), 67-83.

Bueken, P., and Vanhecke, L., ‘Examples of curvature homogeneous Lorentz met-
rics’, Classical Quantum Gravity 14 (1997), L93-L96.

Bueken, P., and Vanhecke, L., ‘Three- and four-dimensional Einstein-like mani-
folds and homogeneity’, Geom. Dedicata 75 (1999), 123-136.

Cahen, M., Leroy, J., Parker, M., Tricerri, F., and Vanhecke, L., ‘Lorentz man-
ifolds modelled on a Lorentz symmetric space’, J. Geom. Phys. 7 (1990),
571-581.

Calvaruso, G., Marinosci, R. A., and Perrone, D., ‘Three-dimensional curvature
homogeneous hypersurfaces’, Arch. Math. (Brno) 36 (2000), 269-278.
Carpenter, P., Gray, A., and Willmore, T. J., ‘The curvature of Einstein sym-

metric spaces’, Quart. J. Math. Ozford 33 (1982), 45-64.

Chaichi, M., Garcia-Rio, E., and Matsushita, Y., ‘Curvature properties of four-
dimensional Walker metrics’, Classical Quantum Gravity 22 (2005), 559
577.

Chaichi, M., Garcia-Rio, E., and Vézquez-Abal, M. E., ‘Three dimensional
Lorentz manifolds admitting a parallel null vector field’, J. Phys. A 38
(2005), 841-850.

Chi, Q. S., ‘A curvature characterization of certain locally rank one symmetric
spaces’, J. Differential Geom. 28 (1988), 187-202.

Chi, Q. S., ‘Quaternionic Kahler manifolds and a characterization of two-point
homogeneous spaces’, Illinois J. Math. 35 (1991), 408-418.

Chi, Q. S., ‘Curvature characterization and classification of rank-one symmetric
spaces’, Pacific J. Math. 150 (1991), 31-42.

Damek, E., and Ricci, F., ‘A class of nonsymmetric harmonic Riemannian spaces’,
Bull. Amer. Math. Soc. 27 (1992), 139-142.

Derdzinski, A., ‘Einstein metrics in dimension four’, Handbook of Differential
Geometry. Vol. I Edited by Dillen and Verstraelen, North-Holland, Ams-
terdam, (2000), 419-707.

Derdzinski, A., ‘Curvature-homogeneous indefinite Einstein metrics in dimension
four: the diagonalizable case’, Contemp. Math. 337, Amer. Math. Soc.,
Providence, RI (2003), 21-38.

Diaz-Ramos, J. C., and Garcia-Rio, E., ‘A note on the structure of algebraic
curvature tensors’, Linear Algebra Appl. 382 (2004), 271-277.



364 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Diaz-Ramos, J. C., Garcia-Rio, E., and Vazquez-Lorenzo, R., ‘New examples
of Osserman metrics with nondiagonalizable Jacobi operators’, Differential
Geom. Appl. 24 (2006), 433-442.

Diaz-Ramos, J. C., Fiedler, B., Garcia-Rio, E., and Gilkey, P., ‘The structure
of algebraic covariant derivative curvature tensors’, Int. J. Geom. Methods
Mod. Phys. 6 (2004), 711-720.

Djorié, M., and Vanhecke, L., ‘Almost Hermitian geometry, geodesic spheres and
symmetries’, Math. J. Okayama Univ. 32 (1990), 187-206.

Dotti, 1., and Druetta, M., ‘Negatively curved homogeneous Osserman spaces’,
Differential Geom. Appl. 11 (1999), 163-178.

Dotti, I., and Druetta, M., ‘Osserman p-spaces of Iwasawa type’, Differential
geometry and Applications (Brno, 1998), Masaryk Univ., Brno, 1999, 61—
72.

Dotti, I., and Druetta, M., ‘Damek—Ricci spaces satisfying the Osserman p-
condition’, Rev. Un. Mat. Argentina 41 (2000), 27-32.

Dunn, C., Curvature Homogeneous Pseudo-Riemannian Manifolds (Ph. D. The-
sis), Univ. Oregon (2006).

Dunn, C.,; and Gilkey, P., ‘Curvature homogeneous pseudo-Riemannian mani-
folds which are not locally homogeneous’, Complez, Contact and Symmet-
ric Manifolds, Progr. Math. 234, Birkh&user Boston, Boston, MA, (2005),
145-152.

Dunn, C., Gilkey, P., and Nikéevié, S., ‘Curvature homogeneous signature (2, 2)
manifolds’, Differential Geometry and its Applications, Proc. Conf. Prague,
August 30-September 3, 2004 Charles University, Prague (Czech Republic),
editors Bures, Kowalski, Krupka, Slovak, MATFYZPRESS (2005), 29-44.

Eisenhart, L., Non-Riemannian geometry, Amer. Math. Soc. Colloquium Publi-
cations 8, 5th printing (1964), Providence RI.

Falcitelli, M., Farinola, A., and Salamon, S., ‘Almost-Hermitian geometry’, Dif-
ferential Geom. Appl. 4 (1994), 259-282.

Ferus, D., Karcher, H., Miinzner, H., ‘Cliffordalgebren und neue isoparametrische
Hyperflichen’, Math. Z. 177 (1981), 479-502.

Fiedler, B., ‘On the symmetry classes of the first covariant derivatives of tensor
fields’, Sém. Lothar. Combin. 49 (2002/04), Art. B49f, 22 pp. (electronic).

Fiedler, B., ‘Determination of the structure of algebraic curvature ten-
sors by means of Young symmetrizers’, Seminaire Lotharingien
de Combinatoire B48d (2003a). 20 pp. Electronically published:
http://www.mat.univie.ac.at/~slc/; see also math.CO/0212278.

Fiedler, B., ‘Generators of algebraic covariant derivative curvature tensors and
Young symmetrizers’, to appear in Progress in Computer Science Research,
ed. F. Columbus, Nova Science Publishers, Inc., see also math.CO/0310020.

Fielder, B., and Gilkey, P., ‘Nilpotent Szabd, Osserman and Ivanov—Petrova
pseudo-Riemannian manifolds’, Contemp. Math. 337 (2003), 53-64.

Friedrich, Th., Kath, I., Moroianu, A., and Semmelmann, U., ‘On Nearly Parallel
G2 Structures’, J. Geom. Phys. 23 (1997), 259-286.

Gadea, P. M., and Masqué, J. M., ‘Classification of non-flat para-K&hlerian space
forms’, Houston J. Math. 21 (1995), 89-94.



Bibliography 365

Garcia-Rié, E., and Kupeli, D., ‘4-Dimensional Osserman Lorentzian Manifolds’,
New Developments in Differential Geometry, Proceedings of the Colloquium
on Differential Geometry, Debrecen, Hungary (1996), Kluwer Academic
Publishers 350, 201-211.

Garcia-Rio, E., Kupeli, D., and Vazquez-Abal, M. E., ‘On a problem of Osserman
in Lorentzian geometry’, Differential Geom. Appl. 7 (1997), 85-100.
Garcia-Rio, Kupeli, D., E., Vazquez-Abal, M. E., and Vézquez-Lorenzo, R.,
‘Affine Osserman connections and their Riemann extensions’, Differential

Geom. Appl. 11 (1999), 145-153.

Garcia-Rio, E., Kupeli, D., and Vézquez-Lorenzo, R., Osserman Manifolds
in  Semi-Riemannian Geometry, Lecture Notes in Mathematics 1777,
Springer-Verlag, Berlin, 2002.

Garcia-Rio, E., Rakié, Z., and Vézquez-Abal, M. E., ‘Four-dimensional indefinite
Kaehler Osserman manifolds’, J. Math. Phys. 46 (2005), 11pp.

Garcia-Rio, E., Vazquez-Abal, M. E., and Véazquez-Lorenzo, R., ‘Nonsymmet-
ric Osserman pseudo Riemannian manifolds’, Proc. Amer. Math. Soc. 126
(1998), 2771-2778.

Gilkey, P., ‘Manifolds whose higher odd order curvature operators have constant
eigenvalues at the basepoint’, J. Geom. Anal. 2 (1992), 151-156.

Gilkey, P., ‘Manifolds whose curvature operator has constant eigenvalues at the
basepoint’, J. Geom. Anal. 4 (1994), 155-158.

Gilkey, P., Invariance Theory, the Heat Equation, and the Atiyah-Singer Index
Theorem (2nd ed), CRC Press (1995).

Gilkey, P., ‘Generalized Osserman Manifolds’, Abh. Math. Sem. Univ. Hamburg
68 (1998), 125-127.

Gilkey, P., ‘Riemannian manifolds whose skew-symmetric curvature operator has
constant eigenvalues I, Differential Geometry and Applications, eds. Kolar,
Kowalski, Krupka and Slovak, Publ. Massaryk University, Brno, Czech
Republic, ISBN 80-210-2097-0 (1999), 73-87.

Gilkey, P., ‘Relating algebraic properties of the curvature tensor to geometry’,
Novi Sad J. Math 29 (1999), 109-119.

Gilkey, P., ‘Bundles over projective spaces and algebraic curvature tensors’, J.
Geom 71 (2001), 54-67.

Gilkey, P., ‘Algebraic curvature tensors which are p-Osserman’, Differential
Geom. Appl. 14 (2001), 297-311.

Gilkey, P., Geometric Properties of Natural Operators Defined by the Riemann
Curvature Tensor, World Scientific (2001).

Gilkey, P., and Ivanova, R., ‘Complex IP pseudo-Riemannian algebraic curvature
tensors’, Banach Center Publ. 57, Polish Acad. Sci., Warsaw (2002), 195—
202.

Gilkey, P., and Ivanova, R., ‘Geometric consequences of some algebraic properties
of the curvature tensor’, Bull. Mathematiques Soc. Math. Roumanie 93
(2000), 255-265.

Gilkey, P., and Ivanova, R., ‘The geometry of the skew-symmetric curvature op-
erator in the complex setting’, Contemp. Math. 288 (2001), 325-333.



366 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Gilkey, P., and Ivanova, R., ‘The Jordan normal form of Osserman algebraic
curvature tensors’, Results Math. 40 (2001), 192—204.

Gilkey, P., and Ivanova, R., ‘The Jordan normal form of higher order Osserman
algebraic curvature tensors’, Comment. Math. Univ. Carolinae 43 (2002),
231-242.

Gilkey, P.; and Ivanova, R., ‘Spacelike Jordan Osserman algebraic curvature ten-
sors in the higher signature setting’, Differential Geometry, Valencia 2001,
World Scientific (2002), 179-186.

Gilkey, P., Ivanova, R., and Stavrov, 1., ‘Jordan Szabé algebraic covariant deriva-
tive curvature tensors’, Contemp. Math. 337 (2003), 65-76.

Gilkey, P., Ivanova, R., and Zhang, T., ‘Higher order Jordan Osserman, pseudo-
Riemannian manifolds’, Classical Quantum Gravity 19 (2002), 4543-4551.

Gilkey, P., Ivanova, R., and Zhang, T., ‘Szabo Osserman [P pseudo-Riemannian
manifolds’, Publ. Math. Debrecen 62 (2003), 387-401.

Gilkey, P., Leahy, J.V., and Sadofsky, H., ‘Riemannian manifolds whose skew-
symmetric curvature operator has constant eigenvalues’, Indiana Univ.
Math. J. 48 (1999), 615-634.

Gilkey, P., and Nikcevié¢, S., ‘Curvature homogeneous spacelike Jordan Osserman
pseudo-Riemannian manifolds’, Classical Quantum Gravity 21 (2004), 497—
507.

Gilkey, P., and Niké¢evié¢, S., ‘Nilpotent spacelike Jordan Osserman pseudo-
Riemannian manifolds’, Rend. Circ. Mat. Palermo Suppl. 72 (2004), 99—
105.

Gilkey, P., and Nikcevi¢, S., ‘Complete curvature homogeneous pseudo-
Riemannian manifolds’, Classical Quantum Gravity 21 (2004), 3755-3770.

Gilkey, P., and Nikéevié, S., ‘Complete k-curvature homogeneous pseudo-
Riemannian manifolds’, Ann. Global Anal. Geom. 27 (2005), 87-100.

Gilkey, P., and Niké¢evié, S., ‘Generalized plane wave manifolds’, Kragujevac J.
Math. 28 (2005), 113-138.

Gilkey, P., and Nikcevié¢, S., ‘Complete k-curvature homogeneous pseudo-
Riemannian manifolds 0-modeled on an irreducible symmetric space’, Top-
ics in Almost Hermitian Geometry and the Related Fields, World Scientific
(2005), 87-104.

Gilkey, P., and Nikéevié¢, S., ‘Isometry groups of k-curvature homogeneous
pseudo-Riemannian manifolds’, to appear Rend. Circ. Mat. Palermo, (Pro-
ceedings of the 25th Winter School Geometry and Physics, Srni 2005),
math.DG/0505598.

Gilkey, P., and Nikéevié, S., ‘Affine curvature homogeneous 3-dimensional Lorentz
Manifolds’, Int. J. Geom. Methods Mod. Phys. 2 (2005), 737-749.

Gilkey, P., and Niké¢evié, S., ‘Pseudo-Riemannian Jacobi—Videv Manifolds’, work
in progress.

Gilkey, P., Nikcevi¢, S., and Videv, V., ‘Manifolds which are Ivanov—Petrova or
k-Stanilov’, J. Geom. 80 (2004), 82-94.

Gilkey, P., Puffini, E., and Videv, V., ‘Puffini-Videv models and manifolds’,
math.DG/0605464.



Bibliography 367

Gilkey, P., and Semmelmann, U.,; ‘Spinors, self-duality, and IP algebraic curva-
ture tensors of rank 4’, Proceedings of the Symposium on Contemp. Math.
devoted to the 125 Anniversary of Faculty of Mathematics in Belgrade, Pub-
lished by the Faculty of Mathematics of the University of Belgrade (2000),
ISBN 86-7589-014-1, Ed. Neda Bokan, 1-12.

Gilkey, P., Stanilov, G., and Videv, V., ‘Pseudo Riemannian Manifolds whose
Generalized Jacobi Operator has Constant Characteristic Polynomial’; J.
Geom. 62 (1998), 144-153.

Gilkey, P., Swann, A., and Vanhecke, L., ‘Isoparametric geodesic spheres and a
conjecture of Osserman regarding the Jacobi Operator’, Quart. J. Math.
Ozford 46 (1995), 299-320.

Gilkey, P., and Stavrov, 1., ‘Curvature tensors whose Jacobi or Szabd operator is
nilpotent on null vectors’, Bull. London Math. Soc. 34 (2002), 650-658.

Gilkey, P., and Zhang, T., ‘Algebraic curvature tensors whose skew-symmetric
curvature operator has constant rank 2’, Period. Math. Hungar. 44 (2002),
7-26.

Gilkey, P., and Zhang, T., ‘Algebraic curvature tensors for indefinite metrics
whose skew-symmetric curvature tensor has constant Jordan normal form’,
Houston Math J. 28 (2002), 311-328.

Glover, H., Homer, W., and Stong, R., ‘Splitting the tangent bundle of projective
space’, Indiana Univ. Math. J. 31 (1982), 161-166.

Gray, A., ‘The volume of a small geodesic ball of a Riemannian manifold’, Michi-
gan Math. J. 20 (1973), 329-344.

Gray, A., ‘Classification des variétés approximativement kdhlériennes de courbure
sectionelle holomorphe constante’, C. R. Acad. Sci. Paris 279 (1974), 797—
800.

Gray, A., ‘Curvature identities for Hermitian and almost Hermitian manifolds’,
Téhoku Math. J. 28 (1976), 601-612.

Gromov, M., Partial differential relations, Ergeb. Math. Grenzgeb 3. Folge, Band
9, Springer-Verlag (1986).

Hahn, J., Homogene Hyperflichen in der pseudoremannschen Geometrie, Bonner
Mathematische Schriften 172, Universitdt Bonn Mathematische Institute,
Bonn (1986).

Helgason, S., Differential Geometry, Lie Groups and Symmetric Spaces, Academic
Press (New York), 1978.

Ivanov, S., and Petrova, 1., ‘Riemannian manifolds in which certain curvature op-
erator has constant eigenvalues along each circle’, Ann. Global Anal. Geom.
15 (1997), 157-171.

Ivanov, S., and Petrova, 1., ‘Riemannian manifold in which the skew-symmetric
curvature operator has pointwise constant eigenvalues’, Geom. Dedicata 70
(1998), 269-282.

Ivanova, M., and Videv, V., ‘Four-dimensional Riemannian manifolds with com-
muting Stanilov curvature operators’, Mathematics and Education in Math-
ematics (Bulgarian), Union of Bulgarian Math., Sofia, (2004), 184-188.



368 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Ivanova, R., ‘About a classification of some Einstein manifolds’, Mathematics and
Education in Mathematics, Proc. XXIII Spring Conference of the Union
of Bulgarian Mathematicians, Stara Zagora, (1994), 175-182.

Ivanova, R., ‘Necessary and sufficient conditions for the point-wise constancy of
a curvature operator’s characteristical coefficient’, Ann. de’l Universite de
Sofia, Fac. de Math. et Inf. 88 (1994), 17-25.

Ivanova, R., ‘Point-wise constancy of the skew-symmetric curvature operator’s
characteristical coefficients’, Tensor, N. S., 57 (1996), 97-104.

Ivanova, R., ‘On a property of the 4-dimensional Einstein manifolds’, Proceedings
of the 4th International Congress of Geometry (Thessaloniki) (1996), 198
207.

Ivanova, R., ‘Two systems of curvature conditions for some 4-dimensional Rie-
mannian manifolds’, God. Univ. Arkhit. Stroit. Geod. Sofiya Svit k II Mat.
Mekh. 39 (1996/97), 33—44.

Ivanova, R., ‘An orthogonal tangential group of transformations of a 4-
dimensional Riemannian manifold’, Math. Balkanica 11 (1997), 53-63.

Ivanova, R., ‘4-dimensional Riemannian manifolds characterized by a skew-
symmetric curvature operator’, Tensor, N. S. 60 (1998), 293-302.

Ivanova, R., ‘Generalization of a property of some 4 dimensional Einstein mani-
folds’, Tensor, N.S. 60 (1998), 303-308.

Ivanova, R., and Stanilov, G., ‘A skew-symmetric curvature operator in Rieman-
nian geometry’, Symposia Gaussiana (1994), Conf. A: Mathematics, Eds.
Behara, Fritsch and Lintz (1995), 391-395.

Karoubi, M., K-theory. An introduction, Grundlehren der Mathematischen Wis-
senschaften, Band 226, Springer-Verlag, Berlin (1978).

Kath, 1., Killing Spinors on Pseudo-Riemannian Manifolds, Habilitation, Hum-
boldt Universitét zu Berlin (2000).

Klebaner, F., Sudbury, A., and Watterson, G. A., ‘The volumes of simplices, or,
find the penguin’, J. Austral. Math. Soc. Ser. A 47 (1989), 263—268.
Kobayashi, S., and Nomizu, K., Foundations of Differential Geometry, Inter-

science Publishers (1963).

Kofinas, C., ‘General brane cosmology with *R term in (A)dSs or Minkowski
bulk’, J. High Energy Phys. 2001 #8 Paper 34, 21pp.

Koutras, A., and MclIntosh, C.,; ‘A metric with no symmetries or invariants’,
Classical Quantum Gravity 13 (1996), L47-L49.

Kowalski, O., ‘On curvature homogeneous spaces’, Proceedings of the Workshop
on Recent Topics in Differential Geometry, Santiago de Compostela, Spain,
July 16-19, 1997. Santiago de Compostela: Universidade de Santiago de
Compostela. Publ. Dep. Geom. Topologd, Univ. Santiago Compostela 89
(1998), 193-205.

Kowalski, O., Opozda, B., and Vl1asek, Z., ‘Curvature homogeneity of affine con-
nections on two-dimensional manifolds’; Collog. Math. 81 (1999), 123-139.

Kowalski, O., Opozda, B., and Vl1agek, Z., ‘A classification of locally homogeneous
affine connections with skew-symmetric Ricci tensor on 2 dimensional man-
ifolds’, Monatsh. Math. 130 (2000), 109-125.



Bibliography 369

Kowalski, O., Opozda, B., and VIdsek, Z., ‘A classification of locally homogeneous
connections on 2-dimensional manifolds via group-theoretical approach’,
Cent. Eur. J. Math. 2 (2004), 87-102.

Kowalski, O., and Priifer, F., ‘Curvature tensors in dimension four which do
not belong to any curvature homogeneous space’, Arch. Math. (Brno) 30
(1994), 45-57.

Kowalski, O., Sekizawa, M., and Vl1asek, Z., ‘Can tangent sphere bundles over Rie-
mannian manifolds have strictly positive sectional curvature?’, Contemp.
Math. 288, Amer. Math. Soc., Providence, RI, 2001.

Kowalski, O., Tricerri, F., and Vanhecke, L., ‘New examples of non-homogeneous
Riemannian manifolds whose curvature tensor is that of a Riemannian sym-
metric space’, C. R. Acad. Sci. Paris, Sér. I 311 (1990), 355-360.

Kowalski, O., Tricerri, F., and Vanhecke, L., ‘Curvature homogeneous Rieman-
nian manifolds’, J. Math. Pures Appl. 71 (1992a), 471-501.

Kowalski, O., Tricerri, F., and Vanhecke, L., ‘Curvature homogeneous spaces
with a solvable Lie group as homogeneous model’, J. Math. Soc. Japan 44
(1992b), 461-484.

Kowalski, O., and Vlasek, Z., ‘On special Riemannian 3-manifolds with distinct
constant Ricci eigenvalues’, Math. Bohem. 124 (1999), 45-66.

Kowalski, O., and Vlasek, Z., ‘Classification of Riemannian 3-manifolds with
distinct constant principal Ricci curvatures’, Bull. Belg. Math. Soc. Simon
Stevin 5 (1998), 59-68.

Kowalski, O., and Vl1agek, Z., ‘On 3-dimensional Riemannian manifolds with pre-
scribed Ricci eigenvalues’, Progr. Math. 234 (2005), 187-208.

Li, Y., and Ouyang, C., ‘Curvature homogeneous real hypersurfaces immersed in
the complex projective space’, J. Math. Wuhan Univ. 15 (1995), 405-408.

Marchiafava, S., ‘Variétés riemanniennes dont le tenseur de courbure est celui
d’un espace symétrique de rang un’, C. R. Acad. Sci. Paris 295 (1982),
463-466.

Milnor, J., and Stasheff, J., Characteristic Classes, Annals of Math. Studies,
Princeton University Press (1974).

Nash, J., ‘The embedding problem for Riemannian manifolds’, Ann. of Math. 63
(1956), 20-63.

Nicolodi, L., and Tricerri, F., ‘On two theorems of I. M. Singer about homoge-
neous spaces’, Ann. Global Anal. Geom. 8 (1990), 193—200.

Nikolayevsky, Y., ‘Osserman manifolds and Clifford Structures’, Houston J. Math
29 (2003), 59-75.

Nikolayevsky, Y., ‘Two theorems on Osserman manifolds’, Differential Geom.
Appl. 18 (2003b), 239-253.

Nikolayevsky, Y., ‘Osserman manifolds of dimension 8, Manuscr. Math. 115
(2004), 31-53.

Nikolayevsky, Y., ‘Osserman Conjecture in dimension n # 8,16’, Mat. Annalen
331 (2005), 505-522.

Nikolayevsky, Y., On Osserman manifolds of dimension 16, (preprint).

Nikolayevsky, Y., ‘Riemannian manifolds whose curvature operator R(X,Y’) has
constant eigenvalues’, Bull. Austral. Math. Soc. 70 (2004), 301-319.



370 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Newlander, A., Nirenberg, L., ‘Complex analytic coordinates in almost complex
manifolds’ Ann. of Math. 65 (1957), 391-404.

Olszak, Z., ‘On the existence of generalized complex space forms’ Israel J. Math.
65 (1989), 214-218.

Opozda, B., ‘An intrinsic characterization of developable surfaces’, Results Math.
27 (1995), 97-104.

Opozda, B., ‘On curvature homogeneous and locally homogeneous affine connec-
tions’, Proc. Amer. Math. Soc. 124 (1996), 1889-1893.

Opozda, B., ‘Affine versions of Singer’s theorem on locally homogeneous spaces’,
Ann. Global Anal. Geom. 15 (1997), 187-199.

Oproiu, V., ‘Harmonic maps between tangent bundles’, Rend. Sem. Mat. Univ.
Politec. Torino 47 (1989), 47-55.

Osserman, R., ‘Curvature in the eighties’, Amer. Math. Monthly 97 (1990), 731—
756.

Overduin, J. M., and Wesson, P. S., ‘Kaluza-Klein gravity’, Phys. Rep. 283
(1997), 303-378.

Patrangenaru, V., ‘Constant gravitational fields and redshift of light’, J. Geom.
Phys. 26 (1998), 227-246.

Patrangenaru, V., ‘Three-dimensional metrics with a spherical homogeneous
model’, J. Math. Phys. 39 (1998), 1189-1198.

Patrangenaru, V., ‘Lorentz manifolds with the three largest degrees of symmetry’,
Geom. Dedicata 102 (2003), 251-33.

Petrova, 1., and Stanilov, G., ‘A generalized Jacobi operator on the 4 dimensional
Riemannian geometry’, Annuaire de I’Univ. Sofia ‘St. Ki. Ochridski’ 85
(1991), 55-64.

Pinkall, U., Schwenk-Schellschmidt, A., and Simon, U., ‘Geometric methods for
solving Codazzi and Monge-Ampere equations’, Math. Annalen 298 (1994),
89-100.

Podesta, F., and Spiro, A., ‘Four-dimensional Einstein-like manifolds and curva-
ture homogeneity’, Geom. Dedicata 54 (1995), 225-243.

Podesta, F., and Spiro, A., ‘Introduzione ai Gruppi di Trasformazioni’, Volume
of the Preprint Series of the Mathematics Department V. Volterra of the
University of Ancona, Via delle Brecce Bianche, Ancona, ITALY (1996).

Priifer, F., Tricerri, F., and Vanhecke, L., ‘Curvature invariants, differential oper-
ators and local homogeneity’, Trans. Amer. Math. Soc. 348 (1996), 4643—
4652.

Pravda, V., Pravdova, A., Coley, A., and Milson, R., ‘All spacetimes with vanish-
ing curvature invariants’, Classical Quantum Gravity 19 (2002), 6213-6236.

Rakié, Z., ‘An example of rank two symmetric Osserman space’, Bull. Austral.
Math. Soc. 56 (1997), 517-521.

Rakié¢, Z., ‘On duality principle in Osserman manifolds’, Linear Algebra Appl.
296 (1999), 183-189.

Ryan, P. J., ‘Homogeneity and some curvature conditions for hypersurfaces’,
Téhoku Math. J. 21 (1969), 363-388.

Sahni, V., and Shtanov, Y., ‘Bouncing braneworlds’, Phys. Lett. B 557 (2003),
1-6.



Bibliography 371

Sekigawa, K., ‘On some 3-dimensional curvature homogeneous spaces’, Tensor
(N.S.) 31 (1977), 87-97.

Sekigawa, K., ‘Notes on some curvature homogeneous spaces’, Tensor (N.S.) 29
(1975), 255-258.

Sekigawa, K., Suga, H., and Vanhecke, L., ‘Four-dimensional curvature homoge-
neous spaces’, Commentat. Math. Univ. Carol. 33 (1992), 261-268.
Sekigawa, K., Suga, H., and Vanhecke, L., ‘Curvature homogeneity for four-

dimensional manifolds’, J. Korean Math. Soc. 32 (1995), 93-101.

Singer, I. M., ‘Infinitesimally homogeneous spaces’, Commun. Pure Appl. Math.
13 (1960), 685-697.

Stanilov, G., ‘On the geometry of the Jacobi operators on 4-dimensional Rieman-
nian manifolds’, Tensor (N.S.) 51 (1992), 9-15.

Stanilov, G., ‘Curvature operators based on the skew-symmetric curvature oper-
ator and their place in the Differential Geometry’, preprint (2000).

Stanilov, G., ‘Higher order skew-symmetric and symmetric curvature operators’,
C. R. Acad. Bulgare Sci. 57 (2004), 9-12.

Stanilov, G., and Videv, V., ‘On a generalization of the Jacobi operator in the
Riemannian geometry’, Annuaire Univ. Sofia Fac. Math. Inform. 86 (1992),
27-34.

Stanilov, G., and Videv, V., ‘On Osserman conjecture by characteristical coeffi-
cients’, Algebras, Groups and Geometries 12 (1995), 157-163.

Stanilov, G., and Videv, V., ‘Four dimensional pointwise Osserman manifolds’,
Abh. Math. Sem. Univ. Hamburg 68 (1998), 1-6.

Stanilov, G., and Videv, V., ‘On the commuting of curvature operators’, Math-
ematics and FEducation in Mathematics, Proceedings of the Thirty Third
Spring Conference of the Union of Bulgarian Mathematicians Borovtes,
April 1-4, 2004, Union of Bulgarian Mathematicians, Sofia (2004), 176-179.

Stavrov, 1., Spectral Geometry of the Riemann Curvature Tensor (Ph. D. Thesis),
Univ. Oregon (2003).

Stavrov, 1., ‘Locally Isotropic pseudo-Riemannian Manifolds’, math.DG/0409189.

Stavrov, 1., ‘Vector bundles over Grassmannians and the skew-symmetric curva-
ture operator’, math.DG/0407284.

Stong, R., ‘Splitting the universal bundles over Grassmannians’, Algebraic and
Differential Topology - Global Differential Geometry. On the Occasion of
the 90th Anniversary of M. Morse’s Birth, Teubner-Texte Math. 70 (1984),
275-287.

Szabé, Z. 1., ‘A simple topological proof for the symmetry of 2 point homogeneous
spaces’, Invent. Math. 106 (1991), 61-64.

Takagi, H., ‘On curvature homogeneity of Riemannian manifolds’, T'6hoku Math.
J. 26 (1974), 581-585.

Tomassini, A., ‘Curvature homogeneous metrics on principal fibre bundles’, Ann.
Mat. Pura Appl. 172 (1997), 287-295.

Tricerri, F., ‘Riemannian manifolds with the same curvature as a homogeneous
space, and a conjecture of Gromov’, Riv. Mat. Univ. Parma 14 (1988),
91-104.



372 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Tricerri, F., and Vanhecke, L., ‘Curvature tensors on almost Hermitian manifolds’,
Trans. Amer. Math. Soc. 267 (1981), 365-398.

Tricerri, F., and Vanhecke, L., ‘Variétés riemanniennes dont le tenseur de courbure
est celui d’un espace symétrique riemannien irréductible’, C. R. Acad. Sci.
Paris, Sér. I 302 (1986), 233-235.

Tricerri, F., and Vanhecke, L., ‘Curvature homogeneous Riemannian manifolds’,
Ann. Sci. Ecole Norm. Sup. 22 (1989), 535-554.

Tsankov, Y., ‘A characterization of n-dimensional hypersurface in R"*! with
commuting curvature operators’, Banach Center Publ. 69 (2005), 205-2009.

Tsukada, K., ‘Curvature homogeneous hypersurfaces immersed in a real space
form’, Téhoku Math. J. 40 (1988), 221-244.

Tsukada, K., ‘Curvature homogeneous spaces whose curvature tensors have large
symmetries’, Comment. Math. Univ. Carolin. 43 (2002), 283-297.

Tsukada, K., and Videv, V., ‘A Riemannian pointwise Stanilov manifolds of type
(n,k)’, Abstracts of 4th International Conference on Geometry and Appli-
cations, Varna, 1999, 62-63.

Vanhecke, L., ‘Curvature homogeneity and related problems’, Proceedings of the
Workshop on Recent Topics in Differential Geometry (Puerto de la Cruz,
1990), 103-122, Informes 32, Univ. La Laguna, La Laguna, 1991.

Vanhecke, L., and Willmore, T. J., ‘Interaction of tubes and spheres’, Math. Ann.
263 (1983), 31-42.

Verdiani, L., ‘Curvature homogeneous metrics of cohomogeneity one on vector
spaces’, Riv. Mat. Univ. Parma 6 (1997), 179-200.

Videv, V., ‘A characteristic of the real space forms by a linear operator’, Plovdiv
University [Paisii Hilendarski], Bulgaria, Scientific Works-Mathematics, 30
(1993), 5-8.

Videv, V., ‘Characterization of the four dimensional Einstein Riemannian mani-
folds using curvature operators’, (preprint).

Videv, V., Stoeva, M., Stajkov, Y., ‘An application of the skew-symmetric
Stanilov curvature operator in the classical ecology’, Mathematics and Ed-
ucation in Mathematics (Bulgarian) (Sunny Beach, 2003), Union of Bul-
garian Mathematicians, Sofia, (2003), 208-212.

Walker, A. G., ‘Canonical form for a Riemannian space with a parallel field of
null planes’, Quart. J. Math. Oxzford 2 (1950), 69-79.

Weyl, H., The Classical Groups, Princeton University Press, Princeton, 1946.

Wolf, J., ‘Homogeneity and bounded isometries in manifolds of negative curva-
ture’, Ill. J. Math. 8 (1964), 14-18.

Wolf, J., Spaces of Constant Curvature, 5th ed., Publish or Perish Inc. (1984).

Yamato, K., ‘Algebraic Riemann manifolds’, Nagoya Math. J. 115 (1989), 87—
104.

Zhang, T., Manifolds with Indefinite Metrics whose Skew-symmetric Curvature
Operator has Constant Eigenvalues (Ph. D. Thesis), Univ. Oregon, (2000).

Zhang, T., ‘Applications of algebraic topology in bounding the rank of the skew-
symmetric curvature operator’, Topology Appl. 124 (2002), 9-24.



Index

0-curvature homogeneous, 101, 102,
116, 184, 190

1-affine curvature homogeneous, 116,
184, 190

1-curvature homogeneous, 102, 115,
122, 136, 184, 190, 210

2-Osserman, 197, 198

2-Stanilov, 253

2-affine curvature homogeneous, 102,
109, 184, 190

2-curvature homogeneous, 109, 115,
151, 190, 210

2-point homogeneous space, 57, 78

2-step nilpotent, 123

Adams number, 225

admissible pair, 6, 57, 70

affine k-model, 24, 158

affine curvature homogeneous, 29, 31,
109, 158, 159, 164, 165, 167, 168

affine curvature tensor, 18

affine invariant, 108, 116, 158, 162,
167, 190

affine linear map, 4

affine warping function, 157

algebraic curvature tensor, 17

algebraic Weyl curvature tensor, 23

almost Kéahler, 54

analytic continuation, 72

anti self-dual, 195, 196, 198, 247, 248

associated k-model, 25

associated affine k-model, 25

Bott periodicity, 224
bounded Jacobi spectrum, 75
Brozos-Véazquez, 49, 257, 309

canonical curvature tensor, 21, 41, 61,
67, 249, 257, 345

Cayley plane, 80

Chi, 78, 79, 246, 248, 258, 260

Christoffel symbols, 9, 13, 101, 104,
115, 120, 137, 150, 183, 208, 339,
344, 349, 351

Clifford algebra, 223

Clifford commutation relations, 22,
56, 78, 224, 225, 236, 258

Clifford family, 22, 53, 56, 78, 225,
257, 258, 262, 276-279, 281, 284,
286, 288, 295, 301

Clifford module structure, 67, 79, 235

Clifford product, 224

cocho, 309

commutation formula for covariant
differentation, 9

compatible complex model, 2, 48, 258

complex Ivanov—Petrova, 66—68, 71,
253

complex Jacobi operator, 60, 82, 261,
262

complex model, 48, 60, 67, 71, 253,
258

complex null cone, 73

complex Osserman, 60, 71, 255, 259,
260, 278



374 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

complex Osserman model, 257, 261,
276, 277, 279, 281, 284, 286, 288,
295, 301

complex projective space, 247

complex space form, 2, 52, 53, 68, 260

conformal complex space form, 53, 54

conformal flat, 246, 249, 251

conformal Ivanov—Petrova, 65, 86,
122, 246, 249, 251

conformal Jacobi operator, 59, 82,
194, 199

conformal Jordan Ivanov—Petrova,
246

conformal Jordan Osserman, 122,
198, 246

conformal nilpotent, 199

conformal Osserman, 59, 82, 122, 194,
198-200, 202, 245248

conformal Stanilov, 122

conformal Weyl curvature tensor, 82

connection, 7

constant holomorphic sectional
curvature, 196

constant para-holomorphic sectional
curvature, 196

constant sectional curvature, 22, 51,
57, 65, 79-81, 196, 246, 255, 260,
313, 314, 324

contraction of indices, 15

covariant derivative algebraic
curvature tensor, 18

curvature homogeneous, 29-31,
101-103, 109, 115, 116, 122, 136,
151, 158, 159, 164, 165, 167, 168,
184, 210, 213

Davis, Lorraine, vi
decomposable holonomy, 11
decomposable model, 25
dual Clifford family, 265
Dunn manifolds, 149

Einstein, 15, 25, 73, 91, 196, 206, 246,
312, 356, 357

Einstein convention, 15, 28

exponential map, 12, 91, 186

fiber bundle, 39

Fiedler, 22, 46, 47, 101, 115, 156, 166,
206, 207, 209, 216, 217

first Bianchi identity, 14, 17, 20, 42,
50, 316, 331, 349, 354, 359

flat, 323

Fubini-Study metric, 22, 52, 54, 260

generalized complex space form, 323

generalized curvature operator, 325

generalized plane wave manifold, 29,
90, 91, 97, 98, 101, 104, 115, 119,
121, 131, 135, 141, 150, 157,
165-167, 183, 184, 198, 209, 210,
214, 216, 217, 244, 311, 332, 333,
339

generalized Walker manifold, 181

geodesic, 11

geodesic coordinates, 12

geodesic equation, 11

geodesic involution, 30

geodesic spray, 15

geodesically complete, 12, 200, 201

geodesically incomplete, 206

geometrically realizable, 25

geometrically symmetric vector
bundle, 228, 254, 263

globally Osserman, 57, 78, 79, 323

Grassmannian, 6, 57, 58, 63, 76, 77,
81, 84, 85, 252, 253, 356

Hermitian almost complex structure,
60, 67, 68, 78, 193, 255, 257, 264,
313-315

Hessian, 12, 121

higher order Jacobi operator, 57, 66,
81, 133, 258, 312, 356

Hodge operator, 195

holonomy, 10, 91, 96, 186

homogeneous, 32, 190

homogeneous space, 26, 30, 91, 102,
103, 136, 158, 167, 209, 332

Hopf fibration, 48, 258

hyperbolic boost, 76

identity theorem, 72



Index

immersed hypersurfaces, 120

indecomposable holonomy, 11

induced connection, 7

irreducible holonomy, 11

Ivanov—Petrova, 2, 63, 65, 70, 71, 84,
253

Ivanov—Petrova nilpotent, 207, 208

Jacobi equation, 15

Jacobi form, 174

Jacobi nilpotent, 103, 197, 207, 209,
210, 214

Jacobi operator, 2, 14, 25, 55, 78,
123, 197, 250, 257, 309

Jacobi spectrum, 75

Jacobi Tsankov, 310, 311, 313, 314,
323-325, 331

Jacobi vector field, 15, 91

Jacobi Videv, 310, 356, 357

Jordan block, 33

Jordan equivalent, 34

Jordan Ivanov—Petrova, 65, 102, 121,
122, 131, 137, 252

Jordan normal form, 33, 199, 239, 360

Jordan Osserman, 56, 58, 59, 73, 102,
121, 122, 131, 137, 196, 197, 206,
234, 235, 246

Jordan Stanilov, 122, 149

Jordan Szabd, 198, 244

k-conformal Jordan Osserman, 122
k-curvature homogeneous, 26
k-Jordan Stanilov, 121, 122, 252
k-model, 24

k-modeled on homogeneous space, 26
k-Osserman, 58, 59, 70, 73, 81
k-Stanilov, 66, 71, 137, 252

k-stein, 15, 25

Kaéhler Osserman, 196

Killing vector field, 27, 103

Levi-Civita connection, 13

Lie bracket, 8

local 2-point homogeneous space, 78
local symmetric space, 27

locally homogeneous, 26

375

Lépez-Ornat, Susana, vi
Lorentz, 13, 30, 80, 81, 83, 182, 206,
241, 242, 246, 311, 323

Max Planck Institute, vi

mixed Ivanov—Petrova, 102

mixed Jordan Ivanov—Petrova, 122,
131

neutral signature, 5, 64, 101, 119,
166, 196-198, 234, 241, 311
Nirenberg-Newlander theorem, 54
Nikcevié¢, 26, 135, 309
Nikolayevsky, 78-80, 84, 258, 260
nilpotent curvature operator, 85
nilpotent Ivanov—Petrova, 91
nilpotent k-Stanilov, 91
nilpotent on the null cone, 241
nilpotent Osserman, 28, 91, 323
nilpotent skew-symmetric curvature
operator, 251
nilpotent Stanilov, 28, 91
nilpotent Szabé, 28, 91, 198
non-degenerate inner product, 5
norm of the curvature tensor, 16
norm of the Ricci tensor, 16
null cone, 5, 241
null vector, 5

Opozda number, 30, 32

orthogonal group, 5

orthogonally Jacobi Tsankov, 310,
314, 315, 320

orthogonally skew Tsankov, 310

Osserman, 2, 56, 58, 70, 73, 75, 78,
194, 196, 197, 199, 207, 246, 311,
320, 323, 325

Osserman conjecture, 53, 78, 79, 231

Osserman curvature tensors, 194

Osserman manifold, 57

Osserman of type (r,s), 58

para-Kéahler Osserman, 196
parallel translation, 10
parallel vector field, 10
partial affine structure, 92



376 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

pointwise Osserman manifold, 57

polarized Jacobi operator, 15, 73

principle bundle, 39

projectively equivalent, 11

pseudo-complex projective space, 30

pseudo-Einstein, 356

pseudo-Hermitian almost complex
structure, 47

pseudo-sphere, 5, 30

Puffini, Ekaterina, 367

pull-back bundle, 7

quaternion structure, 23, 53, 229,
247-249, 258, 264, 287

rank 1-symmetric space, 53, 78, 79,
247

reduced complex Jacobi operator,
264, 293

reduced Jacobi operator, 79, 194

reducible holonomy, 11

reparametrized Clifford family, 258,
259, 265, 284, 286, 289292, 297,
299, 305, 307, 308

Ricci blowup, 12, 183, 184, 187, 200,
201, 204206

Ricci flat, 91, 101, 122, 245, 250, 251,
357

Ricci operator, 312, 313, 357, 358

Ricci tensor, 12, 17, 23, 25, 28, 55,
73, 137, 202, 220, 245, 246

Riemannian connection, 9

Riemannian manifold, 12

scalar curvature, 16, 23, 245

scalar Weyl invariants, 16, 28, 29, 91

second Bianchi identity, 14, 95, 341,
354

sectional curvature, 51

self-dual, 195, 196, 198, 247, 248

shape operator, 311

Singer number, 29, 103, 114, 156

skew Tsankov, 89, 206, 208, 310, 311,
334, 345-347, 353

skew Videv, 310

skew-quaternion structure, 266

skew-symmetric curvature operator,
62, 123, 310

space form, 51, 52

spacelike Jordan Ivanov—Petrova, 85

spacelike vector, 5

stabilization, 234

Stanilov, 58, 81, 309

Stanilov 0-model, 252

Stanilov manifold, 66

Stanilov operator, 66, 83, 148, 221,
251

Stanilov—Tsankov, 207, 310, 331

Stanilov—Videv, 312

Steigelman, Gwen, vi

strongly geodesically convex, 12

symmetric Ricci tensor, 32

symmetric space, 27, 30, 79, 83, 91,
101-103, 122, 136, 150, 158, 167,
184, 198, 213, 214, 244, 247, 333

symmetrized Jacobi operator, 15, 73

Szabd, 71, 83, 244

Szabé nilpotent, 103, 207, 209, 216,
217

Szabé operator, 68, 83, 94, 220, 241

tautological line bundle, 222, 228
timelike vector, 5

torsion free, 10

Tsankov, 3, 309, 357

Videv, 3, 58, 81, 309

Walker, 193, 198, 206

Walker manifold, 184, 193

weak model, 41, 117, 139, 165, 324

weakly curvature homogeneous, 27,
116

Weingarten operator, 311

Weyl conformal curvature tensor, 21,
23, 24, 54, 59, 65, 122, 195, 198,
220, 245

Weyl invariants, 91

Weyl model, 220, 245

Zweig, Arnie, vi



	Contents
	Preface
	1. The Geometry of the Riemann Curvature Tensor
	1.1 Introduction
	1.2 Basic Geometrical Notions
	1.2.1 Vector spaces with symmetric inner products
	1.2.2 Vector bundles, connections, and curvature
	1.2.3 Holonomy and parallel translation
	1.2.4 A ne manifolds, geodesics, and completeness
	1.2.5 Pseudo-Riemannian manifolds
	1.2.6 Scalar Weyl invariants

	1.3 Algebraic Curvature Tensors and Homogeneity
	1.3.1 Algebraic curvature tensors
	1.3.2 Canonical curvature tensors
	1.3.3 The Weyl conformal curvature tensor
	1.3.4 Models
	1.3.5 Various notions of homogeneity
	1.3.6 Killing vector  fields
	1.3.7 Nilpotent curvature

	1.4 Curvature Homogeneity – a Brief Literature Survey
	1.4.1 Scalar Weyl invariants in the Riemannian setting
	1.4.2 Relating curvature homogeneity and homogeneity
	1.4.3 Manifolds modeled on symmetric spaces
	1.4.4 Historical survey

	1.5 Results from Linear Algebra
	1.5.1 Symmetric and anti-symmetric operators
	1.5.2 The spectrum of an operator
	1.5.3 Jordan normal form
	1.5.4 Self-adjoint maps in the higher signature setting
	1.5.5 Technical results concerning differential equations

	1.6 Results from Differential Geometry
	1.6.1 Principle bundles
	1.6.2 Geometric realizability
	1.6.3 The canonical algebraic curvature tensors
	1.6.4 Complex geometry
	1.6.5 Rank 1-symmetric spaces
	1.6.6 Conformal complex space forms
	1.6.7 K ahler geometry

	1.7 The Geometry of the Jacobi Operator
	1.7.1 The Jacobi operator
	1.7.2 The higher order Jacobi operator
	1.7.3 The conformal Jacobi operator
	1.7.4 The complex Jacobi operator

	1.8 The Geometry of the Curvature Operator
	1.8.1 The skew-symmetric curvature operator
	1.8.2 The conformal skew-symmetric curvature operator
	1.8.3 The Stanilov operator
	1.8.4 The complex skew-symmetric curvature operator
	1.8.5 The Szabo operator

	1.9 Spectral Geometry of the Curvature Tensor
	1.9.1 Analytic continuation 
	1.9.2 Duality
	1.9.3 Bounded spectrum
	1.9.4 The Jacobi operator
	1.9.5 The higher order Jacobi operator
	1.9.6 The conformal and complex Jacobi operators
	1.9.7 The Stanilov and the Szabo operators
	1.9.8 The skew-symmetric curvature operator
	1.9.9 The conformal skew-symmetric curvature operator


	2. Curvature Homogeneous Generalized Plane Wave Manifolds
	2.1 Introduction
	2.2 Generalized Plane Wave Manifolds
	2.2.1 The geodesic structure
	2.2.2 The curvature tensor
	2.2.3 The geometry of the curvature tensor
	2.2.4 Local scalar invariants
	2.2.5 Parallel vector  elds and holonomy
	2.2.6 Jacobi vector  fields
	2.2.7 Isometries
	2.2.8 Symmetric spaces

	2.3 Manifolds of Signature (2; 2)
	2.3.1 Immersions as hypersurfaces in at space
	2.3.2 Spectral properties of the curvature tensor
	2.3.3 A complete system of invariants
	2.3.4 Isometries
	2.3.5 Estimating kp,q if min(p, q) = 2

	2.4 Manifolds of Signature (2, 4)
	2.5 Plane Wave Hypersurfaces of Neutral Signature (p; p)
	2.5.1 Spectral properties of the curvature tensor
	2.5.2 Curvature homogeneity

	2.6 Plane Wave Manifolds with Flat Factors
	2.7 Nikcevic Manifolds
	2.7.1 The curvature tensor
	2.7.2 Curvature homogeneity
	2.7.3 Local isometry invariants
	2.7.4 The spectral geometry of the curvature tensor

	2.8 Dunn Manifolds
	2.8.1 Models and the structure groups
	2.8.2 Invariants which are not of Weyl type

	2.9 k-Curvature Homogeneous Manifolds I
	2.9.1 Models
	2.9.2 Affine invariants
	2.9.3 Changing the signature
	2.9.4 Indecomposability

	2.10 k-Curvature Homogeneous Manifolds II
	2.10.1 Models
	2.10.2 Isometry groups


	3. Other Pseudo-Riemannian Manifolds
	3.1 Introduction
	3.2 Lorentz Manifolds
	3.2.1 Geodesics and curvature
	3.2.2 Ricci blowup
	3.2.3 Curvature homogeneity

	3.3 Signature (2, 2) Walker Manifolds
	3.3.1 Osserman curvature tensors of signature (2, 2)
	3.3.2 Inde nite Kahler Osserman manifolds
	3.3.3 Jordan Osserman manifolds which are not nilpotent
	3.3.4 Conformally Osserman manifolds

	3.4 Geodesic Completeness and Ricci Blowup
	3.4.1 The geodesic equation
	3.4.2 Conformally Osserman manifolds
	3.4.3 Jordan Osserman Walker manifolds

	3.5 Fiedler Manifolds
	3.5.1 Geometric properties of Fiedler manifolds
	3.5.2 Fiedler manifolds of signature (2; 2)
	3.5.3 Nilpotent Jacobi manifolds of order 2r
	3.5.4 Nilpotent Jacobi manifolds of order 2r + 1
	3.5.5 Szab o nilpotent manifolds of arbitrarily high order


	4. The Curvature Tensor
	4.1 Introduction
	4.2 Topological Results
	4.2.1 Real vector bundles
	4.2.2 Bundles over projective spaces
	4.2.3 Clifford algebras in arbitrary signatures
	4.2.4 Riemannian Clifford algebras
	4.2.5 Vector  fields on spheres
	4.2.6 Metrics of higher signatures on spheres
	4.2.7 Equivariant vector  elds on spheres
	4.2.8 Geometrically symmetric vector bundles

	4.3 Generators for the Spaces Alg0 and Alg1
	4.3.1 A lower bound for  (m) and for  1(m) 
	4.3.2 Geometric realizability

	4.4 Jordan Osserman Algebraic Curvature Tensors
	4.4.1 Neutral signature Jordan Osserman tensors
	4.4.2 Rigidity results for Jordan Osserman tensors

	4.5 The Szabo Operator
	4.5.1 Szabo 1-models
	4.5.2 Balanced Szab o pseudo-Riemannian manifolds

	4.6 Conformal Geometry
	4.6.1 The Weyl model
	4.6.2 Conformally Jordan Osserman 0-models
	4.6.3 Conformally Osserman 4-dimensional manifolds
	4.6.4 Conformally Jordan Ivanov–Petrova 0-models

	4.7 Stanilov Models
	4.8 Complex Geometry

	5. Complex Osserman Algebraic Curvature Tensors
	5.1 Introduction
	5.1.1 Clifford families
	5.1.2 Complex Osserman tensors
	5.1.3 Classification results in the algebraic setting
	5.1.4 Geometric examples
	5.1.5 Chapter outline

	5.2 Technical Preliminaries
	5.2.1 Criteria for complex Osserman models
	5.2.2 Controlling the eigenvalue structure
	5.2.3 Examples of complex Osserman 0-models
	5.2.4 Reparametrization of a Clifford family
	5.2.5 The dual Clifford family
	5.2.6 Compatible complex models given by Clifford families
	5.2.7 Linearly independent endomorphisms
	5.2.8 Technical results concerning Cli ord algebras

	5.3 Clifford Families of Rank 1
	5.4 Clifford Families of Rank 2
	5.4.1 The tensor c1AJ1 + c2AJ
	5.4.2 The tensor c0A(.,.)  + c1AJ1 + c2AJ2

	5.5 Clifford Families of Rank 3
	5.5.1 Technical results
	5.5.2 The tensor A = c1AJ1 + c2AJ2 + c3AJ3
	5.5.3 The tensor A = c0A(.,.) + c1AJ1 + c2AJ2 + c3AJ3

	5.6 Tensors A = c1AJ1 + ... + c`AJ` for `   4
	5.7 Tensors A = c0A(.,.) + c1AJ1 + ... + c`AJ` for `   4 

	6. Stanilov—Tsankov Theory 
	6.1 Introduction
	6.1.1 Jacobi Tsankov manifolds
	6.1.2 Skew Tsankov manifolds
	6.1.3 Stanilov–Videv manifolds
	6.1.4 Jacobi Videv manifolds and 0-models

	6.2 Riemannian Jacobi Tsankov Manifolds and 0-Models
	6.2.1 Riemannian Jacobi Tsankov 0-models
	6.2.2 Riemannian orthogonally Jacobi Tsankov 0-models
	6.2.3 Riemannian Jacobi Tsankov manifolds

	6.3 Pseudo-Riemannian Jacobi Tsankov 0-Models
	6.3.1 Jacobi Tsankov 0-models
	6.3.2 Non Jacobi Tsankov 0-models with Jx2 = 0  x
	6.3.3 0-models with JxJy = 0  x, y   V
	6.3.4 0-models with AxyAzw = 0   x, y, z, w   V 

	6.4 A Jacobi Tsankov 0-Model with JxJy 6= 0 for some x, y
	6.4.1 The model M14
	6.4.2 A geometric realization of M14
	6.4.3 Isometry invariants
	6.4.4 A symmetric space with model M14

	6.5 Riemannian Skew Tsankov Models and Manifolds
	6.5.1 Riemannian skew Tsankov models
	6.5.2 3-dimensional skew Tsankov manifolds
	6.5.3 Irreducible 4-dimensional skew Tsankov manifolds
	6.5.4 Flats in a Riemannian skew Tsankov manifold

	6.6 Jacobi Videv Models and Manifolds
	6.6.1 Equivalent properties characterizing Jacobi Videv models
	6.6.2 Decomposing Jacobi Videv models


	Bibliography
	Index



